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ULAM TYPE STABILITY FOR NONLINEAR HAHN
DIFFERENCE EQUATIONS WITH DELAY

KAI CHEN, JINRONG WANG

ABSTRACT. In this article, we study the Ulam type stability of nonlinear Hahn
difference equations with delay over a finite interval. First, we use the Banach
fixed point theorem to prove the existence and uniqueness of a solution. Then
we establish the Ulam stability for first and second order nonlinear Hahn differ-
ence equations with delay. We also extend our analysis to n-th order nonlinear
Hahn difference equations with delay. To illustrate our theoretical findings, we
provide three examples.

1. INTRODUCTION

Hahn [I0] developed a difference operator, by drawing from two well-known dif-
ference operators: the forward difference operator [4] and the Jackson g¢-difference
operator [3 5, [6l 27]. Subsequently, Annaby et al. [2] extended the concept by in-
troducing the ¢, w-integral a function, which encompasses both Norlund sums and
Jackson g-integrals. Hamaz et al. [I1], [16] explored the existence and uniqueness
of solutions to Hahn difference equations using the method of successive approxi-
mations and examined the stability of first-order Hahn difference equations. Ab-
delkhaliq et al. [I] investigated the stability of Hahn difference equations within
Banach spaces. Additional results on the Hahn difference operator can be found in
references [12], [14), [15], (17, [18] 22} 24].

Ulam stability originated from a query about stability addressed in [29], and was
later termed Ulam-Hyers stability by Hyers [19]. Rassias [25] further developed this
concept into Ulam-Hyers-Rassias stability by incorporating additional variables in
the form of functions. Following this, numerous studies have explored the Ulam
stability of various equations [8, [, 20, 2T, 26]. For instance, Rus [28] examined
Ulam stability in ordinary differential equations, Otrocol et al. [23] looked into the
Ulam stability of delay differential equations, and Hamaz et al. [13] studied the
Ulam stability of first-order linear quantum difference equations.

Inspired by [I5] 28] 23], we consider the equation

Dy wx(s) =F(t,xz(s),2(0(s))), se€li=][wob],

x(s) =y(s), s€ I =[wo— ho,wo], (1.1)
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where F : I} x RZ = R and © : I} — I5, I3 = I; U I5, are continuous at s = wy,
O(s) < s, hg > 0 and y : I — R is the initial value condition. We demonstrate
both the existence and uniqueness of the solution to equation on I3 using
the Banach fixed point theorem. Additionally, we explore the Ulam stability of
equation on I3. Unlike [II], where the method of successive approximations
was used and the function f needed to be continuous on the plane I; x R, our
approach requires f to be continuous specifically at s = wy.
Secondly, we examine the equation

Dgwx(s) = F(s,2(8),Dqwz(s),2(0(s))), s€ I,
z(s) =y(s), Dgwz(s) =Dqwy(s), s€ly,
where F : I; x R? = R is continuous at s = wy. We analyze the existence and
uniqueness of the solution to equation ([1.2) on I3 using the Banach fixed point
theorem. Subsequently, we establish the Ulam stability of equation (1.2)) on I3
employing Gronwall’s inequality. Finally, we analyze the equation
O ,a(s) = F(s,2(s), Dgua(s), ..., D0 a(s), x(0(s)), s€ I,
x(s) =y(s), D, x(s) =D y(s), s€l, i=01,....,n—1,
where F': [; x R™ — R is continuous at s = wg. We extend the results of the Ulam
stability to equation (1.3]) on Is.

The remainder of this article is organized as follows: In Section [2] we present
notations and relevant preliminaries for the paper. Section [3|is dedicated to the
study of the Ulam stability of equation (1.1]) on interval I3. In Section we establish
the Ulam stability of equation (1.2]) on interval I3, and provides direct results on the

3)

Ulam stability of equation ( . Finally, Section [5| includes examples to illustrate
these theoretical findings.

(1.2)

(1.3)

2. PRELIMINARIES

Throughout the article, R is the set of real numbers, R signifies the set of non-
negative real numbers, N refers to the set of positive integers, and Iy represents
any interval of R that includes wy.

