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LONG-TIME BEHAVIOR OF SOLUTIONS FOR TIME-PERIODIC
REACTION-DIFFUSION EQUATIONS AND APPLICATIONS

LINLIN LI, ZHUO CHEN

ABSTRACT. This article concerns the asymptotic behavior of solutions for
time-periodic reaction-diffusion equations with a drift term in one dimensional
space. Assuming that drift term is decaying, we analyze the effect of the de-
caying rate of the drift term on the propagation speed of solutions. Also we
show some applications of our results in high-dimensional domains.

1. INTRODUCTION

In this article, we consider the initial value problem of the time-periodic reaction-
diffusion equation,

Ut = Ugy + E(X)uz + f(t,u), z€R, t>0,

U(O7x) = ’UJ()(:L')7 z €R, (11)

where 0 < ug(z) < 1. Throughout this article, we assume that f(t, u) is periodic in
t, that is, there is T € R such that f(¢t+T,u) = f(t,u) for all u € R and t € R. We
also assume that f(¢,-) is bistable for u € [0, 1], that is, there is a periodic function
6; € (0,1) such that

f(t,O):f(t,l):O, f(t,@t):o,
flt,)) <0on (0,6;), f(t,-)>0o0n (6;1),
fu(t,0),  fu(t,1) <0 for all t € R.

which means that 0 and 1 are stable zeros of f. This implies that there exist
p €(0,1/2) and 7 > 0 such that

—fu(t,u) >7fort e R and we[0,p]U[l—p,1]. (1.2)

The drift term k(z) is assumed to be decaying to 0 as © — +o00. More precise
assumptions on k(z) and the initial value ug(x) will be given later. We aim to
analyze the effect of the decaying rate of k(x) on the propagation speed of the
solution.

Before showing our results, we recall some well-known results of reaction-diffusion
equations. In the pioneering work [5], Fife and McLeod studied the one-dimensional
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homogeneous reaction-diffusion equation
Ut = Ugg + f(u), tER, xR, (1.3)
where f(u) is of bistable type, that is, there is 8 € (0,1) such that
f(0)=f(1)=f(0)=0, f<Oon (0,) and f>0on (6,1). (1.4)

They proved that (|1.3)) admits a unique traveling front which is an entire solution
having the form ¢(z — ct) and satisfying

¢ +cd' + f(¢p) =0, inR,
¢(—00) =1, ¢(+00) = 0.

The function ¢ and the constant ¢ are called profile and propagation speed of the
traveling front respectively. By [5], the profile ¢ and the speed ¢ are uniquely deter-
mined by the reaction term f, and the sign of ¢ is the same as the sign of fol f(u)du.
For the initial value problem of with the initial value u(0,z) = wuo(x), they
proved that if ug(x) satisfies liminf, o uo(z) > 6 and limsup,_, , . uo(x) < 0,
then

sup |u(t,x) — ¢(x — ct + x29)| = 0, ast — +oo,

T€R
for some constant . This implies that the traveling front ¢(z—ct) is asymptotically
stable. Moreover, if ¢ > 0 and the initial value ug(x) satisfies

limsup ug(z) < 6 and up(z) > 6 for |z| < L,

|z|—+o0
where L is a sufficiently large constant, then

sup [u(t, ) — (@(x —ct + &) + o(—z —ct + &) —1)| = 0 ast — +oo,
zeR

for some constants & and &s.
For the high dimensional version of (|1.3)),

up = Au+ f(u), t>0, z€RY (with N >2), (1.5)

Jones [7] proved that if ¢ > 0 and the solution of the compactly supported initial
value grows in the sense that u(t,z) — 1 locally uniformly in RV as t — 400, its
level sets will go around and around. Roughly speaking, the solution is approxi-
mately radially symmetric solution as t — +oo. From the results of [7], we also
know that the solution u(t,x) satisfies
V0 < ¢ <, inf w(t,z) > 1ast— 4oo,
|z|<ecqt
Veg > ¢,  sup u(t,xz) — 0ast — +oo.
|z|>cot
The constant c is also called propagation speed of the solution w by the fact that the
area where u close to 1 extends almost at the speed ¢ as t — 4+00. The propagation
speeds of solutions of initial value problems for other types of reaction terms and
environment have been extensively investigated, see [2| [4, 0] and references therein.
If we look at the radially symmetric solutions u(t,r) = u(t, |z|) of (L.F), it is not
hard to show that wu(t,r) satisfies the one-dimensional equation

