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OUTPUT TRACKING FOR A 1-D WAVE EQUATIONS WITH
SPATIALLY VARYING COEFFICIENTS AND SUBJECT TO
UNKNOWN DISTURBANCES

YAN-NA JIA, CAN JIN, XIU-FANG YU

ABSTRACT. In this article, we study the output tracking problem for a wave
equation with variable coefficients, and subject to boundary control matched
disturbances. Both the disturbances and the reference signal are unknown
harmonic signal. The performance output is non-collocated with the control
input. Initially, we establish an undisturbed auxiliary system and devise an
appropriate internal model dynamic to reformulate the tracking error. Sub-
sequently, we introduce an error-based feedback controller, leveraging an in-
vertible transformation to achieve output tracking. The well-posedness and
stability of the closed-loop system are established by applying semigroup the-
ory approach. Finally, we illustrate the effectiveness of these theoretical results
with numerical simulations.

1. INTRODUCTION

Output tracking is one of the most fundamental challenges in control theory. In
numerous engineering scenarios, the primary focus lies in ensuring that the out-
put signal of the control system asymptotically converges to the desired references,
even in the presence of disturbances. Additionally, it is imperative that all internal
loop states remain within a suitable range. Over the past few decades, extensive re-
search has been conducted on output tracking within the context of beam equations
[1T), 14}, [19], heat equations [12] 17, 29], wave equations [4, B} [3T], and various other
partial differential equations (PDEs) [I5] [I6]. A highly effective method for ad-
dressing the output tracking problem is the internal model principle (IMP), which
has been established in the literature since [3, 8, 24]. Through the application of
the IMP, the task of achieving robust output tracking is significantly streamlined
by constructing a dynamic tracking error feedback control system that incorporates
a p-copy of the exosystem, where p € NT represents the dimension of the output
[21]. Furthermore, several classic results have been extended to infinite-dimensional
systems, as demonstrated in studies such as [1} [4, 5] (18] 24], among many others.

On the other hand, the most challenging aspect of output tracking lies in man-
aging disturbances. Various strategies have been devised to tackle disturbances
or uncertain parameters in PDEs control problems. These methods include active
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disturbance rejection control [9, 32], sliding mode control [10, 26], adaptive control
[13, 30], and IMP [8, 24]. In [5 €], the authors address regulation problems by
identifying unique solutions to regulator equations, from which compensators can
be formulated based on kernel equations. Recently, in [7], a control system based on
an observer framework was developed for a one-dimensional wave equation, incor-
porating non-collocated disturbances through the application of approach. In [28],
the issue of output tracking for one-dimensional wave equations, which are sub-
ject to unknown harmonic disturbances and reference signals, is tackled through
the utilization of an adaptive internal model and an adaptive frequency estimation
technique.

In this paper, we investigate the output tracking for a wave equation with variable
coefficients subject to boundary control matched harmonic disturbance. The system
is governed by the PDEs

Ty(z,t) = (a(x)Ty(z,t)s, z€(0,1), >0,
.(0,t) = mly(0,¢), t>0,
[.(1,t) =U(t) +d(t), t=>0, (1.1)
[(z,0) =To(x), T¢(z,0)=T1(x), =ze€]0,1],
yp(t) = ro,t), t=>o0,
where I'(-,t) represents the state of the entire system, y,(t) is the performance

output, U(t) is the control input. m is a known positive constant. Define a(-) €
C1[0,1] as follows

a(z) = g1x+g2, 91 >0, g2 > 1. (1.2)
For a given reference signal r(¢), we aim at finding a controller U(¢) so that
Tim e(t) = lim (y,(t) — (1)) = 0. (1.3)

The disturbance d(t) and reference signal r(t) are generated by the following finite-
dimensional exosystem
8() = Qult), v(0) =vo, t>0,

d(t) = Foo(t), r(t) = Fyo(t), >0, (1.4)

where @ € R%*27 is known but the initial value vy and F; € R*2¢, j = 1,2 are
unknown, which makes the disturbance d(t) and reference signal r(¢) unknown. To
achieve output tracking, the following assumptions are required:

Assumption 1.1. The tracking error e(t) and its derivative é(t) are available
measurements.

Assumption 1.2. The spectrum of Q is {+iw;,j = 1,2,...,¢}, where 0 < wq <
wy < -+ < wy are distinct known parameters.