We define these function spaces

S(I3,R) = {f :Is — R: f(s) is continuous at s = wy and bounded},
S(I3,Ry) ={f : Is = Ry : f(s) is continuous at s = wy and bounded}.
Let S(I3,Ry) have a subspace Si(I3,R;) in which all functions are increasing.
Obviously,
S(I3,R) 2 S(I3,R4) 2 Si(I35, Ry ).
For S(I3,R), S(I3,R;) and S1(I3,R4), let the metric p be defined by

p(v1,v2) = max |vy(8) — va(8)].
s€ls

Then it is obvious that S(I3,R), S(I3,R;) and Si(I3,Ry) are complete metric
spaces.

Definition 2.1. [I0] Assume function § : Iy — R is continuous at s = wy. Then
Hahn difference operator is defined by

flgs+w)—f(t)
oD Fa t # wo,
Dgwf(s) = { (e D+

f/(w0)7 t = wo, '
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where 0 < ¢ < 1 and w > 0 are constants, wy = l‘j—q.

Definition 2.2. [2] Assume function g : [y — R is continuous at s = wy and let
[a1,as] C Iy. Then the Hahn integral of g from a; to as has the form

asz az ai
/ g(Sl)dq,wsl :/ g(Sl)dq,wsl _/ g(sl)dq,wsla

where
/x 89(s1)dgwst = (2(1 —q) —w) Y _ g(0’ (x)) =D (07 (x) — /" (z))a(c" (x))
wo 7=0 7=0

for x € Iy, and

. . ) ) 1—¢7
ol(z) = ¢z +wljly, z¢€ly, [J]qzl—q’

and the series (z(1 — q) —w) > rey ¢"g(c"(x)) converges at z = a; and = = as.

‘We can noted that
ag az
|/ g(s1)dg,w51] S/ lg(s1)|dgws1, Va1, as € Iy, a1 < ag,
ai ay

is not necessarily true [2]. However, for a; = wy, we can obtain

ag az
| 9(51)dg,ws1] S/ lg(s1)|dgws1, Vaz € Iy, az > wo.

wo 0

Additionally, we can obtain that

al az
/ 10(51)|dy s < / 0(s)ldgwss, Var,as € Io, wo < a1 < az,  (2.1)

0 wo

is not necessarily true. If function |g| is increasing on I, inequality (2.1]) holds.

Definition 2.3. [2] Assume function ¢ : Iy — R is continuous at s = wy and
1—-¢(s)(s—0o(s)) #0,V s € Iy. Then exponential functions ec(s) and E¢(s) are
given by

1

) = = T (o ) e — o (3) 22)
Ee(s) = T[4 (o7 () s — o(s))). (2.3)
7=0

It is obvious that (2.2) and (2.3) are convergent since 3372 | ((07(s)) | ¢/ (s —

o(s)) is convergent. For ((s) = ag € R for all s € Iy, we have
faols) = 1
" [1720(1 = aog? (s = o(5)))

s , (2.4)
_ N (ao(s—o()) o 1
—ZI G, T g
and
> , ¢330V (ga(s — o(s)))?
Eay(s) = [ (1 + a0’ (s — o(s))) :Zq ( ?( ())) , seR, (25)
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where

(0 g = (T ™), me s,
s 1, n = 0.

The proofs of (2.4) and (2.5 can be found in [7].

Lemma 2.4 ([2]). Assume f,g: Iy — R are continuous at s = wg. Then

b b b
/WQOﬁQ%wG@dew5+l/ Dy (@(s)F(0(5))dg.ws = f(s)a(s)],, a, bEIo.

Lemma 2.5 (Gronwall’s inequality). Assume f, g : Iy — R are continuous at
s=wp and ¢ : I — Ry is continuous at s = wy. Let 1 —((s)(s — o(s)) > 0 for all
s € Iy. If

i) <o)+ [ Cs0)f(s1)dgwsr, Vs € Ion

then
() < 00+ ec(s) [ Gl (os1))als1gss: (26)
Let ¢(s) = ag € Ry, for all s € Iy. If
) < 0t6) + [ aoflon)dgosr, s € oo+ o).

then

S

§(5) < 0(5) + a0€ay (5) / By (0(51))0(51)dg 51,

wo

Lemma 2.6 ([23]). Assume (Y,d, <) is an ordered metric space. V : Y =Y is an
increasing Picard operator (Fy = {yi,} denotes the fized point set of operator V).
Then, fory € Y, we have

(i) ify <V(y), theny <yy:
(i) ify = V(y), theny >y,
3. ULAM STABILITY OF EQUATION (|1.1])

Definition 3.1 ([28]). Assuming there is a real number ¢ > 0, for for all ¢ > 0 and
for all y satisfy

Dqwy(s) = F(s,y(s),y(O(s)))| <&, s € I, (3.1)
equation has a solution x with
ly(s) —x(s)| < ce, Vse Is.
Then has Ulam-Hyers stability on 3.