-1

ur + f(u). (1.6)

Ut = Uppr +
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By comparing with (1.3]), the above equation contains an additional drift term.
The influence of more general drifts to the long-time behavior of solutions has been
investigated by Uchiyama [I0], through considering the following equation

Ut = Ugg + k(T)ugy + f(u), >0, z€R,

with the initial value u(0,z) = ug(z). Here, f is still bistable, that is, satisfying
(1.4), and the drift k(z) satisfies

1
lim k(z)=0 and Kk'(z)=0(—=—) aszx — +o00.
i k) ()= 0(—5-)
Then, if limsup,_,,  uo(x) < 6 and u(t,x) grows in the sense that u(t,z) — 1

locally uniformly in R as t — 400, it holds
sup |u(t,x) — ¢p(x — ct + m(t) + zg)] = 0 as t — +oo, (1.7)
x>0

where xq is a constant and m(t) is the solution of m/(t) = k(ct — m(t)) for t > 0
and m(0) = —L for some L > 0. As mentioned in [I0], if & (z) = O(z~% \ Inz),
then the asymptotic form of m(t) can be given. Especially if k(x) = (N —1)/z as
in (L.6), then m(t) = (N —1)/cInt + O(1). By applying this result to the high-
dimensional equation , it implies that the high-dimensional diffusion will cause
a logarithmic delay to the propagation speed of the solution.

For the time-periodic reaction-diffusion equation without drifts, Alikakos,
Bates and Chen [1] proved that there exists a unique time-periodic traveling front
o(t,x — ct) satisfying

¢t70¢£7¢§§7f(ta¢):07 tGR,SGR,
ot +T,-)=0o(t,), o(t,—o0) =1, ¢(t,400) =0, teR.
The profile ¢ and the speed ¢ are uniquely determined by the reaction term f, and
the sign of ¢ has the same sign of j;)T fol f(t,8)dsdt. They also studied the stability
of the time-periodic traveling front ¢(¢, z —ct). Precisely, they proved that for
with k(xz) = 0, if the initial value ug(x) satisfies liminf, , - ug(z) > 1 — p and
lim sup,_, ; o, uo(z) < p where p is given by (1.2), then the solution u(t,z) satisfies

(1.8)

sup |u(t,x) — ¢(t,x — ct + x9)| = 0, ast — +oo, (1.9)
z€R

for a constant xg.

In this article, we first investigate the influence of the drift term on the long-
time behavior of the solution of , especially to the propagation speed. Some a
priori assumptions will be needed throughout this paper. We always assume that
fOT fol f(t,s)dsdt > 0 which means ¢ > 0 and

lim k(z)=0 and k'(x)=0O(

T—+00 zln®
Moreover, we assume that the solution u(¢,z) of (1.1)) grows in the sense that

), asx — +oo. (1.10)

u(t,z) = 1 locally uniformly in R as ¢ — +o0. (1.11)

This assumption is not empty. For example, according to the results of [1],
will hold if ug(xz) = 1 for # € [—L, L] and sup,cp k() is small enough for large
enough L.

We aim to generalize the results of Uchiyama [I0] to the time-periodic case.
However, by the effect of the time periodicity, such generalization is not trivial. For
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example, the Lyapunov functional in [I0] can not be used to prove the convergence
of the solution to the traveling front. Now, we present our main results.

Theorem 1.1. Assume that (L.10) holds. If limsup,_, . uo(x) < p and the solu-
tion u(t,z) of (1.1) grows in the sense of (1.11), then

sup|u(t, z) — ¢p(t,x — ct + m(t) + xo)| — 0, as t — +00, (1.12)
>0

for some constant xy, where m(t) is the solution of m/(t) = k(ct — m(t)) fort >0
with m(0) = —L for some large L.

By changing u(t, ) to u(t,—x), one can easily show that similar results hold for
z <0.

