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TRAVELING WAVEFRONTS FOR A DISCRETE DIFFUSIVE
LOTKA-VOLTERRA COMPETITION SYSTEM WITH
NONLOCAL NONLINEARITIES

ZHI-JIAO YANG, GUO-BAO ZHANG, JUAN HE

ABSTRACT. This article concerns the traveling wavefronts of a discrete diffusive
Lotka-Volterra competition system with nonlocal nonlinearities. We first prove
that there exists a ¢« > 0 such that when the wave speed is large than or
equals to c«, the system admits an increasing traveling wavefront connecting
two boundary equilibria by the upper-lower solutions method. Furthermore,
we prove that (i) all traveling wavefronts with speed ¢ > ¢*(> c«) are globally
stable with exponential convergence rate t~1/2¢=¢79t where o > 0 and &, =
e(r) € (0,1) is a decreasing function for the time delay T > 0; (ii) the traveling
wavefronts with speed ¢ = ¢* are globally algebraically stable in the algebraic
form t=1/2. The approaches are the weighted energy method, the comparison
principle and Fourier transform.

1. INTRODUCTION

Consider the discrete diffusive Lotka-Volterra competition system with nonlocal
nonlinearities

w(z,t) = dyDlu](z, 1) + rru(z, )1 = u(e, ) = b Y gl — it - 7))
€L

ve(z,t) = doDv](x, t) + rov(x, t) [1 — by Zgg(z)u(x —i,t—1)—v(z, t)] ,
i€z

(1.1)

where z € R, t > 0, dj,7;,b; (j =1,2), T are positive constants, and
Dw](z,t) = w(x + 1,t) — 2w(x,t) + w(x — 1,t)

with w = u, v. This model is often used to describe the competing interaction of two
species. The unknown functions u(z, t) and v(zx, t) stand for the population densities
of two competitive species at location x and time ¢, respectively. The parameter d;
is the diffusion coefficient of species j, b; is the inter-specific competition coefficient,
r; is the growth rate, and 7 is time delay, j = 1,2. The kernel functions g; and g
are weight functions describing the distribution at past times of the individuals of
the species u or v who are at position = at time ¢ (see Guo and Lin [9]), and satisfy

(H1) g;(i) = g;(=4) > 0,0 € Z, ) ;5 9;(1) =1, 5 =1,2.
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(H2) For every A >0, >, g;(i)e™ < o0, j =1,2.
It is clear that the spatially homogeneous system of (1.1]) is

o' (t) = ru(t)[1 — u(t) — byo(t — 7)),
V' (t) = rov(t)[1 — bau(t — 1) — v(t)].

System ([1.2)) always has three nonnegative equilibria
E°:=(0,0), E':=(0,1), E?:=(1,0).

When by,bs < 1 or by,by > 1, there exists a unique coexistence equilibrium E* :=
(u*,v*) = (11—77%2’ 11—_bf1272) In this article, we make the following assumption on
the coefficients b; and bs of (|1.1)):

(H3> 0<b <1< bs.

By (H3), we obtain that E! is unstable and E? is stable (see [7,19] for more details).
When g¢;(0) =1 and g;(¢) = 0 for all ¢ # 0 and 7 = 0, system (L.1)) is reduced to
the classical Lotka-Volterra competitive system with discrete diffusion

ug(z,t) = diDlu)(z, t) + ru(z, t)[1 — u(z, t) — bio(x,t)],

vi(z,t) = doD)(z,t) + rov(z, t)[1 — bou(x, t) — v(z,t)], (13)
which has been studied in [7, B2]. More precisely, under assumption (H3), Guo
and Wu [7] obtained the existence of monostable traveling wave solutions of
connecting E' and E?. Later on, Tian and Zhang [32] further studied the stability of
traveling wave solutions of system with relatively large speed by the weighted
energy method combining with the comparison principle.

In , we assume that the migration only happens to the nearest neighbors
and the interaction happens with infinite range. As such, system can help
us understand the intricate cumulative effect due to an interaction between time
delay and diffusion through the whole spatial location and the previous time over
[—7,0]. It is well known that traveling wave solutions can describe the transitions
between different states of a physical system, propagation of patterns, and domain
invasion of species in population biology (see, e.g., [6]). In mathematics, traveling
wave solutions play an important role in the description of the long-term behaviour
of solutions to initial value problems in reaction-diffusion equations, both in the
spatially continuous cases and in spatially discrete situations|[TT], 12} 16l 17, 28] [33]
36]. In recent years, many efforts have been made to study the traveling wave
solutions of discrete diffusion equations or systems, see [1l 2], [3, [, [7, 8, @, 10} 13|
15, 21] and references therein. Traveling wave solution of is a special solution
of the form (u(x,t),v(x,t)) = (¢(£),p(§)), & := x + ct, where ¢ > 0 is wave speed,
(¢, p) is called wave profile. If ¢ and ¢ are monotone, then (¢, ) is called a traveling
wavefront. Substituting (¢(z + ct), ¢(z + ct)) into (L.I), we obtain the wave profile
system

e6/(€) = diDI9](€) +r16(6) [1 = 6(6) — b1 Y g1 (D)bl€ — i — )]
€L (1.4)
o' (€) = aD[P)(€) + r29(©) [1 = b2 D" gali)p(€ — i — e7) — ()],

