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NORMALIZED SOLUTIONS FOR BIHARMONIC
SCHRODINGER EQUATIONS WITH POTENTIAL AND
GENERAL NONLINEARITY

FENGWEI ZOU, SHUAI YAO, JUNTAO SUN

ABSTRACT. We study the existence and non-existence of normalized solutions
to the biharmonic equation

A%y — Au+V(z)u+Iu= f(u) inRY.
where 0 # V(2) < Voo := lim|y| o0 V(z) € (—00,+00] and f € C(R,R) is a
nonlinearity. For the trapping case of Voo = +00, under some suitable assump-
tions on f, we prove that there exists a ground state as a global minimizer of
the corresponding energy functional. For the case of Vo < 400, under some
other assumptions on f, we prove that there exists @ > 0 such that a global
minimizer exists if & > & while no global minimizer exists if & < @. Moreover,
the size of @ is also explored, depending on the potential V.

1. INTRODUCTION
Our starting point is the biharmonic nonlinear Schréodinger (NLS) equations
ihy — yA2Y + BAY 4 [P =0 in R x RY,
Y(x,t) = o(x),

where 1 (z,t) : RN x [0,7) — C is a wave function, v,p > 0 and 8 € R. This
equation has been introduced by Karpman and Shagalov in [II] [12] to take into
account the role of small fourth-order dispersion terms in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity, see also [6]. It has also been
used to describe the motion of a vortex filament in an incompressible fluid [7].
Equation (1.1) is Hamiltonian, and the mass and energy are conserved by the flow.
Equati has an important class of special solutions, i.e. the standing waves.
A standing wave is a solution of the form v (t,z) = e*u(x), where A € R is a
frequency. Then the real valued function w satisfies the elliptic equation

YA — BAuA+ M = |[ulP2u  in RY. (1.2)

(1.1)

To study the solutions of (|1.2]), one can consider A to be an unknown of the
problem. Then A appears as a Lagrange multiplier and L2-norms of solutions are
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prescribed, i.e.

/ lu|?dx = o > 0,
RN

which are usually called normalized solutions. This study seems to be particularly
meaningful from the physical point of view, since standing waves of conserve
their mass along time. Normalized solutions to Eq. can be identified with
critical points of the energy functional E, 5 : H?(RY) — R given by

B =5 [ 18P+ VP~ [ Fluds,
2 Jr~ RN
on the set
Sypla) = {ue H?*RN) : / w’dr = a},
RN

The study of normalized solutions to biharmonic NLS equations has at-
tracted much attention in recent years. We refer the readers to [Tl 2 3] [5], T4, [15].
More precisely, when v > 0,6 < 0and 2 < p < p* :=2+ %, Bonheure et al. [2]
proved the existence of a global minimizer by using the minimization method. Sub-
sequently, when v > 0,8 < 0 and p* < p < 4* := %7 the existence of a ground
state and the multiplicity of radial solutions were obtained by the Pohozaev con-
straint method in [I]. Luo et al. [I5] proved the existence of a global minimizer
when v = 1,8 € R and 2 < p < p* by using the profile decomposition of bounded
sequences in H?(RY) established in [21]. In [3], Boussaid et al. studied with
v > 0,8 >0and 2 < p < p*, which improved the results in [I5] by relaxing
the extra restriction on a and 3. Very recently, Luo and Yang [I4] obtained the
existence of two normalized solutions for with v > 0,8 > 0 and p* < p < 4*.

To the best of our knowledge, there seems to be no any results on normalized
solutions to biharmonic NLS equations with a potential and a general nonlinear-
ity in existing literature so far. Inspired by this, in this paper we focus on this
case and explore the effect of the potential on the number of normalized solutions.
Specifically, for a > 0, the problem considered in this study is as follows:

A%u—Au+V(z)u+ I = f(u) inRY,

/ w?dr = a >0,
]RN

where N > 5, V and f satisfy the following assumptions:

(A1) f € C(R,R), f(0) = 0 and there exists ¢ > 0 such that F(¢) > 0, where
F(s) =[] f(t)dt for s € R;

(1.3)

4*1<oo;

F(0s) > G%F(s) for § > 1 and s > 0.
0# V(z) < Voo i=lim|y 00 V(2) € (—00, +00];