Corollary 1.2. Assume that k(z) — 0 and k'(z) = O(1/(]z|In® |z])) as z — —oo.
If limsup,_, . uo(z) < p and the solution u(t,z) of (L.1) grows in the sense of

(L11), then

suplu(t,z) — ¢(t,—x — ct + m(t) + xo)| = 0, ast — +o0 (1.13)
z<0

for a constant xy, where m(t) is the solution of m'(t) = —k(—ct + m(¢t)) fort >0
with m(0) = —L for some large L.

From Theorem we have that if k(z) = 1/x for large @, then m(t) = L Int +
O(1) which means that there is a logarithmic delay for the propagation speed of
u. If k(x) = 1/2" for large x with r > 1, then m(¢) = o(1/t"~!) + O(1) which
means that if the drift delays very fast, then the influence to the propagation speed
of u is small. On the other hand, when k(x) = 0, Theorem also leads to the
asymptotic stability of the time-periodic traveling front proved in [I].

The above results can be applied to initial value problems in high-dimensional
domains. Precisely, we consider the following initial value problem

ve=Av+ f(t,v), =€, t>0,
v(0,x) = vo(x), x€Q, (1.14)
d,v=0, xze€odf.

where  is an unbounded connected set of RY with smooth boundary and 0 <
vo(z) < 1 is compactly supported. The first application is to the whole space RY.

Theorem 1.3. Assume that Q = RN and the solution v(t,z) of (1.14) grows in the
sense that v(t,z) — 1 locally uniformly in RN ast — +oo. Then, for any ¢ > 0,
there exist positive constants L(e) and T such that

N -1
. Int — L(e) and t > T, (1.15)

N -1
c

v(t,z) >1—¢, for|x| <ct—

v(t,x) <e, for|x|>ct— Int+ L(e) and t > T. (1.16)

The second application is to exterior domains. Here, an exterior domain is
defined by Q = RV \ K, where K is a compact set.

Theorem 1.4. Assume that @ = RN \ K and the solution v(t,z) of (1.14)) grows
in the sense that v(t,x) — 1 locally uniformly in Q as t — 4o0o0. Then, for any
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e > 0, there exist positive constants L(e) and T such that

N-1
v(t,x) >1—¢, forax e Q such that |z| < ct — Int —Li(e) and t > T,
(1.17)
N-1
v(t,z) <e, forxz € Q such that |z| > ct — Int+ La(e) and t > T. (1.18)
c

Remark 1.5. From the results in [3], one knows that if vg(z) is close to 1 in a
sufficiently large ball and K is star-shaped or directionally convex with respect to
a hyperplane, the solution v(¢,x) grows.

This paper is organized as follows. In Section 2, we prove Theorem In
Section 3, we show the applications, that is, we prove Theorems [I.3] and
2. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

This section is devoted to the proof of Theorem We first need some param-
eters and some auxiliary functions. Let L > 0 be a sufficiently large constant and
mp,(t) be the solution of

m’y (t) = k(ct —mp(t)), for t >0 and mg(0) = —L. (2.1)
Then, by taking L sufficiently large and since k(x) — 0 as © — +00, one has that
mp(t) < ct for all £ > 0 and ¢t — m(t) = O(t) — +oo as t — +oo. Take a function
2
~(t) = 3 In? (t+1), fort>0.

Then, it is increasing and has the following properties
+oo
v(0) =0, supy'(t) <1, / e " Wdt < 400 for all b > 0.
t>0 0
For each M > 0, we let

Apm(t) = sup |[k(x —mp(t)) — k(ct —mp(t))]. (2.2)
z>1, [z—ct|<M-+~(t)

Since k'(x) = O(1/(x1In® x)) as & — +oo, one knows that Ap, y/(t) is integrable on
(0, +00) and

Ll_i>1rj£1DQ 0+ A m(t)dt = 0.
Remember that there exist p € (0, %) and 7 > 0 such that
—fu(t,u) >7 forteRand ue0,p]U[l—p,1]. (2.3)
Since ¢(t, —00) = 1 and ¢(t, +00) = 0, there is R > 0 such that

O<¢(t,§)§g for t € R and € > R,

17g§¢(t,£)<1 for t € R and € < —R.

Since ¢¢(t,€) < 0 by [, there is a > 0 such that

—¢e(t,§) >a forteRand —R <& <R. (2.5)
By [1], one also knows that there exist C; > 0 and n > 0 such that

|pe(t, &) < Cre™™El for t € R and € € R, (2.6)
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and
1—¢(t, &) < Cre™, fortcRand € <0, (2.7)

Let
. T
q= mln{g, n}.