Under Assumption [I.2] the disturbance and reference signal can be rewritten as
q
d(t) = Z(Alj sinwjt—FBlj COSOth), (15)
j=1
q

r(t)

(Agj SiHth—Fsz COS(.th) s (16)
Jj=1
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where {w;} represent known frequencies and {A1,}, {Bi1,},{A2;}, {B2;} are un-
known amplitudes.

The rest of thisarticle is organized as follows. In Section [2| we reconstruct the
measurable tracking error using the undisturbed auxiliary system and the proper
internal model dynamic. In Section [3] we focus on the construction of error-based
feedback controller. In Section [4 we prove the well-posedness and stability of the
closed-loop system. Finally, we present some numerical simulations in Section [5]
and our conclusions are concluded in Section [Gl

2. ESTIMATION

Before we design the controller to reject unknown disturbances and achieve out-
put tracking, it is necessary to estimate these disturbances. Frist we construct an
auxiliary system based on the measurable tracking error and its derivative

Ty(x,t) = (a(z)Dp(2, 1)),
[,(0,t) = —ki(e(t) — T(0,1)) + koL (0, 8) + (m — k2)é(t), (2.1)
L. (1,1) = U(1),
where k1, ko > 0. For simplicity, in system and hereafter we omit the initial
value when there is no confusion. Let
D(x,t) = D(x,t) — D(x, t). (2.2)
Then
Ty (z,t) = (a(x)Ty(x,1))e,
T.(0,t) = k1T(0,t) + koL (0,8) — (k1 Fo + k2 FoQ + mFaQ)u(t),  (2.3)
L.(1,t) = Fro(t).
Now we introduce a new system
wy(z,t) = (a(z)we(x, 1)),
wy(0,1) = kyw(0,t) + kowe(0, 1), (2.4)
wy(1,1) =0,

where ki, k2 > 0 and a(z) satisfies (1.2). We consider system (2.4 in the state
space H = H'(0,1) x L?(0,1) equipped with the inner product

(1, 1), (p2s v2))n = /O [a(z)ph () s () + v (@)ve(2)] d + ki pa (0)p2(0). (2.5)

System (2.4]) can be easily rewritten as an evolution equation in H.:
d
a(w('7t)’wt('>t)) :A(w("t)th('7t))a (2'6)
where operator A : D(A) C H — H is defined by
A(f,9) = (g (af")), ¥(f.9) € D(A),

D(A) = {(f.9) € H*(0,1) x H'(0,1) | /(1) = 0, '(0) = k1 f(0) + k29(0)} .
(2.7)
According to [23], we can see that A generates an exponentially stable Cp-semigroup
on H, that is, there exist two constants (y, o > 0 such that

leA[l7 < Goe™*F, vt > 0. (2.8)
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Theorem 2.1. Let ki, ky > 0. Then for any initial state (T(-,0),T4(-,0)) € H,
system (2.3) admits a unique solution (I',T';) € C([0,00); H). Moreover, there exists
a vector v € RY29 such that

x1(t) = T(0,t) — yu(t), (2.9)
satisfying
Jim x (1) =0, (2.10)
exponentially. Furthermore, the following hidden regqularity holds
e x1() € L*([0,00); R), (2.11)

where 11 1S a positive constant.

Proof. A direct computation shows that the adjoint operator A* of A satisfies
A*(f,9) = (=g, —(af")), VY(f g) € D(A"),
D(A*) = {(f7g) € Hg(oa 1) X H1(07 1) : fl(l) = Ou f/(O) = _klf(o) - k?.g(o)} .

