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SOLVABILITY OF TRANSMISSION PROBLEMS WITH
GENERALIZED DIFFUSION EQUATION IN LP-SPACES

ALEXANDRE THOREL

ABSTRACT. We study a transmission problem in population dynamics between
two juxtaposed habitats. In each habitat, we consider a generalized diffusion
equation composed by the Laplace operator and a btocould be negative or null.
Using semigroup theory and functional calculus, we give some relation between
coefficients to obtain the existence and uniqueness of a classical solution in LP-
spaces.

1. INTRODUCTION

In this work, using analytic semigroups theory, we study a transmission problem
for a coupled system of generalized diffusion equations in LP-spaces, with p €
(1, +00). We denote by generalized diffusion equation, an equation of the form

EA%u — [Au = g,

with &k, € R and ¢ given. This equation is obtained using the Landau-Ginzburg
free energy functional, we refer to [8 29] for more details. This work is a natural
continuation of the works done in [19] [35]. Here, we investigate the influence of the
Laplace operator and the biharmonic term in the diffusion. In population dynam-
ics, the Laplace operator model the short range diffusion whereas the biharmonic
operator represents the long range diffusion. Thus, generalized diffusion is a linear
combination of these two operators.

Usually, in most models k, ! > 0, but in many works for instance [}, [16} 27, 28] 29],
the authors explain that the biharmonic term plays a stabilizing role if £ > 0 and
a destabilizing role when k < 0. This is why, in the present paper, we consider
ke R\ {0} and I € R.

Many works have treated generalized diffusion equations and transmission prob-
lems associated to it. For instance, we refer to [3} 6] 8, 10, 20} 211 22| 23] 28], 29, [30],
for the study of such an equation in population dynamics and to [111 13}, 19} 35] for
transmission problems associated with it. Note that [19, [35], consider applications
in population dynamics wheras [I11 [I3], consider applications in plate theory.

We define Q@ = Q_ U Q,, the n-dimensional area, n € N\ {0, 1}, constituted
by the two juxtaposed habitats Q_ := (a,7y) X w and Q4 := (v,b) X w with their
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interface I' = {y} X w, where a,v,b € R with a < v < b and w being a bounded
domain of R™~ 1.
We study the transmission problem

k+A2U+ — l+A'LL+ =0+, in Q+

1.1
E_A%u_ —1_Au_=g_, inQ_. (1.1)

where k1 € R\ {0}, I+ € R, uy € Q4 are population density and g4+ € LP(Q21) are
given.

Note that the case ki,ly > 0 has been already treated in [I9] and the case
I = 0 with k4 > 0 has been already treated in [35]. Thus, in the present article,
the most important new results concern the other cases. Indeed, as in the two
previous cases, the key point of this article is the inversion of determinant operator
but unlike the two previous cases, the writing of this determinant operator by the
functional calculus must take into account the sign of the constants ,i—t and ,li
Therefore it is necessary to detail each case and for each of these cases, we give
conditions between the different constants k4 and I+ which make it possible to
invert this determinant operator.

Here, we denote by (z,y) the spatial variables with = € (a,b) and y € w. The
above equations are supplemented by the following boundary and transmission
conditions

u_(z,{) =0, z€(a7), (€ w
b),

U+(1’7C):O7 me(r)/a <€8w 19
Au_(2,0) =0, 2 € (a7),;¢ € dw (12)
AU+(£L’7C):O, MAS (’YJb)7 Ceaw

u(a,y) =¢1(y), yew
U+(b7y):<p1i_(y), yew
Ou_ _ 1.3
%(aay)ZQDQ (¥), yew (13)
ou
aig(bay):@;(y)v Yy Ew,
where ¢F and @3 are given in suitable spaces, and
u_ =uy onl
Lau_ = 8;—+ on T’
v v (1.4)

k_Au_=kyAuy onT

(,% (k—Au_ —l_u_) = % (ky+Auy —liug) onT.

In —, the boundary conditions on the two first lines of means that
the individuals could not lie on the boundaries (a,b) x dw, because, for instance,
they die or the edge is impassable. The boundary conditions on the two second
lines of mean that there is no dispersal in the normal direction. It follows that
the dispersal vanishes on (a,b) X dw. In , the population density and the flux
are given, for instance on {a} X w and on {b} X w. This signifies that the habitats
are not isolated. Then, in (T'Cpq.), the two first transmission conditions mean the
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continuity of the density and its flux at the interface, while the two second express,
in some sense, the continuity of the dispersal and its flux at the interface I'.

This article is organized as follows. In section 2, we give our operational problem.
Section 3 is devoted to some recall on BIP operators and real interpolation spaces.
In section 4, we give our assumptions and main results. Then, in section 5, we
state some preliminary results that will be useful to prove our main result. Finally,
section 6, which is composed of three parts, is devoted to the proof of our main
result.

2. OPERATIONAL FORMULATION
Since
0%y

Au=gm

+ Ayu,
we set
D(Ap) = {p € W*P(w) : ) = 0 on dw}
Vi € D(Ag), Ao = Ayy.
Thus, using operator Ag, it follows that each equation of becomes

(2.1)

l l
Wl (@) + (240 — 7= Dl (2) + (43 = 7= AoJus (2) = fx (@),
ki ki
where U:l:(x) = u:l:(xa')a f:l:(x) = g:l:('rv')/k:t and f— € Lp(av’ﬁLp(W)): f+ €
LP(~,b; LP(w)) with p € (1, +00).
Moreover, since the boundary conditions (1.2]) are included in the domain of Ay,

problem (T-1)-(T-2)- (T3)- (L) becomes
l l
uf) (z) + (240 — k‘i D'l (z) + (A§ — kiAo)u+(ac) = fy(z), fora.e. x€(v,b)
+ +

=

u(_4)(x) + (240 — l; DNu” (x) + (Ag — —Ag)u_(x) = f_(x), forae. x€ (a,7)

"

= kyulp (7) + b+ Agui ()
kou® () + k- Agu’ () — 1wl (7) = kyul? (9) + by Ao () — Lyt (3),
Then, we will consider a more general case using (A, D(A)), instead of (Ag, D(Ay)),

with —A a BIP operator of angle 64 € (0,7) on a UMD space X, see below for the
definitions of BIP operator and UMD spaces, and f € LP(a,b; X).

More precisely, setting r4 = ,lc—i, we study the transmission problem (2.2)—(2.4):

T ke
u_(a) =7, uy(d)=¢f
ul(a) =9y, uy(b) =5
u-(v) = us(v)
u’_(7) = vl (7)
()

{u&‘“ @)+ @A—ry Dl (@) + (& —redus (@) = folo), wetrd) o
u® (@) + 24— r_ D (2) + (A —r_A)u_(2) = f-(z), 2 € (a,7)

u_(a) =7, up(b)=g¢f

{u’_<a> —or, (b)) =} 23
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u—(y) = uy(y)
u’ () =l ()
ko) e (0) = i)+ s ) 24
kou® () + ko Aul(7) — 1l (7) = kel (7) + ey Aul () = L ().
The transmission conditions | . will be divided into
u_(7) = ug ()
. (7) =, (7). (29
and
ko (7) + k- Au_ () = ks (7) + ks Auy (7)
(2.6)

kou® () + ko Au! (7) = 1o (7) = kyul (1) + b Aul, (7) — Ly ().

Note that ([2.6) is well defined, see Lemma below. We will search a classical
solution of problem (2.2))-(2.3))-(2.4]), that is a solution u such that

Uy o= Uy p) € WHP(7,b; X) N LP(y,b; D(A?)),  w/[ € LP(y,b; D(A)),
Uu— = u\(a,'y) € W4’p(aa’Y§ X) N Lp(aafy; D(AQ))7 U/i € Lp(aH'Y; D(A))7

and which satisfies (2.2)-(2.3])-(2.4).

Note that such a solution is not W*P(a, b; X) but uniquely W*?(a,~; X) in Q_
and W4P(y,b; X) in Q.

(2.7)

3. DEFINITIONS AND PREREQUISITES
3.1. The class of Bounded Imaginary Powers of operators.

Definition 3.1. A Banach space X is a UMD space if for all p € (1,400), the
Hilbert transform is bounded from LP(R, X) into itself (see [4] and [5]).
Definition 3.2. A closed linear operator 77 is called sectorial of angle a € [0, 7) if
(i) o(Ty) C Sa,
(ii) for all o’ € («, ),
sup{H)\()\I — Tl)_lHL(X) :AeC \Sial} < 400,

where

(3.1)

S . {z€C:2z+#0and |arg(z)| < a} ifae(0,m),
“ (0, +00) if « =0,

see [I7, p. 19].

Remark 3.3. From [I8, p. 342] we know that any injective sectorial operator T}
admits imaginary powers 77°, s € R, but, in general, 77° is not bounded.

Definition 3.4. Let 6 € [0,7). We denote by BIP(X,#8), the class of sectorial
injective operators T such that
(i) D(T3) = R(T3) = X,
(ii) for all s € R, T3° € L(X),
(ili) there exists C' > 1 such that for all s € R, ||T4%[|z(x) < Cel*l%,
see [31] p. 430].
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3.2. Interpolation spaces. Here we recall some properties about real interpola-
tion spaces in particular cases.

Definition 3.5. Let T3 : D(T3) C X — X be a linear operator such that
(0,400) C p(T5) and 3 C >0:Vt>0, [¢(Ts —tI) ™| zx) < C- (3.2)

Let k € N\ {0}, 0 € (0,1) and g € [1,400]. We will use the real interpolation
spaces

(D(T:f)vx)@,q = (Xv D(T?ic))l—e,qv

defined, for instance, in [24] [25].
In particular, for £ = 1, we have the characterization

(D(T3), X)g,q = {¢p € X : t — t"|| T5(T5 — tI) 9| x € LY(0, +00)},
where L%(0,+00) is given by

+o0 q
£2(0.+6:€) = {£ € 20 +o) s ([ 1701 ) " < 4o,

for ¢ € [1,400), and for ¢ = +00, by

LX(0,400;C) := sup |f(?)],
t€(0,4+00)

see [9, p. 325], or [I5] p. 665, Teorema 3], or [36], section 1.14], where this space is de-
noted by (X, D(T3))1-g,4- Note that we can also characterize the space (D(T3), X)g 4
taking into account the Osservazione, [15], p. 666].

