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WEIGHTED (p,q)-EQUATIONS WITH GRADIENT DEPENDENT
REACTION

ZHAO JING, ZHENHAI LIU, NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. We consider a weighted (p, ¢)-equation with a parametric reaction
depending on the gradient. Using truncation and comparison techniques and
the theory of nonlinear operators of monotone type, we show that for all small
values of the parameter, the problem has a positive smooth solution.

1. INTRODUCTION

Let © C RYN be a bounded domain with a C?-boundary 9. In this article we
study the parametric Dirichlet problem

—A%u(z) — APu(z) = f(z,u(z)) + A|Du(2)[P~"  in €,

1.1
ulogn =0, 1<g<p<N, A>0, u>0. (1.1)

If a € CO1(Q) with 0 < €< a(z) for all z € Q and s € (1,00), then by A% we
denote the weighted s-Laplace differential operator defined by

A% = div(a(z)|Dul*"2Du), for all u € Wy *(Q).

In problem the equation is driven by the sum of two such operators with differ-
ent exponents ¢ < p and in general different weights (a weighted (p, ¢)-differential
operator). So, the differential operator in is not homogeneous. The reaction
(right hand side) of is gradient dependent. Combining varational tools from
critical point theory, with the theory of nonlinear operators of monotone type, we
show that for all small values of parameter A > 0, problem has a positive
small solution.

Nonlinear elliptic equations with gradient dependence, such as , were exam-
ined by Candito-Gasinski-Papageorgiou [I], Faria-Miyagaki-Motreanu [4], Tanaka
[16], Zeng-Papageorgiou [I7]. All the aforementioned works deal with equations
driven by autonomous differential operators and their method of proof is based on
the fixed point theory. Our approach here is different and it is partly motivated
by the work of Deuel-Hess [2] (see also Liu-Papageorgiou [I0] on double phase
equations).
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2. MATHEMATICAL BACKGROUND, HYPOTHESES

In the analysis of (T.1)) the main spaces are the Sobolev space W,*(€2) and the
Banach space C}(Q) = {u € CY(Q) : ulspo = 0}. On account of the Poincaré
inequality, on WO1 P(Q) we can use the following equivalent norm

|ul = ||Dull, for all u € W, ().

The space C3(Q) is an ordered Banach space with positive (order) cone C =
{u e C3(Q) :u(z) > 0 for all z € Q}. This cone has a nonempty interior given by

intCy = {ueCy:u(z)>0forall z €Q, g—z\ag <0}

where 2% = (Du,n)g~x with n(-) being the outward unit normal on 9.
Let a € C%1(Q) with a(z) >¢>0forall z € Q and 1 < s < co. We consider
the following nonlinear eigenvalue problem

—Afu(z) = Mu(2)|"*u(z) in Q, ulpo =0.
This problem was examined by Liu-Papageorgiou [I1] (see the Appendix in [I1]),

who established the existence of a smallest eigenvalue A{(s) > 0 which has the
following variational characterization

2e(s) 1nf{ga“s ﬁ W ue Wy (), u #0}, (2.1)
where 04 s(Du) = [, a(z)|Dul® dz for all u € W,* (). This eigenvalue is isolated
in the spectrum and simple (that is, if @,7 € W, *(Q) are two eigenfunctions
corresponding to A%(s) > 0, then @ = ¥ for some ¥ € R\{0}). So, the eigenspace
corresponding to :\\‘1‘(5) is one-dimensional and its elements have fixed sign. In fact
X‘f(s) is the only eigenvalue with eigenfunctions of constant sign. All the other
eigenvalues have nodal (sign changing) eigenfunctions. The infimum in is
realized on the one dimensional eigenspace of X‘f(s) By @y = 11(s) € W) *(Q), we
denote the positive, L*-normalized (that is, ||u1]|s = 1) eigenfunction corresponding
to X‘f(s) The nonlinear regularity theory and the nonlinear maximum principle (see
Gasiniski-Papageorgiou ([5], p.738), imply that u; € int C.

These properties of the principal eigenvalue X(f(s) > 0 and of its eigenfunctions,
lead to the following result (see Liu-Papageorgiou [I1, Proposition 4.2])).

Proposition 2.1. If 9 € L>=°(Q),9(z) < :\\‘f(s) for a.a. z € Q and ¥ # \¢(s), then
there exists, co > 0 such that

collull® < 0a,s(Du) — / I(2)|uldz for allu € Wol’p(Q).
Q

Suppose u : 2 — R is a measurable function. We define
u"(2) = max{u(z),0}, u (2) =max{—u(z),0} forall z € Q.