We show some upper and lower bounds for the solution u(¢,z) under some initial
conditions and boundary conditions.

Lemma 2.1. For each 0 <r < g, there are constants M and Ly > 0 such that

(i) if L > Lo, uo(x) > ¢(0,2 — L) — 7 for x >0, and u(t,1) > 1 —re= ) for
t >0, then

u(t,x) > o(t,x —ct +mp(t) +at)) —re D fort >0 andx>1. (2.8)
(ii) of L > Lo and up(z) < ¢(0,2 — L) +r for = > 0, then
u(t,x) < otz —ct +mp(t) —a(t)) +re D fort >0 andx>1, (2.9)

where ,

aft) = / (Aar,L(s) +rCe” 1)) ds
and C is a large constcmot.
Proof. (i) For t > 0 and = € R, we define
u”(t, ) = max{d(t,z — ct + mp(t) + a(t)) — re” ", 0}

We are going to show that v~ (¢, z) is a subsolution of (L.1)) for ¢ > 0 and x > 1.
Firstly, we check the initial and boundary conditions. For ¢ = 0, one has that

u” (0,2) = max{¢(0,z — L) — r,0} < ug(x) for > 0.
For x = 1, one has that
u”(t,1) = max{¢(t,1 — ct + my(t) + a(t)) — re”® 0}
<1 —re M <yt 1)

for t > 0.
Then, we have to show only that

QluT] = 1wy —ugy — k(z)uy — f(t,u”) <0, (2.10)
for t > 0 and > 1 such that u=(¢,z) > 0. By (L.8), it follows that
Qlu™] = pe(mlp () + o (t) — k() + g7 ()™M + f(t.6) — f(t,u)
= de(k(ct —mp (1) = k(x) + Apar(t) +rCe™ W) +rqy/ (e (2.11)
+ [t o) = f(t,u™)

where ¢ and ¢, take values at (¢, — ct + mr(t) + a(t)).
For ¢t > 0 and « > 1 such that z — ¢t + mr(t) + a(t) < —R, one has that

1- g <otz —ct+mpt)+at) <1 and 1-p<u (tz)<l,
since r < p/2. Then, by (2.3) and the mean value theorem, it follows that
flt, ) — ft,u™) < —re” 0,
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By ¢¢ <0, ¢ <7/2,v'(t) <1 and (2.11), one has that

Qlu™] < de(k(et —my (1) = k(@) + A () — sre @, (2.12)
Let
K = sup |k(z)].
x>0

Notice that «(t) is bounded for all ¢ > 0. Take M sufficiently large such that
M — a(t) > 0 and

2K Cye M —a(®) < % (2.13)
where C; and 7 are defined by (2.6). Then, if 1 < <ct —mp(t) —v(t) — M, one
has that © — ct + mp(t) + a(t) < —y(t) — M + a(t) < 0 and

[Be(t 2 = et + mu(t) + a(0)] < Cre MM —e®) < T oo

In this case, it follows from that
Qu7] < —2K e — %re*qw) <0,
by Aa,p(t) >0and ¢ <n. If £ > 1 and x > ¢t —mp(t) —y(t) — M, it follows from
x—ct+mp(t)+ a(t) < —R and that
k(ct —mp(t)) — k(x) + Ap,n(t) >0

Thus, in this case, Q[u~] < 0 by (2.12).
For ¢t > 0 and « > 1 such that —R <z — ¢t + mr(t) + o(t) < R. One has that

—¢¢ > a. Moreover, by ,
k(ct —mp(t)) — k(z) + Aar,n(t) > 0.
Then, it follows from that
Qlu~] < —arCe™ W 1 rge=® || £,(t, u)|| pere” ™ <0,

by taking C' sufficiently large.
For ¢t > 0 and = > 1 such that © — ¢t + mp(t) + a(t) > R, one has that