We set also, for each k € N\ {0},

(D(T53), X)jro,q := {1 € D(T¥) : T53p € (D(T3), X )g,q},
(X, D(T3))k10,4 := {1 € D(T}) : T € (X, D(T5))o,4 }
see [26, definition 3.2, p. 64].

Remark 3.6. The general situation of the real interpolation space (Xo, X1)g 4 with
Xo, X1 two Banach spaces such that Xy < X7, is described in [24].

Remark 3.7. Note that for T3 satisfying (3.2)), T is closed for each k € N\ {0}
since p(T3) # 0; consequently, if k§ < 1, we have

(D(T5), X)o,q = (X, D(T§)1-0.4 = (X, D(T3))k-k.q
= (D(T3), X) (k1) k0.4 C D(T5 ).
For more details see [25] (2.1.13), p. 43], or [IE, p. 676, Thm. 6].
Lemma 3.8 ([I5]). Let T3 be a linear operator satisfying . Let u such that
u € W™P(ay,by; X) N LP(ay, by; D(TY)),

where a1,b1 € R with a1 < by, n,k € N\ {0} and p € (1,+00). Then for any j € N
satisfying the Poulsen condition 0 < 1% +j<nands € {a, b}, we have
ul?(s) € (D(T5), X)

Jg1 .
n+np»P

This result is proved in [I5, p. 678, Thm. 2].
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4. ASSUMPTIONS AND STATEMENT OF RESULTS

4.1. Hypotheses. In the sequel, r,r_ € R, kyk_ > 0 and A denotes a closed
linear operator in X. We assume the following hypotheses:

(H1) X is a UMD space,

(H2) [min(ry,7_,0), +50) C p(A),

(H3) —A € BIP(X,04) for some 64 € [0, ),

(H4) —A € Sect(0).

Remark 4.1.

(1) Because of (H2), if at least one parameter r; or r_ is negative or null, then
0 € p(A).

(2) Operator A, defined by , satisfies all the previous hypotheses with
X = LYw), q¢ € (1,400) and r € p(Ap). From [33] Proposition 3, p. 207], X
satisfies (H1) and taking Ao + 741 in [I4, Theorem 9.15, p. 241 and Lemma 9.17,
p. 242], we deduce that Ag satisfies (H2). Moreover, (H3) is satisfied for every
04 € [0,7), from [32, Theorem C, p. 166-167]. Finally, (H4) is satisfied thanks to
[17, section 8.3, p. 232].

(3) In the scalar case, to solve each equation of , we need to solve the
characteristic equations

xt+ (24 — ri)x2 + (A2 —rpA) =0,

thus, in our operational case, we consider the following operators

L :=—/-A+r_I, Ly:=—\/-A+r Il and M :=-v-A (4.1)

By (H2) and (H3), operators —A, —A+r_I and —A + r, I are sectorial operators,
so the existence of L_, L, and M is ensured, see for instance [I7, e), p. 25], and
[1, Theorem 2.3, p. 69].

(4) From [I7, Proposition 3.1.9, p. 65], we have D(L_) = D(Ly) = D(M).
Thus, for n,m e Nand m < n

D(L™) = D(M™) = D(LTM"™ ™) = D(M™L.™).

(5) From [3I), Theorem 3, p. 437] and [I, Theorem 2.3, p. 69], assumptions (H2)
and (H3) imply that —A +ry I € BIP(X,6,4) and from [I7, Proposition 3.2.1, e),
p. 71], that

—L_,—Ly,—M € BIP(X,04/2).
Moreover, from [31, Theorem 4, p. 441], we get
—(L_ + M), ~(Ly + M) € BIP(X,04/2 + ¢),
for alle € (0,m/2 —604/2).

Since we have 0 < 04/2 < 7/2, then by [3I, Theorem 2, p. 437], we deduce that
L_,Ly, M, L_+M and L, + M generate bounded analytic semigroups (e*X-),>0,
(e*1+) 50, (€¥M),50, (eF=FM)) o4 and (e(F++M)), .

(6) Using the Dore-Venni sums theorem, see [I12], we deduce from (H1), (H2)
and (H3) that 0 € p(M) N p(L_)Np(Ly) Np(Ly + M) N p(L_ + M).

(7) From (4.1), we deduce that

V¢ € D(M?), (L% —M*)p=ryp and (L2 — M?)p =r_1). (4.2)
and that for all 1» € D(M) it holds

(L = Myp=ry (Lo + M), (Lo~ M) =r_(Lo+ M), (4.3)
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4.2. Main results. To solve our operational problem ({2.2)—(2.4)), we introduce two
problems:

ulP (@) + (24 — ry DL (x) + (A2 — 1y Ayus(2) = f1(2),
for a.e. x € (v,b)

uyp(y) =1, ug(b) = @f 4
ul (7)) = o, U (b) = 3.
and
u® (@) + (24 — r_ D’ (z) + (A2 — r_A)u_(2) = f_(x),
for a.e_. x € (a,7) (45)
u—(a) =y, u-(7)=1v
u(a) = ¢y, ul(y) =12

Remark 4.2. Recall that u is a classical solution of (2.2))—(2.4)) if and only if there
exist ¥1,19 € X such that

(i) u— is a classical solution of (4.5]),
(ii) w4 is a classical solution of (4.4)),
(iii) u— and u4 satisfy (2.6).

Therefore, our aim is to state that there exists a unique couple (¢1,12) which

satisfies (i), (ii) and (iii).

Theorem 4.3. Let f_ € LP(a,v;X) and fi € LP(vy,b;X) with p € (1,+00).
Assume that (H1)-(H4) hold and kyk_ > 0. Thus

(1) when ry,r— € R\ {0},
e ifry >0 andr_ >0,
o ifry <0 andr_ <0, such that (Iy —1_)(ky —k_) >0,
k

o ifr. >0 andr_ <0, such that —6l_ki + 14k +1_k_ > 0.
e ifr. <0 andr_ >0, such that —6l4k_ +1 ki +1_k_ >0,
(2) when ry € R\ {0} and r— =0 with ]Z—J‘r <2,
o if ro >0 is such that
(VE+ 1+ V)2 kR 1
ry > —, forte (O, 7> xed,
i t? w7 Tl A7 2 ex) /i
2
o if ri <0 is such that ry < —%,
(3) whenry =0 and r— € R\ {0} with 1% <2,
e if r_ >0 is such that
VEFT+VE)? k2 1
_> %—;, forte (0, 71) fized,
t 4k r— [ A7 2 x)
) ) k2
e if r_ <0 is such that r_ < _szTi’

then, there exists a unique classical solution u, of the transmission problem (2.2])—

(2.4) if and only if
@T?@l_ € (D(A)’X)l-i-Z—lp,p and 4,0;—,(,02_ € (D(A)vx)l—i-%-&-ﬁ,p' (46)
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Remark 4.4. Since the third case is the symmetric of the second one, replacing
k4 by k_ and I by [_, the proof if exactly the same. Thus, we omit it.

Remark 4.5. If A = Ay, to satisfy the ﬁI‘bt condition set in the second or the third
case of Theorem since [[A7Yz(x) = &, where C,, is the Poincaré constant,
it suffices to take w sufficiently small because the more w is small, the more C,
is large, see for instance [7, Corollary 2.2, p. 95 and Corollary 2.3, p. 96], or [2,
Remark 3, p. 15].

As a consequence of the previous Theorem, we state the following corollary.

Corollary 4.6. Letn > 2, fy € LP(Qy) and f— € LP(Q2_) with p € (1,+00)
and p > n. Assume that w is a bounded open set of R"! with C%-boundary. Let
ki, k_,ly >0 andl_ <0 with ky = k_. Then, there exists a unique solution u of
(Ppde), such that we have u— € WHP(Q_) and uy € WHP(Q), if and only if

0T, € WP (w) NP (w)
Apf e W25 P(w) N Wy P (w)
ApE € W52 (w) N WEP (w).

The proof is quite similar to the one stated in [I9, Corollary 1, p. 2941], or in
[20, Corollary 2.7, p. 357]. Thus we omit it.

5. PRELIMINARY RESULTS
In the sequel, we set
c=v—a>0 and d=b—~v>0.

From Remark to solve problem (2.2)—(2.4) we must first study problems (4.4
and (4.5). To this end, we need the following invertibility result obtained in [20]

and [34].

Lemma 5 1 ([20] and [34]). Assume that (H1)—(H4) hold. Then operators Ui,
Vi € L(X) defined by

- I — od(Li+M) (L+ + M)2(edM _ edL+), ifry € R\{O}
T ) — e2dM —|—2dM€dM ifry =0
T et (L M) (M — e, if o € R\ {0}
B QM _ g0 feiM, fri=0 (5.1)
eclb-tM) — L (L_ 4 M)?(eM —ecL-), ifr_ e R\ {0} .
U7 =
e2cM QCMGCM ifr—=0
eclb=tM) o L (L 4+ M)?(eM —ecL-), ifr_ e R\ {0}
Vo=
I—e 2cM __ QCMSCM, Zf r- =2y,

are invertible with bounded inverses.

From Remark statement 4, Uy and V. are well defined. For a detailed proof,
see [20, Proposition 5.4 with k& = r] and [34], Proposition 4.5, p. 645].