We have u = ut —u~, |u| = ut +u~ and if u € W)*(Q), then u® € W *(Q).
Also by | - |; we denote the Lebesgue measure on RV,

If u,v : Q@ — R are measurable functions and u(z) < v(z) for a.a. z € Q, then
we define

[u,v] = {h € Wy P(Q) : u(z) < h(z) < v(z) aa. z € Q).
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If X is a Banach space and ¢ € C'(X), then K, = {u € X : ¢/(u) = 0}
(the critical set of ). Suppose X is a reflexive Banach space and £ : X — X*
a bounded nonlinear map. We say that E(-) is “pseudomonotone”, if it has the
following property:

If u, — win X, E(u,) — «* in X* and limsup,,_, . (E(uy), un —
u) <0, then v* = E(u) and (E(uy), un) = (E(un),u).

(see Gasinski-Papageorgiou [B, p.330]). Here by (-, -) we denote the duality brackets
for the pair (X*,X). A maximal monotone operator is pseudomonotone. We say
that F(-) is “strongly coercive”, if
E
(Bu),u) — 400 as ||ul|x = +oo.
[[ull x

The next theorem reveals the importance of pseudomonotone maps.

Theorem 2.2. If X is a reflexive Banach space and E : X — X* is a strongly
coercive pseudomonotone map, then E(-) is surjective.

Let A% : WOI’S(Q) N W—l»s/(Q) = WOI’S(Q)*(% + é = 1) be the nonlinear map
defined by

(A% (u),hy = / a(2)|Du|*"2(Du, Dh)gn dz  for all u, h € Wy*().
Q

From Gasinski-Papageorgiou [6] (p.279), we have the following properties for this
map.

Proposition 2.3. A% : Wy*(Q) — W1 (Q) is bounded (that is, maps bounded
sets to bounded sets), continuous, strictly monotone (thus maximal monotone too)
and of type (S)+, that is: if up, — w in Wy *(Q) and limsup,, . (A% (uy), tn—u) <
0, then u, — u in W,*(Q).

Our hypotheses on the data of problem (L.1)), are the following:

(HO) a1,a2 € C*1(Q) and 0 < € < ay(2),az(z) for all z € Q.
(H1) f: Q2 xR — R is a Carathéodory function such that f(z,0) = 0 for a.a.
z € Q) and
(i) for every p > 0, there exists a, € L>(2) such that

0< f(zx) <ap(z) fora.a zeQandallO<z<y;
(i) there exists a function ¥ € L () such that
D(z) < N (p) for aa. z € Q, 9 £ A (p)
[z

p—1

~

lim sup < 3(2) uniformly for a.a. z € €;

rz—+o0o T

(iii) there exist 7 € (1, ¢) and § > 0 such that

cx™ ' < f(z,2) for aa. 2 € Q, all 0 < 2 < 6, some ¢ > 0.

Remark 2.4. Since we are looking for positive solutions and the above hypotheses
concern the positive semiaxis Ry = [0,00) without any loss of generality we may
assume that f(z,2) =0 for a.a. z € Q, all z <0.
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3. AUXILIARY PROBLEMS

In this section we examine the following auxiliary parametric Dirichlet problem,
with parameter > 0

—Ajtu(z) — APu(z) = peu(z)™t in Q, (3.1)

uloa =0, u>0,u>0,1<7<qg<p<N. '

For this problem we have the following result.

Proposition 3.1. If (HO) holds, then for every p > 0 problem (3.1) has a unique
positive solution such that: u, € int Cy, {yu},po is nondecreasing, and

w, =0 in C*Q) aspu—0".

