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EXISTENCE OF WEAK SOLUTIONS FOR NONLOCAL
DIRICHLET PROBLEMS VIA YOUNG MEASURE THEORY

MOUAD ALLALOU, MOHAMED EL OUAARABI, ABDERRAHMANE RAJI

ABSTRACT. This article investigates the existence of weak solutions for a class
of nonlocal problems with Dirichlet boundary conditions. The proof of the ex-
istence result relies on Galerkin’s approximation and Young’s measure theory.

1. INTRODUCTION

Let D be a bounded domain in R™ with smooth boundary 0D, and 1 < p < oo.
We prove the existence of weak solutions for the nonlocal problem with Dirichlet
boundary conditions,

—g(/ &) dz) div(a(z, Vv) + |Vo|P2Vo] + [v|P~20 = f(z,v) in D,
D
v=0 on JdD,

(1.1)

where )
E(w) = / (A(z, Vv) + =|Vu|?) dz.
D p

The functions f : DXxR - R, g, A: D xR™ = R, and a : D x R™ — R™ are
subject to conditions specified below.

The study of nonlinear boundary value problems has garnered significant atten-
tion over the past few decades, driven by advancements in fields such as elastic
mechanics, electrorheological fluids, and image restoration; see [11 [7, 9] 17, 20, 23].

Transmission problems appear in various applications in physics and biology (see
[, 8, [16]). Recently, in [15], the authors investigated the existence of ground-state
solutions for a class of Kirchhoff-type transmission problems.

This work aims to explore the existence of weak solutions to problem by
employing the principles of Young measures theory. Notably, our problem cannot
be addressed with a variational framework because of the specific functions g and
f. These functions introduce significant technical challenges, necessitating the use
of alternative tools, such as Young measures, which facilitate the identification
of weak limits. To the best of our knowledge, this is the first study to approach
problem using this theoretical framework. For an exploration of closely related
topics, readers are encouraged to consult references [10} [12] and additional sources
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cited therein. For a thorough discussion on the steady-state case employing Young
measures theory, we refer to [2], 3] 13| 22].

A weak solution for is defined as a function v € W, (D) satisfying the
following equation for all ® € W, (D),

g(/D]-"(v) dz)/p(a(z,Vv)+|VU|p*2VU) ~V<I>dz+/ |v|P~20.® dz

D
= / flz,v)®dz.
D

In this article we use the following assumptions:

(A1) a: DxR™ = R™ and f: D x R — R are Carathéodory functions which
implies their measurability with respect to z € D and continuity with re-
spect to the other variables. Additionally, the mapping & — a(z, £) is both
a C' function and monotonic, i.e.,

(a(z,€) —a(z,&)- (£ —€&)>0 V¢ eR™,

(A2) We can find elements ay,ay € LP (D), along with a3 € L'(D) and positive
constants cg, c; > 0, such that

la(z,€)| < coan(z) +[€P7),
|f(z,w)| < az(2) + [w]?,
PA(2,€) =2 a(z,8) - § 2 1§ — as(z)
forallweRand 0 < g<p—1.

(A3) A: D xR™ — R is a Carathéodory function within the context of (Al).
Furthermore, the mapping & — A(z, £) is both convex and C''-function and
it fulfills the relation a(z,§) = VEA(z, &) = (0.A/8)(z,€).

(A4) g: WEP(D) — (0, +00) are continuous and bounded on any bounded subset
of W1P(D) such that there are constants gg, g1 > 0 satisfying

9o < g(s) < g1

Our main result in this article reads as follows.

Theorem 1.1. Assume that (A1)-(A4) hold. Then, problem (1.1 has a weak
solution in Wy (D).

The structure of this paper is as follows: Section 2 offers a concise overview
of essential aspects of Young measures. In Section 3, we focus on developing the
approximate solutions and establishing preliminary estimates. The final section
addresses various convergence outcomes and outlines the demonstration of the pri-
mary theorem.

2. PRELIMINARIES

2.1. Fundamentals of Young measures. In this section, we provide a succinct
summary of the fundamental concepts behind generalized Young measures and
revisit relevant findings that will be employed in subsequent discussions. Our ap-
proach is influenced by the works of [18] [T4], with additional insights available in
[19] for a more thorough introduction.

We denote by Co(R™) the closure of the space comprising continuous functions
on R™ with compact support concerning the | - |o-norm. Its dual space can be
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identified as M(R™) the space encompassing signed Radon measures with finite
mass. The duality pairing for o : D — M(R™) is defined as

(o,9) = Y(n) do(n).
RT)L

Lemma 2.1 ([19]). Assume that the sequence {y,},>1 is bounded in L>°(D;R™).
Then there exist a subsequence still denoted {y,}, and a Borel probability measure
o, on R™ for a.e. z € D, such that for almost each h € C(R™) we have

P(yu) =* W weakly in L>(D),
where

U(z)= [ (n)do.(n).