Definition 3.2 ([28]). Assuming there is a function ¢ : Ry — Ry and 6(0) = 0,
for each solution y of inequality (3.1]), equation (|1.1)) has a solution z with

ly(s) —z(s)| < 6(¢), Vs € I5.
Then (1.1 has generalized Ulam-Hyers stability on I3.
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Definition 3.3 ([28]). Assuming there is ¢ > 0, for all y satisfy
1Dq.wy(s) = F(s,y(s),y(0(s)))] < ep(s), s €1, (3.2)
equation has a solution z with
ly(s) — z(s)] < cep(s), Vs € Is.
Then has Ulam-Hyers-Rassias stability with respect to ¢ on I3.

Definition 3.4 ([28]). Assuming there is ¢ > 0, for all y satisfy
Dqwy(s) — F(s,y(s),y(0(s)))] < @(s), s € I, (3.3)
equation has a solution z with
ly(s) —x(s)| < cp(s), Vs € Is.
Then has generalized Ulam-Hyers-Rassias stability with respect to ¢ on I3.

Remark 3.5. A function y satisfies inequality if and only if there is a function
B : R — R such that
(i) 18(s)| < e for all s € Iy;
(i) Dgwy(s) = F(s,y(s),y(0O(s))) + p(s) for all s € I1.
The same statements apply to inequalities and .
In this article, we use the following assumptions:
(A1) there is a real number Lg > 0 such that for all s € I}, z;, y; € R, j =1,2,

2
|F(s, 1, 22) — Fs,y1,42)| < Lp > _ |2 — yjl.
=1

F
(A3) ¢ :I; — R is increasing and continuous at s = wy.

Theorem 3.6. Under assumptions (Al), (A2), Equaton (l.1) has (i) a unique
solution on I3, and (i) Ulam-Hyers stability on Is.

Proof. (i) Equation (1.1]) is equivalent to the Hahn integral equation
y(s)v s € IQa
z(s) = s
Y(wo) + [, F(s1,2(s1), 2(O(s1)))dgws1, s € I1.
We consider the mapping G : S(I3,R) — S(I3,R) as
y(s), s € I27
Gz)(s) = R
(Gz)(s) {y(wo) + wa F(s1,2(s1),2(0(s1)))dgws1, s€ .
For all v € S(I3,R), we have

(3.4)

[(Gu)(s) = (Go)(s)| < s [F'(s1,u(s1), u(©(s1))) = F(s1,0(s1),0(O(51)))|dg 51

wo

< / 2L p max |u(s) — v(s)|dg,u51
w s€ls ’

0

< 2Lp(b—wo) max |u(s) — v(s)].

By (A2) and the Banach fixed point theorem, equation (1.1]) has a unique solution
on Is.



6 K. CHEN, J. WANG EJDE-2024/77

(ii) Let y satisfy (3.1) and z represent the unique solution of (1.1). Then we can
get (3.4). Consequently, by Remark we obtain

ly(s) — x(s)]
< [ 180y
s (3.5)
+1| [ F(s1,y(s1),y(0(s1))) — F(s1,2(s1), 2(0(s1)))dgws1]
<e(s—wo) + / Lr(ly(s1) — 2(s1)] + [y(O(s1)) — 2(O(s1))])dg w51
Let us define V : S(I3,R;) — S(I3,R4) by
. 0, s € I,
(Vu)(s) = {e(s —wo) + [2 Lr(u(s:) + u(©(s1)))dgwst, s € L.