Proof. Consider the C'-functional 1, : Wy ?(Q) — R defined by
1 ue

1
Yu(u) = ];Qal,p(DU) + ggamq(D“) — 7||u+||: for all u € ngf’(Q).

Since 7 < ¢ < p, we see that 1,(-) is coercive. Also, using the Sobolev embedding
theorem, we see that 1,,(-) is sequentially weakly lower semicontinuous. So, by the
Weierstrass-Tonelli theorem, we can find u,, € WO1 P(Q2) such that

¥, (w,) = min{t,(u) : u € Wy P(Q)} < 0=1,(0) (since T < g < p)

K (3.2)
= u, #0.
Then we have
(Vu(w,), k) =0 for all h € WyP(Q),
(3.3)

= (V(w,),h) = / pe(wf)™ " h dz for all h € WyP ().
Q

Here V. = AJ' + Ag? : WyP(Q) — W17 (Q) and on account of Proposition
this map is bounded, continuous, strictly monotone (thus maximal monotone too)
and of type (5)+. In (3.3)) we use the test function h = —u,, € WP (€2) and obtain

0ar p(Du, ) <0 = ¢ Dy, || <0 = u, >0, u, #0.

From Ladyzhenskaya-Uraltseva [8, Theorem 7.1, p.286], we have u,, € L>(£2). Then
the nonlinear regularity theory of Lieberman [J], implies that u, € C;\{0}. Since
APtu, + AZ?u, < 0in €, from the nonlinear maximum principle of Pucci-Serrin
[15, pp.111, 120], we have that u, € int C,.

Next we show the uniqueness of this positive solution. So, let v € W, () be
another positive solution of (Q,). Again we have v, € int € We introduce the
integral functional j : L}(2) — R = R U {+oc0} defined by

() — { B s (DU + o0 o (DUY) iz 0, ut/s € WG (0),
+00 otherwise.

From Diaz-Saa [3], see also Papageorgiou-Rédulescu [12] (proof of Proposition 3.5),
we know that j(-) is convex. Let domj = {u € L' () : j(u) < +o0} (the effective
domain of j(-)). Let h = uf —v% € Cj (€). Since u,, v, € int Cy, using Proposition
4.1.22, p.274, of Papageorgiou-Radulescu-Repovs [14], we have that

u v
e L®(Q) and £ e L®(Q).
v, w,
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Then if t € (0,1) is small, we have
gZ—i—thedomj and yZ—l—thedomj.
Using the convexity of j(-), we can compute the directional derivatives of j(+)

at uf and at v in the direction h. A direct computation involving the nonlinear

Green’s identity (see [14], pp.34-35]) gives

— A% — A%z
j’(uq)(h)=1/ p e~ H“hdzzl/ P haz,
Q

o q uf! qJouf™"
1 [ A%y, — Ay 1
Jlgm = [ 22t Z St o [ 2
qJa QZ q Jo vl

The convexity of j(-) implies the monotonicity of the directional derivative j'(-).
So, we have

1 1
— a _ 4 —
0< /Q(uZ‘T QZ_T)(QH vy)dz <0, = w, =,

This proves the uniqueness of the positive solution v, € int C'y of (@) forall x> 0.
Next we show the monotonicity of the family {w,, },>0. So suppose that 0 < u <
1. We have

—Aptu, — APPu, > ncy;_l > ucg;_l in Q. (3.4)
We introduce the Carathéodory function g,(z,z) defined by
pe(zt)*=1 ifz <u, (z
gulzra) = P S TS () (35)
pct,, (2) if u, (2) <z.

We set G(z, @) = [; gu(z,2)ds and consider the C'-functional o, : WyP(Q) - R
defined by

1 1
ou(u) = ];gal’p(Du) + gQaz,q(DU) — /Q G.(z,u)dz for all u € Wol’p(ﬂ).

From (3.5) it is clear that o,(-) is coercive. Also it is sequentially weakly lower
semicontinuous. So, we can find uy, € WP () such that

ou(uy,) = inf{o,(u) :u e Wy P(Q)}. (3.6)
Let u € Cy\{0}. Since u, € intC,, we can find ¢t € (0,1) small such that
0 <tu<u, (see [14, p.274]). Then
tP a tr

t T
Ou(tu) = EQahp(Du) + EQaz,q(Du) pcllul|7-

-
Since 7 < ¢ < p, choosing t € (0,1) even smaller if necessary, we have that
ou(tu) <0 = o,(uy,) <0=0,(0) (see [B-6))
= u;, #0.
From , we see that uj, € K,, and so

(V(uy),h) = / gu(z,ul)hdz  for all h € WyP(Q). (3.7)
Q

In (3.7). We choose the test function h = —(uy,)~ € W,yP(€) and obtain

c||D(uy,)” [5< 0 (see hypotheses (HO)),
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= u,, >0, u, #0.

