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EXISTENCE AND BOUNDEDNESS OF SOLUTIONS FOR A

PARABOLIC-PARABOLIC PREDATOR-PREY MODEL

FENGXIANG ZHAO, HAOTIAN TANG, JIASHAN ZHENG, KAIQIANG LI

ABSTRACT. This article concerns the fully parabolic pursuit-prey chemotaxis

system
ut:Aufxv-(qu)Jru()\l7,ulu”71+av), reQ, t>0,
’Ut=AU+§V'(UVZ)+’U()\27/1,21}7“2717bu), reN, t>0,
wr=Aw—w+v, TEQ, t>0,
zt=0Az—z4u, x€ t>0,

in a bounded domain Q@ C RN (N > 1) with homogeneous Neumann boundary
conditions, where x, &, i, s, a, b are positive constants and r; > 1 (i = 1,2).
We show that if (r1 — 1)(r2 — 1) > 1, the above system exists a unique global
and bounded classical solution for all appropriately regular nonnegative initial

data, which extends the previous global existence result in Qi and Ke [13]).

1. INTRODUCTION

In this article, we investigate the indirect pursuit-evasion model (parabolic-

parabolic system)

ut:Au—xv-(qu)—f—u()\l—ulu”*l—i—av), reN, t>0,
Ut:AU+€V-(UVZ)+U()\2—M2UT2_1—bu), e, t>0,
wy=Aw—-—w+v, x€Q t>0,
z=0Az—z4+u, xz€Q, t>0,
ou Jdv OJw 0Oz
525:52520, x €00, t>0,
u(z,0) = up(x), v(x,0)=uvy(z), w(z,0)=w(z),
2(x,0) = zo(x), z€Q,

(1.1)

where 2 C RY (N > 1) is a bounded domain with smooth boundary, A1, A, p1,
la, T1, T2, X, &, a, b are positive constants. The initial data (ug, vg, wo, 20) satisfies
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up € C°(Q), wp >0 inQ,

vp €CY(Q), vy >0 inQ,
wy € WH(Q), wo >0 in Q and some ¥ > N,
20 € WH(Q), 2 >0 in Q and some ¥ > N.

In this system, u(x,t), v(x,t) are the densities of the predators and the prey, respec-
tively, meanwhile w(x,t) and z(x,t) represent concentrations of chemical signals
emitted by v(z,t) and u(z,t). x, £ measure the strength of attractive and repulsive
directed migration, respectively.

To understand the model better, we need to introduce some results about
the classical Keller-Segel model [9], which presents the aggregate and collective
behavior of cells due to chemotaxis by means of a coupled system of two equations

up = Au—V - (uVv),

v =Av—v+u.

(1.2)

(1.3)

Many works are dedicated to this model and its variants, the most important results
are about the existence and boundedness of classical global solutions, the occurrence
of the finite-time blow-up for the solutions and large time behavior under some
appropriate assumptions. See for example [4, 6], 8 2] 20, 2], 22| 23] 24] 26] and
the references therein.

Supposing predators and prey to exert species-characteristic substances, such as
pheromones or scent marks, the following pursuit-evasion model was proposed

u = Au—xV - (uVw) + f(u,v), z€Q,t>0,
vy =Av 4+ €V - (vV2) 4+ g(u,v), x€Q,t>0,
Tiwy =Aw—w+v, x€Qt>0,
Tozg = Az —z+u, x€Q,t>0,

(1.4)

where 7; € {0,1} (¢ = 1,2). When 74 = 75 = 0, it has been proved that the above
system possesses a unique non-negative bounded weak solution in two-dimensional
space for the case f = g = 0 [5]. The weak solution to with f = wv — v and
g =v(1 —v —u) was also considered in [I]. Turning to the case f = u(A + av — u)
and g = v(u — v — bu), Li, Tao and Winkler [I0] proved that the parabolic-elliptic
system (71 = 72 = 0) admits a global and bounded solution for any given suitably
regular initial data when N < 3. Then Liu and Zheng [I1] establish the existence
of classical global solutions, and the asymptotic behavior for this system in N-
dimensional domains. Recently, Zhang and Zheng [27] considered the above system
with 71 > 1,79 > 1, f = u(A; — pu™ ! +av) and g = v(Ay — pev™ "1 — bu), and
proved that if (ry — 1)(re — 1) > %, the system exists a unique global and
bounded classical solution for all appropriately regular nonnegative initial data.

When 7 = 7 = 1, since accounting for two taxis mechanisms, system can
not be regarded as a triangular cross-diffusion model. Due to the complexity of this
problem, there are few related works. Recently, Qi and Ke [I3] showed that the
system with f = u(p —u + av) and g = v(\ — v — bu) possesses a global bounded
classical solution with a positive constant C 241 if a <2 and

N(2—-a)
2(C'N/erl)W(N —2)4

> max{y, &}
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Additional relevant results can be found in [2 T4 [T5] 16, 19, 28] and the references
therein.

Inspired by the works mentioned above, we are interested in the model , and
try to establish the existence and boundedness of classical global solution under the
Neumann boundary conditions.

1.1. Statements of main results. In this paper, we will prove that if r;y > 1,
rg > 1, and (rg — 1)(r; — 1) > 1, then the solution (u,v,w,z) of (1.1)) is global in
time and bounded for any N > 1.