5.1. Transmission system.
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5.1.1. First case. Assume that r+ € R\ {0}. We set
Pr=ky(Ly + M) (U + ™) (I — er) + VI T — e™) (I + e?E))
P =k (Ly + M) (UL — ™) (I — et) + VI T + e™) (1 + e?E))

P =ky(Ly +M)Ly (UDHI +e™)(I + e +) + VI (I — ™) (I = e*)),
(5.2)
and similarly

Py =k (L. +M
Py =k (L_.+M

(UM I+ eI = e ) + VLT = eM) (I + 7))

)
) (UZHI = e MY = e ) + VLT 4 eM) (I +e77))

Py =k (Lo +M)L_ (UZ"(I+eM)(I+et )+ VI T —e™M)(I —e)).
(5.3)
Moreover, we note that
S1 =k (Ly + M) (U = e®4)@" + VT +e4)54T) (5.4)
—k (Lo + M) (UZNI —eL)go™ + VI T +eF) a7, '
and
Sy = —ky (Ly + M) (UM + ™) T + VT — e™)53H) (55)
— k(Lo + M) (UM I+ e™M)g ™ + VI (I —e™M)gs™) —2M 'Ry,
with
Ry = —ky FY'(y) + ky MPF{ (7) + I FiL(y) + k- F'(7) (56)

—k-M?F’(y) = 1-F’(v),
where F. is the unique classical solution of the problem
ul (@) + (24 — ry Dl () + (A2 = 1y A)ug (z) = f1(2),
for a.e. z € (v,b) (5.7)
ws(7) = ug (b) = () = WL.(b) = 0,
and F_ is the unique classical solution of the problem
u(@) + 24— r_ D (2) + (A* —r_A)u_(2) = f_(z), forae x € (a,7)

u—(a) = u_(y) =u”(a) = (y) =0.
(5.8)
For an explicit representation formula of the solution of both previous problems,
we refer to [20, Theorem 2.2, p. 355-356]. .

Remark 5.2. Since F. is a classical solution of (5.7)), respectively (5.8]), from
Lemma [3:8] it follows that, for j =0,1,2,3 and s = a, y or b

FY(s) € (D(M), X)3_j 11,

Now, with our notations, we recall a useful result of [19, Theorem 4.6, p. 2945].
This result is proved for 7 > 0 but clearly remains true for r < 0.

Theorem 5.3 ([19]). Let f— € LP(a,v; X) and fy € LP(v,b; X), withp € (1,+00).
Assume that (H1), (H2), (H3) and (H4) hold. Then, the transmission problem
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2.2)-@-4) has a unique classical solution if and only if the data ©f,¢7, 05,05
satisfy (4.6) andthe system

(P = PI) My + (P + Py e = Sy

(PsF + Py )y + (Py — Py ) = S, (5:9)
has a unique solution (Y1,19) such that
(Y1, 92) € (D(A), X)1y 1 % (D(A), X)isy it (5.10)
5.1.2. Second case. Now, assume that r_ = 0; then [_ = 0 and the transmission
conditions becomes
kou” () + k- Au_(v) = kyu!L(7) + ki Aug () (5.11)

kou' (y) + k_Au’_(7) = kpu () + ke Adly () = Ly (7).

Our aim here is to establish a similar result to the previous one. To this end, we

set
Qr =k_(UZ' + V) (I —e*M)
Qr =k (U (1= M) 4 VI (1 4 eM)?) (5.12)
Qs = k- (U__l(I + eCM)z + V__l(I — eCM)Q)a
Moreover, we note that
Sy =2k M (UZ(I — M) g™ + VoL (T + M) gy ™) (5.13)
— k(L + M) (U (I = ™)@t + V(T + ) ™)

and
Sy=—2k_M (UZ (I +eM)py + V(I —eM)py) (5.14)
— ki (Ly + M) (UM (I + ™)@ + VI = ™) @) +2M 'Ry,
with
Ry = —k_F"(7) + k- M*F. () + ky FY'(7) = ky MPFL(7) = 11 FL(7),  (5.15)
where F_ is the classical solution of the problem
u(f)(x) +24u" (z) + A%u_(x) = f_(x), ae. z€ (a,7)
u—(a) = u_(y) =u”(a) = v (y) =0.

Remark 5.4. Since F_ is a classical solution of (5.8), as in Remark from
Lemma [3.8] it follows that, for j =0,1,2,3 and s =a, y or b

FY(s) € (D(M), X)3_j 11,

(5.16)

Theorem 5.5. Let f_ € LP(a,v; X) and fy € LP(y,b; X), with p € (1,+00). As-
sume that (H1)—(H4) hold. Then problem (2.2)—(2.4)) has a unique classical solution
if and only if the data ¢, @1, ¢35, @5 satisfy ([4.6) and the system

(P = 2MQT )My — (P +2MQ5 )by = S
(P +2MQ3 )1 + (2MQT — PiH) s = Sa,
has a unique solution (¢1,12) satisfying ([5.10)).

(5.17)
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Proof. We follow the same steps than the proof of Theorem 4.6, p. 2945 in [I9], we
only point out the key points. From [20], Theorem 2.5, statement 2, there exists a
unique classical solution uy of (4.4) if and only if

(p;r,lm € (D(A),X)lJrﬁ’p and (p;,lﬂz S (D(A),X)H%Jrﬁ,p. (5.18)
Recall that, from Remark we have
(D(A)aX)lJr%,p = (D(M)uX)3+%,p7 (D(A)vX)lJr%#»ﬁ,p = (D(M)aX)2+%,p'
(5.19)

This solution is explicitly given in [I9, Proposition 2, p. 2943-2944], from which we
deduce that

ky (Wi () = MPuy(v)) = 1 (I — e )af + 1 (T +e™)af,
and
By (0§ () = M2 () = Ly (9) = 1M (T + ™) of = 1M (T = e™)af
+hy BV () = ke MPFL(Y) = L FL(y),

where
af = o (L+ +MUT [Lo (I + e )iy — (I — e+ )y + 57
+
1 ~
af = m 5 (L + MU [M(I +e™)ipy — (1 = ™)y + 5 ]
(5.20)
o =5, (L + MYV L (I — ey — (1 + e Yy + 5
1 ~
of = =5 (L + M)V M = ™y — (1 + ™)z + 1],
with
G117 = —Ly (I +e™4) of + (I — e™+) (F(b) + F] (7) ©3)
Gt = =M (I +e™) of + (I —e™) (FL(b) + FiL(y) - ¢3) (5.21)
Got =Ly (I—e™) of = (I+e™) (FL(b) - —¢3)

Gt =M (I —e™)pf — (I+e™) (Fi(b)_Fi( ) #3)

and F' is the unique classical solution of problem ([5.7)).
In the same way, from [34, Theorem 2.8, statement 2, p. 637], there exists a
unique classical solution u_ of problem (4.5) if and only if

©1,P1 € (D(A)aX)Hﬁ,p and @5, € (D(A),X)1+%+ﬁ7p. (5.22)
Note that from (5.19)), we have
@;71/}1 S (D(M)vX)BJr%,p and 90va2 € (D(M)’X)2+%,p'

Moreover, this solution, given in [34, Proposition 4.1, p. 640], is explicitly written
in [35] Proposition 4.2], from which it follows that

ko (W’ (y) = MPu_(v)) = —k— 2M (I — eM)ay —2M (I + eM)ay),

ke (u9(9) = M2 () = ke (2M2(1 4 e )ag — 22 (1 = M) a])



12 A. THOREL EJDE-2024/78

+k_F® () — k. M?F' (v),

where
o = —gUZH [(T+ (T +eM)e™) g — ey + g7
o7 = gUZ [(T+ €M) My + (T~ eM)yn + 53]
(5.23)
az = §V:1 [(I —(I+cM) €CM) 1 + ceMapy + 959?]
ay = —%V:l (T = M) My + (I +eM)ys + 6],
with
1= — (I +eM)pp —ceM (wa +y — Fl(a) — F’_(v))
1= =M (I +e™M)pp + (I - ™) (7 = FL(a) - FL (7)) (5.24)
G5~ = (I —eM)pp —ceM (Msaf + 95 *Fi(a)+ﬁ’_(v)) .
G1m = M (1= e™M) g7 = (T+eM) (3 = FL(a) + ().

Note that from (5.18)), (5.19)), (5.20) and (5.21]), respectively to (5.19), (5.22)), (5.23))
and (5.24)), we deduce that

aii € D(M), fori=1,2,3,4 and ay,a; € D(M?).

Thus, system , given by , reads

—2k_M(I —eM)a; — (I +eM)ay =14 (I — e )ag + (I +e'+)af)
2k_M*(I+eM)ay — (I —eM)ay = -1, M(I+e™)af + (I —e™)ai + Ro,
where Ry is given by . Thus, the previous system gives

=2k UM (I — ™M) [(I + e™M)Mypy + (I — M) + &5 |

— 2k VI M (I + M) [(I — ™M) My + (I + M)y + &7 ]

b (L + MU (I = ) [M 4 ™)y — (1= ™)y + 7]

ke (Ly + M)V (T 4 e4) [M(T = ™)y — (T4 ™) +¢1] =0

~— ~—

and
2k_ MU (I +eM) [(I+ ™M) Mipy + (I — eM)apy + &5 ]
+ 2k MV (T = M) [(I = ™M) Mapy + (I + eM )by + @5 |
ke (Ly + MU (I + edM) [Ly (I 4 e+ )by — (I — e+ ) + 3]
kg (Ly + MYV (I = e®™) [Lo (T — ™)y — (I + ™+ )ihy + 1]
=2M 'Ry,

Finally, using (5.2), (5.12), (5.13), (5.14) and (5.15)), we obtain that the previous

system writes as system (|5.17)).

Conversely, if we assume that holds and system has a unique solution
(11, 12) satisfying (5.10)), then considering us the unique classical solution of (Py),
we obtain that u is the unique classical solution of 7. ([
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5.2. Functional calculus. In this section, by using functional calculus, we rewrite

the operators defined in (5.1)), (5.2), (5.3) and (5.12)), to invert the determinant
operator of system (j5.9)) and system (5.17)).

