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MULTIPLE SOLUTIONS FOR p(z)-KIRCHHOFF TYPE
PROBLEMS WITH EXTENDED ROBIN BOUNDARY
CONDITIONS

HOUSSAM BALADI, ABDELLATIF AGLZIM,
MOHAMMED FILALI, NAJIB TSOULI

ABSTRACT. This article considers p(z)-Kirchhoff type problems with extended
Robin boundary conditions. Using the mountain pass theorem, Ekeland’s vari-
ational principle, and Krasnoselskii’s genus theory, we prove the existence at
least two, and infinitely many non-trivial weak solutions under some suitable
conditions on the non-linearities. The main results improve and generalize the
results introduced in [1].

1. INTRODUCTION

In this article, we study the existence of weak solutions for p(z)-Kirchhoff type
problems with extended Robin boundary conditions

_M(‘/Q]%|Vu|p(w) dx
+ /8Q (f,((gluw(x) + G(m,u)) daw) div (|Vu|p(:c)—2vu)
= f(z,u) + Ah(z), z€Q,

(1.1)

|Vu|p(”)_2% + ﬁ(m)|u\p(“)_2u +g(z,u) =0, x €09,

where Q is a bounded domain in RY with smooth boundary 952, g—“

~ is the outer
normal derivative, do, is the measure on the boundary 99, 8 € L'(9Q), 3~ =

infaeanB(z) > 0, g : 02 x R — R is a measurable function, with G(z,t) :=
f(f g((E,S) ds7 pe C+(Q)7

1 <p™:= inf p(z) < p* :=maxp(z) < N,
zeQ zEQ
A is a non-negative parameter, f : @ x R — R and M : RT := [0, +00) — RT are
two continuous functions, A : Q — R is a measurable function.
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We can prove the same results if 3(x) = 0. Then the problem ({1.1)) becomes

1
- M / ——|VulP®) dx +/ G(z,u)doy ) div (|[Vu[P®)—2vy
( Q P($)| | o0 () ) (‘ | )

= f(z,u) + Mh(x), z€Q, (1.2)
ou
p(x)—2 = 9]
[Vu| ey +g(x,u) =0, x€dQ,

Problem (|1.1)) is related to the stationary version of the Kirchhoff equation

CA G e 13)

Poz —\ "L Ox2

presented by Kirchhoff in 1883 as an extensmn of the classical D’Alembert wave
equation for free vibrations of elastic strings, see [24]. The parameters in (|1.3)
have the following meaning: L is the length of the string, h is the area of the
cross-section, F is the Young modulus of the material, p is the mass density, and
Py is the initial tension. Problem is often called a non-local problem be-
cause it contains an integral over 2. This causes some mathematical difficulties
which make the study of such a problem particularly interesting. The non-local
problem models several physical and biological systems, where u describes a pro-
cess which depends on the average of itself, such as the population density, see
[9]. Kirchhoff type problems have been studied in many papers in the previous
decades. In [8, 14 23, 26| 29] [30], using various methods the authors study the
existence and multiplicity of solutions for Kirchhoff type problems involving the
p-Laplacian operator —A,(-) = —div (|[V - |P72V+). The p(z)-Laplacian operator
where p(-) is a continuous function possesses more complicated properties than the
p-Laplacian operator, mainly due to the fact that it is not homogeneous. The
study of various mathematical problems with variable exponent are interesting in
applications and raise many difficult mathematical problems, see [25] 27]. For this
reason, ordinary differential and partial differential equations with non-standard
growth conditions have received specific attention in recent years, we refer to some
results on p(x)-Kirchhoff type problems with Dirichlet or Neumann boundary con-
ditions [0} [0, 13| 15, 16, 22]. Relatively speaking, Kirchhoff type problems with
Robin boundary conditions have rarely been considered. Robin boundary condi-
tions are a weighted combination of Dirichlet and Neumann boundary conditions
and it is also called impedance boundary conditions, from their application in elec-
tromagnetic problems or convective boundary conditions from their application in
heat transfer problems. Moreover, Robin conditions are commonly used in solving
Sturm-Liouville problems which appear in many contexts in sciences and engineer-
ing, see [17]. To the best of our knowledge, Allaoui [3] first introduced the p(z)-
Kirchhoff type problems involving Robin boundary conditions and studied problem
in the case A = 0 by using the mountain pass theorem, the fountain theorem
and some properties of (S)type operator. Regarding the p(z)-Laplacian problems
with the Robin boundary conditions in the local case when M (t) = 1, we refer to
[12, 41 17, 211 28], in which some existence and multiplicity results were obtained by
using variational methods. Motivated by above mentioned papers and the results
on the Kirchhoff type problem involving Laplace operator —A(-) in [§], the purpose
of this article is to consider Robin problem with perturbation h and parameter
A. More precisely, under some suitable conditions on the nonlinear term f and the
Kirchhoff function M, we prove that problem has at least two weak solutions
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if A > 0 small enough, see Theorem [3.1] In the case when A = 0, we prove problem
(1.1) with subcritical growth condition has infinitely many solutions, see Theorem
Our methodology relies fundamentally on the utilization of the mountain pass
theorem [B], the Ekeland variational principle [20], and Krasnoselskii’s genus theory
[12], complemented by the approach outlined in the article by Afrouzi [I]. We high-
light that the findings presented in this work are novel, extending to cases where
p(+) is a constant. Furthermore, we do not require the non-degenerate condition on
the Kirchhoff function M, as stipulated in [3] [8]; refer to the assumptions (A1) and
(A2).

This article si structured as follows: In the preliminaries we define the functional
space and give results that we need for the proofs. In the main result section, we
prove the existence and the multiplicity of the solution. In the application section,
we apply the results of section 2.

2. PRELIMINARIES

We recall some definitions and basic properties of the generalized Lebesgue
Sobolev spaces LP(*)(Q2) and WP(®)(Q) where Q is an open subset of RY. For
this context, we refer to the books [I8] 27] and the papers [2] [17] 211 25]. We define
the set

C(Q) :={h;h € C(Q),h(z) > 1 for all z € Q}
For each h € C(Q) we define

ht =suph(x), h~ = inf h(x).
zeQ zeQ

For each p(z) € C, (), we define the variable exponent Lebesgue space
LP@)(Q) = {u measurable real-valued functions such that /Q Ju(z)|P®) da < oo}
We recall the so-called Luxemburg norm on this space defined by the formula

[ul Lo (@) = [ulp@) = inf {A >0 /Q ’@V)(I) dw <1}.