]Rm
Definition 2.2. We call 0 = {0,}.ep the family of Young measures associated
with the subsequence {y,},. It is shown in [6], that if for all R > 0

limsup [{z € DN Bg(0) : ly.(2)] > L} =0,

H—00
then for any measurable D’ C D,

V() > (o202, 0) = [ (e m)do(n)  weakly in L' (D)

for any Carathéodory function ¢ : D’ x R™ — R such that (z,y,) is equi-
integrable.

If we consider y,, = Vw,,, where w, : D — R, the above properties remain true,
and the following lemma can be proved in a similar way as in [5, Lemma 4.1].

Lemma 2.3. Let (Vw,) be a bounded sequence in LP(D;R™). Then the Young
measure o, generated by Vw, in LP(D;R™) satisfies:

(1) [oz|pm@wmy =1 for a.e. z €D, i.e., 0. is a probability measure.
(2) The weak L*-limit of Vw,, is given by (o, id) = [, n-do,(n).
(3) o satisfies (0,,id) = Vuv(z) for a.e. z € D.

We will need the following Fatou-type inequality.

Lemma 2.4. Let 7 : D x R™ — R be a Carathéodory function and w, : D — R a
sequence of measurable functions such that Vw,, generates the Young measure o,
with |0 |gmmy = 1 for almost every z € D. Then

liminf/ w(z,un)dzZ/ Y(z,m)do.(n)dz
H—> 00 D D JRm

provided that the negative part of (2, Vw,) is equi-integrable.

3. PrROOF OF THEOREM [I.1]

Let us consider the functional £(v) : W, ?(D) — R given by

S g(/p (A(z, Vu) + %\Vu\’ﬂz)) [/Da(z,VU) -Vodz

Jr/ |Vv|p72VU~V<I>dz} +/ |v|p72v.<1)dzf/ f(z,v)®dz,
D D D

for arbitrary v € Wy ?(D) and ® € W, *(D).
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Lemma 3.1. The functional L(v) is well defined, linear and bounded.

Proof. Firstly, utilizing Holder inequality and conditions (A2)—(A4), we establish
1
Ml o [ (A0 + 7o) dz)
D b

X [/ a(z,Vv)VCIDder/ |W|p*2vuv<1>dz}’
D D
§gl(/ |a(z,Vv)|~|V<I>|dz+/ |vu|p*1.|v<1>|dz)
D D

<ai( [ colan(a) +VopHITO|dz) + Vol [T,
D

< Cllloally + [Vollp= DIV, + Vol Ve,
< CvVe|,.

Conversely, we can also infer, based on the growth condition of f in (A2) and the
Holder inequality, that

|As| == |/Df(z,v)<I>dz|
< /D (2, 0)@] dz

< (lally + ol =l
< Allazlp + AP H[Vollp= DIV,

with A denoting the constant in Poincare’s inequality, there exists a positive con-
stant A such that
1,
[@[l, < AIVe[l, VY& e Wy?(D). (3.1)
On the other hand,

Aol = | [ ol 2uads
D

< [ 1op-tiala:
D

11 .
< (o + )l IVl

As the estimates of A; for ¢ = 1,2, 3 are finite, £(v) is well defined. Moreover, L(v)
is linear and for all ® € W, *(D), the inequality

[{L(v), @)| < [Aa] + [Ag| + [As] < C|[VO|,
holds, indicating that £(v) is bounded. O

By Lemma we can define the operator £ : W, P(D) — W~1# (D), that
satisfies the following result.

Proposition 3.2. The restriction of L to a finite dimensional linear subspace O
1p : ;
of Wy*(D) is continuous.

Proof. Let O be a finite linear subspace of VVO1 P(D). Suppose (v,,) is a sequence in
9 that converges to v in O.
Firstly, v, — v and Vv, — Vv almost everywhere.
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Secondly,
/ v, —v|Pdz — 0 and / Vv, — VuPdz — 0,
D D
since v, — v strongly in O. Hence, there exist @1, Q2 € L*(D) such that |v,—v[? <
@1 and [V, — Vul? < Q2. We know that for v > 1
It +ta|” <277 (|t1]Y + [t2]).
Then
val? = v = v +oP < 227 (o = ofP + ulP) < 2P7HQ1 A+ [Ju|P).