1€Z
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where ' = d% and D[W)(§) = Y(§+1) — 2¢(&) + (£ — 1) with ¢ = ¢ or . With
(1.4) we associate the boundary conditions

(6,9)(—00) = B' and (4, ¢)(+00) = E2. (1.5)

In this article, we shall study the existence and stability of traveling wavefronts
of connecting E' to E?, i.e., solutions of and. We first transform
the competition system into a cooperation system. Then, by using upper and
lower solutions, monotone iteration method and a limiting argument, we can prove
the existence of monostable traveling wavefronts for ¢ > c,, where ¢, is some positive
constant (see Lemma . The stability of traveling wave solutions for reaction-
diffusion equations with and without time delays has been extensively investigated,
see e.g., [20, 23] 26} 29, 30} 311, 34}, 35]. Compared to the rich results for the classical
reaction-diffusion equations, limited results exist for the spatial discrete diffusion
equations, especially for discrete diffusion systems. Chen and Guo [4] employed the
squeezing technique to prove the asymptotic stability of traveling waves for discrete
quasilinear monostable equations without time delay. Guo and Zimmer [10] proved
the global stability of traveling wavefronts for spatially discrete equations with
nonlocal delay effects by using a combination of the weighted energy method and the
Green function technique. Tian and Zhang [32] investigated the global stability of
traveling wavefronts for a discrete diffusive Lotka-Volterra competition system with
two species by the weighted energy method together with the comparison principle.
Later on, Chen, Wu and Hsu [3] employed the similar method to show the global
stability of traveling wavefronts for a discrete diffusive Lotka-Volterra competition
system with three species. For other results on the stability of traveling wavefronts
for a discrete diffusive equations, we refer the reader to [13], [I4]. Note that the
comparison principle also works for the transformed system of . Thus, the
weighted energy method together with the comparison principle can still be used to
prove the stability of traveling wavefronts of . However, since is a system
of two equations and contains nonlocal interaction terms, we can only obtain the
stability of traveling wavefronts with large speed. Hence, in order to establish the
stability of traveling wavefronts with relatively lower speed, in this paper, we shall
employ the method of weighted energy combining with the comparison principle
and Fourier’s transform, which is different from that in [32], to study the stability
of the traveling wavefronts connecting E' and E? for (L.I). Our result shows that
all traveling wavefronts with speed ¢ > ¢* are exponentially stable, where ¢* is a
positive constant larger than c,, defined in Section [2] while the traveling wavefront
with speed ¢ = ¢* is algebraically stable with decay rate t~/2. In addition, the
time delay 7 will slow down the convergence of the solution (u(z,t),v(z,t)) to the
traveling wavefronts (¢(x + ct), o(z + ct)) with speed ¢ > ¢*.

The rest of this article is organized as follows. In Section 2, we first give some
preliminaries and then present the main results. In Section 3, we show the existence
of traveling wavefronts of (1.1]). Section 4 is devoted to proving the stability of the
traveling wavefronts of

2. PRELIMINARIES AND MAIN RESULTS

In this section, we first show the existence of traveling wavefronts of (|1.1)), then
give the comparison principle of the corresponding initial value problem of (1.1),
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and finally state the main result on the global stability of traveling wavefronts of

().

Letting v = w and v = 1 — v, and dropping the bar for the sake of convenience,
then the competitive system (1.1 becomes the following cooperative system

w(z,t) = dyDlu](z, ) + ru(z, ) [1 —ula,t) — b+ b > gu(i)o(x it — T)} ,
i€z
ve(z,t) = doDlu)(z,t) + ra(v(z,t) — 1) |:’U(;L‘7 t) — by Z g2 (Du(x —i,t — T):| .
i€z
(2.1)

The equilibria E* and E? of system (1.1]) are corresponding to the equilibria E_ =
(u—,v_):=(0,0) and By = (u4,v4) := (1,1) of system (2.1).

Substituting (u(z,t),v(x,t)) = (#(£), (&), & := = + ct into leads to the
following wave profile system with the asymptotic boundary conditions

e’ (&) = diD[](§) + 19(§) {1 —¢(&) — b1 + b Zm(i)ap(f —i— CT)},

i€
¢/ (€) = dDIG)(E) +12((€) = D](©) = b2 Y ge(o(¢ —i—er)], (22
i€z
(¢, 9)(—00) = E_, (¢, ¢)(+00) = Ey.
We define the function
AN o) =dy(ed+ e =2) —ed+r1(1 —by).
One can easily show that the following result holds.

Lemma 2.1. Assume that (H1)-(H3) hold. Then there exist A\. > 0 and c. > 0
such that

A(Ai,c) =0 and gA()\,c*

B3 0.

)lA:A* =
Furthermore,

(i) If ¢ > cs, then A(X,¢) = 0 has two distinct positive real Toots A (c) and
Aa(e) with A1(c) < A < A2(e), and A(A ¢) <0 for XA € (M(c), A2(c)), and
A(X ) >0 for X € (0, \1(c)) U (A2(c), +00).
(ii) If 0 < ¢ < ¢y, then A(X, ¢) > 0 for all A > 0.
By the method of upper-lower solutions, we can obtain the existence of traveling
wavefronts of system under additional assumption
(H4) Y ,cp9;(0)e " <1, =1,2, and byby < 1.
Theorem 2.2 (Existence). Assume that (H1)—(H4) hold and di > dy. Then for

any ¢ > ¢, system (2.1) admits an increasing traveling wavefront (¢(€), p(§)) con-
necting E_ and E.