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
respects: they are Banach spaces, the Holder inequality holds, they are reflexive if
and only if 1 < p~ < p™ < +oo and continuous functions are dense if pt < +o0.
The inclusion between Lebesgue spaces also generalizes naturally: if 0 < |Q] < 400
and p1, ps are variable exponents so that p;(z) < pa(x) a.e. z € ) then there exists
the continuous embedding LP2(*)(Q) « LP1(*)(Q). We denote by L¥ (*)(Q) the
conjugate space of LP(*)(Q), where ﬁ + ﬁ = 1. For any u € LP(*)(Q) and
v e LP (®)(Q) the Hélder inequalities

| | wodz| < (% + %)Mpm\vlpw < 2fulp(@) [Vl @)
Q pm (P)

hold. An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the Lp(””)(Q) space, which is the mapping pp) :
LP®)(Q) — R defined by

Pp(x) (U) = ,/Q ‘u|p(w) dx
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If u € LP(®)(Q) and pt < 400 then the following relations hold

FullZsy < ppten() < [lulZF),
provided [ul,(,) > 1, while

"
JullZh) < ppten() < [l
provided |[Jul[,) < 1, and
||un — ’LLHP(I) —-0& pp(m)(un — ) — 0.

If p € C.(Q) the variable exponent Sobolev space W1P(#)(Q), consisting of
functions u € LP®) (Q) whose distributional gradient Vu exists almost everywhere

and belongs to [LP(®) ()] N, endowed with the norm

ul| := inf{)\>0:/ [\V“A P 4 e )|P<x)} dr <1}
Q

or
[ull = ulp@) + [Vulp),
is a separable and reflexive Banach space.

Proposition 2.1 ([31]). Let

ptu) = [ V) do
Q

Then - .

Jul?” < plu) < [lul?
provided ||ul| > 1, while

+ —

Jull”" < p(u) < ull?

provided ||ul|| < 1, and
llun, — u|| = 0 < p(uy, —u) — 0.

The space of smooth functions are in general not dense in Whr)(Q), but if the
exponent p € C1(Q) is logarithmic Holder continuous, that is,

M 1
p(z) —ply)| < —————F, Vr,ye ), z—y| < -,
IP(@) = PW)| <~ v —yl < 3

then the smooth functions are dense in W*?(*)((2). The space (Wol’p(x)(Q), |- is
a separable and Banach space. We note that if s € C(Q2) and s(z) < p*(z) for all
x € ) then the embedding

WP (Q) — L5@)(Q)

is compact and continuous, where p*(z) = ]\],Vf(w; if p(z) < N or p*(x) = +oo if
p(x) > N.

Proposition 2.2 ([31]). Let us define the functional L : WP (Q) — R by

= [ v g
L) = [ IV d (2.1)

for allu € WHP(@)(Q). Then L € C*(W1P@)(Q),R) and its derivative is

L' (u)(v) = /Q |Vul[P®=2uVo d (2.2)
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Moreover, we have the following assertions

(i) L' : Whrl)(Q) — WP (Q) is a continuous, bounded and strictly mono-
tone operator;

(ii) L' : W@ (Q) — WLP@)(Q) is a mapping of type (S)y, i.e. if {un}
converges weakly to u in WP (Q) and limsup,, . L' (un)(u, —u) < 0,
then {u,} converges strongly to u in WHP(®)(Q).

If s € C1(09Q) and s(z) < p«(z) for all z € I then the trace embedding

WP (Q) « L5 (90Q)
= %7_171))(’;(;”) if p(x) < N or p.(z) = +o0 if
p(x) > N. Moreover, for any u € WP(®)(Q), we define

is compact and continuous, where p,(x)

[ullo = [Vul L@ @) + Ul L@ 90y

then |julp is a norm on W'P(*)(Q) which is equivalent to the norm ||ul|, see [IT,
Theorem 2.1].

Now, let us introduce a norm which will be used later. Let 3 € L'(92) with
B~ =infcoq f(x) > 0, and for any u € WHP(#)(Q), define

lullg(z) := inf{)\>0:/ ]M]p(x)dx—&-/ ﬁ(m)]w‘p(x)dawdxél}
o A o0 A

where do, is the measure on the boundary dQ. Then ||u|/ () is also a norm on
WP)(Q) which is equivalent to || - || and | - ||5-

Proposition 2.3 ([1]). Let

Pﬁ(z)(u) :/ |Vu|P(x) d$+/ ﬂ(x)\u|p(“) do,
Q a0

we have B .
IIUIIZ(z) < Py (u) < ||qu(z) (2.3)
provided ||ul|gz) > 1, while
4 _
||u||1;3(z) < pp)(u) < ||UH15)(I) (2.4)
provided ||ul|g) <1, and
lun —ullgm) — 0 < pﬂ(w)(un —u) — 0. (2.5)

Proposition 2.4 ([21]). For 8 € LY(9) with B3~ = infycon B(z) > 0, let us
define the functional Lg sy : wWhrE)(Q) = R by

1 Blx)
Lz (u) = / —— |VuPD dz + [ 2L |uP do, 2.6
Pt = J o p(2) " 20
for all u € WHP(@)(Q). Then Ly, € C* (WP (Q),R) and its derivative is

Ligy (u)(v) = / |VulP®=2uVo dz + / B(x)|ulP® 2w do,  (2.7)
Q oN

Moreover, we have the following assertions

(i) Ly - Wir@)(Q) — W=LPE)N(Q) is a continuous, bounded and strictly

monotone operator;
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(ii) L, : WhrE)(Q) — WP (Q) is a mapping of type ()4, i.e. if {un}
converges weakly to u in WHP(®)(Q) and lim sup,, _, ., Ly oy (un) (un—u) <0,
then {u,} converges strongly to u in WHPE)(Q).

In the rest of this section, we introduce some notion and results on Krasnoselskii’s
genus theory, the readers can consult [7, [12]. Let Y be a real Banach space. Let
us denote by R the class of all closed subsets A C X\{0} that are symmetric with
respect to the origin, that is, u € A implies —u € A, i.e.

R ={ACY\{0}: Ais compact and A = —A}
Definition 2.5 ([I]). Let A € R and Y = R¥. The genus v(A) of A is defined by
v(A) =min{k > 1: there exists an odd continuous mapping ¢ : A — R*\{0}}
If such a mapping ¢ does not exist for any k > 0, we set y(A4) = +o0.

Note that if A is a subset that consists of finitely many pairs of points, then
~v(A) = 1. Moreover, from the above definition, v(f) = 0. A typical example of a
set of genus k is a set, which is homeomorphic to a (k — 1) dimensional sphere via
an odd map.