Theorem 1.1. Let Q C RY (N > 1) be bounded domain with smooth boundary.
Suppose that x, &, \i, u; are positive constants, r; > 1 (i = 1,2) and the initial data
(w0, v0, wo, 20) fulfills (L2). If (ro — 1)(r1 — 1) > 1, for all p; (i = 1,2) > 0, or
(ro = 1)(r1 — 1) = 1, p1 and po are appropriately large, then system 1}
possesses a unique global classical solution

u € C°(Q x [0,00) NC*1(Q x (0,00)),
v e C%Q x (0,00) NCHHQ x (0,00)),
w € C%(Q x [0,00) NC*0(Q x (0,00)),
2 € C%Q x (0,00) N C*O(Q x (0,00)).

Moreover, there exists a constant C > 0 such that

u(s )l L) + [v( )l Lo @) + lw(s )llwre @) + 120, D) lwrie @) < C
for allt > 0.

Remark 1.2. For the case of 1 = 79 = 2, our condition turns into (r1 —1)(ro—1) =
1, for which the global and bounded solution has been obtained by Qi and Ke [I3].

In this article, we will use C' and C; (i = 1,2, - -) to represent different positive
constants which may vary in the context. Besides, we write u(x,t) as u and fQ udx
as [, u for convenience.

The rest of this article is arranged as follows. In Section 2, we give some prelim-
inary works, such as the local existence of solutions and some classical inequalities.
In Section 3, the LP estimates of u and v are given by using elementary energy
method. Finally, the proof of our main result is given in Section 4 by using Neu-
mann heat semigroup theory.

2. PRELIMINARIES

In this section, we give the following lemmas which will be used in the later
proofs. Firstly, we recall the well-known result about the existence of local solutions
to model (1.1]). Readers can refer to [I§] for a detailed proof.

Lemma 2.1. Let Q ¢ RY (N > 1) be a bounded domain with smooth boundary.
Assume that the initial data satisfies (1.2). Then system (1.1)-(L.2) has a unique
nonnegative classical solution

u € C(Q % [0, Tnax)) N C*H(Q % (0, Tinax)),

v € C%Q x [0, Tmax)) N C%H(Q x (0, Thax)),
w € COQ x [0, Tinax)) N C*H(Q % (0, Tinax)) N Lise (0, Tmax); W (),
2 € C%Q % [0, Tinax)) N C*H(Q X (0, Tinax)) N L5 (0, Tinax); W (2)),

021
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where ¥ > N and Tyax € (0,400] denotes the mazimal existence time. Moreover,
if Thax < 00, then ast / Tmax, we have

[u( )l zoe (@) + 10 Bl Loe @) + [0 Dllwree @) + (1205 D) [[wree @) = 00

In view of Lemma we know that for any s € (0, Tinax), So < 1 and p > 1,
for all 7 € [0, sp), there exists K > 0 satisfying

Ju( )llzee @) + 0C T)llee @) + [0 T lwee@) + 1205 T)Iwe @) < K. (2.1)
To prove the main theorem, we apply the following lemmas.

Lemma 2.2 ([3,[7]). ( Suppose that vy € (1,00), g € L7((0,T); L"(2)), and ¢ is a
solution to the initial boundary value problem

cgc=Ac—c+yg,
Jc
o~

c(z,0) = co(x).
Then there exists a positive constant C such that if so € [0,T) and c(-,s0) €
W27(Q) with W =0, one has

T
| et s) g ds

S0

T
<oy / 9+ 5) 2y s + € (el 5013 gy + 1Al 50) 7))

S0
Lemma 2.3 ([20]). Let (e!®); > 0 be the Neumann heat semigroup in Q, A\; > 0 de-
note the first nonzero eigenvalue of —A in Q under Neumann boundary conditions.
Then there exists a constant C, if 1 < q < p < oo, then
Ve 2wl ooy < Co(1+ ¢ 26 70)e  lw o) VE>0
holds for each w € L1(2).
Lemma 2.4 ([25]). Let y(t) > 0 be a solution of problem
y'(t)+ Ay? < B, t>0,
y(0) = wo,
with A >0, p>0 and B > 0. Then for any t > 0, we have

() < maxyo, ()7},

3. A PRIORI ESTIMATES

In this section, according to the LP estimates of the parabolic equations, we
obtain the a priori estimates which plays a vital role in proving our main result.
The readers can find a proof of the following lemma in Zheng and Zhang [27].

Lemma 3.1. Under the condition of Lemma[2.1}, then there exists a nonnegative
constant C' such that the solution of (1.1)) satisfies

/u—i—/vSC Vit € (0, Tonax)- (3.1)
Q Q
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To address the difference betweenthe parabolic equation and the elliptic equation,
we use lemma [2.1] and obtain the following conclusion. To prove the main lemma,
is based on the different forms of r; and ry, so we can prove the theorem in two
different forms.