A7) e*V(ex) < V(x) for € € (0,1) and # € RV,

It is clear that normalized solutions to correspond to critical points of the
energy functional I : H —R given by

I(u) = %/RNHAUF + |Vul? + V(z)u?)de — / F(u)dz,

RN

(A2)

(A3)

(A4) f(s)s —2F(s) >0 for s # 0;
(A5)

(A6)

(
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on the constraint

S(a) := {ueH: uzdm:a},

RN
where

H:={ue H*RN): / V(z)u*dr < oo}.
RN
Note that H is a Hilbert space, endowed with the norm
1/2
lullz = [/ (1A + [Vul? + V()u)de]
RN

To find solutions of (|1.3), we consider the minimization problem

o = Inf I(u).

First of all, we study the case of V, = +00 and obtain the following result.
Theorem 1.1. Assume that conditions (A1)-(A3) hold and V € C*(RY) satisfies

condition (A6) with Voo = +00. Then my, is attained by u € S(a) for any o > 0,
which is a ground state of problem (1.3)).

Next, we turn to study the case of V. < +0o. Following from [I7], we define

a = inf{a > 0:m, <0}, (1.4)
and need the limit Fs)
. s

lgnb |s|2+% < +00. (1.5)

Then we have the following results.

Theorem 1.2. Assume that conditions (A1)—(A4) hold and V € C1(RYN) satisfies
condition (A6) with Voo < 400. Then there exists a constant & > 0 such that mq
is attained by w € S(a) for a > &, which is a ground state of problem (1.3)).

Theorem 1.3. Assume that conditions (A1)—(A3), (A5) hold and V satisfies con-
ditions (A6) with Voo < 400 and (AT). If in addition condition (L.5)) holds and

a > 0 is uniquely determined, then the following conclusions are true.
(i) If a > @&, there exists a global minimizer with respect to mey;
(ii) If 0 < a < @, there is no global minimizer with respect to me,.
Remark 1.4. Tt is meaningful to point out that the condition (A4) is weaker than
the well known Ambrosetti-Rabinowitz type condition:
(AR) There exists a > 2 such that f(s)s > aF(s) > 0, for all s # 0.

To obtain more information, we need a stronger condition (A5). In deed, by (A5),

F(0s)  F(s)
25 R Vo > 1, s #0.
F(s)

This implies that s
for s < 0. Then we have

d (F(s)) f(s)s —2F(s)

-z~ Is strictly increasing for s > 0 and strictly decreasing

= >0, fors>0,

ds\ §2 53
d (F(s)\ _ f(s)s —2F(s)
g( o) ) = e >0, fors <0,

which means that condition (A4) holds.
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Moreover, we have the following result.

Theorem 1.5. Assume that conditions (A1)—(A3), (A5) hold and V satisfies con-
ditions (A6) with Voo < +00 and (AT). If in addition condition (1.5 holds, then
the following conclusions hold.

(i) Assume that there exists an so > 0 such thatf(s) > 0 in [0, s9] and
nt 1/ (1Auf? + |Vaf? + V(2)u?) de < 0, (1.6)
U||2= RN

Then o = 0.

(ii) If V e LN/Y(RN) satisfies |V||nja < S, then we have & > 0. Here, S is
defined as a Sobolev constant, i.e.,

[ Aull3

S =
ueD22(RN)\{0} |lu

5 -
4%

We wish to point out that normalized solutions of NLS equations with potential
and various types of nonlinearities has been studied by Ikoma and Miyamoto [§]
and Yang et al. [20] recently. In this article our results can been viewed as an
extension to the case of biharmonic NLS equations.

This article is structured as follows. We introduce some preliminary results in
Section 2. We give the proofs of Theorems in Section 3.

2. PRELIMINARY RESULTS

For sake of convenience, we set
A(u) = / |Au*’dz  and B(u) := / |Vu|*de.
RN RN
Then the energy functional I is rewritten as
1 1 1
I(u) = zA(u) + =B(u) + = V(x)uldx — F(u)dz.
2 2 2 ]RN RN
In view of the Gagliardo-Nirenberg inequality [I4], for 2 < p < 4*, there exists a
constant Cy, > 0 such that
P 1-— P
lullp < CR I Auly” ulg ) for w € HXRY),

N(p—2)
4p :