Remark 2.3. Condition (H4) is a technical assumption, which is only used for
verification of the upper solution constructed in Section We should point out
that (H4) can be replaced with 3, , g1(i)e ™" <1 and biba Y,y g2(i)e M < 1,
or 7 > 0 is suitable large.

Throughout this paper, we assume that (2.1)) has the following initial data
u(z,s) = uo(z,s), v(z,s)=uvo(z,s), (z,s)€Rx[-7,0]. (2.3)
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Then following comparison principle to the initial value problem (2.1)-(2.3) can
be proved by an argument similar to [I9) Lemma 3.2]. Thus, we omit the proof
here.

Lemma 2.4 (Comparison principle). Assume (H1)-(H3), and let (u™,v¥)(x,t) be
the solution of system with the initial data (u%,v?}[)(ﬂc, s), (z,8) € Rx [—1,0],
respectively. If

E_ < (ug,vg )(2,5) < (ug,vg)(z,8) < By
for (z,8) € R x [—7,0], then

E_<(u v )(z,t) < (ut,v")(z,t) < Ey
for (z,t) € R x RT.

Throughout this article, we introduce some necessary notions at first. C > 0
denotes a generic constant, while C;(i = 1,2, ...) represents a specific constant. Let
I |l and || - ||oo denote 1-norm and oo-norm of the matrix (or vector), respectively.
Let I be an interval, typically I = R. Denote by L!(I) the space of integrable
functions defined on I, and W*!(I)(k > 0) the Sobolev space of the L!-functions
f(z) defined on the interval I whose derivatives Kgﬁ—nnf(n =1,...,k) also belong to
LY(I). Let Ll (I) be the weighted L!-space with a weight function w(z) > 0 and
its norm is defined by

iz = [ w@lfe)de.

WkL(I) be the weighted Sobolev space with the norm

g d'f(z)
k,1 = w d
Iz =3 / (2) .

dx?
Let T > 0 be a number and B be a Banach space. We denote by C([0,T]; B)
the space of the B-valued continuous functions on [0, 7], and by L'([0,T]; B) the
space of the B-valued L!-functions on [0,7]. The corresponding spaces of the B-
valued functions on [0, 00) are defined similarly. For any function f(x), its Fourier
transform is

FUfm) = Fon) = / e £ ()

and the inverse Fourier transform is
~ 1 .~
—1 _ izm d
FUR@) = 5= [ e P

where i is the imaginary unit, i = —1.
To obtain the stability of traveling wavefronts, we need the following technical
assumption.

(H5) dl > dg, 1 > To, d1 — dg < 715T2.
We define the function

A(/\, c) = dl(e)‘ +e = 2) —cA+ 11 +1mb1gG1(N),

where
. ; bo
G+(\) = —A(itcr) - 1 202y
1(A) E gi(i)e < 00, ¢=max{ ’7“1b1}

1€Z
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By computations, we have

A(O,c) =7+ r1b1qul(i) =1y +r1big > 0 for all ¢,

€T
BING) .
% = _\— )\TT1b1qu1 (i)e_)‘(””) < 0 for all A > 0,
¢ =

OA(N

%‘A:o =—c—ctrib1g <0, ¢ >0,
O?A(N e
76;’ o) =d; (e”\ + e_’\) + A7%r1b1g Zgl (i)e_)‘(”'”) > 0.

=
Similar to Lemma there exist A* > 0 and ¢* > 0 such that A(\*,¢*) = 0 and
%A(/\,c*) yr- = 0. Furthermore, when ¢ > ¢, A()\,c) = 0 has two distinct
positive real roots /\'i(c) and )\g(c) with /\E(c) <A< )\g(c), and A(\,¢) < 0
for A € (A (c),A(c)), and A(X,¢) > 0 for A € (0,A1(c)) U (A(c),+00). When

0<c<ce*, A(A c) >0 for all A > 0. By computation, we see that

AN e) =di(ed+ e =2) — e A+ 11 +71b1gG1(N)
> —r1(1—b1) +7r1 +7r1b1gG1(A) >0 for A > 0.

Thus, ¢, < ¢*.
We define the weight function

L JeNEt e <,
w(f) o {17 6 > §07

where & > 0 is a large enough constant defined in the proof of Lemma [£.7] and \*
is defined above.

Theorem 2.5 (Stability). Assume that (H1)-(H3), (H5) hold and ¢1(-) = ga(-).
Let (¢(x + ct), o(x + ct)) be the traveling wavefront connecting E_ and Ey with
c > c*. If the initial data satisfy