Like in the demonstration of |v,|?, it follows that |v,|, and |Vv,|, are bounded by
a constant C. Thus, the continuity condition in (A1), (A3) and (A4) permits to
deduce that

g(/Q(A(z,Vvk) + %|Vvk|p)dz>(/Qa(x,Vvk)Vﬂz) dz

—/ |Vup [P 2 Vo, V() dz) +/ ok P20 @ d2
Q Q

converges to
g(/Q(A(z,VU) + %|Vv|p)dz> (/Qa(a:,Vv)V@(z) dz

— v[P2Vu z)dz vP20.ddz
[ 1vervevecydaz) + [ pp-osd
and

f(z,0.)®(2) = f(z,0)®(2)

almost everywhere as k — oo. Indeed, if D’ is a measurable subset of D, and
® € WyP(D), then

la(z, Vo) - VO — |Vug P2V, - VO|dz
Q/

g/ co(al(z)+|Vvk|p_1)\v<1>\dz+/ V[Pt V| de
! Q/
1/p
< (colanly + (co+ 1) IVorlp™ ) ([ V@l dz)
——— Q
<c

and (without loss of generality, we can assume g = p — 1)

\f(zwu)@(Z)leS/ (aa(2) + v [P~ @] dz

D’ D’
p—1 » 1/p
< Aaszly + ol ([ Iveraz)
—— D’
<C

Using Hoélder’s and Poincaré inequalities, along with (3.1)). Moreover, we have

1
g(/, (.A(Z,VU“) + ];|VU#|p) dz) < ¢1 < o0,

by (A4) and the boundedness of |Vv,|,. By utilizing the Vitali Theorem, we can
establish the continuity of L. (]



6 M. ALLALOU, M. EL OUAARABI, A. RAJI EJDE-2024/73

Remark 3.3. In this section, we have used only the condition ¢ < p — 1. Thus
Lemma [3.1] and Proposition are still valid as g = p — 1.

Now, the problem (|1.1)) is equivalent to find a solution v € WO1 (D) such that
(L(v),®) =0 for all ® € WyP(D).

To find such a solution we apply a Galerkin scheme. Since WO1 (D) is separable
there exists a sequence (9,,) of finite dimensional subspaces such that U,>19,, is
dense in Wy(D). Let {x1,...,2,} be a basis of O, where dim©,, = r. Next, Let
us define

G:R"—=R",
(di)izl,...,r — (<£(dixi)a l’j>)j:1,~~-m'-

Proposition 3.4. L is continuous and G(d) -d — oo as |d

Rr — OQO.

Proof. G is trivially continuous, by the continuity of £ restricted to O, (see Propo-
sition if necessary). Consider d € R” and v = d;z; € O, (with conventional
summation). The condition |d|r- — o0 is equivalent to ||v||1, — 0o, and we have

Gg(d)-d={(L(v),v).

Note that

Ay ::g(A(A(z,vU)+%|vU|p)dz)[/Da(x,vm.dez+/D|w|sz]

Zgo[/pa(x,VU) ~Vvdz+/D|VU|de} (by (A4))

Zgo(/ C1|VU|]DdZ*/ as(z)dz) +go/ |[VoulP dz
D D D
Zcmin/ |vv|pd2*0// 013(2’) dZ,

D D

since 8 > 1. Finally, from the growth condition (A2) and (3.1) we have
el =1 [ Fz v
D
< / |f(z,v)v]dz
D
< [ (@ + ol ol a:

< Mlaslly [V0ll, + ¥+ [ Tol+.
Hence
(L(v),v) > Ay — A5
> Crin |Vl = C'llaslly — Ala|lly [[Vull, = A Vol — oo
as |[vll1,p = 00, since Chyin, C' > 0 and (p > max(1, ¢+ 1)). O
Proposition 3.5. For all k € N there exists v, € O,, such that
(L(v,),®) =0 forall® e,
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Proof. By Proposition [3.4] there exists R > 0 such that for all d € dBr(0) C R" we
have G(d) - d > 0, and the usual topological argument [24, Proposition 2.8], there
exists z € Br(0) such that G(z) = 0. Hence, for all £ € N there exists v, € O,
such that (£(v,),¢) =0 for all ¢ € O,,. O

Proposition 3.6. The constructed sequence (v,) in Proposition s uniformly
bounded, i.e., there is a constant R > 0 such that ||v,|l1,p, < R for all k € N.