For all u,v € S(I5,R.), we have

S

[(Vu)(s) = (Vo)(s)] < / Lp(lu(s1) = v(s1)] + [(O(s1)) = v(O(s1)))dg,ws1

wo
< 2Lp(b — wo) max |u(s) — v(s)|.
s€ls
Then V is a contraction mapping in S(I3, R, ). For all uq,v; € S1(I3,R.), we can
also obtain

|(Vur)(s) = (Vor)(s)] < 2Lp(b — wo) maxfus (s) — va(s)].

Then V is also a contraction mapping in S;(I5,R). Thus, according to Banach
fixed theorem, V has the unique fixed point uv* € S1(I3,R;) in S(I3,Ry). We

obtain
S

u*(s) = e(s — wo) +/ Lp(u*(s1) +u*(0(s1)))dgws1, s€ L.
wo
Since u* € S1(I3,R;) is increasing, we have

S

u*(s) <e(s—wo) +/ 2Lpu*(s1)dgws1, s€ . (3.6)
wo
By using Lemma [2.5] (Gronwall’s inequality), from (B.6)) it follows that

S

u*(s) <e(s—wp) + e2r-(5)2LF E_or.(0(s1))e(s1 —wo)dgwsi-
wo

Therefore, based on Lemma [2.4] we get
u'(s) <e(s —wo) —e2r,(s) [ Dgwl(Ezr,(s1))e(s1 —wo)dgws1

wo
< cleare () —1)
- 2L
Let u = |y — z|. According to (3.5, we have u < V(u). By using Lemma [2.6] we
obtain
u(s) <u*(s), s €.
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Then
b)—1
(s) ) < L2 W2 g
2L
Thus equation (|1.1)) has Ulam-Hyers stability on I3. (]

Corollary 3.7. Under assumptions (A1)—(A3), Equation (1.1) has generalized
Ulam-Hyers stability on I3.

Theorem 3.8. Under assumptions (A1)—(A3), Equation (1.1) has Ulam-Hyers-
Rassias stability with respect to ¢ on Is.

Proof. By Theorem [3.6| (i), equation (1.1)) has the unique solution on Is. Let y
satisfy (3.2). We can obtain (3.4). Thus, by using Remark we have

ly(s) —2(s)
<e(b—wo)p(s) + | / F(s1,9(51),y(0(s1))) — F(s1,2(s1), 2(0(s1)))dg,c51]

wo
s

< (b — wo)p(s) + / Le(y(s1) — 2(s1)] + [y(O(s10)) — £(O(51)) s

wo
(3.7)
As in the proof of Theorem (i), let the operator V : S(Is,R;) — S(I3,R4) be
defined by

0, ERS I27

(Vu)(s) = {E(b —wo)p(s) + fjo Lp((Vu)(s1) + (Vu)(O(s1)))dgws1, s€ .

Then, V has a unique fixed point u* € S(I3,Ry) such that u* is increasing and

S

u*(s) < e(b—wp)p(s) +/ 2L pu™(81)dg,ws1- (3.8)

wo

By Lemma from (3.8)) it follows that
S

u(s) < e(b—wo)p(s) + e2r,(5)2Lp(b — wo) / E_s1r(0(s1))ep(s1)dg.ws1
< (b —wop)ear (b)ep(s). )
Then according to Lemma we obtain
ly(s) = z(s)] < (b—wo)ear (b)ep(s).
Thus, equation has Ulam-Hyers-Rassias stability with respect to ¢ on I3. O

Corollary 3.9. Under assumptions (A1)—(A3), Equation (1.1) has generalized
Ulam-Hyers-Rassias stability with respect to ¢ on I3.

4. ULAM STABILITY OF EQUATION (|1.2) AND (L.3)

4.1. Ulam stability of equation (1.2)). In this section, let S(I3,R) be a Banach
space in which all u € S(I3,R) with the norm

lullg = maxx { max u(s)], max|Dguu(s)]}-
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Lemma 4.1. Equation (1.2) has a solution x : I3 — R in the form

y(S) CES [2
z(s) = y(wo) + (s — (-‘JO)@q,wy(wO) (4.1)
+ Jo, (s =a(s1))F(s1,2(51), Dgw(s1), 2(O(51)))dgws1, s € .

