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WELL-POSEDNESS OF SOLUTIONS FOR THE 2D STOCHASTIC
QUASI-GEOSTROPHIC EQUATION IN CRITICAL
FOURIER-BESOV-MORREY SPACES

HASSAN KHAIDER, ACHRAF AZANZAL, ABDERRAHMANE RAJI

ABSTRACT. In this article, we apply the It6 integral to obtain the global
solutions for stochastic quasi-geostrophic equations in Fourier-Besov-Morrey
spaces. For comparison we also give the corresponding results of the determin-
istic quasi-geostrophic equations. We assume the initial data is Fy measurable
and the right-hand side is a random function in a Morrey space, to obtain the
well posedness of stochastic quasi-geostrophic equations.

1. INTRODUCTION:

In this article we study the two-dimensional dissipative stochastic quasi-geostro-
phic (SQG) equation

00 + V- VO + puA>*0 = gW, zecR%t>0,
Vo = (—R260,R10), (1.1)
0(0,2) = Og(x).

Where p > 0 is the dissipative coefficient, « > 1/2 is a real number, 6(¢,x) is a
real-valued function of two space variables ¢ and x. The function 6 represents the
potential temperature, g W is a random external force and W is a standard infinite
dimensional Wiener process. The velocity Vjp is incompressible and determined
from 6 by a stream function (,

¢ 9¢
Vo= (- 1.2
0 ( 8%2 ’ 8%1 ) ’ ( )
where the ¢ function is satisfied

AC = —0. (1.3)
We define the operator A by the fractional power of —A :
Av = (=)0, F(hw) = F((~A)0) = [E1F (),
and more generally

F(A*) = F((=A)%) = [¢[**F(v),
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where F is the Fourier transform. The relation between (1.2)) and (1.3)) can be
determined by using the Riesz transform as follows

Vo = (00,A710, —0,, A710) = (—R26, R10),
where R, j = 1,2, is the Riesz transform defined by
Rj =0y, (—A) /2

The Quasi-geostrophic equations are frequently used to study the large-scale
motions of the ocean and atmosphere at mid-latitudes, for the modelling of marine
and atmospheric circulation, as well as for stability, frontogenesis and turbulence
studies, because they are much simpler than the basic equations These equations
have been the subject of several researchers. The solutions depend discontinuously
on the initial data, the approximate finite element solutions converge in regions of
free flow [12], and the wavenumber energy spectra of the solutions asymptotically
approach the statistical equilibrium spectra of the spectrally truncated equations
(Kraichnan 1967).

When p = 0 and g = 0, the equation will be called the two-dimensional
non-dissipative quasigeostrophic equation, it was introduced by Constantin, Majda,
and Tabak in 1994 [9].

When g = 0. It is clear that the small case is mathematically very interesting to
understand, or equivalently when the dissipation tends to 0, the quasi-geostrophic
equation converges to the three dimensional Navier-Stokes equations. Although,
this model is physically interesting in the case o = % Mathematically, the power
a = 1/2 corresponds to the index for which the nonlinear term and the dissipation
are of the same order (in the sense that Vp and A are two operators deriving once).
The previous remarks motivate the following definition.

Definition 1.1 ([2]). We distinguish the following 3 cases:

e If 0 < < 1/2, then (1.1)) is called supercritical.
o If « =1/2, then (1.1)) is called critical.
e If 1/2 < a < 1, then (L.1) is called subcritical.

There is a copious literature on well-posedness for fluid dynamics PDEs with
singular data in different spaces, where the conditions are taken in norms of critical
spaces. For instance, for Navier-Stokes equations and related models, we have well-
posedness results in the critical case of the following spaces: Lebesgue space L? [6],
Marcinkiewicz space LP:>° [10], Morrey spaces M4 [7, 13} 14} 7], Besov-Morrey
spaces Nzi g 18,22], Fourier-Besov spaces FB,, , [5[9], Fourier-Besov-Morrey spaces
FN, 5q 1L 3]

The small perturbations (numerical, empirical, and physical errors) or thermo-
dynamic fluctuations present in fluid flows are frequently modeled using stochastic
components in the equations of motion. Additionally, they are employed in order to
comprehend turbulence better. Consequently, stochastic partial differential equa-
tions (SDE) such as quasi-geostrophic equations (QG), stochastic Navier-Stokes
equations are gaining more and more interest in fluid mechanics research.