(2.12)
System can be rewritten as
d /-~ - - -
= (r(-,t),rt(-,t)) = A (r(-,t),rt(m) + Bu(t), (2.13)

where B = (0, —(k1Fz + k2 F2Q + mF>Q)d(-) + F10(- — 1)) with the Dirac distribu-
tion &(-). Since v(t) satisfies (L.4)), we have Bu(t) € H} ([0,00); [D(A*)]’). Hence,
by [25], system (2.3) admits a unique solution (f‘,f‘t) € C([0,00);H). Now we
show (2.9)-(2.11)). Let

Qz) = (Q(x), Q(x)? e R**2 2 < (0,1]. (2.14)
By recalling (1.4) and (2.13)), we have

AT =) _ [T =)o) N )
dt Ft(-,t)—Qz(')U(t)} A[Ft('»t)—Qz(')v(t)} +(AQ() - Q()Q + B) EZ)-lE))

Since e”*' is exponentially stable, it must have Re A < 0 for any A € o(A). This
together with Assumption implies that 0(A) No(Q) = 0. Furthermore, from
A€ L(X1,[D(A")]) and B € L(R, [D(A*)]'), it follows from [22] that the Sylvester
equation AQ — QQ = —B admits a solution Q € L(R??,[D(A*)]"). Then, the
exponential stability of e* implies that lim;_,. I'(-,t) = Qi (-)v(t) exponentially.
Letting 7 := ©1(0), we conclude that — hold. The proof is complete. O

Combining equations (2.2]) and (2.9)), we have

e(t) =1(0,1) +p(t) + x1(¢), (2.16)

where p(t) = (y—F2)v(t). By Assumption[I.2} the term p(t) = (v—F»)v(t) contains
the sinusoids of no more than ¢ distinct frequencies. Then p(t) can be expressed as

At

q
p(t) = Z(Agj sinw;t + Bsj cosw,t), (2.17)

j=1

where {A3;} and {Bs;} are uncertain parameters.
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Lemma 2.2. The p(t) = (7 — F2)v(t) can be generated by the exosystem
Z(t)="TZ(t), Z(0)= Z,
p(t) = FZ(t),

where Z(t) = (21(¢), 22(¢), - - ., zzq(t))T € R,

T = O(2g—-1)x1 T2g-1)x(2¢-1)
—w 0 —w2 O —wg 0)° (2.19)

F =(1,0,0,...,0),

(2.18)

the I(aq—1)x(2g—1) denotes (2q — 1) x (2q — 1) identity matriz, and wy,...,w, are
chosen so that

129 wazqu 4 wq_1l2q74 4+t = (l2 + w%) e (l2 + wg). (2.20)
Proof. We choose w1, ..., w, to satisfy . By , we obtain
@1p(t) + @ap (1) + - -+ wgp D (1) +pE0 () = 0.
Let Z(t) = (p(t),p(t), - - -,p(2q_1)(t))T, and then we show that Z(t) satisfies (2.18]).
The proof is complete. O

From (2.16) and (2.18)), the output tracking of system (1.1 is converted into
a new output tracking problem for system (2.1) and (2.18)). However, p(t) is not

suitable for the controller design since the initial state Z(0) of the exosystem (2.18)
is unknown. To overcome this, we introduce the internal model dynamic

B(t) = Z0(t) + K (e(t) — T(0,1)), (2.21)

where b(t) = [3(1).9(1)..... 6D (1)] " € m2<1,

=_ <0<2q—1>x1 Ti2g-1)x(24-1) >
-m e =3 —N2g-1  —T2q) (2.22)
K =(0,0,...,6)7,
where the parameter n = (11,72,73,...,72) is chosen so that = is Hurwitz and
&> 0.

Before we proceed, we need the following Lemma from [2].

Lemma 2.3. Suppose that (S, F) is observable and (2, K) is controllable, where
S, 2 € R?9%29 gnd F € R1X24, K € R?9*!, The Sylvester equation

PS—=ZP =KF, (2.23)
admits a unique invertible matriz P.

Lemma 2.4. Consider system 12.21? with the controller pair (E,K’), where = €
R24%24 gnd K € R?9%! are given by (2.22). Then, there exists a unique nonsingular
matriz P such that

Xa(t) = p(t) — FP~'(1) (2.24)

tends to zero exponentially as t goes to infinity.
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Proof. Since (T, F') is observable, we can replace (S, F) of Lemmaby the (T, F).
Then, the Sylvester equation

PY —-EP=KF, (2.25)
has a unique invertible matrix P by Lemma We define the error
Z(t) = PZ(t) — ®(¢). (2.26)

From (2.16)), (2.18)) and (2.21f), we have
Z(t) = ZZ(t) — Kxa (). (2.27)

Since P has its invertible matrix, E is a Hurwitz, and x(t) satisfies Theorem 2.1}
we have that Z(t) tends exponentially to zero and so does for x»(t) = FP~1Z(t).