Proof. Equation (|1.2) is equivalent to the integral equation

y(s), s € I,
2(s) = 4 y(wo) + (s — wo)Dgwy(wo) (4.2)
+ f:o fjj F(s1,2(51),Dq0x(s1), 2(0(51)))dgws1dgws2, s € I1.

Then, we have

/ / F(s1,2(51), Dqwr(s1),2(0(51)))dg,wS1dq,wS2
wo wo

(07 (s2) = 07 (52))

Mg

wo

X (0'] 2):2(07 (52)), Dyt (0 (52)), 2(O(07 (52))))dg 52

(0'(s) = ") (07 (5) — o7 (s))

O

O

[[M]8
OM8

x I a]+i(8)7m(0j+i(8)),Qq,wUC(UjH(S))’$(9(0j+i(3)>))

=" di(s — o()g? (s — o)

§=0 =0
x F(o7%(s),2(07(s)), Dg (0?7 (s)), 2(O(07 T (s))))
= (s —a(s)) [ (s, 2(s), qu( 5), 2(0(s)))
+4q(1+q)F(o(s), 2(0(s)), Dgwr(a(s)), 2(O(a(s))))
1+ q+¢*)F(0%(s), 2(0%(s)), Dgw(0?(s)), 2(0(c7(5))))
+@ A+ a+q* + ) F(o’(s), ’Dq,wI(U?’(S)),33(03(5)),33(@(03(8))))+-~-}
¢ (1= ¢ ) F(07(s), 2(07(5)), Dg.ur(0?(s)), 2(O(0?(5))))

”s ()

(07 (s) = a7 (5))(s — 07T () F (07 (5), (07 (5)), Dgww(0? (), 2(O(07 (5))))

,F“ﬂg

<
Il
® O

= (s —o(s1))F(7,2(s1), Dgwr(s1), 2(0O(81)))dg,ws1-

wo
Thus, we obtain (4.1]). O

Now we introduce two more assumptions:
(A4) there is a real number Lp > 0 such that forall s € I, z;, y; € R, j = 1,2,3,
3
|F(s, 21,22, 23) — F(s,y1,42,53)| < Lp Y _ |2 — y5].
j=1
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(A5) (b—wp)? < 572.

Theorem 4.2. Assume (A4) and (A5) hold. Then (1.2) has the unique solution
on I3.

Proof. By Lemma equation has a solution z : Is — R in the form of .
Let the mapping V' : S(I5,R) — S(I3,R) be define by
y(s), s € I,
V(x)(s) =  y(wo) + (s — wo)Dgwy(wo)
—|—fjo(s —o(s1))F(s1,2(51), Dquwx(s1),2(0(s1)))dgws1, s € I1.
For all z,y € S(I5,R), we obtain

V(z)(s) = V(y)(s)l

< / (s = o(s0)Le(le(s1) — y(s1)| + [Dguwa(s) — Dywy(sr)]

0

+ [2(0(s1)) = y(O(s1)))dg.w51

< / 3Lp(s —a(s1))llz — yllgwdgws:

0

SLF(S — w0)2
< an — Yl g
Then, we can get
3LF(b — (410)2
V() = V(y)llgw < WH»’U = Yllg-

By (A5) and the Banach fixed theorem, (1.2]) has the unique solution on Is. a

Lemma 4.3. Assume (A5) holds and n(s) = 3Lr(s —wp), s € R. Then e,(s) >0
is increasing on Iy and 1 —n(s)(s —o(s)) > 0, for all s € I.

Proof. According to the definition of Hahn integral, by calculation, we obtain

s _ 3Lp(s —wp)?
/w () n = D

From condition (A5), for s € I, we have
Y (e (s)(e"(s) =" (s) < L.
k=0

Then, 1 —n(c*(s))(c*(s) —o*T1(s)) € (0,1) for all k € Ny, s € I;. Thus, e,(s) >0
is increasing on I; and 1 —n(s)(s —o(s)) > 0 for all s € I;. O

Theorem 4.4. Assume (A4) and (A5) hold. Then equation (1.2) has Ulam-Hyers
stability on I3.