Proposition 2.6. [1] Let Y = RY and 99 be the boundary of an open, symmetric
and bounded subset @ C RN with 0 € Q. Then we have v(0Q) = N.

Let us denote by S the unit sphere in Y. It follows from Proposition that
v (SN_l) = N. If Y is of infinite dimension and separable then (S) = +oc.
We now recall an application of Palais-Smale “compactness” criterion, which was
introduced by Clark [12].

Proposition 2.7 ([1]). Let J € C*(Y,R) be a functional satisfying the Palais-Smale
condition. Furthermore, let us suppose that

(i) J is bounded from below and even;

(ii) There is a compact set K € R such that y(K) = k and sup,¢ J(z) < J(0).
Then J possesses at least k pairs of distinct critical points, and their corresponding
critical values are less than J(0).

3. MAIN RESULTS

3.1. Existence of at least two solutions. In this part, we consider problem
in the case when A\ > 0. Under suitable conditions on the nonlinear term f and the
Kirchhoff function M, we prove that has at least two nontrivial weak solutions
in the space X = Wl’p(w)(ﬂ). Our idea is to apply the mountain pass theorem in
[5] combined with Ekeland’s variational principle in [20] to the energy functional
Jy associated qith problem when A > 0 small enough. For this purpose, let
us assume that M : RT — RT and f : 2 x R — R are continuous functions, and
introduce the following asumptions:

(A1) There exists a € (1,¢~ /p+) such that
¢
EM(t) < aD(t) = a/ M(r)dr
0

for all t € Ry, where ¢~ = inf,.q q(z), ¢ € C1(Q) is given by (A3);
(A2) For each 7 > 0 there exists k = k(1) > 0 such that M (t) > & for all t > 7;
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(A3) There exists a positive constant C; such that
|f(@, )] < CL1+ 177 V(o) € xR,
where ¢ € C(Q),p(x) < q(z) < p*(x) = 1\1/\352) for all z € Q;
(Ad) f(z,t) =0 (|t|a1’+*1) ,t — 0, uniformly a.e. z € €);
(A5) There exists a constant y > ap™ such that

uF(z,t) = M/Ot f(z,s)ds < f(x,t)t, V(x,t) € Q xR;

(A6) inf{wEQ;M:l} F(SL‘, t) > 0.
(A7) g(z,t) = 0(|t|”($)*1) uniformly a.e. z € 9Q, as t — 0, where 1 € C;(99),
supreag ri(z) =r] <p~ <p(z) for all z € 9Q;
(A8) ¢ (|t|’"2(3‘) 1) t — 400, uniformly a.e. x € 9, where ro € C(09),
supmeaﬂ 7"2( ) =71y <p~ < p(x) for all z € O
(A9) t
G(z,t) = / g(x,s)ds >0, V(z,t) e o xR,
0

where o and p are given in (Al) and (A5).
We say that u € W1P(®)(Q) is a weak solution of problem (T.1)) if

M(/Q $|VU|P(I) dr + /agz(ﬁ((i))lmp(m) + G(z,u)) daw>

X (/ |VuP® 2 TuVo dz + ﬂ(x)|u|p(x)_2uvdow+/ g(x,u)vdal)
Q ro) a0

—/Qf(x,u)vdx—/\/gh(m)vdzz()

for all v € WP@)(Q).
The first results of this article reads as follows.

apt
Theorem 3.1. Suppose that 3 € L*(9Q), B~ := infrepn B(x) >0, h € Lort—1(Q)
and g £ 0. Let M(0) = 0 and the conditions (A1)—(A9) hold. Then there exists
A* > 0 such that (1.1) has at least two non-trivial weak solutions when A € (0, \*).

apt
Theorem 3.2. Suppose that f(z) =0, h € Le»T-1(Q) and g #0. Let M(0) =0
and the conditions (A1)—(A9) hold. Then there exists \* > 0 such that the problem
has at least two non-trivial weak solutions when A € (0, \*).

Let us denote by X the variable exponent Sobolev space W 1-P() (Q) and consider
the energy functional I, : X — R given by

([ e, @ B@),  pa)
I,\(u)—M(/Qp(I)|Vu| dot [ Dy i, + OQG(x,u)doz)

—/QF(x,u) dx—/\/ﬂh(x)udx.

Then by (A3) and the continuous embeddings, we can show that the functional Iy
is well-defined on X and I € C'(X,R) with the derivative

) () = L Gulr® gp B@) 0@ 4 Gl ) do
B =M( [ v et [ (CEup@ 4 6o i)
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X (/ |Vu|p(m)*2Vqudz+/ ﬂ($)|u|p(“")*2uvdc;’x+/
Q o9

[ st [ s "

for all u,v € X. Hence, we can find weak solutions of as the critical points of
the functional I in the space X.

In what follows, we study the degenerate problem (L.1]), and in passing we recall
that (A1) is assumed throughout the paper.

Remark 3.3. Obviously, (A2) implies that M (t) > 0 as ¢ > 0. Hence, if M(ty) > 0
for some tg > 0, then (A1) yields that

g(z,u)v dox)

tOM(t) > M(to)t™ Yt € [0,tq], (3.1)
tOM(t) < M(to)t™  Vt > t. (3.2)
assuming that {u,}, C X. If
1
inf (/ —— |V, [P@ da + @|un|p(“) doy + G(m,un)dam> >0
neN \ Jq p(z) oq P(@) a0
Then from condition (A2) we can choose
1
7 = inf (/ —— |V, |P@) da + M\un\p(x) doy —|—/ G(x,un)dox) > 0.
neN \ Jo p(z) a0 () o0

Then there exists k = k(1) > 0 such that

1
M(/ —— |V, |P®) da + @|un|p(z) do, + G(z,up) daw) >k VYneN.
o (@) oq p(z) o0

‘We will discuss the other case later.

ap+
Lemma 3.4. Assume that (A1)—(A5), (A9) hold and that h € Ler™-1(Q). Then
there exist constants p,r, \* > 0 such that Ix(u) > r for allu € X with ||ul|g) = p,
when A € (0, \*).
Proof. Since 1 <1y <p~ <p(z) <pt < apt < ¢~ < q(z) < p*(z) for all x € Q,
1<r] <p~ and 1< r; <p, the embeddings
X o IPOQ), XL (Q), X< L@Q), X< LP®00)
are continuous, and there exists positive constants Cs, C3, Cy4, Cs such that
lullpz) < Collullpy,  Nullapr < Csllullsa),
(3.3)
lullgzy < Callullp@y,  Nulloep@) < Csllullga)-