Lemma 3.2. Suppose that ry > 1, 19 > 1 and (r1 —1)(ro — 1) > 1. Then for any
p>1 and q > 1, there exists a constant C > 0 such that

/uq—i—/ vP < C Vit € (0, Tinax)- (3.2)
Q Q

Proof. Assume any p > 1. Multiplying the second equation in (T.1]) by v?»~! and
integrating by parts, we have

1d
—— [ WP+ p—l/vp_ZVU2
i L= [

-1
:Lf/v”Az—i—)\g/vp—,ug/vp“"‘_l—b/vpu (3.3)
p Q Q Q Q

-1
< Lf/ vp|Az|—u2/ ’UP+T2_1+)\2/ PVt € (0, Tinax)-
p Q Q Q

Now, using the Young inequality, for all ¢ € (0, Tynax), there are constants Cy > 0
and C5 > 0 such that

—1 ptro—1
U/MM < @/UP+T2-1+01/ Az (3.4)
p Q 4 Ja Q
)\2/ vP S &/ ’Up+r2_1+02. (35)
Q 2 Jo
Then combining (3.3]), (3.4) with (3.5]), we arrive at

d +ro—1
— [ WP < 7@/ pPHra=l +C’1p/ \Az|przal +Cop YVt e (0,Tmax). (3.6)
dt Jo 4 Ja Q

Furthermore, adding 2Xr2—! fQ vP at the both sides of (3.6), since ro > 1 and

T2—1

t € (0, Tiax), we derive that

d -1
7/UP+ZL/UP
dt Q 7"2—1 Q

+ro—1 —1
< 7@/ ppirat +C1p/ Az Pl /vp+02p.
4 Jo Q r2—1 Jo

(3.7)

Here, we estimate the third term on the right-hand side of (3.7). Then by using
the Young inequality, there exists a constant C's > 0 such that

-1
]?‘1'7“72/ ’Up S %/ Up+r2_1 + Cg Vt S (O,Tmax)' (38)
ro — 1 Q 8 Q

Combining (3.7) with (3.8)), for all ¢ € (0, Tiyax), We easily obtain

d -1 ptrg—1
*/va/“pé—%/“”*”‘lwm/IAz ST 40 (39)
dt Jq g — 1 Q 8 Ja Q
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with C4 = pCs + C3 > 0. Consequently, for all ¢t € (0, Tinax), the inequality (3.9)
can be rewritten as follows
ptrap—1,

d P+T21
= (T )
pt+ro—1
< (—@/v”+”‘1+01p/ |Az"'2731+04)e o1
3 Q Q

Let sy be the same as (2.1]). Integrating (3.10) on (so, t), together with Lemma[2.2]
(2.1), for all ¢ € (0, Tiax), one has

(3.10)

||11(-, t) Hip(g)

t

pt+ro—1 pt+ro—1 ptro—1

- t— H2p — t -

<e et TRy SO)”LP(Q) s ¢ / ©r S/UW2 dods
S0 Q

P+T2 1

+Cipe

¢
P+ 2 — ptro—1 ptro—1
ptrra—1 _ t—
-1 s/ |Az| 2T dxds+04/ e et Ty
50

:qu p+7‘2 1 / ptro—1

To—1 S/UP+T2—1 dx ds

\ /\

phra—1, ptra—1 P+T2;1
pr—
+C1Cype 2T e 21 lu(- )] P ds+Cs
50

L m2—1 (Q)
e etz ey
+CiCype I (sl s Al B )
LT () LT (@)
t
<Rt [ [t
8 S0 Q

Ty ptrao1
+CCpe B [ u(s)l| En ds+Co
S0 L m-1 (Q)

(3.11)
with positive constants C's > 0 and Cs > 0 as well as C,, is the same as Lemma.
Multiplying the first equation of . ) by u?=! (¢ > 1) and integrating by parts
over €2, according to the Young inequality, for all ¢ € (0, Tinax), there exist positive

constants C; (i = 7,8,9) such that

1d/ / 9 9
—— [ ul+(¢g—1 u?™ | Vu
e R Al A A

-1
—Lx/ u? Aw —|—/ ul( Ay — ppu™ " + av) (3.12)
q Q Q

g+r;—1 atry—1
_&/uq%—wcg/ |Aw| T +C7/ 4G
4 Q Q Q

Similarly, adding q":f%ll fQ u? at both sides of (3.12) and using the Young inequal-
ity again, for all ¢ € (0, Tinax), there is a constant Cg > 0 such that

d (I+T1—1/ M1CI/ / -l
q 4 < _ atri=1 4 o A -1
dt/Qqurl_l w5 | +Csq | [Aw|

q+r 1
+C7(]/ v T+ Oy
0

(3.13)
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. . Mt .
Next, multiplying e 7= " on both sides of (3.13]). For all ¢t € (sg, Tnax), We see

that
d [ atrity f1q - atr -1
— (e 11 wll? ) < (_ /uq+r1 1—|—C /’U r1—1
g (T M) < (57 |

gtr;—1 t

q+ry1—1
+CSQ/ | Aw[ =T +010>€ R
Q

Integrating (3.14) over (so,t), for all ¢t € (0, Tiax), there exist positive constants
C11 and C1o such that

(3.14)

luC D1y < e T 70 (- 50)[,

¢
lq 7q+r171t qtr;—1 _
- -t e i1 [ Tt dy ds
s Q

_akri—t, [ s g+ry—1
+ Crge -1 e mi-1 v "i-1 dxds
S0 Q

atnny [t oarno EaE
e “1/9”*|mwwmamlds
S0 L m-1 (Q)

(3.15)

_gtr;—1 g+r1—1
<_ “1q s t/ iy S/uwl—ldmds

T
+Cllq6 ry—1 rp—1 .’5)” atry—1 ds+012.
I, m1—1 (Q)

Since 11 > 1, ro > 1 and (r; — 1)(r2 — 1) > 1, we can choose the appropriate
numbers g and p such that