(0,0) < (ugp(z, 8),v0(x,8)) < (1,1), (z,5) € R x[-7,0]
and the initial perturbation
uo(z,5) — ¢z + cs) € C([~7,0]; W' (R)),
(@, 8) = ¢(z +cs) € O([-7, 0 W' (R)),
Bs(uo — ¢) € LM ([=7,0]; Ly, (R)),  s(vo — ) € L ([, 0]; L, (R)),
then the solution (u(x,t),v(x,t)) of the Cauchy problem and uniquely

exists and satisfies
(0,0) < (u(z,t),v(x,t)) < (1,1), (z,t) € Rx[0,+00)

and
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Furthermore, when ¢ > c¢*, the solution (u(z,t),v(z,t)) converges to the traveling
wavefront (¢(x + ct), (x + ct)) as follows:

sup |u(z, t) — ¢p(x + ct)| < Ct=2e=577t vt > 0,
z€R

sup [v(z, 1) — p(z + ct)| < Ct~Y2e =t vt > 0,
R

where o, C are positive numbers and ¢, € (0,1). When ¢ = c*, the solution
(u(z,t),v(x,t)) converges to the traveling wavefront (¢p(xz+-ct), p(xz+ct)) as follows:

sup |u(z,t) — ¢(z + ct)] < Ct™/2, vt >0,
z€R

sup |v(z,t) — p(x + ct)] < Ct™Y2, Vit > 0.
z€R

3. EXISTENCE

In this section, we shall prove the existence of traveling wavefronts of (L.1)) by
upper-lower solutions method. We first define the notion of upper-lower solutions.

Definition 3.1. A continuous function (¢, ¢) from R to [0, 1] is called an upper
solution (or a lower solution) of (2.2)), if each ¢ and ¢ are continuously differentiable
in R except at finite points and satisfy

e/ (€) 2 () DIGI(E) + r16(€) |1 — 6(6) — b + b1 Y gr(i)p(€ —i = e7)],
<y
' (€) = ()dDIR](€) +r2(p() = 1) [(€) = b2 D 2(D)(€ — i = e7)]
iE€EZ
a.e. £ eR.

We define two continuous functions as follows:

- JeME g<o, o JeNEb, e<g,
¢(£){ 1, £>0, and s&(f){ 1, £> &,

Lemma 3.2. Assume that ¢ > c, and di > da. Then (¢(£),(€)) is an upper
solution of .
Proof. When & > 0, ¢(£) = 1. Note that @(¢) < 1 for all £ € R. Then we obtain
¢ (€) = dDIFI(€) — r1B(€)[1 = B(&) — br + b1 Y g1 ()p(€ — i — c7)
i€Z
>ry [bl — by Zgl(l)(ﬁ(g — 17— CT)} >0,
i€z
because of (H1). When ¢ < 0, ¢(€) = eM&. In view of ¢(€) < eM&/by for all € € R,
we have
e (€) = dD)(E) = 11d(€) |1 = B() = br + b1 > qu(i)p(€ — i — e7)
i€z

> chje™Mé — dle)‘lé(e)‘l +e M — 2) — rieté [1 —eMé

0> g1 (0)p(E —i—er)]

1€Z
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= M [c/\l — dl(e>‘1 +eM - 2)—r(1— bl)}

_r16>\1£{_6)\1€_~_blzgl (,55—2.—6’7')}

1€EL
= eMEA(N, ¢) + et [e)‘lg —b 291 (g€ —1i— CT)}
i€Z
> r1€2/\1§|: e—Mier Zgl —/\11} >0,
i€EL

Because A(Aq,¢) =0 for ¢ > ¢, and (H4). Analogously, when £ > &, ¢(§) = 1. Tt
is clear that

@' (€) — &aDIFI(E) — r2(#(6) — D]P() — b2 > (D)€ — i — er)] > 0.
i€Z
When ¢ < &1, ¢(&) = e*1¢/by. Thus, we can derive that
¢ (€) — dDIF](€) = ra(2(6) = 1)[P(6) — b2 Y 92(0)(€ — i — c7)]
iE€EZL
> c/\lée)‘lg —d bl eME(eM femM —2)
—7’2(%@/\15 {1 /\16_372%;g2 —i—CT):|

1
> b—e’\lg[c)\l — dl(e)‘1 +e M — 2)]
1

1 )\15 )\15 >\1(i+CT)
+ral— e >{b —b2e™€ Y gali)e }
€L
1 1 ,
= —eMt [rl(l —b1) 4 ro(1 — —eMf) (1 — bybgeM1eT Zgz(i)(f}‘”)} >0,
b b i€Z
since d; > do and (H4) holds. Thus, we prove (¢(€), (£)) is an upper solution of
(2.2). The proof is complete. O

Let ¢(¢§) = 0 for all £ € R, and ¢(&) be positive and satisfy
c¢'(€) = diD[g](€) + r16(§)[1 — b1 — ¢(€)]

and
lim ¢(6)e M& =1,
{——o0

For the existence of ¢(¢), we refer readers to Chen and Guo [4, 5]. We can prove
that (p(£),¢(£)) is a lower solution of (2.2). Since the proof is easy, we omit it
here.

Lemma 3.3. (¢(£),¢(€)) is a lower solution of (2.2).

Based on Lemmas [3.2) and [3.3] Theorem [2.2] can be easily obtained. More pre-
cisely, the existence of traveling wavefronts with speed ¢ > ¢, can be proved by the
monotone iteration method [5 [14], Schauder’s fixed point theorem [22], or trun-
cated method [7]. By applying the limiting arguments, we can obtain the existence
of traveling wavefronts with speed ¢ = ¢,.. We refer the reader to [14} 27], and here
we skip the details.
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4. GLOBAL STABILITY

In this section, we are going to prove the stability of the traveling wavefronts by
the weighted energy method together with the comparison principle and Fourier’s
transform. The global existence and uniqueness of the solution for Cauchy problem
- can be proved by the standard energy method and continuity extension
method [25] or the theory of abstract functional differential equations[24]. There-
fore, we present the following proposition and omit the proof.