Furthermore, by differentiating (2.27) with respect to ¢, we obtain Z"(t) = 2Z(t) —
Kx1(t). Owing to =2 is Hurwitz and x1(t) satisfies (2.11)), there exists t2 > 0 such
that

e 2() € L3([0,50)R), e %a() € L3([0,00); R). (2.28)

The proof is complete. O
Substituting (2.24)) into (2.16]), we obtain

e(t) =1(0,t) + FP71&(t) + x(t), (2.29)

where x(t) = x1(t) + x2(t) converges exponentially to zero as t — co. In particular,

from (2.11) and (2.28]), we deduce that

e"x(-) € L*([0,00);R), ¢ > 0. (2.30)
Next, we determine the matrix P of (2.25)). Let P;, j =1,2,...,2q denote the jth
row of P. Then expanding PT — ZP = KF gives

PY - P, 000 ... 0
PY — Py 000 ... 0

: =1 o 0. (2.31)
Py, YT 2— Py, 0
P2qT+Eji1 n; P 3
By a straightforward calculation, one gets
P =€ (I +mY + o+ Y2 4 1%) 7 (2.32)
Substituting (2.29) into (2.21) and using (2.25)), we obtain
&(t) = PYP'&(t) + Kx(t). (2.33)
Noting that YP~! = P71T, we rewrite (2.33) as
d(t) = Td(t) + Kx(b). (2.34)
Remark 2.5. Solving (2.34]) gives

t
d(t) ="' D(0) +/ e YT Kx (1) dr.
0

Since x(t) converges exponentially to zero and Y has eigenvalues +iw, tiws,. ..,
+iwg, we can conclude that ®(¢) is bounded, i.e., ||®(f)|| < occ.
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3. CONTROLLER DESIGN

From Section [2} the tracking error e(t) can be represented by the state ®, T" and
I';. Since the state @, I' and I'; are available for the controller design and x(t)
converges exponentially to zero, we can design a feedback control for system (2.1

and such that
lim é(f) = lim (f(o,t) + prlé(t)) =0. (3.1)

t—o0 t—o0

Then, this controller has the same control effect on system (1.1). Motivated by
[20], we introduce the transformation

y(z,t) = D(z,t) — S(z)®(t), (3.2)
where () satisfies
(a(z)¥(2))" = Z(2)T?,
(0) = —FP Y (kyd + (ko —m)Y), (3.3)
%(0) = —FP L
Substituting into and using and 7 we obtain
yue(,t) = (a(2)ys (@, 1))e — S(@)TEX(E) — S(@) KX (),
Yo (0,1) = my (0,1) — ki x(t) — ka(FP K X(t) + X (1)) + mx (1),
ya(1,8) = U(t) = ' (1) (1),
y(0,t) = é().
Evidently, the output regulation problem of f‘(O, t) — p(t) — 0 has been converted

into a stabilization problem y(-,¢) — 0 when ¢ goes to infinity. Then, we propose
the output feedback control as follows:

U(t) = —kys(1,8) —y(1,) + =/ (1) (1)
= —kDy(1,8) = T(1,8) + kX (1) TD(t) — (1) D(t) 4+ X' (1)D(t),

(3.4)

(3.5)

where k is a positive constant. Under the controller (3.5)), system (3.4) becomes

yee(@,1) = (a(@)ye (2, 1))e — D(x) YK (1) — S(2) KX(1),
Y (0,8) = myy (0, 1) — kax(t) — ka(FP™ K x(t) + X(1)) + mx(t),
Yo (1,t) = —ky:(1,1) —y(1,1),
y(0,t) = é().

Lemma 3.1. Suppose that m, k > 0. When x(t) =0, system (3.6) is exponentially
stable in H.