1
el o, (3.16)
7“1—1
1
Prr =l -1 (3.17)
7‘2—1

Combining (3.11) with (3.15]), for all p > 1 and ¢ > 1, there exist positive constants
C13 and C14 such that

Hu”%q(g) + Hv”ip(g)

t

pop _wiraziy ' peraci, -

< —T—e 2t e 21 ° [ P2l gy s
8 S0 Q

ptrag—1, ¢ ptry—1 pirp 1

_ o

+ Ci1Cype 72T e 2T ul| 2L, ds
S0 L m-1 (Q)

t
_atri—1 gtr;—1
—Me T t/ e -1 é/uquTl*ldxds
8 S0 Q

_akry -ty e - 1, gtri—1
+ C1ge” 1T e ri-1 v i1 drds+ Cg + Cia
S0 Q

t
_ptro—1 ptro—1
g_@e To—1 t/ e -1 5/vp+7“2—1 dx ds
16 so Q
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t
1 7q+7"171t q+r;—1 _
- -t et [ It e ds + Ca
16 so Q

S C¥14 Vt S (50; Tmax)-

The above estimate together with (2.I)) implies Lemma [3.2] O

Lemma 3.3. Suppose that r1 > 1,19 > 1, 4f (rn —1)(re — 1) = 1, and p1, po are
arbitrarily big. Then for each p > 1, there exists C' > 0 such that

/up+/vpgc Vt € (0, Tnax)- (3.18)
Q Q

Proof. Since (r; —1)(re — 1) = 1, we can choose r > 1 and 7 > 1 are appropriately
big such that

-1
P 1= L
"2 (3.19)
7"+T‘1—1
r+ro—1=——7—.
7"1—].

Multiplying both sides of the second equation in (1.1)) by v"~! and integrating by
parts, we have

1d
_ T -1 r—2 2
iy Qv +(r )/Qv |Vl

-1
- g/vTAz+)\2/vr—,ug/v“r”‘_l—b/vru (3.20)
r Q Q Q Q

-1
! Ii/ v Az —ﬂg/v”’”_l—i—/b/ v" Vit € (0, Thnax)-
Q Q Q

IN

Define x := max{{, x}. Then, adding %%llfﬂ v" at both sides of the above
inequality, we have

1d -1
f—/vrgr /{/UT|AZ\—M2/vr+r2_1—|—)\2/vr
rdt Q T Q [¢) 0
T+T2—1/ - r+r2—1/ .
+— V- — | v
7'2—1 Q 7"2—1 0

-1 -1
Q ro—1 r Q

(3.21)

r+re—1
7“2—1

/ o" Yt € (0, Tnax)-
Q

Along with Young’s inequality, this concludes that

7“2—1

try—1
/()\2 + TL)UT - / pov T2 < (gy — ,ug)/ "2l L O (e, 1) (3.22)
Q Q Q

with some constants e > 0 and

ry — 1 r+rp—1_ -
r2=1(\
r—|—r2—1(52 r ) e rog — 1

r4+rog—1 rtrp-1

) (9

01(52,7") =
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Next, for each Ag > 0, applying Young’s inequality again, we obtain
-1
U / v"| Az
r Q

_ -1 r+rg—1,-_=r
<\ r+ra—1 r2 o o1
< [t 22 )

r4ro

rir _ (3.23)
X(’I“—l T2211/|AZ 7-271

T r4ry
:)\0/ Ur+r2_1—|-A1)\0 T271 rg—1 /|AZ
Q

A vt € (0, Trax),

where
ro—1 r+ro—1 r—1 rtra—1
A = -, .
! r—|—7‘2—1( T ) ( r ) (3.24)

Combining (3.22), (3.23)) with (3.21), for all ¢ € (0, Timax), We easily obtain

1d _ r+ro—1

< )\ _ r+ro—1 _ r
rdt v (2240 NZ)/QU ro — 1 /QU

T rdrg—1 (325)
+ A1y PR

r+ro—1
/‘AZ| r2—1 +Cl(€2,7").
Q

Let sp be the same as (2.1)), then for any ¢ € (sg, Tmax), applying the variation-of-
constants formula to the above inequality, we have

1
f/vrdx
rJo

1
< 2o T 7 (., s0)|
.

t
_r+r271 _ _
TLT»(Q)+(€2+)\0*M2)/ e e g)/ rrz—l
50
t
__r rdrg—1  rfrg—
+ A1) T2 T T /e T2*1 (t—s /|AZ
50

t r+ro—1
< (e2+Xo —M2)/ e~ T (79 / prtre—l
S0 Q

t
T rgro—1 rrg—1 r4rg—1
-1 — t—s —T
+ AN P R 2T / e~ T ( )/ |Az| 27T + Cy(eg, 1),
S0 Q

g1,
o — 1 +Cl 52, / To—1 (t—s)

(3.26)
where
1 r T2 — 1
02 = 02(52,7") = 7||U('7SO)HL7‘(Q) + 01(527T)m.
In view of Lemma [2.2] it follows that
T r+ro— t r+ro— r+ro—
AIA;$K%/ e~ _:231 (t—s /|AZ _:2311
S0
:Al/\gﬁmrgg;le_rgg;lt/ Jese ks s/ A2 mia
S0 Q
T rgrg—1 rgrg—1 t rdro—1 % (327)
<A PR e et tCr+1[ /e e
S0 Q
r4+rog—1 r4+ro—1
o —1 o —
e (a0l g FIAeCs)l Pp )]
L m—1 (Q) g
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with C,y1 > 0 for all t € (sp, Tmax). Substituting (3.27) into (3.26)), for all ¢t €
(80, Tmax), We obtain