Proposition 4.1. Assume that (H1)—(H3), (H5) hold. Let (¢(x+ ct), p(z +ct)) =
(p(8), p(€)) be the traveling wavefront of (2.1) connecting E_ and Ey with ¢ > c¢*.
If the initial data satisfy

(0,0) < (ugp(z, 8),v0(x,8)) < (1,1), (z,5) €Rx[-7,0].
then the Cauchy problem and admits a unique solution (u(z,t),v(x,t))
satisfying

(0,0) < (u(z,t),v(z,t)) <(1,1), (z,t) € R x[0,400).
If, in addition, the initial perturbation satisfies
uo(z, ) —d(z+cs) € C([=7,0; W' (R)), vo(z, ) —p(a+es) € C[~7, 0 W' (R),
then
u(z,t)—g(x+ct) € C([0, +00); WEH(R)), v(x, t) —p(x+ct) € C([0, +00); WL(R)).

Before proving the stability of the traveling wavefronts, we recall some properties
of the solutions to linear delayed differential system.

Lemma 4.2 ([I8, Theorem 1]). Let z(t) be the solution to the linear delayed dif-
ferential system
d

ﬁz(t) = Az(t)+ Bz(t—71), t>0,7>0,

(4.1)
z(s) = zo(s), se€[-7,0].
where A, B € CN*N N > 2 and zy(s) € C'([~7,0],C"N). Then

_ 0 _
2(t) = A eB (1) + / eAl=9)BU=T=5) 1) + Az(s)]ds,

-7

where B = BeA™ and eTBt 18 the so-called delayed exponential function in the form

0, —oco <t < —T,
1, —7<t<0,
I+B%, 0<t<T,
— — 2
Bt _ )1+ BL+ 32U T<t<2r

I+ B4+ B g gl DA™ - Dy <t <,

where 0,1 € CN*N | and 0 is zero matriz and I is the unit matriz.
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Lemma 4.3 (|23 Theorem 3.1]). Suppose u(A) := M < 0, where pi(A)
and oo (A) denote the matriz measure of A induced by matriz 1-norm || - |1 and
oo-norm || + ||, respectively. If v(B) := M < —u(A), then there exists a
decreasing function e, = e(1) € (0,1) for 7 > 0 such that any solution of system

(4.1) satisfies
|2(t)[] < Coe™ 577", ¢ >0,

where Cy is a positive constant depending on initial data zo(s), s € [—7,0] and
o =|u(A)| = v(B). In particular,

leteBt|| < Coe*t, >0,
where eTBt is defined in Lemma .
Remark 4.4. It can be seen from the proof of [23] Theome 3.1] that

N
o I+ 0A[ -1
Ha(A) = elir& R = [Re(a“) + Z |a”\]
J#i
and
1T+ 0A]0 — 1 al
o) g M o3 k]
i#]
The following lemma can be found in [10, Lemma 3.2].
Lemma 4.5. Fort >0,
1
o /]R exp{—2tde, cosh(\*)(1 — cosn)}dn < d;;,

where cosh(\*) = (X 4+ e ") /2.

Now we are ready to prove the stability of traveling wavefronts to (2.1 with a
specific convergence rate. For any ¢ > ¢*, we define the functions

U (z,5) = max{ug(z, s), p(x +cs)}, Vi (z,s) = max{vy(z,s), p(x + cs)},
Uy (z,5) = min{ug(z, s), o(x + ¢s)}, Vi (z,s) = min{vo(z, s), o(z + cs)}
for (z,s) € R x [—7,0]. It is easy to see that
0=u" < Uy (2,8) <wup(x,s) <Uy (z,8) <ut =1,
0=u" <Uy(2,8) < ¢(x+cs) <US (z,5) <ut =1,
0=0v" <V (z,5) <wol(x,s) < Vi (x,8) <ot =1,
0=v" <Vy (x,8) < plx+cs) < Vi (z,8) <ot =1

for (z,s) € R x [—7,0].

It is clear that the initial data (Ui (z,s), Vit (z,s)) are piecewise continuous
and have a poor regularity, which may also cause the absence of regularity for
the corresponding solutions. To overcome such a shortcoming, we choose smooth
functions (U (z, s), Vit (z, s)) instead of these initial data as the new initial data
such that

(an) < (UO_(J},S),VO_(I,S)) < UO_(‘T"S)’VO_(I’S)) < (UO(QZ,S),’U(J(:C,S))
o (2,5)) < (Ug (,9), V5" (2, 5)) < (1,1).

—~
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We denote (U™ (z,t), VT (x,t)) and (U™ (x,t), V~(x,t)) as the corresponding so-
lutions of ([2.1)) with respect to the above mentioned initial data

Uy (w,5), Vo' (2,5)),  (Ug (x,5), Vg (2,5)),
respectively. It then follows from Lemma [2.4] that
0< U (z,t) <u(z,t) <U(z,t) <1,
0<U (z,t) < plz+ct) <U(z,t) <1,
0< V™ (,t) <wla,t) < VT(a,t) <1
0<V (z,t) <z +ct) <VT(z,t) <1

for (z,t) € R x [0, +00).
We shall complete the proof of Theorem [2.5 in the following three steps:

(1) (Ut (z,t),VT(x,t)) converges to (¢(z + ct), p(x + ct)).
(2) (U (z,t),V~(x,t)) converges to (¢(z + ct), p(x + ct)).
(3) (u(z,t),v(x,t)) converges to (¢p(x + ct), p(z + ct)).