Proof. By Proposition [3.4] there exists R > 0 with the property that (L(v),v) > 1
whenever [|v||1, > R. Hence, for the sequence of Galerkin approximations v, € O,
which satisfy (£(v,),v,) = 0 by the Proposition [3.5] we get the uniform bounded-
ness of (v,,) in Wy"*(D). O

4. PROOFS AND PROPERTIES FOR THE CONVERGENCE

In this section, we present general convergence findings pertaining to the func-
tions denoted as a(-), A(-), and f(-). Given that the sequence (v,) remains within
bounded limits in the space I/VO1 (D), as established in Propositions and
[3:6] we can infer, based on the assertions of Lemma [2.4] the existence of a Young
measure denoted as o,. This measure is generated by the gradients of v, within
the space LP(D;R™).

We define

a(z, Vv) = a(z, Vv) + |Vu|P~2Vu,

where @ adheres to conditions (A1)-(A3) with both coercivity and growth rate set
to p, specifically,

a(z,£).£ = €7,
|a(za€)| < |£|pi1 + S(C37pa q)

Lemma 4.1. The Young measure o, generated by Vv, satisfies

(4.1)

(a(z,n) —a(z,Vv))- (n—Vv)=0 on suppo,,
where supp o, is the support of o, for a.e. z € D.
Proof. We consider the sequence
e, = (a(z,Vu,) —a(z,Vv)) - (Vu, — Vv)
=a(z,Vu,) - (Vuv, — Vov) —a(z, Vo) - (Vu, — Vo)
=eu1teu2.

Given the growth condition of @ in (4.1) and the weak convergence described in
Lemma [2.3] it follows that

liminf/ ep2dz = / a(z, Vo) - (/ ndo.(n) —VU) dz = 0.
H—> 00 D D m
—_——
=:Vu(z)
Thus

e:=liminf [ e,dz =liminf [ e, 1dz.
u—oo  Jp p—oo Jp 7
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By the growth condition on @ in ([£.1)), (a(z, Vv,) - Vu) is equi-integrable. Let us
fix an arbitrary measurable subset D’ C D. Then, the coercivity condition in (4.1))
implies

/ | min(a(z, Vu,) - Vu,, 0)| dz S/ |Vu,|Pdz < oo, (4.2)

’

This shows the equi-integrability of (a(z, Vv, )-Vv,). Therefore (a(z, Vv,)-(Vuv, —
Vo)) is also equi-integrable, and by Lemman this yields

/ / a(z,m) - (n— Vu)do,(n)dz < liminf/ a(z,Vu,) - (Vu, —Vu)dz = e.
m D

pH—>00

Now, let us show that e < 0. By Propositions we can write
1
A(z, Vo) + —|Vug|P)dz
o [ (AT + 2 vul)az)
X (/ a(z, Vo) - (Vug, — Vi) dz — / Vg P2V, - (Vo — Vv)dz)
Q Q

= / fzv) (v —v)dz — / |uk|P20g. (vg, — v) dz.
Q Q
By (A4) we have

go/ a(z,Vu,) - (Vv, — Vo) dz
D

< /D f(Z, Uu)(vu - 'U) dz — /D |’Uu‘p_2’Uu(’Uu — U) dz

+ go/ Vv, [P~2Vu, - (Vu, — Vu)dz.
D
Then

/ a(z,Vu,) - (Vu, — Vu)dz
D

7(/1) f(z00) (v —v)dz — /D [vlP ™20, (v, — v)dz)

— / |V, [P~2Vu, - (Vu, — Vo)dz
D

< Cm/ f(ZaUN)(UN - U) dz
D
< Collldzlly + [oulls™ v — vl = 0 as k — oo
——
<c

This is achieved by Hélder’s inequality and the fact that v, — v in I/VO1 (D).
Hence, we have

/7.7 /m a(z,m) - (n = Vu)do.(n)dz < 0.

In conclusion, we can infer from this and Equation (4.2]) that

/p /m <5(Z’ n) —alz, V‘”)) - (n = Vv)do(n)dz <0.
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The function a being monotonic, the integral above evaluates to zero with respect
to the product measure do,(n) ® dz, meaning that

/D / (Zi(z,n) —a(z, VU)) (= Vo) do.(n) ® dz = 0.