Also, we test (3.7) with h = (u}, — @n)+ € W, P(Q). We have
V), (0= ,)) = [ ey = ) e (see B3))
< (V(u,), (u, —u,)")  (see (3:4)),

which implies u}, < u,, (since V(-) is strictly monotone).
So, we have proved that

u € 0,u,],uf, #0, = u =u, <u, (see (3.6) and (B.7)).

This proves the monotonicity of {yﬂ} u>0- Standard Moser iteration, gives

. llo < cﬂ\gﬂé’? for some ¢; > 0, all € (0,1].
Then the nonlinear regularity theory of Lieberman [9], implies that there exist
a € (0,1) and ¢z > 0 such that
u, € Cy*(Q) = (@) N (D), Hy#”Cé,a(ﬁ) < ¢y forall pe (0,1].
Recall that Cy™*(Q) < C4(Q) compactly (Arzela-Ascoli theorem). Therefore,

u, = 0in C5(Q) aspu— 0",

Next we consider another auxiliary Dirichlet probem,
—Ajtu(z) — AZ?u(z) = f(z,u(z)) +1 in Q,

3.8
uloo =0, u>0. (3:8)

Proposition 3.2. Under Assumptions (HO) and (H1), problem (3.6)) has a smallest
positive solution w € int C'..

*

Proof. We consider the nonlinear map E : Wy (Q) — W12 (Q) = W, *(Q)
defined by
E(u) = V(u) — Ny(u®) for all u € WyP(),
with N¢(v)(-) = f(- () for all v € W,P(Q) (the Nemytski map corresponding
to f(z,2)). Note that on account of hypotheses H;(3), (i) Nf(v) € L' (Q) for all
v e WP(Q) and LP' (Q) — W17 (Q) continuously, see [5, p. 141].
Evidently E(-) is bounded and continuous.

Claim 1: E(.) is pseudomonotone. We consider a sequence {u, }nen € Wy ()
which satisfies

U — win Wy P(Q),  E(up) — u* in Wo_l’p/(Q) = WaP(Q),

lim sup(E (uy,), un — u) < 0.

n—oQ

From (3.9) and since W, * () < LP(Q) compactly, we have that

Up, — uwin LP(Q), asn — oo,

(3.9)

= <Nf(u,f),un7u>:/Qf(z,ui)(unfu)dz%Oasn%oo

(see (H1)(i), (H1)(ii)),
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= limsup(V (un), un —u) < 0(see (3.9)),

n— oo
— wu, —uin WyP(Q) (since V(-) is of type (S),).

Therefore u* = E(u) (since E(-) is continuous) and (E(uy),u,) — (E(u),u). So,
E(-) is pseudomonotone and this proves Claim 1.

Claim 2: FE(.) is strongly coercive. Hypotheses (H1) (i), (ii) imply that given
€ > 0, we can find ¢, > 0 such that

0< f(z,2) < (9(z) +e)aP  +¢. foraa. zeQandall z>0. (3.10)
We have that

(B 0) = (V. - [ feuuds
Q
> (D) = [ DNl dz — lul} |0l (seo GI0))
Q
JullP — c|n  (see Proposition 2.1] and (2.1))).

> [eo — Aas
AT (p)
Choosing € € (O,l)\\’l“ (p)co), we infer that
(E(u),u) > csl|ul|? —cq for some c3,¢4 >0 = E(-) is strongly coercive.

This proves Claim 2.
Claims 1 and 2, permit the use of Theorem So, we have that the map E(-)
is surjective. Hence we can find @ € W,*(2)\{0} such that

E@ =1in W7 (Q) = W} P(Q)".
With —~ € W, *(), we obtain
cDa P <0 = u>0,u+#0.
So @ € W, *(f) is a solution of and as before the nonlinear regularity theory
and the nonlinear maximum principle (see [9], [15]), imply that @ € int C..

We show that there is a smallest positive solution of (3.8)). Let S; be the set of
positive solutions of (3.8). We have just seen that

(Z) # S+ - intC+.