To this end, we recall some classical notation. For § € (0,7), we denote by
H(Sp) the space of holomorphic functions on Sy (defined by (3.1)) with values in
C. Moreover, we consider the subspace of H(Sy):

Eoo(S9) :=={f € H(Sp) : f = O(]z|7®) (|z] = 400) for some s > 0} .

In other words, £4(Sg) is the space of polynomially decreasing holomorphic func-
tions at +o0o0. Let T be an invertible sectorial operator of angle 6r € (0,m).
If f € Ex(Sp), with 6 € (Or,7), then we can define, by functional calculus,
f(T) € L(X), see [I7, p. 45].
Then, we recall a useful result from [20, Lemma 5.3, p. 370].

Lemma 5.6 ([20]). Let P be an invertible sectorial operator in X with angle 6, for
all @ € (0,7). Let G € H(Sy), for some 0 € (0,7), such that

(i) 1 -G € Ex(Sh),

(ii) G(x) #0 for any x € R\ {0}.
Then, G(P) € L(X), is invertible with bounded inverse.

Let r € R, 7, = max(—r,0), 6 > 0 and z € C\ (—o0, 7). We set

us,r(2)
j1- e~ d(Vatr+vz) _ %(\/m + \/5)2(6_5\/2 — e“s\/m)7 ifre R\ {0}
1= e 2VE 2§, /ze 0V, ifr=0
vs,r(2)
B {1 — e WVETIVE) L L2 4 Z)2 (e70VE — e VAT ifr e R\ {0}
)1 — e 2VE £ 25, /ze0VE, if r =0.
When us,.(2) # 0, vs»(2) # 0, we note that
for1(2)

(VEF7+ VaEFruph(z) (14 e 0VF) (14 e 0VaT)
= +(VzFr+7) \/mv;},(z) (1 — e“sﬁ) (1 - e“sm) , ifreR\{0}
(ugé(z) + v;é(z)) (1 - 6’25\5) , if r=0,
fsr2(2)
~(VZET A+ VE)us L (2) (1 e 0VE (1 _ e OVET
= —(Vz+r+V2)v;5,(2) (1 —e W2 (1 + e VET) ifr e R\ {0}
ug)é(z) (1 — e’5ﬁ>2 + 115_701(2) (1 + e’éﬁ)z ,
fs.0,3(2)

—(\/m + \/E)ué_i (z) (1 — e 0VZ) (1 — e 0VeFT
= —(Ve+r+V2)vs 1 (2) (14 e7VF) (14 e70V=F) | ifr e R\ {0}

usale) (14e7F) st (1= e 0VE)

ifr=20,

ifr=0
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Remark 5.7. Note that, from (H2) and (H3), if r+ # 0, we have

Uer_(—A)=U_, ugy, (-A)=Us, we,r_ (=A)=V_,

Var, (—A) =Vi, k_fer_1(=A)=P;, kifar, 1(—A) =P,
kefer 2(=A) =Py, kifar 2(=A) =P, k_fer 3(=A) =Py,
ki far, 3(—A) =P,

and if r_ = 0, we obtain

uco(—A) =U_, wveo(—A)=V_, k_feo1(—A)=Q7,

k—feo2(=A) =Qy, k_feo3(—A4)=Q5.
Remark 5.8. Let 6 >0, r € R and z € (7, +00). Then, when r = 0, we have
1— e VT £ 25\/ze V" = 2¢7°V7 (sinh(5v/z) + dv/x) > 0,

and from [20, Lemma 5.2, p. 369] it clear that us,(z) > 0 and vs,.(z) > 0. Thus,
when r # 0, we deduce that

fd,r,l(x) >0 and fé,r,Z(x>7 fé,r,3(x> < Ou

and when r = 0, we obtain

f5.01(2), f5.0,2(2), f5,0,3(x) > 0.
Moreover, for z € C\ (—o0,r,,] and r € R\ {0}, we define

95,7"(2)
- 2 1 2
=—Vz+r ((1 — e‘26(m+ﬁ)) — j(m-i— ﬁ)4 (6_26*/2 — 6_26\/ﬁ> )
r

2 1 o\ 2
+Vz ((1 — e—é(\/er\/Z)) + ;(\/m_i_ Vz)? (e—éﬁ _ 8—5\/m) ) 7
and for r = 0, we set
4 2
gs0(2) = (1 + \/E) (1 B 6726\/5> +4 (1 - 6726‘/5> e VE 16062z 1OV

Lemma 5.9. Let 6 > 0 and x € (1, +00). Thus, if r € R\ {0}, then gs,(x) <0
and if r =0, then gso(x) > 0.

Proof. Let 6 > 0 and r € R\ {0}. For all z € (ry,, +00), from [19], Lemma 4.4, p.
2950, we obtain the result.
Now, consider that » = 0. Then

4 2
o) = 004 (1= 7)o (1) o)

=(1+x) (1 - e*”ﬁ)4
+ 4e=20VE (1 — e VT _ 28 /z 676\/5) (1 — e WVT 49 5\/5676\/E> .
Since 6,z > 0, we have
1—e 2V _ 95 /re VT = ¢ 0VT (e‘s‘/5 —e WV _ 26\/5)

= 2¢ V7 (sinh(dy/z) — 6/z) > 0.
Finally, we deduce that gso > 0. (]
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6. PROOF OF THE MAIN RESULTS

In both cases, assume that problem (2.2 . has a unique classical solution;
thus, from Theorem refTh syst trans, respectlvely Theorem refTh syst trans M,
holds. Conversely, assume that holds, then due to Theorem refTh syst
trans, respectively Theorem refTh syst trans M, we have to prove that system ,
respectively system , has a unique solution such that holds.

The proof is divided in three parts for both cases. First, we will make explicit,
in the first case, the determinant of system and in the second case, the deter-
minant of system . Then, in the two cases, we will show the uniqueness of the
solution. To this end, we will invert the determinant thanks to functional calculus.
Finally, we will prove, in all cases, that 1)y and ¥y have the expected regularity.

6.1. Calculus of the determinant.

6.1.1. First case. Here, we consider ro,r_ € R\ {0}. We have to make explicit the
determinant of system (5.9)) that we recall here

(Pl = P )My + (P + Py o = Sy
(P + Py )y + (P — P )b = o

We write the previous system as a matrix equation A;W¥ = S, where

A ((Pl‘—Pf”)M (p;+p2;)>’ o <¢1), - <51>_

(P +Py) (Pr—P) W S5
To solve system (j5.9)), we will study the determinant
det(Ay) = M(Py = PF)’ = (P + Py) (P + Py),

of the matrix A;. Thus, we set

det(Ay) = DY 4+ Dy + D», (6.1)
where

2
D = M (PF) - PP
_ N2 S
D] :M(P1 ) - P; P,
Dy=—P} Py — Py Py —2MP;P[.
Then, we recall the result [19, Lemma 5.1, p. 2953] describing the determinant.
Lemma 6.1 ([19]). We have
(1) Df = —4k?(Ly + M)?U PV 2D, with

1
DT =1L, ((_r_ e2d(L++M))2 _ F(L+ + M) (XM e2dL+)2)
+
2
1
-M ((I - ed(L++M))2 + TT(L-r + M)? (™M — edL+)2> :
+
(2) Dy = —4k%(L_ + M)?U=*V=2D~, with
2 1
=L_ ( I — 2C(L7+M)> _ TT(L* +M)4 (e2cM _e2cL)2>

( _
M(( _eC(L_+M))2+12(L_+M)2(€CM—BCL_)2>

2

r
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6.1.2. Second case. Here, we consider ry € R\ {0} and r_ = 0. As previously, we
make explicit the determinant of system that we recall here

(P =2MQy) My — (Py +2MQy ) Y2 = S

(P +2MQ3) ¢ + (2MQT — Pi) 42 = S,
We write this system as a matrix equation AoW = S, where

(P —2MQ7) M — (P +2MQy) (Y 5 (S
se= (o iy e ry) v () 5= (3)

To solve system , we will study the determinant

det(As) = =M (P = 2MQy )" + (P +2MQ3) (P +2MQ;y ).,
of the matrix Ay. We set

det(A2) = D + D3 + Dy, (6.2)

where

Di = Py Py = M(P)” and Dy =4M*(QzQ5 - M (Q7)°),
with

Dy =2M (P Q; + P Q5 + MP{Qy).
Lemma 6.2. We have
(1) D = k2 (Ly + M)2U PV 2DY, with

1
D =L, ((]_ e2d(L++M))2 _ TT(L+ M) (62dM _ 62dL+)2)
+

2
- M ((I — LMY ,«iz(L+ + M)? (e™ — edL+)2> :
+

(2) Dy =16k M2U—2V=2Dy , with
Dy = (I — M) (T — M) £ 4(T - M) M _ 162 MM,
Proof. (1) We have
Py Ph =k (Ly + M)’L UV ?D,,
where
Dy = (U3 +VE) (I — ™M) (I — )
+ ULV, ((I+ edM)2(I+edL+)2 + (- edM)Q(I . edL+)2)
= (U2 +V3) [(I + ed(L++M>>2 — (™ + edL+)2
+ U Vi [(I + e ErtMD)? 4 (M etht)?]
= (Us + V3)? (T4 D)2 (1 U, )? (M 4 ehr)?
Moreover, from , we obtain that

2 (Ly + M)*(e™ —e*+). (6.3)

Uy +Vy =2 (I—ed<L++M>), Vi-Up ==
+
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Then
2 2
D, =4 (I _ ed(L++M)) (1—1— ed(L++M))
4
_ TT(L+ + M)4(edM _ edL+)2 (edM +edL+)2
+
=4 (I — e2<fl(L++M))2 _ iQ(L+ + M)* (62dM _ e2dL+)2.
L=

Furthermore,

M (P)" = K2(Ly + M)? MUV 2 DY,
where

D = (Vi (I + e™)(I — %4 ) 4 Uy (T — e™)(T + e*+))*
= [(Uy +Vy) (I = e@etMD) L (v, — 1) (e — ed+)]?,
and from (6.3)), it follows that
2
D= 2 (1 i) 2 (L MR (e )P
+
Finally, we deduce that
D} = Py Py — M (P})”
=ki(Ly +M)*UPV? (Ly Dy — MDY),
and setting D = Ly D/, — M D'/, we obtain the expected result.
(2) We have
Q,Q; =k2UZ*V°D’,
where
DL = (Vo (I = e™)? 4 U (T4 eM)?) (Vo (I + M) 4 U (= ™))
= (U2 4+ V2) (I —e*M)? 12U V. (I — e*M)? 4 16U_V_e2M,
and
M (Q7)" =K MU=V (U- + Vo)* (I — &*M)
= KUV [M (U2 + V2) (T = M) 4 2MU_ V. (1 = 2M)?].