1 t _rhra—l, o
f/vT < (52+>\0—N2)/ e ot )/v“”?_l
rJa S0 Q

t
—__r r+ro—1 r+ro—1 r+ro—1
+ AN TR T Cri1 e~ (tfs)/u raoT (3.28)
Q

So

rdrg—1 rdrg—1

+A1)\;ﬁ,€ T2-T ¢ Ta-T (tfso)Cr+1]f\/.7+ Co(ea, 1),

where
o r4rg—1 r4rg—1
M=z s0)ll 2oy F1A2C,s0)]| s
L ™1 (Q) L m-1 (Q)

To deal with u, multiplying both sides of the second equation in (I.1)) by ™' and
integrating by parts, for any small e € (0,1), we derive from Young’s inequality

that
1d ~ =
el T F—1 r—2 v 2
s [ = [ wwa
r—1 7 7 Fri—1 7
=——x [ vAw+ N | —p [ VTV a | W
r
. Q Q Q Q (3.29)
< — H/UT\AwH—)\l/ur—,ul/"u””*l
r Q Q Q
T+r1—1 %
+e | u +Cs [ vt Yt € (0, Trax),
Q Q
where
oL Sk T s St N P
r1—1 T
Then we conclude that
1d = 7 -1 =~ r—1 =
- UTS_Mril/UT—FTN Ii/ur|Aw|
rdt O r — 1 Q r Q
+/ (Alu’ s S Wﬁ”—l) (3.30)
Q r — 1
~ 1 Fhry—1
—i—a/ W —|—03/v =T Vit € (0, Trnax)-
Q Q
For each 1 € (0, 1), using Young’s inequality again, we have
/ (Alu?_i_ Ll_llu?_uluF+T1—l)
Q " (3.31)
< (- m) [T Culen )V (0, T
Q
with
ry—1 r+r—1 __= r+ry—1 Ftr-1
C4 = C4(51777) = 1 (51 i ) r1—1 ()\1 + 71) r11fl |Q|

T4r—1 T ry—1
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By applying Young’s inequality again, we obtain

S -
r — /i/ur|Aw|
r Q
S)\O/UFerfl_’_NTl_]- ()\071—’_7;1_1)77\161
Q r+r—1 T
- _ R (3.32)
r— 1 rT+r;—1 T+ry—1
x ( k) T |[Aw| 71T
Q
~ . T F4r—1 Fhry—1
:/\o/ur+“‘1+A1>\0 T /|Aw|7*11*1 Vit € (0, Tax),
Q Q
where
< rm—1 7+rm—-1__& 7r—1 fn-1
A== = 1T (— -1, 3.33
1r+7‘1—1( r )l(r)l ( )
Combing (3.31)), (3.32)) with (3.30), for all ¢ € (0, Tinax), it follows that
1d ~ _ . T Fr -1 Ftrg—1
:@ u" < (81 + Ao — pq)/ UT+T171 -|—A1/\0 Tl Tlil / \Aw\ T1£1
r
¢ @ e (3.34)

T4+r;—1 Ttr—1
+ e U + C3 v Tt +C4(51,’F).
Q Q

Applying the variation-of-constants formula to the above inequality again, for all
t € (0, Thax), there exist C5 > 0 and Cy;1 > 0 such that

1 . t _T‘+r1—1(t_ ) -
:/ u” S (81 + )\0 _ ,Ul)/ e r—1 s / urerfl
rJa s0 Q

Fa

~ t ~ ~
" T =1 ~ Fdry—1 Ftry—1
+ AN, TR T C;_,_l/ e~ T (tfs)/v T
S0 Q

T4+ry—1 T4+r;—1

Jr/il)\()_”i_l/i -1 e “ri-1 (t_s°)5;+1ﬁ

t Fry—1 _
+€/ e -1 (t—s) / uT+T1—1
S0 Q

t s YT Pty —1
+ Cs e -1 v it +(Cy
So Q

t r4+ry—1 ~
< (&1 +€+)\0*#1)/ e~ T (t_s)/uﬂr”*l
Q

s0
— ~ + ~ ~
. __Tr Fdri—1 ~ Fry—1 Ftry—1
+ AN TR o1 C;:_,_l/ e T (tfs)/v T
S0 Q

T Fry—1 Fry—1

+A1>\gﬁ1€ -1 e -1 (t_80)5;+1f\?+05

(3.35)

with

_ Fgry—1 Fhry—1
N =llw(s0)| Py +lAw(s0)ll 2o,
L -1 (Q) L m—1 (Q)
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Adding (3.28) to (3.35) yields

1 _ 1 t 7;+r1—1(t75) ~ 1
:/ u” 4 7/ " S (51 +€+)\0 _ Nl)/ e T —1 / ur+r1_
rJa T Ja 50 9)

~ ,rl%l Fri—1 ~ t 7F+r£71(t75) g1
+ A1) kT Crpq [ e T v it
S0 Q

t _rd+ro—1.
+(52+)\0—,U2)/ e~ TrooT S)/ r4ra—1 (3.36)