The set Sy is downward directed (that is, if uy, us € Sy, then we can find v € S
such that © < uq,u < ug; see [13], Proposition 7]). So, by Theorem 5.109, p.308, of
Hu-Papageorgiou [7], we can find a decreasing sequence {u, } C S, such that

neN =
inf Sy = riLIellf\IE"'
We have
(V (@), h) = / [f(z,1,) +1]hdz forall he WyP(Q) and alln e N, (3.11)
’ 0 <7, <. (3.12)

If in ([3.11)), we choose h = T, € W, (), then using (HO0), (H1)(i) and [3.12)), we
obtain

||, ||P < c5 for some ¢5 > 0, all n € N,

— Ty nen C Wy P(Q) is bounded.
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As before, the nonlinear regularity theory of Lieberman [J] implies that we can
assume that
TUp — U in C3(Q) as n — oo.
If w = 0, then we can find ng € N such that
0<Un(z) <3 forall z€ Qand all n > ny,

1 (3.13)
= cup(2)"" " < f(z,Un(z)) for a.a. x € Qand all n > ng.

We introduce the Carathéodory function k,(z,z) defined by

Bl ifr < > nyg.
baza) = {07 TSz nz o (314)

Cn(2)7 if u,(z) <z, n>mno.

Now we consider the Dirichlet problem
—AP u(z) — AL u(z) = kn(z,u(z)) in Q

L ul(z) Lu(2) (2, u(2)) (3.15)

uloq =0, u > 0.
As before, using the Weierstrass-Tonelli theorem and since 7 < ¢ < p, we can find
4y € int C solution of and 0 < @y <, (see (3.14)), (3.13)). Hence
i1 =u; (see Proposition@ = uy; < uy, forall n > nyg,
which contradicts our hypothesis that w = 0. So, @ # 0 and then
uwe Sy CintCy,u=infS,. O

4. POSITIVE SOLUTIONS

Let w € int C'y be the minimal positive solution of (3.8)) produced in Proposition
We can find A\g > 0 such that A\|Du(z)| < 1forall z € Q,all 0 < A < A\g. We
have

g5 Qo — — —|p—1
prlqufuff(z,u)Jrl > f(z,1) + A\|Du)? (4.1)
in Qforall 0 < X\ < \g.

Also, using Proposition and the fact that @ € int Cy, we can find p € (0, 1]

small such that
0 <w, <min{f,u(z)} forall ze Q. (4.2)
So, we have

nglgH — A?QQM = ucg:fl < cgffl (since 0 < pu <1)

| (43)
< f(z,u,) + A|Du,| in Q for all A >0

(see (L2)).
Using that u, < (see (4.2)), we introduce the truncation map o : LP(Q) —
LP(Q)) defined by

u,(2) ifu(z) <w,(?),
To(u)(2) = Qu(z), ifu,(2) <u(z) <u(z), (4.4)
u(z) if u(z) < u(z).
Clearly 79(-) is bounded and continuous. In fact we can say more. Note that
if u € WyP(Q), then 75(u) € Wy () (see Papageorgiou- Ridulescu-Repovs [14}
Proposition 1.4.5, p 23]). So, we can consider the map 7 : Wy ?(Q) — W, *(Q).

Proposition 4.1. 7y : WP (Q) — Wy P(Q) is bounded and continuous.
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Proof. We know that
Du,(z) i u(2) < u,(2),
Dro(u)(2) = § Du(z), ifu,(z) <wu(z) <u(z) for all u € WyP () (4.5)
Du(z) ifu(z) < u(z).
(see [14, p.23]). From (&5) it is clear that 7o : Wy*() — WyP(Q) is bounded.

We show that 7o(-) is also continuous. To this end let {uy }nen such taht u, — u
in Wy () as n — oc. So, we can assume that

un(2) = u(z) in R, Duy(z) = Du(z) in RY  for a.a. z € Q,

~ ~ 4.6

|un (2)], |Dun(z)] < h(z) for a.a. z € Q, alln € N, with h € LP(Q). (4.6)
Then from (4.6) and (3.13)), (3.14) it follows that

70(un)(2) = 10(u)(2) in R,  D7o(u,)(2) = Dro(u)(z) in RY (4.7

for a.a. z € Q as n — 0.
Moreover, from Gasinski-Papageorgiou[6, Problem 1.4, p.35]) we have that

{lun —ulPYnen,  {ID(un — u)[Ptnen Ll(Q)a (4.8)

are both unifirmly integrable. Then (4.7)), (4.8)) and Vitali’s theorem (see [7, The-
orem 2.147, p.91]), imply that

70(un) — 10(u) in LP(Q), D7o(un) — D1o(u) in LP(Q,RY)
— 7o(un) — 70(u) in Wy P(Q).
So, we have proved the continuity of 7o : W' (€2) — WaP(Q). O

The above result is due to Deuel-Hess[2] Lemma on p.53]. We have reproduced
the proof, since in the proof of [2] there is a small gap, since they state that
|70(un)(2)] < |un(z)] for a.a. z € 2 (see [2, p.54]), which is not true in general.