Lemma 2.1. Assume that conditions (A1)—(A3) hold. Then the following state-
ments hold:

where v, :=

(i) For any bounded sequence {u,} C H, if limy o0 |[tn|lcoc = 0, then
lim F(uy)dzx =0,
n—oo RN
and if limp o0 [[tnlly1 s =0, then
limsup/ F(up)dz <0.
n—o00 RN

(ii) For any « > 0, the energy functional I is bounded from below and coercive

on S(a).
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Proof. (i) It can be found in [9, Lemma 2.1 (7)].
(ii) According to [9, Lemma 2.1 (ii)], since Vp := inf cpn V() > —00, by using
the Poincaré inequality, there exists a constant C' = C(f, «, V) > 0 such that

I(u) = %A(u) + %B(u) + % . V(z)uldz — . F(u)dx

> %Hu”% —C(f,a, V) for any u € S(a),

which implies that the functional I is bounded from below and coercive on S(«)
for any o > 0. ([l

Lemma 2.2. Assume that conditions (A1)—(A3) hold. Let {u,} be a bounded
sequence in ‘H such that u, — w in H. Then

lim |F'(up, —u) + F(u) — F(uy)|dz = 0.

n—o0 RN
The proof of the above lemma is similar to [10, Lemma 3.2], so we omit it here.

Lemma 2.3 ([I3], Lemma I.1]). Let {u,} be a bounded sequence in H satisfying

sup / |un|?dz — 0 asn — oco.
z€RN JB(z,1)

Then for q > 2, we have ||uy|lq = 0 as n — oco.

Lemma 2.4 ([16]). Assume that Vo, = +00. Then the embedding H — LI(RYN) is
compact for all 2 < g < 4*.

3. PROOF OF THE MAIN THEOREMS

3.1. Case V,, = +o0.

Proof of Theorem[I1. According to Lemma (i), there exists a minimizing se-
quence {u,} C S(a) of I with respect to m, such that m, = lim,_ oo I(uy).
Clearly, {u,} is bounded in H. By Lemma there exists 4 € H such that
U, — U in H,
u, —a in L*(RY),
U, — @ a.e. in RY.

This shows that @ € S(a). Using Lemma and the weak lower semi-continuity
of the H-norm, it follows that

I(u) < lim I(u,) =mq < I(@),

n—oo

which implies that m, = I(4) and u,, — @ in H as n — co. Therefore, @ € S(a) is
a ground state solution of problem (1.3)). The proof is complete. [
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3.2. Case of V, < 4+oo0. Without loss of generality, in this subsection, we may
assume that Voo = 0 in condition (V'1). If not, we may replace (V(z),\) by
(V(2),X) = (V(2) = Vio, A + Vo),
and problem becomes the equivalent problem
A%y — Au+V(z)u+ = f(u), inRY,

wldz = a.
RN

Lemma 3.1. Assume that conditions (A1)-(A3), (A6) with Voo = 0 hold. Then
we have
(i) mq <m <0 for any a >0,
(ii) mo <mg+mq_g fora>p>0,
(iil) m3° and my, are non-increasing on o > 0,
(iv) a— mq is continuous for a > 0.

The proof of the above lemma is almost the same as [8, Lemma 2.5], se we omit
it here.

Lemma 3.2. Assume that conditions (A1)-(A3), (A6) hold. Then there ezists
o > 0 such that mq < 0 for all a > o*. Assume that in addition condition (1.5)
holds, for a > 0 small enough, we have my = 0.
Proof. From condition (A1), there exists u € H?(RY) such that [,y F(u)dz > 0.
For any o > 0, set uq := u(a™ /N . ||u||§/N -x) € Sy. Since
I (uq)
1

1
= 7/ |Aug |2d + 7/ |Vua\2dx7/ F(uq)dx
2 RN 2 RN RN

N-2

N—4
o N o N «
= ———Fv |Au|2dx+7/ |Vu|2dx— —/ F(u)dz
2| u) NN /RN 2||u) ZN DN Jrn [ull3 Jr~

N—-4

=:Cia ¥ + C’goc¥ — Csa =: g(a),

it follows that m® < I*°(u,,) = g(a) < 0 for sufficiently large o > 0.
By condition (L.5), there exists Cy > 0 such that F(s) < Cf|s|>*®/N for any
s € R. By the Gagliardo-Nirenberg inequality,

F(u)dz < CpC¥ .o®N||Aull3  for all u € S,.
RN ’

For any « > 0 small enough such that C’fC;{p*as/N < 1/4, we have
1
I(w) > {1 Aul} >0,

and thus my > 0. It follows that m, = 0 for @ > 0 small enough. The proof is
complete. O

For w € S(1), we set
ut(z) == tN?u(tz).
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It is clear that u' € S(1) and /au' € S(a). Define the fibering map gq . (t) :
(0, +00) — R by

Jau(t) = I(Vou')

2 2
_ O‘; Alu) + %tB(u)—i—g/ V(z/t)yl dx——/ ot¥u) dr.