The well-posedness of partial differential equations (PDEs) in Fourier-Besov-
Morrey spaces is crucial for several reasons related to both the theoretical and
practical aspects of solving PDEs. These spaces allow for the description of func-
tions that may not be smooth but still satisfy certain integrability conditions. They
are typically used when analyzing the regularity of solutions to PDEs with less
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regular data or in the context of singular integrals. They are useful for dealing
with solutions that are not necessarily in classical Sobolev spaces but still exhibit
sufficient regularity for solving certain types of PDEs. In this research Fourier-
Besov-Morrey spaces are particularly suited for handling the scaling properties of
nonlinear operators that arise in stochastic quasi-geostrophic equations.

Biswas [5] established the global-in-time well-posedness of (L.1)) in the space
FB,,, (wich is a particular case of Fourier-Besov-Morrey space .7-"./\/' g Dy taking
A = 0). In 2003, Chae and Lee [8] obtained the global well- posedness in the
super-critical dissipative quasigeostrophic equations in sz, Aq- Recently, Azanzal
et al. [2] obtained the existence in Fourier-Besov-Morrey spaces FN, y , but in the
deterministic case. Consequently, our research extends the previous works.

Definition 1.2 ([23]). Let (2, F, P, {F;},c(o 1)) be a filtered probability space with
the expectation E and T" > 0, we designate by M the smallest o-algebra of F}
adapted distribution processes f defined on 2 x [0, 7] x R®, which are progressively
measurable, more precisely f(w,t,-) € Fy x B[0,T] for all ¢t € [0, 7.

Definition 1.3. Let (Q, F. P, {Ft}tzo , W) be a fixed probability basis, the diver-

gence free process 6 is a mild-solution of (1.1, if f(w, -) € L*(0,t; ]-"./\/"3 20-% YNM;
for all ¢ > 0 and
t

H(t):Ta(t)Ho—/otTa(t—s)(Vg-VH)(S) ds+/0 To(t—s)gdW.  (1.4)

To examine how stochastic forces affect quasi-geostrophic equations, we first
present the outcome of the deterministic quasi-geostrophic equations, or the case

g=01n (L.1). So to speak
00+ Vg -VO+ puA>*0 =0, xcR?t>0,
Vo = (—R20,R410), (1.5)
0(0,z) = Oo(x).

Theorem 1.4 ([2] Deterministic case). Let g = 0, 1 < p < oo, 1 <A <2

1<qg< o, 3 <o¢<2+fand90€.7:./\/3 2 Then, there exists a
constant 8 > 0 such that if 6y satzsﬁes 16o]| Nd,za,;x < B, then (L5)) admits
]: K& X.q
A
a unique global solution § € C(RT, .FN;)\%IQ E )N LHRT, .7:./\/;7 xg )» such that
||9HX rg ”00“ L B—2a— 252 where
P,A.q

X = L%(RY, FN 2T Y0 LR, FNS .
Furthermore, the solution 6 depends contmuously on the initial data 6.
Our main result reads as follows.

Theorem 1.5 (Stochastic ase). Assume 1 < g < oo and % <a< % + %. Let
(Q, F,P,{F,}1>0,W) be a probability basis and 0y be Fy measurable, g € Mrp.
Assume that for any positive T,

1+T < .
( + )||g||L4L4(]? 22;;-*—2 H 0” N22X2:+2 +00
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. 99t A
Then, there exists a unique global mild solution of (1.1]) in L*(0, T;]:NZZ,A,Qq +3 ),

for all w in ﬁ, with Q is a random set with positive probability.

The structure of this article is as follows. In the second section, we review
Bernstein’s lemma, the fixed point lemma, the definition of the Fourier-Besov-
Morrey space, and the Littlewood-Paley theory. In the third section, we present
the proof of the Theorem )

2. PRELIMINARIES

Here we provide notation and review the fundamental characteristics of Fourier-
Besov-Morrey spaces, which will be utilized throughout the article. First, we should
review the Fourier transform, Littlewood-Paley theory, and the definitions of our
spaces. For more details we refer to [15] [4]. The Fourier transform is described as

(&) = Ff(€) = (2m) 2 / € f(z) do.

n

And its inverse Fourier transform as

) = F () = (2m) /2 / €€ F(€) d.

n

Let ¢ > 0 be a C§° function with supp ¢ C {3/4 < |§| < 8/3} and nonnegative
X € C§°(B(0, 2)) such that

'3
XE)+Y i) =1, £eR?,
Jj=0

D i€ =1, £eRM\{0},

JEL
where ;(€) = ¢(277¢).

