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BEHAVIOR NEAR THE EXTINCTION TIME FOR SYSTEMS OF
DIFFERENTIAL EQUATIONS WITH SUBLINEAR
DISSIPATION TERMS

LUAN HOANG

ABSTRACT. This article focuses on the behavior near the extinction time of
solutions to systems of ordinary differential equations with a sublinear dissi-
pation term. Suppose the dissipation term is a product of a linear mapping
A and a positively homogeneous scalar function H of a negative degree —a.
Then any solution with an extinction time 7. behaves like (Tix — t)}/ ¢, as
time t — T, , where &, is an eigenvector of A. The result allows the higher
order terms to be general and the nonlinear function H to take very com-
plicated forms. As a demonstration, our theoretical study is applied to an
inhomogeneous population model.

1. INTRODUCTION

This article continues our investigations of exact asymptotic behaviors of solu-
tions of systems of nonlinear ordinary differential equations (ODE), see [12| [13] [26],
277, and the Navier—Stokes equations (NSE), see, e.g., [10] 28| 30, 3T]. However, in
contrast to the cited work above, the current paper studies the asymptotic behavior
near a finite extinction time, instead of time infinity, for equations with sublinear
dissipation terms, instead of superlinear in [27], or linear in the others. The phe-
nomena of extinction are widely studied in mathematics, biology and physics, see
e.g. [14,[15] 16} 17,382,136, [37]. In biology, the extinction time reflects the time when
the species’ populations go extinct, while, for fast diffusive fluid flows in porous me-
dia, it indicates the time when the pressure or density vanishes everywhere. For the
precise description of the solutions near a finite extinction time, the mathematical
results in [I4] [16], [36] are only for very specific equations. Instead, our aim is to
establish the results for general systems of ODEs. It turns out that we can achieve
this by modifying and improving some techniques by Foias and Saut in [18] for the
NSE. For that reason, we review [I8] and the related literature here. The NSE with
potential body forces can be written in the following functional form, which holds
in a certain weak sense in a suitable functional space,

v + Au+ B(u,u) = 0, (1.1)
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where A is the (linear) Stokes operator which has positive elgenvalueﬁ and B(,-)
is a bilinear form. It is proved in [I8] that any nontrivial solution u(t) of . has
the following asymptotic behavior

eMu(t) = & in any C™-norm as t — oo, (1.2)

where A is an eigenvalue of A and &, is an eigenfunction of A associated with
A. For finer asymptotic behaviors than , Foias and Saut develop a theory of
asymptotic expansions for the solutions of the NSE in [19] 20].

On the one hand, the result and its proof are extended to abstract differ-
ential inequalities in [22] 21]. On the other hand, the asymptotic expansion theory
is developed further for both ODE and partial differential equations (PDE). See
[13, 27, 29, 3T, [35] [38] for systems without forcing functions, [10] 111 [12] 26 28] [30]
for systems with forcing functions, and [25] for the Lagrangian trajectories for vis-
cous incompressible fluids. Both techniques from [I8] and [I9] are combined in [13]
to deal with nonsmooth ODE systems. Originally, the asymptotic expansions can
be obtained independently from the limit . In [13], however, they are obtained
only after the first asymptotic approximation is established.

In the original NSE in [I8] as well as the systems in the extended work cited
above, except for [27], the ODE or PDE have linear dissipation terms. On contrary,
the author recently studied in [27] the following ODE system in R™

y' = —H(y)Ay + G(t,y), (1.3)

where A is a constant nxn matrix with positive eigenvalues, H is a positive function,
and G represents a higher order term. In [27], H is additionally assumed to be a
positively homogeneous function of a positive degree .. Note that the dissipation
term H(y)Ay in is nonlinear compared with, say, the linear dissipation term
Auw in (L)), and the higher order term G is not required to be bilinear like B(u, u).
It is proved that any nonzero, decaying solution of behaves like t~1/¢, as
t — oo, where &, is an eigenvector of A.

The current paper considers the opposite scenario when the function H in
has a negative degree —a. In this case, many solutions start out with nonzero values
and then become zero at a finite time. Such time is called the extinction time. Our
goal is to describe the behavior of these solutions near this extinction time. The
main result can be briefly described as follows. Under appropriate assumptions, any

solution y(¢) of (1.3 with the extinction time T, behaves exactly like (T — t)l/ *E,

as time t —> T* , Where &, is an eigenvector of A. It is worth mentioning that
the existence of the extinction time is guaranteed under the small nonzero initial
data condition, see Theorem below. Our proof will make use and adapt the
techniques from [18] [27]. In particular, the recent perturbation method in [27] will
be utilized. This method is needed to deal with the nonlinear dissipation in our
problem. It will be implemented successfully in this paper for the study of the
asymptotic behavior near the finite extinction time, instead of at time infinity as
n [27]. The obtained result, in addition to its merits for ODE, also gives hints to
a type of results that may be expected for general nonlinear PDE of the similar
structure.