By calculating the first derivative of g, ., we have
fo®) = t0d(w) + aB(w) — 355 [ (VY (a/t),)fuPda
RN

N [f( atNu> \/Wu—?F( atNu”dx,

T 9N+l RN

and

9hu(1) = @A(w) + aB(w) - 3 /R AVV (@) a)u’de

-5 [ Wana = 2p(a)ds

=: Qa(u )
Then we have the Pohozaev identity.

Lemma 3.3. Let u € S(1) be a critical point of the functional I restricted to S(1).
Then

2A(u) + Blu) - %/RN<VV(90) Vulde — Y /RN W — 2P(u)dz = 0. (3.1)

Proof. Since u € S(1) is a critical point of I restricted to S(1), there exists a
Lagrange multiplier A € R such that
Ay — Au+V(x)u+ I = f(u). (3.2)

Multiplying (3.2]) by w and integrating, we obtain

/ (Aul2 + Va2 + (V(2) + Nud)dz = | F(u)uda.

RN RN

From [19, Lemma 2.2], we have

N -4

T/ | Ayl da:—&-i/ |Vul dw+—/ z) + N(VV(z),z) + \u?dzx
RN

=N F(u)dz.

RN
Therefore, combining these two equalities above, we obtain (3.1). The proof is
complete. ([l

Now, we define the set

My :={ue S(1):Qq(u) =0},
and the functional h(«) : [0, +00) — R by

h(a) := %A(u) + %B(u) + % - V(z)uldz — . F(Vau)dz

for u € M,. Then we have the following lemmas.
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Lemma 3.4. For each a > 0, it holds

Me = inf T =my = inf I(u).
m Luf (Vau) =m uelg(a) (u)
Proof. According to the definition of m,, obviously m, < m,. In addition, for
any u € S(a) with Qa(ﬁu) = 0, we have m, < I(\/a%u) = I(u). Taking the
infimum, we obtain m, < m,. Therefore, m, = m,. The proof is complete. ([l

Lemma 3.5. Assume that conditions (A1)—(A4) hold. In addition, let V € C1(RY)
satisfy condition (AG). Then the following conclusions are true:

(i) the function o % is decreasing for all oo > 0,

(ii) if mq is achieved for a > 0, then the function o —
a > 0.

Proof. (i) For u € M, fixed, define

Ma

s decreasing for all

J(a) = @ for a > 0.

Then J(a) € CY(R) and J'(a) = w By calculating the first derivative of
h(a) one has

W(a) = 3AW) + 5B + 5 /RN V(@) |ul?da — % /RN F(Vau)uds,
which implies that
h(a)a — h(a) = —% /]RN [f(Vau)vau — 2F (v/au))| dz. (3.3)

By condition (A4), we obtain

f(Vau)vau — 2F(y/au) > 0. (3.4)
Thus, it follows from (3.3 and (3.4) that A'(a)a — h(a) < 0, so (i) is valid.
(ii) Fix 0 < a1 < ag, and let u; € M, satisfy mq, = I(\/a;u;) for i = 1,2.
Then from (i) and the definition of m,, it follows that
Moy _ I(\/ozuz) _ Nfas) - hlaa) _ I(\/oquy) _ Ma,

Q2 Qa2 Qa2 851 851 aq

Mma

This indicates that the function o+ == is decreasing for all a > 0. The proof is
complete. O

As a direct consequence of Lemma we have the following lemma.