For A > 0, we introduce the Caratheodory function f)\(z, x,y) defined by

f,\(z,x,y) = f(z,z) + Ny|P~! forallz € Q, all z € R, and all y € RV,
Also let 7 : WyP() — LP(Q) x LP(Q,RY) be defined by
7o(u) = (10(u), Dro(u)) for all u € Wy P(Q).

By Proposition 7o(-) is bounded and continuous. Then we consider K :
WyP(Q) = LP () < W1 (Q)* defined by

K (u) = (N7, 07)(u) for all u € WP ().

Then K (-) is bounded and continuous.
Following Deuel-Hess [2], we introduce also the Caratheodory function

—(gu(z) — )Pl ifx < g#(z)
b(z,z) =<0, if u,(z) <z <u(z) (4.9)
(r —u(z))P~t if u(z) < z.
Let Ny : LP(Q) — v (©) be the Nemytski map corresponding to b(z, ), that is,
Ny(u)(-) = b(-,u(-)) for all u € LP(Q).
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Evidently N(-) is bounded and continuous. In what follows by (-, ), we denote
the duality brackets for the dual pair (L?' (Q2), LP(2)). We state the next proposition
in a more general setting than the one we have here and so the estimate can be
used in other more general situations. So, for the purposes of the next proposition,
u,, and U are general functions in WP (€2) N L*°(£2) not necessarily positive (as the
case here), which satisfy u, <.

Proposition 4.2. (Ny(u),u)pp = [ b(2, u)udz > csllul|h — 7 for some cg,c7 >0
allu € WyP(Q).

Proof. We have

(Noa), ) = |

{u>u}

(u—ﬂ)p_ludz—/ (u, — )P tudz.

{u<u,}
On {u > u} we have
P~ = |(u—w) + 3" < [(uw =) + [@l]P < @l(u—w)P + @
for some ¢; > 0. This implies
1

Sl e < o
C1
If u(z) > 0, then on {u > u} we have

(u —w)P~tu > Ai|u|p — [@lP~ u|  (since |u(2)| = u(z) > 0). (4.10)
C1

If u(z) <0, then on {u > u} we have u < u < 0 = |u| < [q].
It follows that

-1 u -1
(B () s
Jul |ul
N R L
= T e 2270 (1)
(since (Ja| — [u))P™! = (u —@)?"' on {Tw < u < 0})

= [a™ — (u - 2 Cluf

= Glul? — @’ tu| < (u—a)?"'u on {T < u <0}
From (4.10) and (4.11)), we see that

/ (u —u)Ptudz > / [C3]ulP — |@P~ ul]dz  for some €3 > 0. (4.12)
{u>u}

{u>u}
Next we estimate the set {u <w,}. If u(z) <0, then on {u < w,} we have
—(u, —
— ulP~ (4.13)
> ¢ylul? — ’c\5|gu|p_1\u| for some ¢y, ¢5 > 0.

If u(z) >0, then u, > u >0 on {u <wu,} and so

—(u, — w)P "ty > uP — E7gfflu with ¢7 > 0. (4.14)
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From (4.13) and (4.14), it follows that

/ b(z,u)udz > / [Cs|ul? —/c\g|gu|p*1\u|]dz (4.15)
{u<u,} {u<w,}

for some ¢g, ¢g > 0. Using (4.12)) and (4.15]), we see that

/b(z,u)dz

Q

> / Ealuul? — [P fulldz + / aluul? — 2ol P ul)dx
{u>T) u<u,,}

(4.16)
>eululy o [ =g [l s
{u, <u<w} Q
for some ¢ig,¢11 > 0
> Crolullh — Ciallul| — €13 for some €12,¢13 > 0.
Using Young’s inequality with e € (0, p¢1g), from (4.16)) we obtain
(Np(w), u)ppr > cellullf, — 7 for some cg,c7 > 0. O

We introduce the map Gy : Wy () — W17 (Q)* defined by G (u) = V (u) +
ONy(u) — Kx(u) for all u € WyP(Q), all 0 < XA < Ao, 6 > 0. Evidently Gy(-) is
bounded and continuous.

Proposition 4.3. If (H0), (H1), 0 < A < Ao and 6 > 0 hold, then GA(-) is
pseudomonotone.