0 < d(t,z—ct+mp(t)+a(t)) < g and 0<u (¢, x)<p.
Then, by 7 it follows that
ft, o) — f(t,u™) < —rre”0®),
By ¢¢ <0,¢< %, 79/(t) <1and , one has that
Qlu] < de(k(et —my (1)) = k(x) + s, (1) — Sre~ 1.
If > ¢t —mp(t) +v(t) + M, one has that
x—ct+mp(t) +alt) >~ + M+ a(t) >0,
and

|¢§(t,x — ot + mL(t) + a(t))| < Clefn('y(t)JrMJroc(t)) < %6*7}’7(0’

by (2.13)). Then, Q[u~] < 0since Aps,(t) > 0and ¢ <n. If & < ct—my(t) +v(t) +
M, it follows from x — ¢t + my(t) + a(t) > R and (2.2) that

k‘(Ct — mL(t)) — k’(.’L‘) + )\M,L(t) > 0.
Then Q[u~] < 0.
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This completes the proof of (2.10). Then, (2.8) follows from the comparison
principle.

(ii) The proof is almost parallel to the proof of (i). For ¢ > 0 and = € R, we
define

ut(t, ) = min{g(t,z — ct + mp(t) — a(t)) + re” O 1}
Let us check that u*(¢,z) is a supersolution of (1.1 for ¢ > 0 and = > 1.
We first verify the initial condition. For ¢ = 0, one has that

ut(0,2) = min{¢(0,z — L) +r, 1} > ug(z), for = > 0.

Since ¢t — mp(t) = O(t) = +oo and v = o(t) as t — +oo, it follows from (2.12)
and g < n that

o(t,1—ct+mp(t) —a(t) +re”™® > 1, fort >0,

even if it means increasing L and hence, u™ (t,x) = 1 > ug(1) for ¢ > 0.
Then, we have to check only that

Qut] = —ufy — k(x)uf — f(t,u™) >0, (2.14)
for ¢ > 0 and « > 1 such that u*(¢,z) < 1. By (L.8), it follows that
Qut] = (ml(t) — o/ (t) = k(x))de —ray (e~ + f(t,¢) — f(t,u™)
= de(k(ct —mp(t) — k(z) = A (t) — rCe” W) —rgy/ ()™
+f(t,¢) = f(tuT)

where ¢ and ¢, take values at (¢, — ct + mr(t) — a(t)).
For ¢ > 0, such that  — ¢t +mr(t) — a(t) < —R, one has that

1- g <otz —ct+mp(t) —alt) <1 and 1—p<ut(t,z) <1,
since r < p/2. Then, by , it follows that
f(t, o) — f(t,ut) > rre”®),
By ¢¢ <0, ¢ <71/2 and +/(t) < 1, one has that
Qut] > Be(k(ct = my(t)) = k(x) = Aar(t)) + Sre™ .

If x < ct—mp(t)—~(t) — M, one has that x —ct +mp(t) —a(t) < —v(t) — M — a(t)
and
|Ge(t, @ — ct +my(t) — a(t)]| < Cre "VOFM+a®) < %e—nw(t)7

by (2.13). In this case,
Qlut] > —2K e — %re_‘”(t) >0,
by Aar,r(t) >0and ¢ <. If ¢ > ¢t — mg(t) — v(t) — M, it follows from x — ct +
mr(t) —a(t) < —R and that
E(ct —mp(t)) — k(x) — A, (t) <O0.

Thus, Qut] > 0.
For t > 0 such that —R < o — ¢t + mz(t) — a(t) < R. One has that —¢¢ > a.

Moreover, by ,
k(ct —mp(t)) — k(z) — Aar,n(t) <0.



EJDE-2024/69 TIME-PERIODIC REACTION-DIFFUSION EQUATIONS 9

Then,
Qlut] > arCe= 1M — pge=ar(®) _ | fu(t, u)HLocre_‘”(t) >0,
by taking C' sufficiently large.
For t > 0 such that x — ¢t + mp(t) — a(t) > R, one has that
0<p(t,r—ct+mp(t)—at)<p and 0<ut(t,z)<p.
Then, by (2.3)), it follows that

f(ta ¢) - f(t,u_) g —Tre_q'Y(t).
By ¢¢ <0, ¢ <7/2 and +/(t) < 1, one has that

Qut] < Gelk(ct —my (t) = k(x) = Aar(t) + Sre~ 1.
If x > ¢t — mp(t) +v(t) + M, one has that
z—ct+mp(t)—alt) >~t)+ M —at) >0,

and
Tr

[0c(t,— ct + mu(t) — a(D))] < Cre 1M —a) < T mmo)
by (2.13). Then, Q[u™] > 0since Ay, (¢t) > 0and ¢ <. If & < ct —myg(t) +~(t)+
M, it follows from x — ¢t +mp(t) — a(t) > R and that

k(ct —my(t)) — k(z) — Aarr(t) < 0.