Lemma 3.6. Assume that conditions (A1)-(A4) hold. In addition, let V € C*(RN)
satisfy condition (A6). If m, is attained for some o > 0, then for any ai,as €
(@, +0), we have

May < Moy + May—ay-

Lemma 3.7. Assume that ((A1)—(A4) hold. In addition, let V € C*(RN) satisfy
condition (A6). Let {u,} C S(a) be a minimizing sequence of I with respect to
m(a) for a > @, then one of the following conclusions hold:

(i)

limsup sup / |t |?dx = 0;
B(z,1)

n—oo zeRN
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(ii) Taking a sequence if necessary, there exist u € S(«) and a family {y,} C
RN such that

Un(- —Yn) = u inH asn — oo.

Proof. Assume that (i) does not hold. Then

0 < limsup sup / [u, [2dz < o < 0.
B(z,1)

n—oo zeRN

Taking a subsequence if necessary, there exists a family {y,,} C RY such that
0 < lim |t (2 — yp ) |Pda < o0.
n—00 B(0,1)

By Lemma {uy} is a bounded sequence in H. Thus, up to a subsequence, there
exists u € H such that

Up(- —Yn) = u inH,
'I.Ln(' - yn) —u in L%OC(RN)7
Un(-—yn) = v ae. in RY,

which implies that 0 < [[ul|3 < a. Set n := ||ul|3 and v, = u,(- — yn) — u. It is

clear that v, — 0 in ‘H as n — oo. Moreover, it follows from Brezis-Lieb theorem
[4] and Lemma [2.2] that

I(up) = I(u) + I(vy) + o(1).

Next, we prove that n = a. Otherwise, if 0 < 1 < «, using Brezis-Lieb theorem [4]
again, we have

[unll3 = llu+vall3 = lull3 + llvall3 + o(1), (3.5)
which implies that ||v,]|3 = a—n+o0(1) > 0. To obtain a contradiction, we consider
two separate cases. If m,, is not attained by u, then by Lemma we have

Mme = I(uy) + o(1)
=1I(u) + I(vn) + o(1)
> my + I(v,) + o(1)
> My + Moy 2 Ma,
which is a contradiction. If m, is attained by u, then from Lemma it follows
that
me = I(u) + I(v,) + 0o(1)
= my +1(vn) +o(1)
2 My + Ma—py > Ma,

which is also a contradiction. Hence, n = ||u||3 = @ and u € S(a).
Note that

I(uy) = I(u) + I(vy) + 0o(1) > mg + I(va) + o(1),
which means that

lim I(v,) <0. (3.6)

n—oo
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By (3.5), ||[vn]|3 — 0 as n — oco. Then for any & > 0, there exists R > 0 such that

| V(z)vidz| S/ V(x)vidx—l—/ V(z)vide
RN

RN\ Br(0)

< sup |V(x)] vidr + sup |V(:I:)|/ v2dr
Br(0) Br RN\BRg(0) RN

where C' > 0 is a constant. This indicates that

lim V(z)vide = 0. (3.7)

n—oo RN

Applying Lemmas 2.1] and [2:3] leads to

lim F(vy)dx < 0. (3.8)

n—oo RN

So, by (3.6)—(3.8), we have
1
= lim (|Av, |2 + |V, |?)dz

n—roo RN

< lim I(vy,)+ lim (/ F(vn)dx—/ V(x)vidx) <0,
n—o00 RN RN

n— oo
which implies that v, — 0 in H. Therefore, lim, o un(- — yn) = v in H. The

proof is complete. O

Proof of Theorem[I.3. By Lemma let {u,} C S(a) be a bounded minimizing
sequence of I with respect to m,,. It is sufficient to show that {u,} satisfies Lemma

(ii). Otherwise,
limsup sup / u?dr = 0. (3.9)
B(z,1)

n—oo zeRN

By (3.9) and Lemma [2.3] we have
u, — 0 in LP(RY) for 2 < p < 4*. (3.10)
Then it follows from Lemma BTl that

lim F(up)dz <0. (3.11)

n—oo RN

In addition, since lim|,|_,oc V(2) = 0, for each ¢ > 0, there exists a M > 0 such
that

|[V(z)| <e for |x| > M. (3.12)
According to , we know that

up — 0 in L*(By(0)). (3.13)
Then combining and , we deduce that

| V(x)uidaﬂ < sup |V(z)] uide+ sup |V(2)] uidr < e,
RN B (0) B (0) RN\ By (0) RN

which means that

lim V(x)uldr = 0. (3.14)

n—oo RN
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Hence, by (3.11]) and (3.14]) one has
1
Mme = lim I(u,) > lim (7/ V(z)ufldxf/ F(un)dx) >0,
n—oo n—oo 2 RN RN

contradicting to my < 0. Therefore, there exists a global minimizer u such that
I(u) = mg, that is, u € S(«) is a ground state solution of problem (1.3). The proof
is complete. O

Lemma 3.8. Assume that conditions (A1)-(A3), (A5)—(A7) and hold. Then
for any o > &, we have

(i) mye <lImg for anyl>1,

(ii) if mq is altained, then myy < lmg, for all 1> 1.