We do only Step 1, since Step 2 can be done by a similar way. Using a squeezing
technique, we can easily get the conclusion of Step 3, which implies Theorem [2.5]
Let £ = x4+ ¢t and

Ur(&t) :==UT(z,t) — dp(x +ct), Vi(&,t) :=VT(z,t) — o(z+ct)
with the initial data
Un(§,s) :=U"(z,5) = bz +cs), Vio(&,s) =V (2,5) —p(z+es) (42)
fort >0, s € [-7,0], £ € R. It is easy to see that
Ur(&,t) >0, Vi(&,¢) >0, V(t) € Rx[0,+0).
By and (2.2), we can verify that (Uy(,t), Vi (&, t)) satisfies

Uy + cUse = DU + 11 M($, 0)Ur — 11 U7 + b U Y g1(i)V5

i€z
+ r1b1¢Zgl(i)VlT,
i€Z (4.3)
Vit + cVig = daD[Vi] — 12N (6, 9)Vi + 12 V2 — rabaVi D ga(i)U7
i€z
+raba(1— ) Y ga(i)U7,
€L
where
M(p,0) =1=20—b1+b1 Y gi(i)¢”, N(¢,0) =1-20+b Y g2(i)¢7,
i€z i€z

PT =9 —i—cT), T = —i-cr),
Ui =Ui—i—cryt—71), Vi =Vi((—i—cT,t—T).
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Furthermore, system (4.3 can be rewritten as

Usi + cUre = dyD[UA] + UL [1 = by = (U1 + ) + b1 Y (VT +7)]

iz
+7”1¢|:b1 Zgl Ul]

i€Z

(4.4)
Vit + ¢Vig = doD[Vi] + 12 V3 [(Vl +@)—b2 Y ga()(UT + ¢>T)}
€L
+ro(l — {bz 292 - }

i€EZL

Note that U; >0, V1 >0, ¢, € (0,1), U1 +¢ € (0,1) and V1 +¢ € (0,1). Then
we obtain

7“1U1[1—bl (UL +9) —HHZgl Q) )] +7'1¢{b1291 Ul]
i€EZ iE€EZ (45)
<riUp +riby Zgl(i)‘ﬁ
ez
and
7“2‘/1[(‘/1-1-@ — by Y ga(i) (U] +¢T)}+7“2 (I-¢ [bzzgz - ]
iE€EZ i€Z (46)
< raVi +rabo 292(i)U1
ez

Using (4.5 and (| in , we have

Uip +clUie < diD[UL| + m Uy + 11by Zgl (VY
i€l
Vit +cVig < ng[Vl] + 1roV1 4 1robs Zgg(i)U
i€Z
for all (&, )6R><R+
Let (U7 (&,1), VT (&,1)) be the solution of the initial value problem
Ui (&, 1) + U (&, t) = i DIUTI(E, t) + rU (€, 1)
+ 716y Zgl(i)V1+(§ —i—cT,t—1T),
=
Vit (6,8) + Vi (&, 8) = 2DV (&, 1) + 2V (&, 1) (4.7)
+ 72by Zgg(i)Uf'({ —i—cT,t—T),
i€Z
(UF(&,8),ViT(€,8) = (Uro(€,8), Vao(€, )
for (&,t) € R x RT, where (U10(&,5), Vio(€,5)) is defined in (4.2)). Then, by the
comparison principle, we have

(U1(&, 1), Vi(&: 1) < (U (6,1), V17 (6, 1)), V(§,1) eRx RT. (4.8)

We introduce the transformation

UE,t) = e MV E0UF (g, 1), V() =e N EDIYT(e ),
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where &g is a large enough positive constant. Then by (4.7), (U(&,t), V(1)) satis-
fies
Un(&,t) + cUe(,8) = di [ UE+1,0) + e U~ 1,0 + kU, 1)
+7r1b1 Z g1(@)e NIV (E — i —ert —7),
i€Z
Vi€, t) + cVe(é,t) = dole® V(E+1,8) + e X V(E—1,8)] + kaV(, 1)
+ 79by Zgz(i)e_’\*(HCT)U(f —i—cT,t—1T),
i€Z
where

k‘l =Ty — C)\* — 2d1, ]4}2 =T9 — C/\* — ng.

Taking the Fourier transform to system (4.9) and denoting the Fourier transform

-~ ~

of Z(&,1) = (U(&:1), V(&) by Z(n.t) := (U(n, 1), V(n,1))", we obtain

Os(1,1) = [dy (X7 + e~ X74) — i + kU (. 1)
by Y gi(i)e N e e Crening ) ),
_ S s - (4.10)
Vi, 1) = [da (X 17 4 X4 —jen + ko] V (n, 1)
+ 72by Z ga(i)e™ N e g=Gten)ingr(p ¢ _ 7).
i€Z
Let
Aly) = dy (e o= VTHMY _den + Ky 0
= 0 da(eN 1 4 e~ HN) _jep + ky
and
B(n) = 0 riby Yy e gy (i)e A e
n) = Toby ZieZ e—i(i+c7‘)ng2(i>€—/\*(i+0‘r) 0 .
Then system (4.10) can be rewritten as
d ~ N N
—Z(n,t) = Am)Z(n,t) + Bn)Z(n,t — 7). (4.11)

dt

By using the solution formula of (4.1) in Lemma one can solve the linear
time-delayed ordinary differential system (4.11]) as follows