Then, Qu'] > 0.
This completes the proof of (2.14). Then, (2.9)) follows from the comparison
principle. (I

We then show that the solution u(t, ) of (1.1 satisfies the initial and boundary
conditions in Lemma 2] after some time 7.

Lemma 2.2. Let u(t,z) be the solution of (1.1 and assume that u(t,z) grows in
the sense of (L1.11)). For any 0 < ¢1 < ¢, there is a positive constant & such that
sup (1 —u(t,z)) =o(e %), ast— +oo.
O0<z<cit

Proof. Let 0 < ¢; < cand ¢ = (¢1 + ¢)/2. By a comparison argument, it suffices
to prove that

1 —u(t,c1t) = o(e™), ast — +oo, (2.15)
for some § > 0. Since k(z) — 0 as * — +00, one can pick L > 0 large enough such
that

a:=c—c —supk(z)>0.
z>L

Take 7 € (0, p) such that

ax
(tu)l[Le +7
where p, 7 and a are defined by and respectively. Take 8 € (0,n) where
7 is defined by such that

B? 4 Bsup |k(z)| < 7.
z>L

7 < min { 7 ,C1}, (2.16)

For t > 0 and z € R, define
u_(t,x) = max{¢(t,x — 't) — re P 0}.
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We are going to show that u_(¢,z) is a subsolution of (L.1)).
Since ¢(0,z) < Cre " for x > 0 and by and u grows, there is T} > 0
such that
u(Ty,z) > 0> ¢(0,2) —re P*, for x>0,
and
u(t,0) >1—r, fort>T.

Thus, u(T,z) > u_(0,z) for z > 0 and u(¢,0) > u_(¢,0) for ¢ > Ty. Then, we only
have to show that

Qlu_] = (u_)e — (u_)ow — k(&) (u_)s — F(t,u_) <0,
for t > T1 and x > 0 such that u_ > 0. By , it follows that
Qlu_) = (c— ¢ —k(x))pe + (rBk(z) — rB*)e™ " + f(t,¢) — f(t,u_)
< agg + e+ f(t,¢) — f(t,u-),

where ¢ and ¢¢ take values at (t,x — c't). Let R be defined by (2.4). Then, for
t > Ty and z > 0 such that z — 't < —R and = — ¢/t > R respectively, one has that
1—p<u_(t,z) <1and 0 <wu_(t,z) < p respectively. Thus, by the mean value

theorem and ([2.3)),

ft,¢) = f(tu) < —Tre” P2,
Since ¢¢ < 0, it follows that Qu_] < 0. For t > T} and « > 0 such that —R <
x — 't < R, one has that —¢¢ > a. Then, by (2.16)),

Qlu-] < —aa + (7 + || fult, w)l| = e < 0.
Consequently, from the comparison principle it follows that
u(t+ Ty, ) > u_(t,z) > ¢(t,x — c't) —re P*, fort >0 and x > 0.
Therefore, holds. This completes the proof. O

Lemma 2.3. Let u(t,z) be the solution of (L.1). If limsup,_, . uo(x) < p, then
limsup,_,, ., u(t,x) converges to 0, as t — +oo.

Proof. Let r :=limsup,_,,  uo(x) < p. Let v(t, ) be the solution of
Vp = Uy + k(x)v, + f(t,v), fort>0andz €R,

1 if £ <0
v((),x)—{’ HE=5

and

r, ifx>0.