(3.6)

Proof. When x(t) = 0, system (3.6 reads
yee (2, 1) = (a(2)ys(2,1)) 2,
Yo (1,t) = —ky(1,t) — y(1,1).
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Let g(z,t) = y(1 — x,t). Then, §(z,t) satisfies
Iu(z,t) = (a(2)ye (2, 1))a,
92(0,1) = k. (0,2) + 3(0,¢), (3.8)
Jo(1,1) = —mgy(1,1).
We define the energy of system as

1t
B0 = 5 [ a0+ 70 + V0.0, (39
0
The derivative of E(t) along (3.8]) satisfies
E(t) = —ma(1)5; (1,t) = ka(0)5; (0, 1), (3.10)

We establish the energy multiplier as follows:

o(t) = / (2~ 1) (2, )i (2, )+ 250, 1) / (1) (. H)de + 120, 2), (3.11)

where s, [ > 0 to be determined later. Obviously, |p(t)] < M E(t), M > 0. A direct
computation shows that

B0 = 577(0.0)+ 5620)20.0)— 5 [ [a@i@.0) + .0 da

1

2 1
+3 | @@= D@ 0de+ 2550.0) [ (0 =0l t)da

+ 219(0,t)9:(0,t) — 2sa(0)g(0, )y, (0,t) + 2s7(0, ) /0 ()Y (z, t)dx

< (% — 25a(0)k + Ir)§2(0, 1) + (aQ(O) +5—2sa(0) + %)92(07 t)

_% /0 [a(@)i (. 1) + 52 (x,1)] da,

where r > 0 is chosen so that 3 —2sa(0)k+Ir > 0. Since a(0) > 1/2, we can choose
sufficiently large s such that a?(0) + s — 2sa(0) + £ < 0. Therefore, there exists
My > 0 such that ¢(t) < (3 —2sa(0)k + Ir)§7(0,t) — MoE(t). Let

I(t) = E(t) + %w(t), 1> 0. (3.12)
Then
(L= WE@) <T() < 1+ wE@), 1) < ——% 114, (3.13)
= =M+

for all sufficiently small y > 0. This shows that

1 B
B(t) < 5 -t (), (3.14)

—

The proof is complete. (Il

Lemma 3.2. Suppose that k > 0. For any initial state (y(-,0),y:(-,0)) € H, system
(3-6) admits a unique solution (y,y.) € C([0,00); ), which is exponentially stable.
Moreover, lim;_, |é(t)| = 0.
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Proof. System (3.6) can be written abstractly as

%(?J(v t),9e(,1)) = Ar(y (-, 1), 5: (- 1)) + Bax(t) + Bax(t), (3.15)

where

B = (o, “Y()YK — ki6(-) — kQFP*1K5(~)), By = (0, YK — (ks — m)5(-))
with the Dirac distribution (). Thanks to the result of Lemma Ay gener-
ates an exponentially stable Cy-semigroup on H, and B;, By are admissible for
et (see [25]). Therefore, by [27] and Lemma system (3.15) is exponentially

stable, which admits a unique solution (y,y:) € C([0,00);H). Besides, we obtain
lim;_, o |€(t)] = 0. O

Lemma 3.3. Equation (3.3) admits a unique solution %(-) € C°°([0, 1];R?9).

Proof. Tt is clear that (3.3)) is an initial value problem, so we prove the existence of

its solution. O
4. CLOSED-LOOP SYSTEM

In this section, we consider the following closed-loop system which is composed

of (T, ) i @2
Ftt(x7t) - (a(x)rx(mvt))x =0,

'.(0,t) = mI'4(0,t),
L.(1,t) =U(t) +d(t

)

)+ kT4 (0, ) 4+ (m — ka)é(t), (4.1)

U(t) = —kDy(1,t) — D(1, ) + k(1) TD(t) — 2(1)D(t) + X' (1) ().
Now we study system (4.1 in the Hilbert space X = H x H x R4,

Theorem 4.1. Let k, ki, ko > 0. Suppose that d(t) and r(t) satisfy (1.5) and
(1.6), respectively. Then, for any initial state

(D0, T, 0), T (-, 0), T4 (-,0),8(0)) € , (4.2)
the closed-loop system admits a unique solution
(P.T 1 Ey, &) € C(0,00); ), (4.3)
satisfying
le(t)] < Le™", (4.4)

for some constants L > 0 and w > 0. Moreover,

(i) the state of the closed-loop (4.1)) is uniformly bounded

sup [|(CC,8),De(,8), D(,8), e (-, 1), @(1)) || < oo (4.5)

te[0,00) H
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(ii) when d(t) = 0 and r(t) = 0, there exist positive constants (1 and 11 such
that