Let 0 < €. From the assumptions (A1) and (A2), there exists a constant C(e;)
depending on €; such that

IF(2,t)] < e]t|*? + C(e)|t]*™), V(z,t) e QxR (3.4)

Let u € X with [Jul|g;) < 1 sufficiently small. From (A1), (A2), (2.4), (3.3)), (3.4),
and (A9) applying the Holder inequality we have

I\ (u)
:J\/Z(/inup(w) d:c+/a (@\u|p(w)+(¥(x,u))daz) —/F(aau)dw

p(z) o p() Q
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—)\/Qh(x)udx

> lM(/ﬂ}%WuV’(I) d:c+/ (g(x)w ) 4 G, u))dax>

« )

(
X (/ (—)|Vu|p(x)d —|—/ ( ((z))| P@) 4 G(x, u))daw /Fm u) dz

—)\/hxudx

Z ot (pg(x)( )+pt - G(x,u)dag;) - /QF(J:,u) dx — )\/Qh(x)udx

Kot apt 7. q(@) g, _
el 61/ ufor" da C(el)/ﬂ 1) dg /\/ h(w)u dz
—acs? ||UH5 (s — Clen)CY lullfyy — ACs|A] ot [ullpa)

apT —

e A
-1 - -1
> (Gl = a8 lullghy™ = OOl Tullfs! = ACslbl_ape )l
for €y sufficiently small. Then
+ -1
Inw) 2 (g Il = OO g = ACS sy )lulley
where C3,Cy > 0 are given by (3.3). Consider the functions v : [0,4+00) — R is

given by

K +_
Pl

_ q g —1
’}/1(7') = 2ap+ —0(61)04 T4

Since ¢~ > p™, there exists a constant 7 = p > 0 obeying the relationship 1 (p) =

max e[, +00) 71(7) > 0. Taking \* = W > 0, it then follows that, if
3 ap+71

A € (0,\*), we can choose r and p > 0 such that Iy(u) > r > 0 for all u € X with
lulla) = p- O

Lemma 3.5. Assume that (Al), (A2), (A5), (A6), (A8) hold. Then there exists a
function e € X with |le||gz) > p such that Jx(e) < 0, where p is given by Lemma

[3-4
Proof. By (A8) for € > 0 there is a constant M, > 0 such that
|Gz, 1) < €|t]™>™ + M, V(x,t) € 9Q x R.

For each x € Q and t € R, we define the function vo(7) = 77#F(z, 7t)— F(x,t) for
all 7 > 1. Then we deduce from (A5) that

V(1) = 77N f (@, Tt)Tt — pF (2, 7)) >0, Y7 >1

thus the function 72 is increasing on [1,4+00) and v2(7) > ~2(1) = 0 for all 7 €
[1,400). Hence,

F(z,1t) > ™" F(z,t), Yxe€Q, teR, 7>1. (3.5)
Let ¢ € C3°(©2) and ¢ # 0 such that [, F(z,¢)dz > 0, by (3.2), (3.7) and (3.5)

we have

roy = ([ 2 ol ® de B@) 0@ 4 Gl ro)) do
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— / F(z,7p)dx — )\/ h(z)Te dx
Q Q

mror’
Vo|P® g p(z)
< ([ ver@a+ [ e

+ p777”+G(z, TY)) d0m> “_ T /
Q

F(z,¢)dx — A1 /Q h(x)pdx

mr®
<

P+
VolP@ de + / ) olP® do,
< ([ vl [ s@le

+ [}
+p*e/ (|lu[®) doy + p~ 777 M€|8Q|))
o

—T“/F(x,cp)dx—)\T/ h(z)pdxr — —o0,
Q Q

o~

as T — 400, where m = M(tg)ty® since p > ap®. Therefore, there exists a
constant 79 > 0 such that ||7o¢|/gz) > p and In(70p) < 0. Letting e = 7o we
complete the proof. O

Lemma 3.6. Assume that (A1)-(A5), (A7), (A8) hold. Then the functional I
satisfies the Palais-Smale condition.

Proof. Since 1 < ry <r{ <p~ < p(z) for all x € 99, the embeddings
X < Ln®(Q), X < L@(Q),
are continuous, and there existspositive constants C'.,, Cy, such that
lullog,r @) < Crllullg@),  lullog,rs@) < Crollullp)
Let {u,} C X be such that
In(up) = ceR, I (u,) =0 in X* (3.6)

where X™ is the dual space of X.

We will prove that {u,} is bounded in X. Indeed, assume by contradiction that
lun|lg(z)y — +00 as n — co. By (A7) and (A8) for 0 < €3, €3 there exist a constant
C'(e2) depending on €5 and a constant C'(e3) depending on €3 such that

|G(z,1)] < et @ + Clex)|t]>™),  V(x,t) € HQ x R, (3.7)
lg(x, )] < es]t|" @1+ Cleg) [t @Y, Y(x,t) € 92 x R (3.8)

By assumptions (A1), (A2), (A5), (A7), (A8) and (2.5), , applying the
Hélder inequality we deduce for n large enough that |lu,||g) > 1, we have

c+ 1+ [lun|l g

1
Z I)\(un) - ;<I$\unaun>

= 1‘7(/Q ﬁ)\vunv’(m) d + AQ(%MMM + G un)) d%)

*/F(%“n)dﬂﬂ*k/ h(w)undx—lM(/ L, ) de
Q Q Q

1 p(x)

+/aQ(§((i))un|p($) +G(x7un))dox><A|Vun|p(z) dx
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+A (ﬁ(x)‘un‘p(m) +g(maun)un) de) + %/Qf(xvun)un dx

Alz)

( p(z)
x (/ BNV d:v—&-/m(i((g|un|p(w)+G(m,un))dax) —/F(w,un)dm

Q

—Vunp(z)dx—k/ Un|P®) + Gz, uy)) doy
Vel [ e (2. un)) do, )

p(
1 1 p(x B@)
—)\/Qh(ac undm—;M(/QM|Vun| ( )d—l—/{m(mmﬂ ()

+Glau) o) ([ Fu@ o+ [ (3@ + (o)) do)
1 A
—|—;/Qf(x,un)undx+;/gh(x)un dx
ZM(/ L‘Vunw(r) dx+/ (@mn‘p(m) _,_G(%un))d%)

o p() aq P(z)
x (;(/Qp(lx)lvunl”(” da:+/m(§((§))|un|fﬂ<x> +G(z,un))d%)

_ i(/ﬂwwlp(z) d:p+/m(ﬂ(m)|un|p(x) +g(x,un)un)dam)) */QF(I,un)dos
—A/Qh(w)undwr%/Qf(x,un)undwr%/ﬂh(x)undx