Z(n,t) = AN Bt Z () 7y

0 B ~ ~
+ / eA(n)(t—S)ef(T])(t—s—T) |:8SZO(TI’ 3) - A(n)ZO(nv S)] ds

(4.12)

= L(n.t) + / To(n,t — s)ds,

-7
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where B(n) = B(n)e*("7. Taking the inverse Fourier transform to (4.12)), one has
Z(&,1)

= F L)) + i FHIo)(&,t — s)ds

—T

+oo _
_ 1 N A+ BN Z (1

2 J_
10 e _ . R
+ %/ / eléneAm =9 BN(t=s=1)19 7,(n ) — A(n)Zo(n, s)]dnds.

(4.13)
Now we present the lemma about the decay rate of Uy(§,t) and Vi(&,t) for
5 €l := (700350]'

Lemma 4.6. Let assumptions in Theorem[2.5 hold. Then there exists a decreasing
function e, = e(7) € (0,1) such that

ULt ooy + VA (S )|y < CEH2e™7orE Wt > 0, (4.14)
where C' is a positive constant and
o1 = A, )70 Jore>e (4.15)
=0 forc=c".

Proof. By (4.13)), it suffices to estimate F~1[.J;](&,t) and f_OT F L)t — s)ds,
respectively. By the definition of p(A) and v(B), we have

p1(A) + pio (A)

A =

1(A) 5
= max {dl (eA* cosn + e cos n) + k1, dg(eA* cosn + e cos n) + k2}
= dl(ex + e*y) cosn + k1
=di(e® +e N —2) —eX 4+ —m(n),

where

m(n) = di (e} +e ) (1 = cosn) >0,
since di > do, 1 > 1, di — dy < 2572 by (H5), and
I/(B) S maX{’/‘lb1G1(/\*), T2b2G2(/\*)},
since
[rjb; D e (0)e ™D <y Y e g, (i)e A (e
i€Z i€Z
=rib; Y gi(i)e 0T =12,
i€Z
Note that A(X*,¢) = dy(e? 4+ e —2) — eX* + 71 + r1b1gG(N*) < 0 for ¢ > ¢*.
It then follows that d; (e/\* +e N — 2) —cA* 4+ r; < —r1b1¢G1(A*) < 0. Thus, we
can derive that u(A4) < 0 and

W(A) +(B) < (e + e —2) = X 41— m(n)
+ max{rlblGl(A*), ’I“QbQGQ()\*)}
=di(e* +e —2) — A + 11 +r1bigGi(N7) — m(n)
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= A\, ¢) —m(n) <0,

because g1(-) = ga(+), where ¢ = max{1, ;?Zf }. Furthermore,

u(A)] = v(B) = —u(A) —v(B) = =A(\",¢) +m(n) >0,
ie. |u(A)] > v(B). Then by Lemma there exists a decreasing function ¢, =
g(t) € (0,1) such that
|eA(n)(t+T)e§(n)t‘ < Ce e InAI=v(B)t < Cg=erortg—ermn)t, (4.16)

where C' is a positive constant and oy is defined in (4.15)).
By the definition of Fourier’s transform, we obtain

ne -

0o 2
sup | Zo(n, =) < / 1206, ~ 7)1 = 3 1 Zio (-~ -
© i=1
Applying ([4.16)) and in view of Lemma we have

— 1 oo i 7) B 77
sup||.7-' 1[J1](§,t)|| :SupHi2 / ei6m o AM) (t+ )ef(n)tzo(n) —T)d77H
EER EER T J_co

—c. 0 > 1 e —&rm
< Ce s Zatn g [ e g
neR T J—co

2
S Ct—l/Qe—Eq—O'lt Z ||Zi0(.5 _T)||L1(R)'
i=1
Note that
2

sup [ A(n) Zo(n, s)[| < C Y 1 Zo(-, 8)llwr1 -
neR i—1
Similarly, we can obtain

sup || F~1[J2)(€,t — s)dn]|
£eR

1 e i —s), B —s—T7 7 7
—sup |5 [ A B0 3,24, 5) — Aln)Zo(rn, ]|
£eR —00
1 +o0 ~ o~
<Oy e~ e t=8)emerm=9))19 7 (n, s) — A(n) Zo(n, s)||dn
T J—c0

1 ~ ~ Foo
< Ce = 7tef7915 —gup |05 Z0(n, 8) — A(n) Zo(n, 5)|| / e*ETm(")(t*S)dn.
27T neR — 00

Furthermore,

0
/ sup |7~ [2] (€, — s)ds|

—71 €€R

1 0 . R “+o0
< Ce_efgltz—/ e 71 sup |05 Zo(n, 8) — A(n) Zo(n, s)||/ e_g*m(")(t_s)dnds
neRr —o0

™ J_r
0
< Ct_1/26_5701t/ (HaSZO(n, S)”LI(R) + ||ZO(’I77 S)”WI,I(R)) ds
< Ot 2= (05 Zo(n, 8) | L1 (=m0 L1 (R)) + 11 Z0(0s 8) || 21 (o 01wt (RY)) -
(4.18)
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Substituting (4.17)) and (4.18]) into (4.13]), we obtain the decay rate

MU oo @) + 1V D) oo (r) < Ct=Y2¢=e71t for ¢ > c*. (4.19)

When £ < &), one can see that e (€=) < 1. This together with yields
0 ST 1) SUT(61) =N DU 1) <U(E 1), (4.20)
0 < Vi(&,1) < ViH(Et) = e’\*(f_fﬂ)V(f t) < V(e ) (4.21)

for all £ € I and t > 0. It then follows from 7 and (| - ) that ( -

holds. The proof is complete.