Proof. (i) For each £ > 0, there exists u € S(«) such that I(u) < mq, + €. Set

= l%u(lm), we have
/ uldr = l/ u?dr = la,
RN RN

which implies that u; € S(la). Then it follows from (A5) and (A7) that for all
I>1,

mye < I(w)

—l5||A |2+l3||v |2+l V(s — — F(I™uw)d
=3 u|2§u|2 3 fon x/u:leRN( u)dx

1 1 1 1 N+1
= 15(5\\AUH§ + ﬁHvUHg + o /RN V(z/lu*dx — INT /RN F(l™= u)dm)

= P[1w + 3G~ 0IVu+ 5 [ (FVen V)

+ /RN (P(u) - ZN%F(ZN;luDdx}
< PPI(u) < I°(mg +€).

This implies that my, < I°mo < lmg, for all I > 1, since € > 0 is arbitrary.
(ii) Let m, be attained by some u € S(«), i.e. I(u) = mqy. According to (i), we
have
My < Img, for any [ > 1.

The proof is complete. O
As an immediate consequence of Lemma we have the following lemma.

Lemma 3.9. Assume that conditions (A1)—(A3), (A5)—(AT7) and (L.5)) hold. If m,
is attained for o > &, then for each aq, g € (&, 00),

Meay < Meay + May—a; -
Proof of Theorem[I.3 (i) Suppose by contradiction that there exists a global min-

imizer of the energy functional I with respect to m, for 0 < a < &. According to
([4), ma = 0 when 0 < a < & Then we infer from Lemma (ii) that

0=mqg > ma,

which contradicts with Lemma [3.1] (iii)-(iv). Hence, m, is not attained for 0 < a <
Q.
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(ii) By Lemma we have m, < 0 for a > a. It follows from Lemma [2.1] that
there exists a minimizing sequence {u,} C S(a) such that lim, . I(un) = Mmq.

Next, applying the argument of Theorem by Lemmas and there
exists a global minimizer u such that I(u) = mg. The proof is complete. [

Proof of Theorem|[I.5. (i) By (L.6), there exists a u € C§°(RY) such that ||u[|3 =1
and

/ (|Au)® + |Vul* + V(z)u?) dz < 0.
RN

Replacing with |u| and thus we can assume that w is non-negative. Let a €
(0,83/||ull%,). Clearly, vJau € S(a) and F(y/au) > 0. Then there exists oy €
(0, 83/ |lul|%,) such that for o < ayp,

ma < I(v/au) < %/ (1Au® + [Vul? + V(@)u?)dz < 0.
RN

By the monotonicity of m, in Lemma [3.I] we obtain that m, < 0 for all & > 0, so
a=0.

(ii) By condition (1.5)), there exists C'y > 0 such that F(t) < Cf|t|2+% for any
t € R. According to the Gagliardo-Nirenberg inequality, we have

Fu)da < C;Co ¥ o¥/N[[Auf} for all u € S(a). (3.15)
RN TN

By [18] Lemma 2.2], we recall that

| [ Vinids] < Wil < U VIgaldul 310

where S is defined as a Sobolev constant, namely,

A 2
S:= inf ” ”2”2. (3.17)
ueD22(RN)\{0} |lul/%-
Define
1= SV nja\N/4
o= 2+ % )
QCfCN,Q-&-%

It is clear that oy > 0 when ||V x4 < S. Then for u € S(a) with a € (0,a1), it

follows from (3.15]) and (3.16]) that

1 1 1
I(u) = EA('LL) + iB(u) + 3 V(x)uldx — / F(u)dx
RN RN
1 1 _ 248 4
> SB(u)+ 3 (1 ~STV]y — QCchfzﬁ%aw) A(u) > 0,

which indicates that m, = 0 and @ > « > 0 from the monotonicity of m,. The
proof is complete. O
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