Let ®(t) be the solution of ®'(¢t) = f(t,®) with ®(0) = r. Then ®(t) — 0 as
t — 400 by . It follows from the maximum principle and standard parabolic
estimates that v(t,+00) = ®(t). Since limsup,_,, . uo(x) = r and 0 < ug(x) < 1,
there is L > 0 such that ug(z) < v(0,2 — L) and hence, u(t,z) < v(t,x — L). Then
the conclusion follows. O

Proof of Theorem[I.1, Let u(t,z) be the solution of (L.I). Fix r € (0,p). Then,
by Lemma there is Ty = k1T,k1 € Z, where T is the periodic such that
limsup,_, , , u(T1,2) < 5. Since ¢(t, —00) = 1 and ¢(t, +00) = 0, there is L > 0
such that

u(Ty,z) < ¢p(0,x — L) +r for x> 0.
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By Lemma [2.1] one has that
w(T) +t,x) < ¢tz — ct +mp(t) — a(t) + re @ fort>0and z >0

Since u(t, z) grows and y(t) = o(t) as t — 400, by Lemma[2.2|there is Tb = koT > 0,
ko € Z such that
u(Te,z) > ¢(0,2 — L) — r, for x >0,
and
u(t,1) > 1— re_q”’(t), for t > Ty.
Then, by Lemma [2.T], one has that
w(Ty +t,2) > ¢tz — ct +mp(t) + a(t)) —re B fort>0and z > 1.

Since limy_, 1o a(t) < 400 and mp () satisfies (2.1]), there exist constants oy and
a9 such that
Btz — ct +mp(t) + ay) — re”ET2)

< u(t,x) 217
< P(t,x —ct+mp(t) + ag) + ,refq’y(thl)7

for t > max{7Ty,T>} and = > 1.
Now, take a sequence {t,, := nT'},cn such that ¢, — 400 as n — 400. Let

Un(t, ) = u(t + tn,  + ctyp, — mp(tn)).
Then by one has that
Gtz —ct +mp(t+t,) + g —mp(t,)) — re” 9Vt =T2)
S un(t,x) <otz —ct+mp(t+t,) —mp(tn) + az) + re= 9V (tHtn=T1)

for t > —t, +max{Ty +To} and z > 1—ct,, +mp(t,). Since my(t) satisfies (2.1)), it
follows that mp,(t +t,) — mp(t,) — 0 as t,, — +oco locally uniformly for ¢ € R. By
parabolic estimates, the sequence u,,(t,x) converges to an entire solution u.(t, )
locally uniformly for (¢,2) € R x R of the equation

(Uoo)t = (Uoo)az + f(tuss), TER, z€R.
By , one also has that
ot,x —ct +a1) <us(t,x) < P(t,z —ct+ ), forteR, ze€R.
By the stability result of ¢(t,z — ct) in [1], there is xo € R such that
Uoo(t, ) = @(t,x — ct + ).
Thus, for any r > 0, there is N > 0 such that

(2.18)

lu(ty,z+ ctny —mp(tn)) — ¢(0, 2 + zg)| < r,
that is,
otn,x —cty +mp(ty) +x0) — 7 < u(ty,x)
< o(ty,z —cty +mp(tn) +xo) + 7
Again by lemma [2.1} one has that
B(t,x — ct +mp(t) + zo + an(t)) — re” 0 EtN)

2.19
<u(t,x) < ¢tz — ct +mp(t) + xo — an(t)) + re”VEIN) (2.19)
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for t > ty and x > 1, where ay(t) = ftiv()\ML(s) + rC’e"”(S))ds. For ty large
enough, ay (¢) can be arbitrary small. Since r is arbitrary small and |¢¢| is bounded.
One has that

sup |u(t,z) — o(t,x — ct +my(t) + xo)|
z>1

is arbitrary small for ¢ > ¢t by taking ¢y large enough. Therefore,

sup |u(t, ) — ¢(t,x — ct + mp(t) + xo)| = 0, ast— +oo.
r>1

This completes the proof. ([l

3. APPLICATIONS

In this section, we apply our results to high-dimensional domains. More precisely,
we show asymptotic speeds for solutions of initial value problems in two kinds of
high-dimensional domains: the whole space RY and exterior domains.

For convenience, we modify a little bit. Let u(t,r) be the solution of

N -1
r

ur(t,0) = 0.