Consequently, we obtain
(’d(zm) —a(z, VU)) -(n—Vv)=0 onsupp o,. O

Proposition 4.2. For almost every z € D, the support of o, is contained within
the set where A coincides with the supporting hyper-plane L defined as

L= {(n, Az, Vv) + a(z, Vv) - (n — Vv))},
that is
suppo. C K. = {n € R™ : A(z,1) = A(z, Vv) + a(z, Vv) - (n — Vou)}.
Proof. Let n € suppo.. By Lemma implies for all ¢ € [0, 1], we have
(1 —1t)(a(z,n) —a(z, Vv)) - (n — Vv) = 0. (4.3)
Therefore, by the monotonicity condition and , we obtain

0<(1-1) (6(2, n) —a(z, Vo +t(n — Vv))) - (n— V)

(4.4)
= (1-1) (Zi(z, Vo) —a(z, Vo + t(n — W))) (- Vo).
Using the monotonicity condition, we have
(E(z, Vo) —a(z, Vv +t(n — VU))) (Vv —mn) >0,
and since ¢ € [0, 1], we deduce that
(Zi(z, Vo) —a(z, Vo + t(n — W))) S(1=t)(Vv—n)>0. (4.5)
Combining and we find that
(Ei(z7 Vo) —a(z, Vv +t(n — VU))> -(n—Vuv) =0.
It follows from (A3) that
A(z,n) = A(z, Vv) + /01 a(z,Vu+tn—Vv))-(n—Vu)dz
= A(z,Vv) + a(z, Vu) - (n — Vo).
Hence n € K, i.e., supp o, C K, for almost every z € D. U

Now, we establish the proof of our main result.
Proof of Theorem[1.1 Since & .Z(z, €) is convex, we can represent it as
A(z,n) = H(n) > Az, Vv) + a(z, Vv) - (n — Vv) =: R()
for all n € R™. Assuming that n — H(n) is a C'-function, as specified in the
hypothesis, we obtain the following relationships for any £ € R™ ¢t € R
H(n +16) ~ H(n) _ R(n+1€) ~ R(n)
t - t

for t > 0,
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Hin+ 1) ~H(n) _ R(n+7€) ~ R(n)
t - t
Consequently, we can deduce that V,’H = V, R, which implies

for t < 0.

a(z,m) =a(z,Vv) forallne K, Dsuppo,. (4.6)

Since a(z, Vv,,) is equi-integrable, by (4.6 and Lemma its weak L!-limit sat-
isfies

a(z) = [ e do (o)
= [ aGwan)

:/ a(z, Vu)do,(n)
supp o
=a(z, Vv).
Next, if we consider the following Carathéodory function
B(zvn) = |5(Z>77)_a(2)|7 neRma

then, since a(z,Vv,) is equi-integrable, we conclude that B, (z) := B(z,Vv,) is
also equi-integrable, and its weak L!-limit is

B,—B inL'(D),

where
B = [ faten) ~a@)dont) = [ faen) - a)| do() =0,

by (4.5) and (4.6). Notably, the convergence of B, is strong since B, > 0.
Applying (4.1]), we derive theinequalities

1. 1
A(z,Vu,) > Ea(z,VUM) -Vu, > §|Vvu\p;

thus

| min(A(z, Vv,),0)| dz < oco.
’D/

Consequently, A(z, Vv,) is both bounded and equi-integrable. As a result, its weak
L'-limit is [, A(z,n)do.(n). Utilizing Lemmau7 we obtain

Azm) do(n) = / Az ) do(n) = A(z, Vo),
Rm™ supp o

by Equation (4.2)). The continuity of the function g in (A4) and B, — 0 in L*(D),
imply that

g(/Q(A(z,wkH%\wk\p)dz)

X (/ a(z,Vvk)Vé(z)dz—/ |V P2 Vo, VO (2) dz) —|—/ |og P2, d2
Q Q Q

converges to

g(/Q(A(z,Vv)—F%WUP)dz)
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X (/Qa(z,VU)V@(z)dz—/Q|Vv|p72VUV<I>(z)dz> —|—/Q|\U||p72vdz.

To complete the proof, we need to consider the term [, f(z,v,)®(z)dz. We know

that (v,) is bounded in W, (D) according to Propositions and up to
a subsequence, v, — v in LP(D). For some e positive, we have

/ v, —v|Pdz > / v, —v|Pdz > eP|{z €D :|v, —v| > €},
D {z€D:|v,—v|>e€}
which implies
1
|{z€D:|UH—v|26}|§6—p/p|vu—v|pdz—>0 as k — oo,

thus v, — v in measure and almost everywhere.
The continuity of the function f in (A1) implies

f(z,0.)®(2) = f(z,0)®(2)
almost everywhere. From the growth condition in F and the uniform bound in
Propositions and 3.6} it follows that f(z,v,)®(2) is equi-integrable. Con-
sequently,
f(z,0)@(2) = f(z,0)®(2) in LY(D),

and then, by the Vitali convergence theorem, we establish that

lim [ f(z,v0,)®(2)dz = /Df(z,v)tl)(z) dz V@ € Uy>19,.

p—oo Jp

Since U,>19,, is dense in Wy (D), it follows that v is a weak solution of (T.1) as
desired. g
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