[T, TeC), D), Do), R)) ||y pyemee < 1€~ VE> 0. (4.6)
Proof. According to and , we just need to consider that
Due(z,t) = (a(x) Ty (z, 1)),
T,(0,8) = —k1(p(t) + x1 (1) — k2 (B(1) + X1 (1)) + mé(?), (4.7)
[o(1,8) = —kTy(1,8) — T(1,8) + kX(1)Td(t) — 2(1)d(t) + X' (1) (1),

and

b(t) = (1) + K(p(t) + xa (1)), (4.8)
where x1(t) is given by (2.9) and p(t) = (y — F2)v(t). By Remark and the
transformation (3.2]), we obtain that

D(t) = TO(t) + Kx(t),
yer(@, 1) = (a(@)ye (2, ) — (@) TEX(1) — S(2) KX(D),
y2(0,) = my,(0,) — kax(t) — ka(FP K x(t) + Xx(t)) + mx(t),
ya:(la t) = _kyt(la t) - y(lvt)a
where ¥(x) is given by (3.3]). The well-posedness and exponential stability of (y, y;)-
part has been shown in Lemma Therefore, the state of the system (4.1)) is
uniformly bounded. According to (2.29) and transformation (3.2]), we see that
e(t) = y(0,t) + x(t). This implies that e(t) exponentially converges to zero as time

goes to infinity. X
When d(t) =0 and r(t) = 0. ®(¢) is given by

(4.9)

() =Zd(t) + Kx1(1). (4.10)

Since E is Hurwitz and x () is exponentially stable, we obtain i)(t) is exponentially

stable. Similarly to Lemma the (f‘, f‘t)—part of system admits a unique solution

(I, 1) € C([0,00);H), and it follows from transformation that (I,T) is

exponentially stable. By (2.16]), we conclude that e(t) decays exponentially to zero.
([ )

Therefore, the estimate (4.4]) holds. The proof is complete. O

5. NUMERICAL SIMULATIONS

In this section, we present some numerical simulations to validate the theoretical
results. The numerical results are programmed in MATLAB. The space step and
time step are taken as dx = 0.001 and dt = 0.999dx, respectively. Let a(z) = 1 and
the initial states are chosen as

['(z,0) = cos(2mzx) — 1,
Li(e,0) = I(,0) = [y(z,0) = 0, (5.1)
(O) - Oa
v =(1,1,1,1)"

The parameters are chosen as
m=05 k=1, k=1 k=09, n=(464,1), (5.2)
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Q = bdiag { (_01 (1)) : (_01 3) } . (5.3)

In this case, the solution of equation (T.4)) is v(t) = (sint, cost,sin 2t,cos2t) . The
corresponding parameters are chosen as

and the matrix @ is

F=(1,1,2,1), F=(1,21,2). (5.4)

The solution of PDE-part of the closed-loop system is depicted in Figure
The control law ®(¢) and the state U(¢) are plotted in Figure [2| It is seen that
all states of the closed-loop system are uniformly bounded. Figure [3] shows that
tracking error e(t) converges to zero as time goes to infinity, and FP~1®(t) can
gradually synchronize with p(t), respectively. Both of them converge effectively.

(a) state of T'(z,t) (b) state of T'(x,t)

FIGURE 1. Solution of closed-loop system (4.1

: 0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
t t

(a) state of ®(t) (b) state of U(t)

FIGURE 2. state of ®(¢) and U(t)
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20 2

0
15 —0

e(t) =T(0.0) — (1) FP'a(t)

0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
t t

(a) tracking error e(t) (b) state estimation FP~1®(t) — p(t)

F1GURE 3. Tracking performance

6. CONCLUSIONS

In this article, we address the output tracking problem of a wave equation with
variable coefficients subjected to boundary control matched with harmonic distur-
bances. The performance output is non-collocated with the control input. First,
we establish an auxiliary system using measurable tracking error and its derivative.
Subsequently, we construct an internal model dynamics to estimate the unknown
disturbances. As a result, we reformulate the tracking error dynamics by integrating
the internal model and the auxiliary system. Following this, we design an error-
based feedback control mechanism for the auxiliary system, employing an invertible
transformation for this purpose. Finally, we prove the boundedness of the closed-
loop system and tracking error converges to zero exponentially, and demonstrate
the effectiveness of our proposed controller by some numerical simulations.
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