2

Thus
Q; Q5 — M (Qr)* = K2 UZ2V=2D",

where

D’ = (I—M) (U2 +V?) (I — M) 4 2(I - MYU_V_ (I — *M)?

+16U_V_e*M
= (1= M) (U_+V_)* (I — M) 4 16U_V_e2M.

Moreover, from , we obtain that

U +V.=2(I—¢M) and UV = (I —e*M)* — 4> M?e>M,
Then

D = 4(I - M) (I - &M)" 416 (1 — *M)? M _ 64 MM,
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Therefore,

Dy = 4M? (Q;Q; M (Q;)Q) = 16k> M2U 2V 2Dy,
where Dy = 1 D”. O
6.2. Inversion of the determinant.

6.2.1. First case. Here, we consider r4,7— € R\ {0}. Let r = max(—ry,—r_,0) >
0. By using functional calculus, we prove that the determinant of system , given
by , is invertible with bounded inverse. From Lemma and the definition of
Dy, we obtain:

Df =g (=4), Dy =gy (-A) and D;=g(-4),
where, for z € C\ R_, we have set

61 () = 2 (VZF s+ Vo Rug2, ()2, ()gar, (2)

g1 (2) = 4k2 (V= + 1 + V2 ugr (2ot (2)ger (2)

92(2) = kg far, 1 (2)k— fer_ 3(2) + k_ fer_1(2)ky far, 3(2)
= 2Vzky far, 2(2)k— fer_ 2(2),
with us ., Vs, g5, and f5,; the complex functions defined in section Thus
det(A1) = Df + D] + Dy = fi(—A), (6.4)

with fi = gi + g7 + g2. Note that, for some 6 € (0,7), we have f; € H(Sp) and
because of Remark [5.8] and Lemma [5.9] for > 0, we have

fi(x) = gf () + g1 (x) + g2(z) < 0. (6.5)
Let C1,C3 be two linear operators in X. We denote by C; ~ C5 the equality
C1 = Cy 4+ 3, where ¥ is a finite sum of terms of type kLlJrLTM”eO‘L+eﬁL*e‘SM,
where k € R; I,m,n € N; a, 5,5 € Ry with a+ 5+ # 0. Note that X is a regular
term in the sense

Y e L(X) with %(X)C D(M™) := NpsoD(M*).
Since Uy ~ I,Vy ~ I, by setting W =U_UV_V, ~ I we deduce that
WP ~ 2k, (Ly + M), WP ~2k_(L_+ M)
WP ~ 2k (Ly + M), WPy ~2k_(L_+ M)
WP ~2ky(Ly + M)Ly, WPy ~2k_(L_+ M)L_.
Thus
W2det(Ay) = M (WP})? — (WP WP + M (WP[)* — (WP, WPy
— (WPy WP + WP WP; +2MWPWP)
~ —4k% (Ly + M)*(Ly — M) — 4k* (L + M)*(L- — M)
—dkyk_(Ly+ M)(Lo+ M)(Ly + L_ +2M).
From , we have
~W?2det(Ay) ~ 4k2 7y (Ly + M) +4k2r_(L_ + M)
+ 4k k_(Ly+M)(L- +M)(Ly + L_ +2M)
~ 4kl (Dy + M)+ 4k_1_(L- + M)
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+4kik_(Ly + M)(L- + M)(Ly + L_ +2M)
Hence, we note that
By =4kl (Ly+M)+4k_l_(L_+M)+4k k_(Ly+M)(L_+M)(Ly+L_+2M).
Thus, we obtain
det(Ay) = —W 2 (B1 + 3 kLY LT M eo‘jL+eﬁjL*e‘sfM), (6.6)
jeJ
where J is a finite set and for each j € J: k; € R, [;,m;,n; € N, a;,5;,0; € Ry
Wlth Oéj —+ 6]' + 5]‘ 7£ 0 We set
l I
By =1+ ki(L, + M) MLy + L +2M)7 4 oLy + M) ™MLy 4+ L_+2M)"*
- +
such that
By =4kyk_(Ly + M)(L- + M)(Ly + L_ +2M)Bs.
Proposition 6.3. Assume that (H1)-(H4) hold and kik_ > 0. If one of the
following assumptions holds
) ,lc—t >0 and ,lc—; > 0,

) ,i—t <0 and ,i—; < 0, such that

(e — 1)k — o) >0, (6.7)

° ,lg—t >0 and ,i—; < 0, such that
—6l_ky +1 ky +1_k_ >0, (6.8)

° ,lg—t <0 and ,i—; > 0, such that
—6l k- + 1k +1_k_ >0, (6.9)

then, by(x) > 0, for x > r > 0 and the operator By, defined above, is invertible with
bounded inverse.

Remark 6.4. Since k;k_ > 0, we have the following equivalences

l I
L >0«<=r, >0 and k—>0<:>r_>0.
- +

Proof. From (H2) and (H3), since k1 k_ # 0, it is clear that
0€p(dkik_(Ly +M)( Lo+ M)(Ly+L_+2M)).
Thus, it remains to prove that 0 € p(Bs). To this end, we use Lemma
Let z € C\ (—o0,r]. We set
I 1
b =14+ —
(%) he (VETr V2 (Vz T s T V/E T +2V3)
I 1
+— )
ke (Vetre+V2)(VzFre +VzF7-42V7)
hence bo(—A) = Bsy. Then, for all x > r > 0, it follows that
l 1

52(@:1+i(\/m+ﬁ)(\/x+r++\/x+r_+2ﬁ)

I_ 1
T Vet VO a4 2a)

(6.10)
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Our aim is to prove that bo(x) > 0, for all z > r. To this end, we set y =z —1r > 0,

hence
ba(y + 1)
Sl 1
I O e e N e [V e e e Y TR e e N TR
l_ 1
ke (Vg Fr T + VIV T Ty VI T T + 20y T 1)
1
—1+ ba(y),
WyFtr¥ri+VyFr+r-+2y+r) 3(v)
where
Ly L=
k_ k
b = + * .
3() ViTrFr—+Vy+r)  (yFrtrs+vytr)
Then
g 1 41 _L_( 1 L1
b (y) = o NI Ry Fr \3VarrTs T aveEr
3 WyFrF+r-+y+r)? WyFrFry+Vy+r)?
and
_( 1 n 1 L1 )
PN N e Y
ba(y)

by(y +1) =
2(y+7) (Vytrtrs+Jytrrr+2/y+r)32°

1
+ W(y),
Vit Tt ra W

Now, we have to study the following fourth cases.
>0and = > 0, then it is clear that b3 > 0 and by > 0.

l
(1) If 7= o
(2) If ,i—t < 0 and ,i—; < 0, then b5 > 0 and by > 0. Thus ba(y +7) > ba(r) where
! ba(0) > 1+ ——bs(0)
3 2\/;' 3 )

ba(r) =1+
(1) =1 e 1 2
with
=3 =
bs(0) = s + ke .
VIFTZ T TR T
Since /r + 74y > 0 and /r +r_ > 0, it follows that

Ly L=

Ly

k_ k_
e — > R
i+ T

k
and ——— > ,
VT ETE T T

hence l l
1/l 1
0) > = (55 + ).
Thus, we obtain
1l -
1+ — (-t 4+ =),
ba(r) > +2 (k,+k+)

Moreover, we have
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where

I 1 —r_ ﬁ—erﬁ , ifr=—r_
(ki—i_ki) ky - ;
- + —ry (), ifr=—rg

Thus, we obtain that

o> (ﬁ_,_L) — lyky +1_k_ —2I_ki >0, ?fr:—r_

k_ k+ l+l€+ —+ l_k_ — 21+k_ > O, lf T = *7'4_.
Furthermore, since kyk_ > 0, if r = —r_, it follows that —,i—i > ki hence
—lky > —lyk_ and if r = —ry, then —= > —i=, hence —l k- > —l ky. Tt

follows that
Liky +1 ko — 2 ky > loky +1_k_ — Ik —l_ky, ifr=—r_
l+l€+ + lfkf — 21+k7 2 l+k+ + l,kf — l+k, — l,k+, lf T = —’I"+.

Finally, if (6.7) holds, then we obtain by > 0.
(3) If ,i—t > 0 and ]lc—:r < 0, then since kyk_ > 0, we have

l+ l+k+ 2
— 77k
% 0 ik _>OC>T‘+>O

and l Lk
— <0 ——kl <0+ 0.
k+< PR < ro <
Thus r = —r_ >0, ry > 0 and

Ly L=
k_ k4

+ .
WVy+vy+r)  (yFr+r+Vy+r)
Since ,lc—t >0 and /y < /y + 7 it follows that

b3(y) =

Ly Ly
k_ k_

> .
VItNVY+r T 2y +r

In the same way, since ,lc—; <0and \/y+r+ry>y+r, wededuce that

l_ l_
W N
VYoVt T 2y

hence

bs(y) > 2\/3%(11:+l)

If £ + ;= >0, then bg > 0 and by > 0. If £ + ;= < 0, then we have

baly+r) = 1+ \/WJerx/W)b 3(y)
> 1+3\/Wb3(y)
l
> 1+6(y-~-7“)(+Jr )

Moreover, we have

L
) 0<:>6(y+r)+z+a > 0.