Let S} = S'/P, where P is the set of polynomials,
hj=F Y, hj=F'x;=F x(27),
Aj = F o, Sju=F1x;*u,
where
X; =x(277).

Now we give some definitions concerning Fourrier-Besov-Morrey space.

Definition 2.1. (i) Let 1 < p < oo and 0 < A < d. The homogeneous Morrey
space M) is the set of all functions f € LP(B(x,r)) such that

1y = sup supr ™7 | fll (. < 00, (2.1)
z€R r>0
where B(z,r) is the open ball in R? centered at x and with radius r > 0.
(ii) Let 1 < p,q < oo and s € R. We can define the homogeneous Fourier-Besov
space F'B,, , as the set of all distributions f € S"\P is the set of all polynomials
such that the norm [|f||rp;  is finite, where

. ~ 1/q
s q
(Z]‘ez % q”@jf”m) for ¢ < o0 (2.2)

Fllrps = et
SUPjez 27%|; fll v for ¢ = 0.
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(iii) Let 1 < p,q < 00, 0 < XA < n and s € R. The homogeneous Fourier-Besov-
Morrey space .7:./\/ > )¢ 18 defined as the set of all distributions f € S’\P, such that
the norm ||f||}-,\/; . 1s finite, where

_ {(Zjez 29%4) o, 4,19 for g < o0

s\ s F (2.3)
supjez 27°[l; flly for ¢ = 0o

Ifllzacs
Note that the space FN y  (R") equipped with the norm ([2.2)) is a Banach space.

Since M) = L, we have f/\f 0q = = FB _,and FNio1 = FBil = X* where X*
is the Le1 Lin space [4].

p,q

Definition 2.2. Let 1 < p < +oo and T € (0,+0oc], the space L (.FNSAq(}Rd))
called Chemin—Lerner type space is defined as the set of tempered distributions in

S’ (R X Rd> /P with respect to the norm

Hf”ipT(.F./\'/;’A’q(Rd)) = H {zjsH(pijLP([O,T];]VIQ(Rd))} ||lq(j€Z) < +00.

Definition 2.3. {Jet p,ryo € (L,400] , 1 <qg< 400 ,s€Rand T > 0. We
define the space (LE LY, .7-—./\/5/\ q(Rd)) called Chemin—Lerner type space of Bochner
(CLBFB) as the space of distribution process g € My such that g(w,t) € S (R?)

and the quasi-norm
j s ~ o1l/o
l9llzg s rxs . = 1{27* [EUe39®Npar)7) " Hliagezy < +oo.
Lemma 2.4 ([16]). Let 1 gpl,pg,pg < oo and 0 < A1, Ao, A3 < d.
(i) (Holder’s inequality) pr% o T 5, and ;‘2 = % + %, then

Pz
HngM;g <y Ny - 2.4)
(ii) (Young’s inequality) If ¢ € L' and h € Ml);ll’ then
16 % hllyps < llllzaliRllyp (2.5)

where x denotes the standard convolution operator.
Now, we recall the Bernstein-type lemma in Fourier variables.

Lemma 2.5. Let 1 < py <p; < o0, 0 < A, A < d, d*)‘l < d*)‘2 and let B be a
multi-index. If supp(p) C {|¢| < A27}, then there is a canstant C > 0 independent
of ¢ and j such that

d>\1

1€)7 @l <c23'ﬁ'“‘ e 1@l (2.6)

Definition 2.6 ([18]). Let V and W be finite-dimensional inner product spaces,
and let m = (m(¢)):>0 be a continuous V-valued semimartingale. It6’s formula says
that if I € C?*(V; ) then
1
dF(m(t)) = DF(m(t))[dm(t)] + 5 D*F(m(t))[dm(t), dm(t)],

where D*F is the k" derivative of F.
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Theorem 2.7 (Burkholder-Davis-Gundy inequalities [19]). For each p > 0 there
exist two constants ¢, and Cp such that for any continuous local martingale A
vanishing at 0 we have

¢ [(m,m)*] <E(mi.)” < CE[(m,m)2/’].