Proof. According to Theorem we can know equation (1.2)) has the unique so-
lution on I3. Let y satisfy the inequality

|©g,wy(8) - F(Sa y(S)a gq,wy(s)’y((—)(s))” < g, s¢€ Il-
Let x represent the unique solution to (|1.2). Then, we obtain (4.1)).
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For s € I, according to Remark [3.5, we obtain

ly(s) — 2(s)|
s// e + Li(ly(s1) — 2(s1)| (4.3)

+ 9Dg.wy(s1) — Dgwr(s1)] + [¥(O(s1)) — 2(O(s1))])dg,ws1dg 052
Let

¢(s) =max{ max [y(s1) —a(s1)],
s1€[wo—ho,s]

max  [Dgwy(s1) — Dgwr(si)|}.

Sle[wo—ho,S]

Then ¢ is increasing and

[y(s1) —z(s1)] < d(s1),  |y(O(s1)) — 2(O(s1))| < P(s1),
Dg.0Y(s1) = Dgw(s1)] < d(s1)-

Consequently,
o) — a6l < [ [ et 3Leols1) sy
wo wo

/ (e +3Lro(s2))(s2 — wo)dgws2

0

— 5(5 wo)” +/ 3Lpd(s2)(s2 — wo)dg,wse-

For all s1 € [wp, s], we have

_ 2 S1
ly(s1) —z(s1)| < elo1 —wo)” +/ 3Lpd(s2)(s2 — wo)dg,wsa.

14¢ 0
Then
e(s —wp)? s
P(s) < (170) +/ 3Lp¢(s2)(s2 — wo)dg,ws2. (4.4)
+ q wo

Let n(s) = 3Lp(s —wp), s € R. According to Lemma and Lemma from
(4.4) it follows that

o) < B o) [ ntsnBy(oloa) 22

I+g¢q 0 1+g¢g
e(b — wp)?

< ———e,(b).

— 1 _|_q 677( )
Thus,

b— 2
uts) —as) < 22 ),

Then (|1.2]) has Ulam-Hyers stability on I3. [l

Corollary 4.5. Under assumptions (A4), (A5), Equation (1.2) has generalized
Ulam-Hyers stability on I5.

Theorem 4.6. Assume (A3)—(A5) hold. Then (1.2) has Ulam-Hyers-Rassias sta-
bility with respect to ¢ on Is.
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Proof. According to Theorem [4.2] equation (1.2)) has the unique solution on I5. Let
y satisfy the inequality

97.,9(5) = F(s,9(5), Dquy(s), y(O(s)))| < ep(s), s € L.
Let x represent unique solution to (1.2)). According to Remark we have

)~ o) < [ [ eplon) + Lellulsn) - als1)] + [Dgansr) ~ Dyessr)

+ |y(0(s1)) — 2(0(51))])dg.wS1dg.wS2-
Let

¢(s) =max{ max [y(s1) —z(s1)],

s1€[wo—ho,s]

max D4,0Y(51) = Dgwr(s1)]}

S1 E[W()—hg,s]

As in the proof of Theorem we have
S S2
o) = a6 < [ [ eplon) + BLeols1)dyusidy s
wo wo

< / (ep(52) + 3Lrd(52)) (52 — wo)dgus

- £0(8)(s = wo)?

+ 3Lrp(s2)(s2 — wo)dy.w82.
11 q /wo FO(s2)(S2 — wo)dg,ws2

Then one has

$)(s — wg)? s
é(s) < W + / 3Lpd(52)(52 — wo)dgwso. (4.5)

By using Lemma [2.5] from (4.5) it follows that

o(s) < PO | ) [ ploa (oo 0% s

- 1+g¢ 0 1+g¢
(b —wo)?ey(b)ep(s)

= 1+q '

Then )
(b —wo) ey (b)ep(s)
— < .
[(s) ()] < S

Thus, (1.2)) has Ulam-Hyers-Rassias stability with respect to ¢ on I3. [

Corollary 4.7. Assume (A3)—(A5) hold. Then (1.2) has generalized Ulam-Hyers-
Rassias stability with respect to @ on I3.

4.2. Ulam stability of equation (1.3). Based on the definitions of the Hahn
difference and ¢, w-integral, it is clear that = : I3 — R satisfies (L.3]) if and only if
x satisfies the corresponding integral equation

y(8)7 s € IQa
n— —q)F S—w k Sn s
z(s) = n-l %@Z’wy(wo) L F sy, a(s1),
Dgwr(s1),..., 005 x(s1), x(@(sl)))dqwsl e dq,wsn_1dq7w5n, se .