ZM(/Ql)vun|p(m) dm+/ (5((39))'%,,@) +G(I7un))d%)

pa 0 p(z)
X (é(/ﬂﬁlvunlp(” d$+/m(f)((i))|un|p(z)—i—G(m,un))daz)

([ 190l o+ [ (@) + gl unun) do ) )

o0

+ /Q (;f(x,un)un _ F(x,un)> de — A(1— %) [ by, do

1 1 1 1
2/{(— Up) + — G(x,up)do, — — Uy, ——/ gz, up, undoz)
o)+ [ G dos g~ - [ o)
1

1
+ /Q (;f(x, Up ) Up, — F(:aun)) do — )\(1 — —) /Q h(z)uy, dx

I
1 1 1 1
- _ = _ = @) g — ZC / r2(2) g
K{(Ozp‘*' M)pB(z)(Un) 0462 /89 |tn| Oz o (e2) |unl Oz

a0
1 1 .
—%3/ |un|’02(w)_1dam—70(e3)/ 2o,
H a0 K a0
+/ (lf(x,un)un — F(a:,un)) dx — )\(1 — l) / h(x)u, dx
Q ‘M moJa
I & pm K et i K X R
2 I{(ozp"‘ - ;)”“n”[;(x) - a52cr1 ||UnH5(z) - &C(Q)Crz ||un||5(z)

v
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= ZesCTE lualy = SC5F (@)ClunlFy = AC(1 = DI syt Nl
M H apt—1
where u > ap™ and k > 0. Dividing by ||qu 1n the above inequality and passing
to the limit as n — oo, we obtain a contrad1ct10n This follows that the sequence
{u,} is bounded in X.

Now, since the Banach space X is reflexive, there exists u € X such that passing
to a subsequence, still denoted by {uy }, it converges weakly to u in X and converges
strongly to u in the spaces L9(*)(Q). Using the condition (A3) and Holder inequality,
we have

| / F (@) 1ty — ) dt| < / (@, )] [t — u] da
< C’l/ (1 + |un|Q(m)71> |ty — u| dx
Q
<201 (14 a7

) Ml = wlqge)

—0 asn— o0
which yields
lim flzup)(up —u)de =0. (3.9)
m—00 Q

Moreover,

!/Qh(x)(un —u)dz| < /Q |h(@)] [ — ul d (3.10)

<20h)| apt Nun —ullapr =0 asn — oco.
ap+71

Since {u,} converges weakly to u in X, by (3.6) we have I} (uy)(u, —u) — 0 as
n — 00 Or

g, p@ B@) 1w
M(/Qp(m)wum dx+/m(p($) 0P 4 G, ) dor, )
X (/ |V, [P =2V, (Vu, — Vu) dz Jr/ B(2)|tn [P 20, (1, — u) dog
Q o0

+ /89 g(x, upn) (u, — ) dcr:,;) - /Q flz,upn)(un, — u) do — /\/Q h(z)(up — u) dzx

— 0,

which from (3.9) and (3.10) leads to

M /—Vunp(“”)dx—l—/ B—xunp(””)dax—i—/ G(x,uy,) doy
(QP($)| | aQP($)| | a0 ( ) )

/ |V, |P@ =2V, (Vu, — Vu) dr + / B(2)|tn [P 2w, (1, — u) doy
o9

/ (z, un)( n—u)daz)—>0

/ |V, |P®) dm+/ M\udp(ﬂ dog —l—/ G(z,up) dox) — 0,
o p(x) 90
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then by (A9),

L (@) B(x), pa)
(/Qp(;v)|vu"|p dx + o (@) [y, [P crx) — 0.

This implies that

/ |V, [P(*) dz+/ B(z)|un [P doy — 0
Q o0

as n — oo and thus u, — 0 strongly in X as n — oo. If

1
(/ —|Vun|p(x) dx + M|un|p(w) dog —|—/ G(z,up) daz> —t1 >0
o p(x) a0 () a0

as n — oo then from the continuity of M it follows that

1
M(/ —— |V, |P®) da+ M|un|p(m) do, + G(z,up) dUgC) — M (t1) > 0,
Q

p(z) aa p(x) o0
so that
1 B(x) 1
M / —— |V, |P™) de+ 2 un @) do, + G(z,up)doy ) > =M (t1) >0
< Q p@“)' | o0 p() [ a0 ( ) ) 2 (t1)

for all n large enough. Therefore,
(/ |V, |P® =2V, (Vu, — Vu) dz —|—/ B(2)|tn [P 2w, (1, — u) doy,
Q a0

+ /89 g(z, un) (u, —u) dam) -0

by (3.8) and Holder inequaly, we have
| / g(x, up) (uy — u) da:‘
o
< [ gt wn)l [, — ul de
o0

< / (63\t|’"1(z)71 + C(eg)|t|r2(m)71) |ty — ul| dz
o0

< 263|||un|rl(x)_1|| ”()m) Hun - u“m(ﬂﬂ) + 20(63)|||“n|r2(x)_1” Tz(z)l Hun - “Hrz(z)

R Ta(e)—
—0 asn— oo.
Then
lim (/ |Vun|p(96)—2vun (Vun — VU) dx—|—/ /B(x)|un|20(f)—2un(un_u) dUL) -0
or

nlgrgo Ly (un) (un —u) =0,

where Lg(,) and L’ﬁ(r) are given by (2.6) and (2.7). From Proposition H the

sequence {u,} converges strongly to u as n — oo. Thus, the functional I satisfies
the Palais-Smale condition. O

apt
Lemma 3.7. Assume that h € Lav' -1 (Q) with h £ 0, and that (A1)—(A8) hold.
Then there exists a function ¥ € X, 1 £ 0 such that Ix(7¢) < 0 for all 7 > 0 small
enough.
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Proof. For (z,t) € @ x R, set v3(7) = F (z,77't) 7,7 > 1. By (A5), we have

4
V(1) = f(z, 77 <—T2) ™+ F (z,77 ) prt!
=1 [uF (Q:,Tflt) — 7l (I,Tflt)} <0
s0, v3(t) is non-increasing. Thus, for any [t| > 1, we have v3(1) > 73(]¢|), that is
F(z,t) > F(z, [t| ") [t]" > Cglt|" (3.11)

where Cs = infycq |y=1 F(z,t) > 0 by (A6). From (A4), there exists a constant
1 > 0 such that