This article is organized as follows. Section [2] contains the main results. While
the condition for the matrix A is the natural Assumption the more technical
conditions for the function H are specified in Assumption[2.8] A key requirement of
H, namely, property (HC) is introduced in Definition Theorem states that
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under appropriate conditions on A, H and G, for any sufficiently small nonzero
initial condition, there exists a solution of that will become zero at finite
time. Solutions with a finite extinction time of this type are the objects of our
investigation in this paper. The asymptotic behavior of the solutions to a more
general equation near the extinction time is established in Theorem Its
counterpart for equation is Theorem The proof of Theorem [2.5]is given
in Section[3] Section[d]prepares for the proof of Theorem[2.9] Preliminary estimates
for the solutions are obtained in Lemma Although they provide only a rough
description of y(t), the upper and lower bounds with the same rate 1/« obtained
in are important in our further analysis. Section [5| proves Theorem for a
special case in the form of equation . This will also serve as the basis for the
perturbation argument for the general case in Section [7] In Section [6] we obtain
essential properties of the solutions of when the matrix A is symmetric. In
particular, we establish an eigenvalue A as the limit of the quotient \(¢), see ,
in Proposition and a unit vector v, as the limit of y(¢)/|y(¢)| in Propositions
and In Section [7, we give proof to Theorem [2.9] first. It combines all the
previous preparations with the perturbation method mentioned earlier, see equation
(7.2). This equation is a reduction of equation of y(t) to the simple form
(5.2)), but for the projection Ray(t) and with a frozen coefficient AH (v,). The proof
of Theorem [2.10]is then quickly provided. Section [§|contains some examples for the
function H in subsection [8.1] and an application to an inhomogeneous population
model in subsection

Notation. Throughout this article, n € N ={1,2,3,...} is the spatial dimension.
For any vector x € R™, we denote by |z| its Euclidean norm. For an n x n real
matrix A = (a;;)1<i,j<n, its Euclidean norm is

= (23 a)”
i=1j=1

The unit sphere in R" is S~ = {x € R" : |z| = 1}.

2. MAIN RESULTS

Assumption 2.1. Matrix A is a (real) diagonalizable n X n matrix with positive
eigenvalues.

Under this assumption, the matrix A has n positive eigenvalues (counting their
multiplicities) A; < Ap < Az < ... <A, and there exists an invertible n x n (real)
matrix S such that

A=S8"14,S, where Ay = diag[A1,As, ..., A,]. (2.1)
In the case A is symmetric, the matrix S is orthogonal, i.e., S~! = ST, and
A|z)? <z - Az < Ay|z* for all z € R™. (2.2)

More specifically, the distinct eigenvalues of A are denoted by A;, with 1 < j <d
for some integer d € [1,n], and are arranged to be (strictly) increasing in j, i.e.,

O< A=A < X<...<A\g=A,.
The spectrum of Ais 0(A) ={Ax: 1 <k <n}={):1<j<d}
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For 1 < k,¢ < n, let Eye be the elementary n x n matrix (x;0¢;)1<i,j<n, Where
Ok; and dg; are the Kronecker delta symbols. For A € o(A), define

}/%A = Z Eii and RA = SilﬁAS.
1<i<n,A;=A
Then one immediately has
d
I.=) Ry, RxRx =6;Ry, ARy =Ry A=\R,,. (2.3)
j=1
Thanks to (2.3)), each Ry is a projection, and Rx(R™) is the eigenspace of A asso-
ciated with the eigenvalue A.
In the case A is symmetric, Ry is the orthogonal projection from R”™ to the
eigenspace of A associated with A, and, hence,
|Raz| < |z| for all € R™. (2.4)
The function H will be assumed to have some type of homogeneity which is specified
in the next definition.

Definition 2.2. Let X and Y be two (real) linear spaces, and 8 < 0 be a given
number. A function F': X \ {0} — Y is positively homogeneous of degree g if

F(tx) = t° F(z) for any 2 € X \ {0} and ¢ > 0.

We define Hg(X,Y) to be the set of functions from X \ {0} to Y that are positively
homogeneous of degree (.