1
1 -
TR (e
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It is obvious that
Iy I_ Iy I_
6(y + 1)+ (—+—) 2 6r+—+ ——,
k_ kg _

l

thus, since k1 k_ > 0 and here r = —r_ = —=,

inequality becomes

A P
6 = > 0= —6l_ky + 1 ky +1_k_ >0

we deduce that the previous

k- ko ks
Finally, since k,k_ > 0, if holds, then by > 0.
(4) If ,i—t < 0 and ,i—; > 0, then here r = —ry and in the same way than

previously, if holds, then by > 0.

Since r = max(—ry, —r_,0) > 0, from (H2) and (H3), we deduce that operator
—A —rI € BIP(X,60,4) with 0 € p(—A — rI). Thus, considering by(2) = ba(z + 1),
with z + 7 € C\ R_, it follows that by(—A — rI) = By. Moreover, for a given
0 € (0,7), it is clear that 1 — be, 1 — by € Es. Finally, applying Lemma with

G =by and P = —A — rI, we deduce the result. a
From and Proposition it follows that
det(Ay) = —W 2B, Fy, (6.11)
where
Fy =1+ k;By LY L™ M™ et il ebM, (6.12)
JjeJ

For z € C\ (—o0,r], we set

bi(2) = —dki k- (V2 +ry +V2) (Ve +r- +V2) (Ve try
+/z 1=+ 2Vz2)ba(2),
where by is given by and
filz) =1+ ijbl(z)_l (—\/z—i—nr)lj (—/z )" (=V2)"
jeJ
w e~ UVEFTE o= BiVEFT o —8iVZ

(6.13)

Then, from (H2) and (H3), we have B, = b;(—A) and Fy = f1(—A). Moreover,
from (6.4) and (6.11)), we obtain
fi(=A) =det(Ar) = =W 2By fi(—A).

Note that

fi(z) = —ug? (2)og7, (RJugl (2)og; (2)bi(2) fi(2). (6.14)

Proposition 6.5. Assume that (H1)-(H4) hold and kyk_ > 0. Thus

ifry >0 andr_ >0,

if o <0 and r— <0, such that (6.7) holds,
if rv >0 and r— <0, such that (6.8) holds,
if . <0 and r— > 0, such that (6.9)) holds.

Then Fy € L(X), given by (6.12)), is invertible with bounded inverse.
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Proof. For a given 6 € (0,7), we have f1, fi € H(Sg). Moreover, for z € C\ (—oo0, 7],

since
kb (2) (—vE )" (—/zZ )™ (—VE)™, forallje J,
are polynomial functions, we deduce that 1 — f; € Eo(Sh).

From (6.5), Proposition and Remark we know that f; < 0 and by > 0
on (r,400). Since uq,r, , Uer_,Vd,r, Ve > 0 on (r,+00) and due to (6.13) and

(6.14), we deduce that f; < 0 on (r, +00).

Therefore, noting that f;l(z) =fi (24 r) and applying Lemmawith G="h
and operator P = —A —rI, we deduce that operator Fy = f,1(—A—rI) = fi(—A)
is invertible with bounded inverse. ([

This result finally leads us to state the following main result of this section.

Proposition 6.6. Assume that (H1)—(H4) hold and kyk_ > 0. Thus

e ifry >0 andr_ >0,

e ifry <0 andr_ <0, such that (6.7) holds,
e ifry >0 andr_ <0, such that (6.8]) holds,
e ifrp <0 andr_ >0, such that (6.9)) holds.

Then det(Ay) is invertible with bounded inverse.

Proof. From ([6.11)), Propositionsand it follows that det(A;) = —W 2B Fy,
is invertible with bounded inverse. [l

6.2.2. Second case. Let ri € R\ {0} and r— = 0. In the same way than previously,
using functional calculus, we prove that the determinant of system (5.17), given by
, is invertible with bounded inverse. Due to Lemma and the definition of
D,, we obtain:

D3 =g§(=A4), Dy =g5(-A) and Dy =gi(-4),
where, for z € C\ R_, we have set
g3 (z) =4k5 (Vz + 71y + \/E)Qu;’f+ (z)vd_’f+ (2)9d,r, (2)
g5 (2) = 16k% zu_5(2)v 5 (2)ge,0(2)
94(2) = =2z (ky far, 3(2)k— fe02(2) + ki far, 2(2)k— fe0,3(2))
+ 22k5 fary 1 (2)k= fe0,1(2),
with us -, Vs, g5, and fs.; the complex functions defined in section @ Thus
det(A2) = Di + D3 + Dy = fo(—A), (6.15)

with fo = g5 + g5 + g4. Note that, for some 6 € (0,7), we have fo € H(Sp) and
by Remark and Lemma for © > max(—r4,0), we have

fo(x) = g3 (2) + g5 (2) + ga(a), (6.16)
where gf < 0 and g5, g4 > 0.

Lemma 6.7. Let kyk_ > 0. Then
o if r > 0 such that

VEFT+VA) &2
ry = (t2)4k—2’ fort >0 fized. (6.17)
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for all x > try, we have fa(x) > 0.
o ifry <0 such that
27k3
64k% "
for all x = —r, we have fo(x) > 0.
Proof. From (6.16)), we deduce
f2(2) = g3 () + 9a(2) = g3 (2) + 2kik_ far, 1 (2) fe0,(2).
Let r = max(—ry,0). For z € (r, +00), setting y =  —r > 0 and noting
hi(y) = g4 (y + 1)+ 2kik (Y +7) far, (W +1)feoaly +7),
it follows that

T+ X (618)

(Vy+r+ri+y+r)?
() = 4k3 f;é (y + r;rv2 (y+r)
d,ry Yy d,ry Yy r

+ 2k k_(y+7)far 1y +1)feo1(y+7).

Gd,ry (y + 7")

Since
2
0> G, (y+7)>— /y Trtr, <1 - 672d(vy+r+r++\/y+r)) ,
we have
y+rrry Hy+r)yFr+r
hl(y)>4 5 (\/ > + \/ )\/ + hQ(y)
ug ., (y+r)vg, (y+r)ucoly+r)veoly +1)
where
ha(y)

— R (JyFr+rg +VyFr)(1 — e 2T VYD)

X e (y + T)0e0(y + 1) + kiko (y+7) (1 — e 2V 20y (y+7)
X (1 + e*d\/m) (1 + e*d\/W)

+ k- (y 1) (1= e YT ug (y + 1) (1= e VI (1— e VI

> R (VU T a4 VITT)(1 - e MV VIR (] o2l

Fhpko(y+ ) (1— e 2V g (y),

with
ha(y) = v, (y -+ ) (1 + V) (L e VI
bt (g 1)1 = eI (1 (VI
and

hs(y) = 2va,, (y+7)(1+ e—d(m+¢m))
+ 2ua,r, (y+7) (eid\/m + efdm)
— (1 — e VIFTFTHVIIN) (1 4 o= ATV

+2(¢y+r+r++V@+my(édﬁﬁ?_e%Jﬁ7W7x6d¢ﬂ7
T+
4 o VTETET)
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= (1 — e 2UVIFTITE V)

Lo WITTFT 4 VYFT (205 _ -2y
T+
Moreover, for all y > 0, since
e—2dVYFT _ p—2d\yFrFry

>0, forry eR\ {0},

r+

we deduce that
ha(y) > 2 (1 _ efzdwmwy?))

and
ha(y) > —k3 (V/y+ 1+ 14+ Vg ) (1 — e 2TV () om2eViET) 2
2k k (y+r)(1— e—2c\/y+r)2 (1 — e 24Tt Vuin)

= _ki(m + \/m)(l — ede(\/W+\/W)) (1 _ 6726\/3’?)2
+ 2k k_(y + 7“) (1 — e—2d(m+m)) (1 . 6_20\/W)2

> (1 — e 2AWVTFFTFTHVTID) (1 = e =2VIF) 2 (3

where
ha(y) = 2kik- (y+7) =KLy +7+re +Vy 7).
Thus )
y+r k.
h > 00— > . 6.19
1) VUFrFrs+Vy+r 2kik_ (6.19)
We set N
y+r
h = , 6.20
5(9) Vy+r+rr+y+r ( )
hence

hs(y) = (\/y+r+r1++\/y+r)(1_;m>.