Now we introduce the next assumptions
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(A6) there is a real number L > 0 such that for all s € I, z;, y; € R, j =
1,2,...,n,

n
|F(S,$1,1‘2,...,$n) _F(SvylayQW'wyn)‘ S LZ ‘Jj_] _y]|
j=1
(q:Q)n
(A7> (b - LUO)n < m
Consequently, analogous approaches can be used to establish Ulam stability for
equation (1.3)) on I3. We now easily present these results without proofs.

Theorem 4.8. Assume (A6) and (A7) hold. Then (1.3) has the unique solution
on I3.

Theorem 4.9. Assume (A6) and (A7) hold. Then (1.3)) has Ulam-Hyers stability

on Is with
(1= g)"(b—w)"eq(b)
(q:@)n ’
wher ) = IS el e

Theorem 4.10. Assume (A6) and (A7) hold. Then equation (1.3) has generalized
Ulam-Hyers stability on I3.

Theorem 4.11. Assume (A3), (A6), (A7) hold. Then (1.3) has Ulam-Hyers-
Rassias stability and generalized Ulam-Hyers-Rassias stability with respect to ¢ on
I.

5. EXAMPLES

Example 5.1. We consider the equation

2e 12 4 sin(z(s — 10))
264 ’

z(s) =s% se[-1,9],

D1 67(s) = s €[9,0],

(5.1)

and inequalities
2e~ 1V 1 sin(y(s — 10))

|©%76y(s) - 264 | S g, s € [gﬁb]v
2e~ 1Y) 1 sin(y(s — 10))
|®%,6y(5) - 264 | < 56%(8)3 s € [97b}

When 9 < b < 75, equation (5.1) has the unique solution on [—1,5]. Obviously,
equation (5.1) has Ulam-Hyers stability on [8,75) with
Cc = 66(61/66(75) — 1)
Equation (.1) has Ulam-Hyers-Rassias stability with respect to e L (s) on [-1,75)
with
c= 6661/66(75).
Example 5.2. We consider the equation

5 cos(xz(s)) + 891 1a(s) +8sin(x(s = 5))  sin(x(s))
4008 = 10240 ERST R

x(s)=s, Dyiaa(s)=1, se[-41],

D

= N
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and inequalities
beos(y(s)) + 8Dy 1y(s) +8sin(y(s —5))  sin(y(s))

2
- <
SESVIC) 10240 To506 | =
for s € [1,b], and
5cos(y(s)) + 891 1y(s) + 8sin(y(s — 5 i
‘93 Ly(s) — (y(s)) 11 (s) (y( ) B sm(y(s))| <cer (s),
212 10240 16806 16

for s € [1,b]. When 1 < b < 1+ 810, equation (5.2)) has the unique solution
on [—4,b]. Then equation (5.2)) has Ulam-Hyers stability on [—4,1 + 8v/10) and
Ulam-Hyers-Rassias stability with respect to e . (s) on [—4,1 + 84/10) with

1280

c= Tep(lJrS\/ﬁ)(l + 8v/10),

where p(s) = 3(1527;01), seR.

Example 5.3. We consider the equation

3D (s) + sin(Z;:lQ D! ,x(s)) + 2e~ 12| 4 cos(z(s — 1))
92,833(8) = : )

s € [10,0], (5-3)
x(t) = s, D%)Sx(s) =1, 1 g2(s) =0, i=2,3,....n—1, s€[9,10],

and inequalities

3D Ly (s) + sin(Z?;2 D! Ly(s)) + 2e~ 1Y) 4 cos(y(s — 1))
885

2% y(s) - [ <e,
for s € [10,b], and

. 30"y (s) +sin(21 7 DL L,y(s) + 2¢7 1) 4 cos(y(s — 1))
|©é78y(5) - :

885 | <es,

for s € [10,5]. When 10 < b < {/ 221! 110, equation (5.3) has the unique solution

on [9,b]. Therefore, (5.3)) has Ulam-Hyers stability on [9, b] and Ulam-Hyers-Rassias
stability with respect to ¢(s) = s on [9,b].
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