Proof. We consider a sequence {u, }neny € Wy (Q) such that

Uy S win WoP(Q),  Ga(up) 5 u* in WHP'(Q) = Wy P(Q)*
lim sup(G(up), un —u) < 0.

n—roo

(4.17)

From this and the fact that W ** () < LP(Q) compactly, we have u,, — u in L?(£2)
as n — 00.
Then using Holder’s inequality, we obtain

/ b(z,up)(unp —u)dz =0 asn — oo,
)

/ f,\(z, 70(un), D1o(un)) (Un — u)dz — 0 as n — oo.
Q

From (4.17) it follows that

lim sup(V (uy,), up, — u) <0

n— oo

— wu, »u in WyP(Q) (since V(-)is an (S) -map).

Therefore, u* = Gy (u) and (G (uyn), un) = (Ga(u),u). This proves that Gy () is a
pseudomonotone map. ([l

Proposition 4.4. If (HO), (H1) hold and 0 < A < A, then for 8 > 0 large the map
G () is strongly coercive.
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Proof. For every u € Wy*(2), we have
|(Kx (), )
= |(Kx (), u)pp|

oy /Q (2 70(w) + Al Dmo(w) P~ udz]

< [ 1) + dol Do)l =
< cslllullp + )\0||D7'0(u)||§*1|\u||p] for some cg > 0 (use holder’s inequality)
< eolllull + Xo(|lul[*~" + D)lull,]  for some cg > 0

(recall that W, P (€) < LP(2) continuously and see (&.5)))

< caollfull + Aol[ulP~Hlullp]  for some e19 > 0

1
< cnlljull + Ao(ellull” + Z[lulF)] for some e1y >0

(use Young’s inequality with ¢ > 0).

(4.18)
From Proposition [{:2] we have

O(Ny(u), u) = O(Ny(u), u)pp > Ocsllul|h — ey for all u € WP (). (4.19)
Using (4.18), (4.19), and hypotheses(HO), we have

5 AoC
(Gau), ) = 6= Mocrre]full? + [feg — 221

Il — 6er. (4.20)
First we choose € € (0, Tiu) So, ¢ — Aci1€ > 0. Then using this choice of € > 0,
we choose 6 > 20¢11 From (4.20)), we see that

ECq
(Ga(u),u) > cra|lul|” — Oz for some ¢15 > 0 and all u € W, P (Q)
implies that G(+) is strongly coercive. O
We can now state and prove the existence theorem for problem (L.1))

Theorem 4.5. If (HO), (H1) hold and 0 < X < Ao, then problem (L.1) has a
positive solution Uy € intCy.

Proof. Propositionandpermit the use of Theorem So G (+) is surjective
and we can find @y € W, (Q) such that

Gaiy) =0 in WP (Q)" = WP (Q)*
— <V(m),h>+0/
Q

for all h € WyP(Q).

In ([@21)) first we used the test function h = (i) — @)™ € W, ?(Q). Then

(V (@), (@ —7)7) + e/ﬁ(aA — @Y (ay — )t dz

b(z,u\)hdz = /Q[f(z,TO(u)) + A\ D7o(u) [P~ hdz  (4.21)

:/Q[f(z,ﬂ)—I—)\|Dﬂ|”‘1](m—ﬂ)+dz (see ([@9), @), @)
< (V(@), (@ —7)") (see (1))
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which implies
V(@) — V(@), (@ —u)") < -6 / (@ — WP (@ —w)* dz <0,
Q

which in turn implies u) < 7.
Next, we test (4.21) with h = (u, —ux)" € W, P(2). We have

V(@) (u, —1)*) — 0 /Q(g# —mP Y, — )t ds

B /Q[f(z’gﬂ) + )‘|D@M‘p_1](@u —ux)Tdz (see (1Y), (.9, )
> (V(u,), (w, —x)") (see [{.3))

which implies
(V(V(w,) =), (u, —x)") <=0 [ (w,) = @) (u,) —ur)*dz <0,
Q
which in turn implies u,, < Ux. So, we have proved that
uy € [u,, . (4.22)

From (4.22)), (4.9), (4.4), (4.5), and (4.21)), it follows that
—Aglﬂ)\ — A}sz e f(z, ﬂ)\) + >\|D’a>\|p71 in
implies @y € inf C} (see [9], (4.22) and recall that u,, € int C'y). O
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