Next, we present the decay rate for Uy (&, t) and V4(§,t) in R\ I = (&, +00).
Lemma 4.7. It holds that
HUl('at)HLOO(]R\I) + ||V1(‘,t)||Loo(R\I) < Ct= 12t fort >0,

where v > 0 is a small constant satisfying 0 < v < min{e 01,061} with

1.1
5 :min{rl(l—bl),rg(bg—1),;lna}, (4.22)

when ¢ > c*, and v =0, when c = c*.

Proof. By (4.3), we can see that (Uy,Vy) for ¢ > ¢* satisfies

Ui + cUre < diD[UL] +r1(1 — ¢)Ur + r19(by 291 -Uh),
i€L
EeR\I, t>0,
Vit + cVig < doDVA] 4 ra(1 = ba Y g2(1)¢")Vi + ra(1— 9) (b2 Y g1 ())UT —
i€EZ €L
EeR\I, t>0,

Utle=gy < Co(1+18)72e7s 1t £ >0,
Vile—e, < Co(1+1)7H2e =7t ¢ >0,
U1|t:s = Ul()(f,s), ‘/1‘t=s = Vlo(gas)a § S R\I7 ENS [—T, O]
(4.23)
where o, is defined in (#.15)), and Cy = C; when ¢ > ¢*, and Cy = Cy when

¢ = c¢*. We choose £ and t, large enough and ~ small enough satisfying 0 < v <
min{e,o1, 1} such that

o) (1-bi(1+ 1)) () — 1) - 50+ e+ 1) =y 20,

T \1/2 ~F
ra(p(&) = 1) (ba (14 15) P07~ 1)

1
+7’2(b2¢7(§1)—1)—5(1—|—t+7')_1—720
for &1 > &y and t > t,. When ¢ > ¢*, we let
Ui t) =V ) =C(L+t+7)"2% fort >0,

where C is large enough such that (U1 (¢, ), V1 (&, 1)) > (U1 (&,1), Vi(€, 1)) for (€,1) €
R x [0,t,]. By a direct computation, we can verify that (U, V1) is an upper solution
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to (4.23), i.e.,
Uit + cUre > di DU+ r1(1 — ¢)U1 +r16(by Z a()V] =T1),
EeR\I, t>0, ZEZ
Vie+ Vie > daD[Vi] +r2(1— b1 > g2(i)67) Vs
i€z
+72(1 = ¢)(b2 Zgl(i)UI Vi), E€R\IL t>0,
i€z

Uileme, > C1(141)"V2eert 50,
Vileme, > C1(1 4+ 1) Y2emernt >0,
Utlt=s > U10(£,8), Vili=s > V10(&,8), €€R\I, s€[-1,0].
Hence, for ¢ > ¢*, we obtain
0<UL(E) <UL =CA+t+7)" Y2 fort>0, E€R\I, (4.24)
0<VI(E) S V(ED) =CL+t+7)"Y2e fort >0, £€R\I.  (4.25)
When ¢ = ¢*, we let
Ui(&,t) =Vi(&,t)=CA+t+7)"Y2 fort>0.
Similarly, we can obtain that for ¢ = ¢*,
0< UL (&) <TUL(E ) =C(A+t+7)"Y2 fort>0, R\, (4.26)
0<Vi(&t) < V() =CA+t+7)"Y2 fort>0, £ €R\ I (4.27)

Thus, Lemma can be immediately obtained by (4.24)-(4.27). The proof is
complete. O

Lemma 4.8. It holds that
1ULC, ) | ey + VA, E) | e my < CEH2e7577 fort >0, ¢ > c*,
UL t) ooy + IVAGo )] ooy < CE7Y2 fort >0, ¢ = ¢,

where 0 < o < min{o1,d1/e,}, o1 := —A(N*,¢) > 0 with ¢ > ¢*, and 61 is given by
@22).

According to the definition of U; and V;, we have the following convergence of
the solution (U™ (x,t), VT (x,t)) to (¢(x + ct), o(z + ct)).
Lemma 4.9. It holds that for ¢ > c*,

sup [Ut (z,t) — ¢z + ct)| < Ct™1/2e7277t vt >0,
z€R

sup [V (2, 1) — p(x + ct)| < Ct™ Y2757t Vit > 0,
T€R

and for c = c*,
sup |UF (z,t) — ¢z +ct)| < Ct71/2, vt >0,
T€R

sup [V (z,t) — oz +ct)| < Ct™Y2, vt >0,
zE€R



18 Z.-J. YANG, G.-B. ZHANG, J. HE EJDE-2025/02
where 0 < o < min{oy,d1/e,}, o1 := —A(N*,¢) > 0 with ¢ > ¢*, and §; is given by
[@29).
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