B s | _ rtrg—1 rtro—1
A T, T221 Cr+1 ol s)-/uimi1
Q

T T+r;—1 T+r;—1

F AN TR T e T (t—so)cmzv

rdrg—1 rdrg—1

F AN P TR T e et RO M G
with Cg > 0 and for all t € (0, Tinax). Recalling (3.19)), we can rewrite (3.36) as

1 =~ 1
= [ u+= [
rJa T Ja
t
r+ro—1 _r4ry—1 ~ _
£ C'r+1*ﬁt1)/ e” T (7 9)/UT+T1 !
S0 Q

< (€1+€+)\0+A1>\0_ﬁn
~ T F4r—1 ~ t g —1
+ (52 + )\O + A1>\0 Tl_lFC Tlil C7’r+1 — ,UZ)/ e rzgl (tfs)/ UT+T2—1
EN) Q

T+r1—1 T+r] —

__T 1 ~ ~
1 T — — t—¢
F AN TR T e et L N

rdrg—1 rdrg—

o 1 ) —
+A1/\0 T2 T o1 g7 -1 (t_éo)CT+1M+ Cs Vte (SOaTmax)-

Moreover, we define

Tt Ftr
gl(/\(), ) )\o+max{A1/<; T2~ 1 Cr+1,Allﬁ3 1 1 CF+1}[ 2 +)\ Tl 1]
After performing some basic calculations, we can obtain there is 79 > 0 such that

1= mi A .
g1(no,7) /{f]l;%gl( 0,7)
For the above Ay := 19, we choose p1 and po is appropriately large such that

Noppo1

__2
Mo+ Aidg TR T Cy g < s

&

%Jﬂ‘l*l ~

)\0 +Al)\(; Tl_llﬂ} r1—1 C%Jrl < H3.

Therefore, one can pick r > % and 7 > % and €1, €, 9 small enough such that

r4ro—

Y1
k2T Crgq < pa,

—r
rg—1

e1+€+ o+ A1)y

1—1 ~

N T F4r
g2+ Ao+ 41Xy TR T Crpg < pio.
Then in light of (3.36]), there exist positive constants C7 and Cg such that

/ UF S C’T vVt € (SOaTmax)v (337)
Q
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/ V< s V€ (50, Tonas)- (3.38)
Q

N
2
q < 2 and choose some o > % such that

> %, then we can get go > &. Now, we fix

Let go = min{r,7}, since r > 5

(N—q0)+
1 NqO
qg< < . (3.39)
o ntal@—3) " (N—q)
Applying the variation-of-constants formula to w, we obtain
t
w(-,t) = e~ 750 (A g0) + / e~ =) (AT s)ds (3.40)

S0

for all t € (50, Tmax), where A := A,, denotes the sectorial operator defined by
2 dp
Apw = —Aw for all we D(Ay) :={peW 7p(Q)|$|aQ:0}.

According to (2.1) and (3.40)), there is a positive constant Cy such that
[(A+1)%*w(-, )| Lae)

t
=Co / (=) 3@ DMy (-, 5)]| pao oy ds
S0

—a-N(1-1) (3.41)
+ Cosy N ||’LU(-,80)||L1(Q)CZS

o N1
SCgCg/ 6_a_%(%_%)€7/\15d5+6v980 > (1 q)K’

S0

where sg is same as the parameter in (2.1). From (3.39) and (3.41)), for a positive

constant Chg, we have

N
/ [Vw|? < Cip Vit € (0, Thmax) and g € [1, 1 ). (3.42)
0 (N —qo)+
Similarly, for C1; > 0, we obtain
q Nqo
[Vz|? < Cy; Vit € (0,Thax) and g € [1, —————). (3.43)
0 (N = qo)+

Multiplying the second equation of (1.1]) by vP~! and using Young’s inequality, for
all t € (0, Trmax), we have

1d
-— [ WP+ (p—-1 /vp72Vv2
i [ [

:—(pfl)f/vp71Vv~Vz+/\2/vp—ug/v’”r”*lfb/vpu
Q Q Q Q

-1 2(p—1
< p—/vp_2|Vv|2+M/vp|Vz\2—u2/vp+7"2‘1+)\2/vp
2 Ja 2 0 0 Q

-1 2(p—1
< L/ P2 Vol + M/ VPV z|* — @/ VP2l 4 Oy
2 Ja Q 2 Jo

(3.44)

2
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with a constant Cyo > 0. Since gp > % implies gy < Q(J\ﬁv_iq;o”, there is a constant
C13 > 0 such that

52(172_ 1) /QUP|V,2|2 < 52(p2_ 1) (/911‘150117)?10 (/Q |Vz|2qo)1/q0 (3.45)
T,

<Cuslo2|? 20 VEE (0, Tinax)-
L90~1(Q)

Let p > qo — 1 and it follows that

do do N

— < < .