Stopping at a time 7', Theorem leads to the following result, which is never-
theless very important in applications.

Corollary 2.8 ([19]). For a stopping time T one has

In general for a bounded predictable process H we have

B [(m, m)/?] < E(m3)? < CoR[(m,m)?/?].
CPEK/OT Hfd(m,A)s)p/z] < E[sup ’ /Ot Hydmyg

T
t<T p}
<ol( [ maomm.)"]

We shall review briefly the existence and uniqueness of an abstract operator
equation in a Banach space at the end of this section. The purpose of this is to
illustrate Theorem

Lemma 2.9. . Let B be a Banach space with norm || - ||p and L: B xB — B be a
bounded bilinear operator satisfying

[ L(61,02)[le < Bl|01]]102]|z,

for all 61,05 € B and a constant B > 0. Then, if 0 < e < ﬁ and if y € B such that
llylls < e, the equation x := y + L(x,x) has a solution T in B such that ||T||p < 2e.
This solution is the only one in the ball B(0,2¢). Moreover, the solution depends
continuously on y in the sense: if ||| < &, ' =y’ + L(a',2"), and ||2'||p < 2¢,
then

[z — 2'|le < ly =9Il -

1
1—4ep
3. PROOF OF THEOREM [L.5]

The random term in equation (1.4)) must also be addressed in order to find

a solution, so using the superposition principle, we take the following auxiliary
Cauchy problem

du + pA**udt = gdW in Q x (0, +00) x R?, 51)

Up—o = ug on 2 x R2. .

Applying the Fourier transform of (3.1)) with regard to the spatial variable produces,

we obtain
di+ €0 dt = §dW in Q x (0, +00) x R?

3.2

atzo = ’110 on ) x RQ. ( )
we can conclude that this linear stochastic ODE has a unique solution, So by the
Fourier transformation we can also obtain the solution of (3.1).We must estimate

the solution of (3.1) in order to use the fixed point theory to find the solution of

().
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Lemma 3.1. Let 6y be Fy measurable and f progressively measurable on ) X
0,7] x R, and for any q € [2,+0),0p € L .7:./\/2 2a+2,f € E?)L‘lT}"Nz 2a+2,
the solution u of (3.1) is in the space LéL%FN;A%}a+2 , and

[ullza pa Faz e < C(L+ T)||fHL4 P vt | OHL;l,fijj“ (3-3)

Proof. By multiplying the first equation in (3.2)) by ¢, on both sides, we obtain
dpji = —[€** 0t + @;g dW.
We apply Ito formula to [l¢ il to obtain
dllesall3y

PN ~
= d(sup supr ™2 ||t r2(B(zm))’
r€eR2 r>0

= sup supr d||p;il 725 )

zeR2 r>0

= sup Sl>1187’ A 2(st, =€ (050) + (039) AW) + 119531172 (B (2.r) 9]
z€R2 T

= Suﬂg 51;%) 7’7)\[(72”|£‘2asﬁjﬂ”2L2(B(x,r)) + ||80j§||%2(3(x,r)))dt + 2(pji, p;G) AW
pAS T

A

(= 2liglpsal3y + lesdli3sy ) +2 sup supr=(p;it, 0,9) dW.
z€R2 r>0

(3.4)
where (-, -), denotes the inner product in L?(R?).
Again applying It6 formula to (|[¢;al|3,, + €)® for e > 0. As a result of (3.3),
2

we have
d(llpsallyy +e)
= 2slldyy + ) [(~2EP sl + sl d 35)

+ 2 sup supr_ <<pjﬁ,gojg> dW| + 4 sup supr‘A@jQ,(p]’mQ dt.
z€R2 r>0 z€R2 r>0

Considering the sequence of stopping times

oy = o gt =0 lpgafl > N}, i {t: flpjall > N} 0,
T, if {t: [|p;al| > N} = 0.