(1) If r4 <0, then r = —ry and
y+r _y+tr
y+r+re oy

moreover

Thus,
r

ha(y) > by (1) = —— 5 4 [T
w21 (3) = 75w = 5y5 >0

This yields that for all y > 0, we have
4 |r
h > —4/=>0.
5(y) 3 \/;
Therefore, from (6.19)) and (6.20]), we deduce that

k2 4 |r k
> > _F > -+
ha(y) 2 0 <= hs(y) > b — s\'3 2 95
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hence, since r = —r4 > 0, we obtain
4 r If+ r 3k+ r 9]{3_2,’_ 271€2
=2 = = = -2 — — =
337 2k \[ 8k 37 64k 2 e
(2) If r4 > 0, then r = 0 and
y+r _ Y

= <1,
yrrbre oyt

hence hy > 0 and hs is an increasing function. Thus, from (6.20]), since r» = 0, it
follows that

Yy
hs(y) = —=——,
N N
then )
k k
hs(y) > = —

<~
2k+k_ \/y+r+ =+ f 2/{3_

Moreover, for t > 0 fixed, we have

k+ T‘+ k+ t
h tr <~ T =V /
s(tre) 2 = St Dy + Vi Z Viri+r iVt 2k7
hence

VITT 4V k (VITT+V0)’
Vi 2 ¢ 21:_ =2 2 4I<;2 :

Finally, if 71 > 0 such that (| - holds, then since y = z, for all z > tr ., we
have ho(z) > 0, hy(z) > 0 and fo(x) > 0. Moreover, ry < 0 such that holds,
then for all y > 0, we have ha(y) > 0, hi(y) > 0 and since y = = + r, for all
x > —ry, it follows that fa(z) > 0. O

Therefore, as in the first case, since we have UL ~ I and V4 ~ I, then by setting
W =U_U,V_Vy ~ I, we deduce that

WP ~ 2k (Ly + M), WQy ~2k_I
WP ~ 2k (Ly + M), WQy ~2k_1T
WP ~ 2k, (Ly + M)Ly, WQ3 ~2k_1.
Thus
W2 det(As) = (WPFWR = M (WP)®) +4M2 (WQz WQ3 — M (WQ7)®)
+2M (WP WQ; + WP WQ5 + MWPWQY)
~ 4k3 (Ly + M)*(Ly — M) + 16k> M?(I — M)
+8kyk_(Ly +M)M(Ly + M +1).
From , we have
W2det(As) ~ 4k%ry (Ly + M) + 16k M?(I — M)
+ 8k k_(Ly + M)M(Ly + M +1)
~ 4kl (Ly + M)+ 16k2 M*(1 — M)
+8kyk_(Ly + M)M(Ly + M +1).
Hence,
Bs =4k, 1, (Ly + M) + 16k M*(I — M) + 8kyk_ (L + M)M(Ly + M +1).
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Thus,
det(Ag) = I/V_2 (Bg + Z kijLﬁMmj eajL"'ijM), (6.21)
jeJ
where J is a finite set and for each j € J: k; € R, [;,m; € N, o, 8; € Ry with
(&%} + ﬂj 75 0.
Proposition 6.8. Assume that (H1)—(H3) hold and kyk_ > 0. If i—; < 2, then
0 € p(8ksk_(Ly + M)*M — 16k> M?).

Proof. Since kyk_ > 0, we have Z—; > 0 and

k_
8kyk_(Ly + M)®M — 16k* M3 = 8k k_M[L% + 2L M + M? — 2]7M2].
+

From Remark statement 5 and [31], Corollary 3, p. 444], we deduce that
L%, 2L M, M? € BIP(X,04).

Thus, if 2= < 1, then
+

ke ke ke
L3 +20 M +M? — 2= M? = L3 — =M 420, M + (1- =) M2

+ + +
Moreover, for all ¢ € D(M?) = D(A), from ([1.2)), we have
o koo T (ko
(L+7HM Je=[-(1 k+>A+r+I]w,

and from [31, Theorem 3, p. 437] and [I, Theorem 2.3, p. 69], assumptions (H2)
and (H3) imply that

k_
7(1 _ 7>A+r+1 € BIP(X,64),
k4

and

L3 - LESYE + 2L, M + (1 - k—_)MQ € BIP(X, 04 +¢),
ki ki
for all e € (0,7 — 64). Moreover, since 0 € p(Ly M), we deduce from [3I, remark
at the end of p. 445] that 0 € p(Lf_ — A M242L M+ (1- IZ—;)M2) Therefore,

k+
since 0 € p(M) and kik_ > 0, it follows that

0€p(8kyk_(Ly + M)>M —16k> M?) .

In the same way, if 1 < % < 2, then

L% +2L M+ M? — QZ—;MQ =L% —M>+2L, M — 2(2—; —1)M? + M?> — M?,
hence, for all ¢ € D(M?) = D(A), from ([.2)), we obtain

(Li + 2L, M+ M2 — 2%M2)¢ =+ 2M(L+ - (Z—; - 1)M)1/;. (6.22)
Moreover,

(L+— (Zi—l)M)w: (L++(:—;_1)M)*1(L2+_ (%—1)21\42)1/)7
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and from [31, Theorem 3, p. 437] and [I Theorem 2.3, p. 69], assumptions (H2)
and (H3) imply that
k_ k_
(12 = (= = 1)"M?) = = (2= =) A+ 7.1 € BIP(X, 04). (6.23)
ket Tt

Finally, from (H2), (H3), (6.22)), (6.23) and [31, Theorem 3, p. 437], we deduce

that

ret+2M(Ly - (i—; ~1)M) € BIP(X, 04),

and
0e p(mb + 2M(L+ - (Z—; - 1)M)).
Therefore, since 0 € p(M) and k4 k_ > 0, it follows that
0€ p (8kyk_(Ly + M)*M — 16k% M?) . 0
We set
By =1+4kyly(Ly + M) (8kik_(Ly + M)*M — 161@3M3)’1
+16K2 M2 (8kyk_ (L, + M)>M — 16k2 M?) ™"
48k k(Ly + M)M (8kyk_(Ly +M)*M — 16k>M?) ™"

(6.24)

Therefore,
By = (8kik_(Ly + M)*M — 16k> M?) By.

Moreover, from (6.21) and noting that Bs = 8k k_ (L, + M)>?M — 16k* M3, we
have

det(Ag) = W_QB5F2, (625)
where
Fy=By+ Y k;By 'Ly M™ieoibr el (6.26)
jeJ

Now, for z € C\ [max(—r4,0), +00), we set

fz(z) =by(z) + Z kjb5(2)_1 ml;’ A eV B VE
=
where b3(2) = by(2)bs(2), with

ba(z) = 1+ 4k ly (/7 T 75 + VZ) (8k+k,(w/z Ty V2 — 16]{3\/53)71
+ 16k2 2 (—8k+k_(~/z +ry +vV2)2z + 1(5/&&"’)71
+ 8kik_ (/2 + 714 +V2)V2 (8k+k—(\/z +ry+V2)Vz - 16k%\/23)_1 :

and

bs(2) = —8ksk_(\/z + 74 + V2)2Vz + 16k% V7.
Then fg(—A) = Fg, b3(—A) = Bg, b4(—A) = B4 and b5(—A) = B5. Thus, from
(6.15) and (6.25)), we deduce that

Fa(2) = ugl, (2)vg 2, (2)ugg(2)vg (2)bs(2) fa(2). (6.27)

Proposition 6.9. Assume that (H1)—(H4) hold and ki k_ > 0 with Z—‘ < 2. Thus
+
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o ifry >0 such that

(VEFT+ VD) k2

rpz

1
’T+||A_1H£(X)

P ER forte (0 ) fized, (6.28)
e if ry <0 such that (6.18]) holds.
Then Fy, given by (6.26]), is invertible with bounded inverse.

Proof. From Proposition [6.8 and ([6.26), we deduce that F5 is well defined.

First assume that v > 0 such that holds. Then, from Lemma and
, it follows that fo does not vanish on (tr;,+o0), for ¢ > 0 fixed, which
2 uc_’g, vc_ﬁ, bs and f> do not vanish on (try,+o00), fort >0

T4
fixed. Moreover, by (H2), there exists R = ATz > Osuch that B(0, R) C p(A).
1

5 m) fixed and

( ; Mo
Therefore, setting fi, 2(2) = fo(z + try), with t € (0
applying Lemma where we have set G = f,, .2 and operator P = —A —tr I €
BIP (X,04) (due to (H2) and (H3)), we deduce that operator F = ftr_hg(—A -
triI) = fo(—A) is invertible with bounded inverse.

Now, assume that 7y < 0 such that holds. Then fy does not vanish on
(=74, +00). Moreover, from (H2) and (H3), we have —A +rI € BIP (X,604). It
follows that Fy = f,r+7g(—A +r4I) = fo(—A) is invertible with bounded inverse.

O

. 2 —
involves that Ug s Vg,

This result finally leads us to state the following main result of this section.
Proposition 6.10. Assume that (H1)—(H4) hold and kyk_ > 0 with ]Z—; < 2. Thus

o if rp > 0 such that (6.28) holds,
e if ry <0 such that (6.18]) holds,
then det(As) is invertible with bounded inverse.

Proof. From ([6.25)), Propositions and we obtain that det(Ay) = W2B5Fy,

is invertible with bounded inverse. O

6.3. Regularity.

6.3.1. First case. Here, we consider ro,r_ € R\ {0}. From Theorem refTh syst
trans, we have to prove that system has a unique solution (1, 2) satisfying
(5.10). The existence and uniqueness of this solution is ensured by Proposition
so we have

1 = (Pr — Py) [det(A1)] 1 S1 — (P + Py ) [det(Ar)] 7S,

P . N, B (6.29)
1/)2:7(}33 7P3 )[det(Al)] 51+M(P1 7P1 )[det(Al)] SQ.