D qo — 1 (N - 2)+
Together with the Gagliardo-Nirenberg inequality and (3.38]) implies that
2(1-6)

2qq

L ? (Q)
< Cis(|V02 |2yl +1) Vit € (0, Tinax)

Cusl[v?|? 200 < Cra(|[V02 |70y ll0? S Rl PP
Lao-1(Q) L»

) (3.46)

with some Ci4 > 0, Ci5 > 0 and
Np _ N(go—1)
e U— N () )

Np N
1+% )

In summary, there is a C1g > 0 such that

2(p—1 1
5(7’27)/vp|w|2 ng/vP*ﬂwucw WE (0, The).  (347)
Q Q

Combining (3.47) with (3.44)), for some Cy7 > 0 and for all ¢ € (0, Tinax), we have

1d (p—1) 9 9 M2 / _
—— Py -7 P=2| Vol + = ptrz—1 < . 4
dt/Qv 1 /Qv |Vl > Qv Ci7 (3.48)

According to a standard ODE comparison argument, it implies
||v('7t)||Lp(Q) < Clg Vp >1landte (OaTmax) (349)

with Cig > 0. As for u, the only difference is the term av in the first equation of
(1.1). Recalling the Young inequality and (3.49)), there exist positive constants Cig
and Cyg such that

1 _ p+ry—1
a/ uPv < &/ up+r1 1 4 019/ v 11
Q 4 Q Q

< &/ u’”‘“‘l + Cy Vi€ (Omiax)-
4 Ja
We repeat (3.44))-(3.48)) and Lemma for a constant Co; > 0, we conclude that

lu(-, ) r) < C21 Vp>1and t € (0, Thax)- (3.51)

(3.50)

This completes the proof. [



EJDE-2025/01 GLOBAL SOLUTION FOR A PREDATOR-PREY MODEL 15

4. PROOF OF MAIN RESULT

Now a standard procedure enables us to prove the finial step from L'(f2) to
L>(Q). Next, we will give the proof of the existence and boundedness of global
solutions to system (1.1)) by using Neumann heat semigroup theory.

Lemma 4.1. Let (u,v,w, z) be a classical nonnegative solution of system (1.1 in
Q % (0,Tinax). Then we can conclude that there exists C' > 0 such that

sup  (Ilul:, )l + 0C, )@y + 10, ) lwro oy
t€(0,Tmax)

12w ey ) < C.

Proof. According to the third equation in (1.1)) and an associated variation-of-
constants formula, we can represent the formula of w

t
V(- t) = Vet @ Day(-, s0) + v/ =)A=y (. ). (4.1)
0

Then using Lemmaand —3 -8 (5% — %) > —1, we have
[Vw(, )| L~ )

t
< Ve 2 Dw(-, s0)[| £ () +/ Ve =) A"y (- 8)|| Lo ()
0
t
<C +/ (I+(t- s)_i_% W_5))”11(-, )2~ (o) (4.2)
0

+oo
<Gt [ et D) ot 9)lavia)
0
S C? Vt S (OaTmax)
with some constants C'y > 0 and C5 > 0. This implies that

sup [lw(-,t)[lwree o) < Cs (4.3)
t€(0,Tmax)
with Cg > 0.
Similarly, there exists a positive constant C4 such that
sup |2, 1) [lwr. () < Ca. (4.4)
tE(OaTmax)

To derive the L estimates of u and v, for convenience, we use the corresponding
general result from Tao and Winkler [I7] rather than the standard Moser-type
iteration technique. According to the [I7, Lemma A.1l], the first equation in the
system (|1.1)) can be rewritten as

uy =V - (D(z,t,u)Vu) = xV - f(z,t) + g(z,t), z€Q, t>0, (4.5)

where D(z,t,u) = 1, f(z,t) = uVw and g(z,t) = u(A; — pyu™ ' +av). Combining
the L? estimate of u, (4.3), (4.4) and [I7, Lemma A.1], we can obtain the L*>
estimate of u directly, i.e., there exists a constant C5 > 0 such that

-, D)@y < Cs. (4.6)
We can also obtain the L> estimate of v in the similar way

lv(- )|z~ () < Cs (4.7)
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with a constant C's > 0. Thus, the proof is complete. ([

5. PROOF OF THEOREM [L.1]

On the basis of the extensibility criterion in Lemma/2.1] we can assert Ty,ax = 00
according to the estimates of Lemmas and Lemma [4.1] Thus the solution
(u, v, w, z) of the model (1.1)-(1.2) is global-in-time and bounded.

Acknowledgments. The authors were partially supported by National Natural
Science Foundation of China (No. 12101534) and by the Shandong Provincial
Natural Science Foundation (No. ZR2022JQ06 and No. ZR2021QA052).

REFERENCES

[1] P. Amorim, B. Telch, L. Villada; A reaction-diffusion predator-prey model with pursuit,
evasion, and nonlocal sensing, Math. Biosci. Eng., 16 (2019), 5114-5145.

[2] P. Amorim, B. Telch; A chemotaxis predator-prey model with indirect pursuit-evasion dy-
namics and parabolic signal, J. Math. Anal. Appl., 500 (2021), 125128.

[3] X. Cao; Boundedness in a quasilinear parabolic-parabolic Keller-Segel system with logistic
source, J. Math. Anal. Appl., 412 (2014), 181-188.

[4] X. Cao; Large time behavior in the logistic Keller-Segel model via maximal Sobolev regularity,
Discrete Contin. Dyn. Syst. Ser. B, 9 (2017), 3369-3378.

[5] T. Goudon, L. Urrutia; Analysis of kinetic and macroscopic models of pursuit-evasion dy-
namics, Commun. Math. Sci., 14 (2016), 2253-2286.

[6] M. Herrero, J. Veldzquez; A blow-up mechanism for a chemotaxis model, Ann. Scuola Norm.
Sup. Pisa CI Sci., 24 (1997), 663-683.

[7] M. Hieber, J. Priiss; Heat kernels and maximal LP-L? estimates for parabolic evolution
equations, Comm. Part. Differ. Equ., 22 (1997), 1647-1669.