for N =1,2,.... Integrating (3.5)) [0,¢] for ¢ < min {T, 7x} over interval and taking
the expectation of the resulting term, we obtain

E(H‘Pﬂ”?\/@ +e)® - E(H%%II@ +e)?

t t
18 [ sup supr s ds — 4B [ (sl + )€yl ds
0 zeR2r>0 0

t
+ 28 [ (sl + )il ds

t
4B [ (ol +2) sup supr (s 0,) AW
0 z€R2 >0
2:A1 +A2+A3+A4.
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Next we estimate A;, A3 and Ay since A is already the form needed. For that we
apply Holder’s and Young’s inequalities.

t
A <E / losl23 sl ds

SE s eyl / 9%, ds
56

t
< eE sup ||g0jﬂHjlw2/\ +CgtE/ ||%§H?\4; ds.
s€(0,t] 0

t
As S 2B s (sl +2)° + Catl [ sl ds.
s€|0,t 0

Fore estimating the random integral Ay, we apply the Burkholder-Davis-Gundy
inequality and Young’s inequality.

A, <E su(}))]}/ ||SOJUHM>\ +5)<Sﬁju ;g dW|
se t

1/2
SE s (il + el ([ Iesatisya)

se[0

. 4
< eE sup [(||<p]u||Mx +e)llejill ]’

4 C.Et / o581 2 ds.
s€[0,t] 0 2

Combining the estimates of Ay, A, A3 and A4, assuming € > 0 to be sufficiently
small and passing to the limit as € — 0, we obtain

TATN
B ow gl +E [ el e ilpds
te[0,TATN] 0 (3 6)

R TATN
SElpsbolliy + 1+ TATE [ losallids
0
Considering the conditions on 6 and g, thus E<SuPte[o,T/\T] ngj@H4> is bounded
by a constant independent of N by (3.6). Hence, let N — oo and consider
limy oo 7v = T, almost certainly. Applying (2.5)), we have
T
E sup llgsiliy +2E [ il ds
te[0,T7] 2 0 2
. T
SEllpsbolliy + 0+ TIE [ llosallids.
0

Hence,

T T
227E / lesalliy ds < Ellgibollisy +(1+TIE / I3l ds-

Multiplying the above estimate by 2(3~29+2)J and taking 19 norm, we obtain
Il o proned < CO+DII oy I, o
q

where the condition a < %+% (i.e, 2—2a+3 > 0). Which yields the conclusion. [
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Lemma 3.2 ([20]). . Under condition [3.1] for the solution u of (3.1)), there is a
~ - NSNS
set Q with positive probability such that u(w,-,-) € L%fN;A?q T2 with

||u(w7 Y )”I:%-]:N;;Z;Jr% < Cl [HGOHE‘&]‘—N;;EQ-F% + (1 + T)”g”f/élz‘;fj\/;;Z;Jr%]?

for all w € (NZ, where Cy is a constant.

2—2a+3

Proof of Theorem [1.3. We take the working space Z := L$FN, , " 2 and define
mappings

W(G):Ta(t)90+/o Ta(t—s)gdW—/O To(t — 5)(V - VO)(s) ds,
eo = To(t)0 + /t To(t — s)gdW,
0

B©,¢) = — / Tolt — 5)(V - VE)(s) ds.

Thus, to solve (|1.1)) it is sufficient to search for the fixed point of the mapping ¥ (0)
by (2.9). By the bilinear estimate in Theorem [2], we have

t
|| / To(t - 5)(Vy - VO)(5) ds]l 7 < Coll0l| 21101 2-
0
Thus, Lemma [3.2) leads to

19(0) ]2 < | Ta(t)o + / To(t — s)gdWz + | / To(t — 5)(Vi - VO)(s) ds| 2

2
< ”u(wv '7 ')||£%J__N22;2a+% + CO||9HZ'
By (2.9), All that remains is for us to prove that
1
ulw, -, - ~ -7(17§77
[Ju( )“L%fNj,x,zq+% 4C,Co
with positive probability. Indeed, by Lemma, [3.2] we have
ww, ). asarr SCLOoll. aeair +(A1+T o osas
I Mg sy S OO0 ooy + Tl ameny]
1
< V2
~ 4C,
for all w € Q. This completes the proof. (I
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