’fxt flz,t)

|t|°‘p+ ’ |\t|ap+ 11> (3.12)

for all z € Q and all 0 < |t| <. By (A3), for all z € Q and all n < |¢t| < 1, there
exists C7 > 0 such that
fla,tt) _ C A+ |t
| |t|ap+ | —
From (3.12)) and (3.13)), we deduce that
fla,0)t > —(Cr +1) W*

< Cy (3.13)

|t[or* -

for all z € Q and all |¢| € [0,1]. Using the equality F fo x, Tt)tdT, we
obtain )
n
F(z,t) > ——— (Cy + 1) |t]°? 3.14
(a,1) > ap+<7+>|\ (3.14)
for all z € Q and all |¢| € [0,1]. Taking Cs = (C7 + 1) + Cs, then from
and (3.14)) we obtain that
F(z,t) > Cglt|* — Cslt|*r" (3.15)

for all x € 2 and all t € R.
We now prove that there exists a function ¢» € X such that Jy(7¢) < 0 for all

apt
7 > 0 small enough. Since h € Lav (©) and h # 0, we can choose a function
1 € X be such that

/ h(z)yp(z)dx > 0.
Q
If

L T |P@) @T p(z) T o
/Qp()w n dm+/m<p()|w| Gl ) dos > fo

with tg defined in and (| - then by (3.15)) we have

r :/\ L r p(x) T QT p(x) T T o
1(ro) M(/QW)W oo+ [ (ERror 1 Glero)) do )

7/§2F(x,7¢)dxm/gh(x)wdw

< m(/ﬂ I%WTQW)(””) dzx + /(99(5((::))Tw|p($) + Gz, 7)) dom)“

—Cart [ ol dat Corer” [ o do = [ b ds
Q Q Q2
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mror’
<
()

—CST#/ \¢|“dx+cﬁrap*/ [yp|er” dx—/\r/h(x)wdx
Q Q Q

(/ ‘v¢|p(r) dx+/ (ﬂ(x)\<p|p(m)+p*r*P+G(x,7-gp))dcrx)a
Q a0

+
mrtP

) ¢ 0% a0

+p*¢*p+0(62)/ |u|m2(®) domrfcgfu/ | d
o0 Q

+ Cgror” /Q [*P" do — Ar /Q h(x) dz < 0

for all 7 > 0 and €5 small enough. If
1
/ —— |V P dm+/ (@hw’(l) + G(z, ) doy < to
o p(x) oq p(z)

by M(0) = 0 and the continuity of M, there exists mg > 0 such that M(¢) < mg
for all ¢t € [0,%p]. Then

o~

Then by (3.15)) and (3.16)), we have
B(x)

sy = (| el ® da P@), b § Gla 1)) do
I = 31 [ s ivril@ o+ [ (C8lirup) 1 6. ro))do)

—/F(J;,le)dm—k/ h(z)Ty dx
Q Q
1 (=) B@), e
<o [ Swrop st [ (EE e Gl do,)
—CgT“/Q\M”dx—i—CGTap /QW)\‘”’ dm—)n-/ﬂh(x)i/)dx

+
moTp

=T (/Q Vo™ o+ /aQ (B@)lel"™ + =77 Gla, 7)) dov )

p
—curt [ ol dat Corer” [ o do = [ b ds
Q Q Q

i
mo7?P

( / [Vl do + / B@)lolP®) dow +p"77" 62 / [l do,
p Q a0 [5}9]

47T Cle) [l do,) - Cort [ o da+ Cort” [ i da
o0 Q Q

- )\7'/ h(z)ypdr <0
Q
for all 7 > 0 and ey smalls enough. O

Proof of Theorem[3.1. By Lemmas there exists A* > 0 such that for if A €
(0, A*), all assumptions of the mountain pass theorem by Ambrosetti-Rabinowitz [5]
hold. Then, there exists a critical point u; € X of the functional I, i.e. I} (u1) =0
and thus, problem has a nontrivial weak solution u; € X with positive energy

I(u) =c¢:= inf Jnax I(y(t) >0
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where T' := { € C([0,1], X) : v(0) = 0,7(1) = e} and the function e is given by
Lemma [3.5 In the case

inf /—Vunp(x)da?—&— A=) Un P doy, —|—/ G(x,un)doy ) =0,
28, (w7 o0 (@) ! )i

by (A9),
inf (/ L V@ dz 4 [ P8 e o .) =0
neN \ Jo p(z) oa p()

Here, either 0 is an accumulation point for the real sequence

L PO g BE) @) oV — g
{/Qp(fff)Iv A7 +/3QP(33)| AP doet, = {vadn

and so there is a subsequence of {v, }, strongly converging to v = 0 and by (2.4)
there exists a subcequence of {||u, | g(z)}n strongly converging to u = 0, or 0 is an
isolated point of

{/ |Vun|p ”)dx—f—/ bla |u P@) dor,, +/ G(z, unk)daz}

The first case can not occur since it 1mp11es that the trivial solution is a critical
point at level €. This is impossible, being 0 = I,(0) = ¢ > 0. Hence only the latter
case can occur, so that there is a subsequence, denoted by

(i Tunl @ dot [ S8, pedo, [ G, do,,
onN

o0 p()
such that

. 1 B(z)
inf / ——|Vun, P(®) dy + ——|un, P() do, —|—/ G(x,Up, ) dog; >0
2o oy Ve o 2(2) "™ o O ) 472}

and we can proceed as before. O

Proof of Theorem [5-3 If B(x) = 0, then we can proceed as before using the usual
norm on W@ (Q) instead of || - |5(»), and the propositions [2.1| and [2.2] instead of
the proposition 2.3 and 2.4 O

Next we show the existence of the second nontrivial weak solution us € X and
ug # uy by using the Ekeland variational principle. Indeed, by Lemma[3.4]it follows
that on the boundary of the ball centered at the origin and of radius p in X, denoted
by B,(0), we have

inf Iy(u) >0
u€dB,(0)
On the other hand, by Lemma [3.4] again, the functional I is bounded from below
on B,(0). Moreover, by Lemma there exists ¢ € X such that Jx(7¢) < 0 for
all 7 small enough. It follows that

—oo<c= inf I)(u)<O
u€B,(0)

Let us choose € > 0 such that

0<e< inf T — inf I
¢ uec’l)%’p(o) )‘(u) uellr_f?l,,(o) )\(u)
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Applying the Ekeland variational principle in [20] to the functional Iy : B,(0) = R,
it follows that there exists u. € B,(0) such that

Iy (ue) < inf In(u) +e
u€B,(0)

Ix(ue) < In(u) +ellu = ucllpy, v # ue.
Then, we have I (uc) < inf,cpp(0) Ix(u) and thus, u. € B,(0).