Up = Upp + ur + f(t,u), t>0,r>0

(3.1)

with compactly supported initial value ug(x). Then, by the same proof as of The-
orem if u(t,r) grows, then

sup |u(t,r) — ¢(t,r — ct + m(t) + xo)| = 0, ast— +oo, (3.2)
r>1
for some constants xq, where m(¢) is the solution of m/(t) = (N — 1) \ (¢t — m(t))

and has the form

mit) = NC_ Lint+00), (3.3)

Proof of Theorem[I.3 Since vo(z) is compactly supported, there is Ry > 0 such
that vo(x) = 0 for |x| > Ry. Let uy(t,r) be the solution of with u1(0,7) =1
for 0 < 7 < Ry. Then, obviously vg(z) < uy(0,]z|) for 2 € RY and uy (¢, |z])
satisfies v, = Av + f(t,v) for t > 0 and # € RY. Tt follows from the comparison
principle that

v(t,z) < uy(t,|z|), fort>0andzecRY.

Since holds for s (t,r) and m(t) satisfies (3.3), we have (1.16)).

On the other hand, since v(t,x) grows, there are T > 0 and Ry > 0 such that
v(T,z) > 1 — € for |x| < Ry where ¢ > 0 is a small constant. One can take T
sufficiently large such that € is a sufficiently small constant and Rs is a sufficiently
large constant. Let ua(t,z) be the solution of with uz(0,7) = 1 — € for
0 <r < Ry and uz(0,7) =0 for r > Ry. By vo(z) > u2(0, |2|) and the comparison
principle, one has that

v(t +T,x) > us(t, |z]), fort>0and z € RV,

Since (3.2) holds for uq(t, ) and m(t) satisfies (3.3]), one immediately has (1.15)).
This completes the proof. [
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Proof of Theorem[1.4} By lemma [2.2] there is a 6 > 0 such that

sup (1 —u(t,r)) =o(e™%) ast— +oo, (3.4)

0<r<eit
for some 0 < ¢; < ¢. By parabolic estimates, one has that
u(t,r) = o(e™%) for 0 <7 < Rast— 400,

where R is arbitrary positive constant. Assume § < 7/2 where 7 is defined by .
Take a nonnegative C?(R™) function &(z) such that &(z) has a compact support
in Q, v(z) - VE(r) =1onz €I and AL\ {|r=~ < §. We refer such a function to
6, §].

Let Ry > 0 such that vg(z) = 0 for z €  such that |z| > R; and K C B(0, Ry).
Let uq (¢, 7) be the solution of with 41 (0,7) =1for 0 < r < Ry and uy(0,7) =0
for r > R;. We define

(¢, ) = ui (¢, |2]) + BE(x)e ",

where 8 > 0 is to be given. One can calculate that

Oy (t, z) = (ul)r% v+ BVE-ve ™ for z € 00,

Since K € B(0,R;1) and (u1), = o(e™%) for x € 0Q as t — +o0, one can pick
B > 0 such that d,u;(t,z) > 0 for z € 9Q. Then, we show that w;(¢,z) is a
supersolution of (1.14). Obviously, vo(z) < u1(0,z) for x € Q. Assume that
&(x) =0 in RN \ B(0, L) for some L > 0. Assume without loss of generality that
uy(t,|z|) > 1—pfor x € B(0, L) and t > 0. Otherwise, one can consider u; (t+T, |z|)
for large T' > 0 by (3.4). Then, one only has to check that
(U1)e — Auy — f(t,u1) 2 0,
for t > 0 and = € 2N B(0, L). One can compute that

(W) — ATy — f(t,7T) = —B6E(x)e ™ — BAEe™ + f(t,ui(t, |z]) — f(t, 1)
> —poE(x)e”" — AL — 7hE(x)e”" >0,
for z € QN B(0,L). Then, by the comparison principle, one has that
v(t,x) <Ty(t,x), fort>0andz e .

By (3.2)), one has (1.18).

On the other hand, since v(¢,x) grows, there are T > 0 and Ry > 0 such that
v(T,z) > 1 —¢€ for x € QN B(0, R2). One can take T sufficiently large such that e
is small enough and Ry is large enough such that K C B(0, Rz). Let uz(t,r) be the
solution of with u2(0,7) =1 —€ for 0 < r < Ry and ug(0,r) = 0 for r > Ra.
We define

Us(t, @) = uz(t, ) — BE(x)e™
Similar as above arguments, one can show that u, (¢, z) is a subsolution of .
By the comparison principle, one has that

v(t,x) > uy(t,x), fort>0and z e .
By (3.1), one has (|1.17). This completes the proof. O
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