Now, we have to study the regularity of [det(A;)]". Since, in this case, the deter-
minant det(A;) is the same than the one in [I9]. From [19] Lemma 5.3, p. 2958]
we deduce that there exists Rgey(a,) € £(X) such that

Raer(any(X) € D(M),  [det(A)] ™" = N7+ N7 Rye(ay),

where N =4k k_(L_+M)(Ly+ M)(Ly+ L_ +2M). Then, the rest of the proof
is similar to the one given in [I9, section 5.3]. Therefore, from (5.4) and (5.5)), it
follows that S, S € (D(M), X)41 , and thus

[det(A)] 7" Sy, [det(A)] ' S, € (D(M), X)is1p (6.30)
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Moreover, from (6.29), we have
W1 = —2(ky(Ly + M) —k_(L_ + M))[det(Ay)] " Sy
+2 (kg (Ly + M) — k_(L_ + M))[det(A1)] " S + Sy
o = —2(ky (L + M)Ly + k_(L_ + M)L_)[det(Ay)] " S
— 2 (ks (Ly + M) = k(L + M)) [det(A1)] ™ S5 + S5,
where Sy, Sy € D(M®). Finally, from (5.19), (6.30) and (6.31)), we obtain
(GNS (D(M)7X)3+%,p = (D(A)7X)1+ﬁ,p
o € (D(M). X)1 = (D(A). X) 14141
6.3.2. Second case. Here, we consider ry € R\ {0} and r_ = 0. From Theorem
refTh syst trans M, we have to prove that has a unique solution (¢, 12) satis-

fying ((5.10)). The existence and uniqueness of this solution is ensured by Proposition
so we have

1 = (2MQy — P{) [det(Ag)] ™" S5 + (P +2MQy ) [det(Az)] ™ Sy
Yo = — (P3 +2MQ7 ) [det(A2)] ' S5 + M (P — 2MQ7 ) [det(A2)] 1Sy

Now, we have to study the regularity of [det(As)]~t. From (5.1)), (6.24), (6.25),
(6.26) and [20, Lemma 5.1, p. 365], we deduce that there exists Rget(a,) € £(X)

such that

(6.31)

(6.32)

Raer(as)(X) € D(M), [det(A2)] ™! = B5* + By ' Raer(a)

where we recall that By = 8k k_(Ly + M)*M — 16k% M?>. Moreover, from (4.6)),
(5.19), (5.21) and (5.24)), we have

@Ta¢2_7<)5;a¢;v¢27§5i € (D(M)7X)2+%,p and 951_#)53? € (D(M)aX)3+%,p'
Thus, from (5.13)), (5.14), (5.15]), Remarksand we deduce that
Ry € (D(M),X)1 and S3,59, € (D(M),X)

P 14+4.p0
which implies that
[det(Ag)] ™' S5,  [det(Ag)] ' Sy € (D(M), X), 1 -
Moreover, from (5.2)), (5.12), and [20, Lemma 5.1, p. 365], we have
Yy = =2 (ky (Ly + M) — 2k_M) [det(Ay)] " Ss
+ 2 (ky (Ly + M)+ 2k_M) [det(Ay)] " Sy + S5
Py = =2 (ky (Ly + M)L, + 2k_M) [det(Ag)] " Ss
+2M (ky(Ly 4+ M) — 2k_M) [det(As)] " Sy + S,

(6.33)

(6.34)

where Ss, Sy € D(M®). Finally, from (5.19), (6.33) and (6.34), we obtain
(LIS (D(M)vX)3+%,p = (D(A)aX)lJrﬁ,p
1/’2 € (D(M)vX)2+%,p = (D(A),X)lJr%Jrﬁ,p'

Acknowledgments. 1 would like to thank the referee for the valuable comments
and corrections which have improved this paper.



EJDE-2024/78 SOLVABILITY OF TRANSMISSION PROBLEMS 31

(1]
2]

(10]

(11]
(12]

(13]

14]
(15]
(16]
(17)

(18]
(19]

20]

(21]
[22]
23]
[24]
[25]
[26]

27]

REFERENCES

W. Arendt, S. Bu, M. Haase; Functional calculus, variational methods and Liapunov’s theo-
rem, Arch. Math., 77 (2001), 65-75.

M. A. Aziz-Alaoui, G. Cantin, A. Thorel; Synchronization of Turing patterns in complex net-
works of reaction—diffusion systems set in distinct domains, Nonlinearity, 37 (2024), 025011
(32pp).

M. Benharrat, F. Bouchelaghem, A. Thorel; On the solvability of fourth-order boundary value
problems with accretive operators, Semigroup Forum, 107 (2023), 17-39.

J. Bourgain; Some remarks on Banach spaces in which martingale difference sequences are
unconditional, Ark. Mat., 21 (1983), 163-168.

D. L. Burkholder; A geometrical characterisation of Banach spaces in which martingale
difference sequences are unconditional, Ann. Probab., 9 (1981), 997-1011.

G. Cantin, A. Thorel; On a generalized diffusion problem: a complex network approach,
Discrete Contin. Dyn. Syst. - B, 27, 4 (2022), 2345-2365.

R. S. Cantrell, C. Cosner; Spatial Ecology via Reaction-Diffusion Equations, Wiley, 2003.
D. S. Cohen, J. D. Murray; A generalized diffusion model for growth and dispersal in popu-
lation, Journal of Mathematical Biology, 12 (1981), 237-249.

G. Da Prato, P. Grisvard; Somme d’opérateurs linéaires et équations différentielles
opérationnelles, J. Math. Pures et Appl., 54 (1975), 305-387.

A. Ducrot, P. Magal, A. Thorel; An integrated semigroup approach for age structured equa-
tions with diffusion and non-homogeneous boundary conditions, Nonlinear Differ. Equ. Appl.,
28, 49 (2021).

R. Denk, F. Kammerlander; Exponential stability for a coupled system of damped-undamped
plate equations, IMA J. Appl. Math., 83 (2018), 302-322.

G. Dore, A. Venni; On the closedness of the sum of two closed operators, Math. Z., 196
(1987), 189-201.

A. Favini, R. Labbas, S. Maingot, K. Lemrabet, H. Sidibé; Resolution and optimal regularity
for a biharmonic equation with impedance boundary conditions and some generalizations,
Discrete Contin. Dyn. Syst. - A, 33, 11-12 (2013), 4991-5014.

D. Gilbarg, N. Trudinger; Elliptic partial differential equations of second order, Classics in
Mathematics, Springer-Verlag, Berlin, 2001.

P. Grisvard; Spazi di tracce ed Applicazioni, Rendiconti di Matematica, Serie VI, 5 (1972),
657-729.

P. Gros; La représentation de l’espace dans les modéles de dynamiques de populations,
Modeles dynamiques déterministes a temps et espace continus”, Ifremer, 2001.

M. Haase; The Functional Calculus for Sectorial Operators, Operator Theory: Advances and
Applications, Birkhduser Verlag, Basel-Boston-Berlin, 2006.

H. Komatsu; Fractional Powers of Operators, Pac. J. Math., 19, 2 (1966), 285-346.

R. Labbas, K. Lemrabet, S. Maingot, A. Thorel; Generalized linear models for population
dynamics in two juztaposed habitats, Discrete Contin. Dyn. Syst. - A, 39, 5 (2019), 2933-2960.
R. Labbas, S. Maingot, D. Manceau, A. Thorel; On the regularity of a generalized diffusion
problem arising in population dynamics set in a cylindrical domain, J. Math. Anal. Appl.,
450 (2017), 351-376.

R. Labbas, S. Maingot, A. Thorel; Generation of analytic semigroup for some generalized
diffusion operators in LP-spaces, Math. Ann., 384 (2022), 1-49.

R. Labbas, S. Maingot, A. Thorel; Solvability of a fourth order elliptic problem in a bounded
sector, part I, Boll. Unione Mat. Ital., 17 (2024), 647-666.

R. Labbas, S. Maingot, A. Thorel; Solvability of a fourth order elliptic problem in a bounded
sector, part II, Boll. Unione Mat. Ital., (2024).

J.-L. Lions, J. Peetre; Sur une classe d’espaces d’interpolation, Publications mathématiques
de 'LH.E.S., 19 (1964), 5-68.

A. Lunardi; Analytic semigroups and optimal regularity in parabolic problems, Bir-khauser,
Basel, Boston, Berlin, 1995.

A. Lunardi; Interpolation theory, Third edition, Lecture Notes, Scuola Normale Superiore di
Pisa (New Series), 16, Edizioni della Normale, Pisa, 2018.

J. D. Murray; Mathematical Biology II: Spatial Models and Biomedical Applications, Third
Edition, Springer, 2003.



32

A. THOREL EJDE-2024/78

[28] A. Novick-Cohen; On Cahn-Hilliard type equations, Nonlinear Analysis, Theory, Methods &

Applications, 15, 9 (1990), 797-814.

[29] F. L. Ochoa; A generalized reaction-diffusion model for spatial structures formed by motile

cells, BioSystems, 17 (1984), 35-50.

[30] A. Okubo, S. A. Levin; Diffusion and ecological problems, Mahematical biology, second edi-

tion, Springer-Verlag, Berlin, 2010.

[31] J. Priiss, H. Sohr; On operators with bounded imaginary powers in Banach spaces, Mathe-

matische Zeitschrift, 203 (1990), 429-452.

[32] J. Priiss, H. Sohr; Imaginary powers of elliptic second order differential operators in LP-

spaces, Hiroshima Math. J., 23, 1 (1993), 161-192.

[33] J. L. Rubio de Francia; Martingale and integral transforms of Banach space valued functions,

Probability and Banach Spaces, (Zaragoza, 1985), in: Lecture Notes in Math., 1221, Springer-
Verlag, Berlin (1986), 195-222.

[34] A. Thorel; Operational approach for biharmonic equations in LP-spaces, J. Evol. Equ., 20

(2020), 631-657.

[35] A. Thorel; A biharmonic transmission problem in LP-spaces, Commun. Pure Appl. Anal.,

20, 9 (2021), 3193-3213.

[36] H. Triebel; Interpolation Theory, Functions Spaces, Differential Operators, Amsterdam,

N.Y., Oxford, North-Holland, 1978.

ALEXANDRE THOREL

UNIVERSITE LE HAVRE NORMANDIE, NORMANDIE UNiv, LMAH UR 3821, 76600 LE HAVRE,
FRANCE

Email address: alexandre.thorel@univ-lehavre.fr



	1. Introduction
	2. Operational formulation
	3. Definitions and prerequisites
	3.1. The class of Bounded Imaginary Powers of operators
	3.2. Interpolation spaces

	4. Assumptions and statement of results
	4.1. Hypotheses
	4.2. Main results

	5. Preliminary results
	5.1. Transmission system
	5.2. Functional calculus

	6. Proof of the main results
	6.1. Calculus of the determinant
	6.2. Inversion of the determinant
	6.3. Regularity
	Acknowledgments

	References