Now, we define the functional Jy : B,(0) = R by Jx(u) = Ix(u) + €||u — || ga)-
It is clear that u. is a minimum point of Jy and thus
Iy (ue +71v) — Iy (ue)
t

for all 7 > 0 small enough and all v € B,(0). The above information shows that

I (ue + 1v) — I (ue)
T

>0

+elvlls@ =0

Letting 7 — 0T, we deduce that

(I\ (uc) ,v) = —€lvllg(a)

It should be noticed that —v also belongs to B,(0), so replacing v by —v, we obtain

(I\ (ue) , —v) = —€ll = vllg(a)
or
(I3 (ue) ,v) < ellvllpa)
which helps us to deduce that ||I} (u) || x+ < €. Therefore, there exists a sequence
{un} C B,(0) such that

I\(up) —c= inf I\(u)<0 and I§(u,)—0 inX"asn-—o0. (3.17)

u€B,(0)

Based on Lemmathe sequence {u, } converges strongly to some us as n — co.
Moreover, since I € C1(X,R), by (3.17) it follows that I} (u2) = 0. Thus, us is a
non-trivial weak solution of problem (|1.1)) with negative energy I (u2) = ¢ < 0.

Finally, we point out that u; # ug since Ix(u;) = ¢ > 0 > ¢ = I (u2). The proof
is complete.

We can do the same for the problem (|1.2]).

3.2. Existence of infinitely many solutions. The purpose of this part is to
consider problem in the case A = 0. Under some suitable conditions on M
and f, we prove the existence of infinitely many solutions for by using the
Krasnoselskii’s genus theory [12] Prop 1.4]. We introduce the following assumptions:

(A10) f:Q — Ris a continuous function such that
Ak(@) 7 < f(z, 1) < Ak(@) [t 7Y, V(x,t) € Q x RY,
where Ay, Ay > 0 are positive constants and s € C,(2) such that 1 <
s(z) < p*(z) for all z € Q, the function k =1 if p(z) < s(z) < p*(z) for all

z € O while k € LY (Q) with so(z) = ~22— if 1 < s(x) < p(x) for all
z €N

(A11) f(x,—t) = —f(z,t) for all (z,t) € Q xR;
(A12) g(z,—t) = —g(z,t) for all (z,t) € 00 x R;

Then we have the following result.
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Theorem 3.8. Let M(0) = 0 and (A1)—(A12) hold. Then (1.1) with A = 0 has
infinitely many weak solutions.

With similar arguments as those used in the proof of Theorem 3.1} by assumption
(A10), we can show that the functional Iy : X — R defined by

Io(u)M\(/Qp(x)WuP(m) dx+/m(p((3|u|p($)+G(x,u))dax> 7/ F(z,u) dz

Q

is of class C' on X and its derivative is

/() () = LGl gp B@) o@) 4 G u))do
) = 1 ( | P de s [ (EE ) + Gl ),

X (/ |Vu|p(’”)_2VuVUdm+/ ﬁ(m)\u|p(”)_2uvd0w+/
Q o9 o9
—/f(x,u)vdx
Q

for all u,v € X. Thus, weak solutions of (1.1) with A = 0 are exactly the critical
points of Ij.

glx,u)u dagc)

Lemma 3.9. Assume that (A1)-(A6), (A9), (A10) hold. Then the functional Iy is
bounded from below on X and satisfies the Palais-Smale condition.

Proof. Since 1 < s(z) < pt(x) for all 2 € Q, the embedding X — L*®)(Q) is
continuous and compact, then there exists Cy > 0 such that

HUHS(I) < CQHUHB(r)v Vu € X

By (A1), (A2), (A9), (A10) and the Hélder iniquality, it follows from the definition
of the functional Iy, (A = 0) that

Ip(u) = ]\7(/ ﬁ|Vu|p(3’) dx + /Q(;i((i))|u|p(x) + G(m,u))daw) - / F(z,u)dx

bz Q
éM(/Q Z%@|Vu|p(m) dx —|—/ (;:)) ulP® + G(x,u)) daw)

(
p(
X (/Qp(lw)|VU|P(x) d:v+/ ( ((2| |p() +G(x,u))dgz) */QF(w,u)dx
g(/ﬂﬁwuw) dot | pé;”)) W@ do ) /QF(%u)dx

A2 Cg

Y

> ol - llao lul36ry-

for all u € X with Hu||g(m) > 1 large enough. Since we always have that s™ < p~,
Iy is coercive, i.e. In(u) — +00 as ||ul|gz) — +o0 and bounded from below on X.
From these statements, if {u,} is a Palais-Smale sequence for the functional
Iy, ie. I(u,) — ¢ I'(up) — 0 in X*. Then {u,} is bounded in X. Since X
is a reflexive Banach space, {u,} has a subsequence, still denoted by {u,}, that
converges weakly to some u € X. Moreover, the embedding X — LS(I)(Q) is
continuous and compact, using (A10) and the Holder inequality, we have

|/Qf(x7un)(un—u)dx’ §/§l|f(x,un)\|un—u| dx
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< AQ/ B(@) " i, — | da
Q

< 2 ool a7 st =

s(x

—0 asn— oo.

Then
lim [ f(z,up)(uy, —u)dz=0. (3.18)

m—0o0 o)

From (3.18)]), with similar arguments as those presented in the proof of Lemma
we can show that {u,} converges strongly to u € X and thus, the functional I
satisfies the Palais-Smale condition. d

Proof of Theorem[3.8 We known that for p € C,(Q2) and 1 < p~ < p* < N,
X = WP (Q) is a separable and reflexive Banach space. Then there exist {e, } C
X and {e};} C X* such that
. L i=y
<ei ) ej> = {

0, i#j’
X =span{e, :n=1,2,...}, X* =spanf{e;:n=1,2,...}.