[8] D. Horstmann, G. Wang; Blow-up in a chemotaxis model without symmetry assumptions,
European J. Appl. Math., 12 (2001), 159-177.

[9] E. Keller, L. Segel; Initiation of slime mold aggregation viewed as an instability, J. Theor.
Biol., 26 (1970), 399-415.

[10] G. Li, Y. Tao, M. Winkler; Large time behavior in a predator-prey system with indirect
pursuit-evasion interaction, Discrete Contin. Dyn. Syst. Ser. B, 25 (2020), 4383-4396.

[11] X. Liu, J. Zheng; Convergence rates of solutions in a predator-prey system with indirect
pursuit-evasion interaction in domains of arbitrary dimension, Discrete Contin. Dyn. Syst.
Ser. B, 28 (3) (2023), 2269-2293.

[12] T. Nagai, T. Senba, T. Suzuki; Chemotactic collapse in a parabolic system of mathematical
biology, Hiroshima Math. J., 30 (2000), 463-497.

[13] D. Qi, Y. Ke; Large time behavior in a predator-prey system with indirect pursuit-evasion
interaction, Discrete Contin. Dyn. Syst. Ser. B, 27 (2022), 4531-4549.

[14] H. Qiu, S. Guo; Global existence and stability in a two-species chemotaxis system, Discrete
Contin. Dyn. Syst. Ser. B, 24 (2019), 1569-1587.

[15] A. Rehman; Boundedness of a two-species chemotaxis system with Lotka-Volterra type com-
petition and two signals, Int. J. Math., 15 (2021), 393-405.

[16] H. Tang, J. Zheng, K. Li; Global and bounded solution to a quasilinear parabolic-elliptic
pursuit-evasion system in N-dimensional domain, J. Math. Anal. Appl., 527 (2023), 127406.

[17] Y. Tao, M. Winkler; Boundedness in a quasilinear parabolic-parabolic Keller-Segel system
with subcritical sensitivity, J. Differ. Equ., 252 (2012), 692-715.

[18] Y. Tao, Z. Wang; Competing effects of attraction vs. repulsion in chemotaxis, Math. Models
Methods Appl. Sci., 23 (2013), 1-36.

[19] L. Wang, C. Mu; A new result for boundedness and stabilization in a two-species chemotaxis
system with two chemicals, Discrete Contin. Dyn. Syst. Ser. B, 25 (2020), 4585-4601.

[20] M. Winkler; Aggregation vs. global diffusive behavior in the higher-dimensional Keller-Segel
model, J. Differ. Equ., 248 (2010), 2889-2905.

[21] M. Winkler; Boundedness in the higher-dimensional parabolic-parabolic chemotaxis system
with logistic source, Comm. Part. Differ. Equ., 35 (2010) , 1516-1537.



EJDE-2025/01 GLOBAL SOLUTION FOR A PREDATOR-PREY MODEL 17

[22] M. Winkler; Finite-time blow-up in the higher-dimensional parabolic-parabolic Keller-Segel
system, J. Math. Pures Appl., 100 (2013), 748-767.

[23] M. Winkler; Global asymptotic stability of constant equilibria in a fully parabolic chemotaxis
system with strong logistic dampening, J. Differ. Equ., 257 (2014), 1056-1077.

[24] J. Xie, J. Zheng; A new result on existence of global bounded classical solution to a attraction-
repulsion chemotaxis system with logistic source, J. Differ. Equ., 298 (2021), 159-181.

[25] J. Zheng; Boundedness of solutions to a quasilinear parabolic-elliptic Keller-Segel system with
logistic source, J. Differ. Equ., 259 (2015), 120-140.

[26] J. Zheng, Y. Li, G. Bao, X. Zou; A new result for global existence and boundedness of
solutions to a parabolic-parabolic Keller-Segel system with logistic source, J. Math. Anal.
Appl., 462 (2018), 1-25.

[27] J. Zheng, P. Zhang; Blow-up prevention by logistic source an N-dimensional parabolic-elliptic
predator-prey system with indirect pursuit-evasion interaction, J. Math. Anal. Appl., 519
(2023), 126741.

(28] J. Zheng, X. Liu, P. Zhang; Existence and boundedness of solutions for a parabolic-elliptic
predator-paey chemotaxis system, Discrete Contin. Dyn. Syst. Ser. B, 28 (2023), 5437-5446.

FENGXIANG ZHAO
SCHOOL OF MATHEMATICAL AND INFORMATIONAL SCIENCES, YANTAI UNIVERSITY, YANTAI, 264005,
SHANDONG, CHINA

Email address: z£x2037@163.com

HAoTIAN TANG
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND TECHNOLOGY, UNIVERSITY OF MACAU,
Ta1pA, MACAU, CHINA

Email address: haotiantang20220163.com

JIASHAN ZHENG
SCHOOL OF MATHEMATICAL AND INFORMATIONAL SCIENCES, YANTAI UNIVERSITY, YANTAI, 264005,
SHANDONG, CHINA

Email address: zhengjiashan20080@163.com

KAIQIANG L1 (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICAL AND INFORMATIONAL SCIENCES, YANTAI UNIVERSITY, YANTAI, 264005,
SHANDONG, CHINA

Email address: kaiqiangli19@163.com



	1. Introduction
	1.1. Statements of main results

	2. Preliminaries
	3. A priori estimates
	4. Proof of main result
	5. Proof of Theorem ??
	Acknowledgments

	References