For each k € N, consider X; = span{ej,es,...,e;}, the subspace if X spanned
by the vectors eq,es,...,e;. Let k € LSO(J‘)(Q) for all z € Q, we define a norm
| - [l L+t) (0, k(z)) ON the space X sa follows

: u(z) s()
HU| Ls(rn)(Q’k(w)) = mf{)\ > 0, A k($)|T| dI S 1}
Note that the embedding X; < L*@)(Q), 1 < s(z) < p(z) is continuous. Since all
norms on the finite dimensional space X; are equivalent, so are the norms || - || 3(z)
and || - || s (0, k(2))- Moreover, for any u € Xj, it follows that if

Loy @ gy B(@) p6) & p ) do
/Qp(x)v @) g */(,Q(pu)' PO 4 G, u)) oy > to

with to defined in (3.1)) and (3.2), by (3.2)) and (3.7)) for €2 small enough we have

Io(u):ﬁ(/ BNV dz+/ (5(’?|u|p<m>+c;(x,u))d%) 7/ F(z,u) dz

o p(x) oq D(T Q

< m(/Q $|Vu|p(w) dz + /BQ(ﬁ((x)uP)(m) + G(z,u)) dam)a

p(z)
— = k(@) |u)*™ da
)

m

- a(/ \Vu|p(“7) d:lc—i—/ B(:c)|u|p(’”) dom—l—p_C(eg)/ |u|’“"‘(”)d0z>
(r7) Q o0 oQ

-1 ()
X — Qk:(x)|u|sx dx

<

Ay

m . st
STC(J)HUH,B(JE)

(p~)~

~(p)

<

B riya
(lull5 sy + Crole2)lull™ )™ —

arf ——rt @ Al . st
[[ull gz <||u||f;(x) : +C1o(€2)) - STC(J)HUH;;(Q;)
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ard —st — A
= u Ilm)(( e lullsy ™ (™ + Crolea))” - Zeg ).

where C(j) is a positive constant depending on j. For each j € N as before, let us
denote by R; the positive constant such that

m arf —st ——rf @ Ay .
ij 270 () T = Co(e) < STC(J)
then, for all 0 < p; < Rj, and u € S, := {u € Xj : ||ullgz) = p;}, Sy, is a closed
subset of X'\{0} that is symmetric with respect to the origin. We obtain

st m aT;r*er 777"; o A 3
fo(w) < o5 (S5m0 7 6] = Cuolea))” = 5C0))

)
+ m ary —st , opT—rf a A .
<R ((p_)aRj (B] "% = Cuole2)” = SHC()) < 0= 1o(0).

If

- upm) @U,p(m) T .
/gp< Il de [ COP + 6o do < o

then by (3.16] ,
Io(u)ﬂ(/ﬂp(l)wuw(m) dx+/ B@ @ 4 o, u))dax> f/ F(z,u)dz

p(x) Q
gmo(/gr\v i *)dx—l—/ﬂ(ﬁg))I P@ 4 G(a, u))dam)

(x)
A .
— 571 i k() |ul]*™ da

Ay

t+
W%@+QNMWﬂ—;*(HMz

< _m
~ (p)”
< [lull3a) (%(Hunmf + Crofea)Jull™> ") - S—jcm)

where C'(j) is a positive constant depending on j. For each j € N as before, let us
denote by R} the positive constant such that

GO = Cle) ) ) < 6.

Then, for all 0 < p} < R, and u € S, :={u € X : [lullgz) = pj}, S is a closed
subset of X\{0} that is symmetric with respect to the origin. We obtain
mo

lo(w) < ()" (5 ()"~ = Cuolea) ()~ - Zow))

< (B ((o5e B = ule)(®)F" = () < 0= (o),

Then in both cases there exists a sphere S; such that

sup Io(u) < Ip(0).
u€S;

Because X; and R/ are isomorphic and S; and S7~! are homeomorphic, we conclude
that « (S;) = j. Moreover, by (All) and (A12), Ij is even. By Propositionthe
functional Iy has at least j pair of different critical points. Since j is arbitrary, we
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obtain infinitely many critical points of Iy and thus problem (1.1) with A\ = 0 has
infinitely many weak solutions.
We can prove the same result for 5(z) = 0. g

4. APPLICATIONS

In this section we give two examples of problems that satisfy the hypotheses of
Theorem [3.1] and Theorem [3.8] The first is an example of a non-linear problem
with variable exponent and the second is an example of the linear case where p(z)
is a constant equal to 2.

4.1. Non-linear case. Let us consider the problem

1 a—1
- aa(/ @) )|Vu|p(I) dx +/ <®\u|p(m) + MMT(I)) dUm) Ap@yu
Q o9

p(z p(x) r(z)
= k(x)|u|*®2u + \h(z), z€Q,
\Vu|p($)*2 Ou + 5(x)|u|p(f‘)*2u + ’y(x)\ur(w)’gu =0, ze€dqQ,

v

(4.1)
where  is a bounded domain in RV with smooth boundary 02, % is the outer nor-
mal derivative, do is the measure on the boundary 99, 8 € L'(99), inf,ca0 B(z) >
0, v € LY99Q), infreony(z) > 0, p € C1(Q), 1 < p~ := inf cqp(z) < p™ =
max,cqp(r) < s(z) < p*(z), a and A are non-negative parameters, > 1 and
h: Q — R is a measurable function. Let

M(t) = aat®™", fla,t) = |17 gla,t) = y(@)|" 72,
with G(z,t) = L2 |u|"@) . Tt is clear that M satisfies (A1) and (A2); f satisfies

r(z)
(A3)—(A6), (A10), (All); and g satisfies (A7) and (A8) for every r(x) such that
ri(z) < r(z) < ra(z) < p(z), and g satisfies (A9) and (A12). Then we can deduce

the next propositions

Proposition 4.1. There exists \* > 0 such that problem (4.1) has at least two
non-trivial weak solutions when A € (0, \*).

Proposition 4.2. Problem (4.1)) with A = 0 has infinitely many weak solutions.
4.2. Linear case. Let us consider the problem
—a(HuH%(x) —|—/ e dUI)Au = |ulu+ Ah(z), =z €,
a9

Bu w2 .
$+ﬂ(x)u7ue =0, x€dQ,

(4.2)

where  is a bounded domain in R? with smooth boundary 99, g—’y‘ is the outer nor-
mal derivative, do, is the measure on the boundary 92, 3 € L1 (99Q), inf,cpq B(x) >
0, a and X\ are non-negative parameters, « > 1, and h : 2 — R is a measurable
function. Let M(t) = 2at,

flz,t) =1ttt

—~

k=1 and s(z) =3)

e~ Iti s clear that M satisfies (A1) and
1); and g satisfies (A7) and (A8) for every
A9) and (A12).

and g(z,t) = —te !, with G(z,t) =
(A2); f satisfies (A3)—(A6), (A10), (A
ri(z) =ra(z) =r =3, and g satisfies

e

—~



22

H. BALADI, A. AGLZIM, M. FILALI, N. TSOULI EJDE-2024/83

Proposition 4.3. There exists \* > 0 such that problem (4.2)) has at least two
non-trivial weak solutions when A € (0, A*).

Proposition 4.4. Problem (4.2) with A = 0 has infinitely many weak solutions.
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