If F e Hg(X,Y) and F is not the zero function, then the degree J is unique.

Assumption 2.3. The function H is in H_,(R™,R) for some o > 0, and in
C(R™\ {0}, (0, 00)).

For a function H in Assumption it is positive and continuous on S"~1.
Hence, we have

0<c = Irr‘lin1 H(z) < ‘mlaoiH(x) = ¢y < 00. (2.5)
By writing H(z) = |z|"*H (z/|z|) for any x € R™\ {0} and using (2.5]), we derive
alz]™* < H(z) < eolz|™®  for all z € R™ \ {0}. (2.6)

Regarding the function G in equation (|1.3)), we have the following assumption.

Assumption 2.4. Let ty be any given number in [0,00). We assume that the
function G(t,z) is continuous on [tg,00) x (R™ \ {0}), and there exist positive
numbers ¢, 74,0 such that

|G(t,z)| < cu|z|' =T for all t > tg, and all 2 € R with 0 < |z| <7..  (2.7)

In our first theorem below, we show that the extinction time exists for, at least,
certain small solutions of (1.3)).

Theorem 2.5. Under Assumptions and[27), there exists a number ro > 0
such that for any yo € R™\ {0} with |yo| < 7o, there are a number Ty >ty and a
function y € Ct([to, Tk), R™) such that y(to) = yo,

y(t) #0  forallt € [to, Ty), (2.8)
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lim y(t) =0, (2.9)
=T
and y(t) satisfies equation (1.3) for allt € (tg, Tk). In other words, y(t) is a solution
of (1.3) on (to,Ty) with the initial data yo at time to and has the extinction time
T,.

In fact, y(¢) is any solution with the maximal interval [tg, Tax) in the existence
theorem below, and T, = Tiax. Moreover, if additional conditions are imposed
to guarantee the uniqueness of solutions to the initial value problem for equation
(L.3), then, in the above Theorem any solution with sufficiently small nonzero
initial data must have a finite extinction time. The proof of Theorem [2.5] is given
in Section Bl

For the behavior of a solution near an extinction time, the function H is required
to have an extra property.

Definition 2.6. Let E be a nonempty subset of R” and F' be a function from F
to R. We say F' has property (HC) on FE if, for any 2y € FE, there exist numbers
r,C,~v > 0 such that

F(x) — F(ao)| < Cla — o[ (2.10)
for each x € E with |x — x¢| < r.

The following are elementary properties of the functions in Definitions and

Lemma 2.7. Let F' € H_,(R",R) for some o > 0.
(i) If F >0 onS"!, then F >0 on R™\ {0}.
(ii) If F is continuous on S"~t, then it is continuous on R™ \ {0}.
Assume F has property (HC) on S*~1 in below.
(iii) Then F has property (HC) on R™\ {0}.
(iv) If ¢ is a function from R™\ {0} to R™\ {0} that has property (HC) on
R™\ {0}. Then F o has property (HC) on R™\ {0}.
(v) If K is an invertible n x n matriz, then the function x € R"\ {0} — F(Kx)
has property (HC) on R™\ {0}.

The proof of the above lemma is given in the Appendix.

Assumption 2.8. The function H belongs to H_,(R™,R) for some a > 0, has
property (HC) on the unit sphere S*~! and H > 0 on S"~ 1.

If the function H satisfies Assumption it is obvious that H is continuous on
S"=1. Therefore, thanks to parts |(i)| and of Lemma it is continuous and
positive on R™ \ {0}. Consequently, H satisfies the conditions in Assumption
Some examples for the function H will be given in subsection [8.1

The next result deals with a more general equation than (L.3), namely, equation

(2.11)) below.
Theorem 2.9 (Main Theorem I). Let Assumptions[2.1] and[2.8 hold. Letto, T, € R
be two given numbers with T\ > to > 0. Assume y € C([to, T\),R") satisfies (2.8),

(2.9) and
y'=—H(y)Ay + f(t) for all t € (to,T.), (2.11)

where f is a continuous function from [to,Ty) to R™ such that

If ()] < My(t)[*=F2, for all t € [to, T.) and some constants M,5 > 0. (2.12)
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Then there exist an eigenvalue A of A and an eigenvector &, of A associated with
A such that

ly(t) — (T — )Y/, = O((Ty — )T ast — T for somee >0.  (2.13)
More specifically,

|(In — Ra)y(t)| = O(Ty — £)Y/*F2) as t — T for some e > 0, (2.14)
|RAy(t) — (T — )6, = O((T — t)/2%) as t — T for some e >0, (2.15)
aNH (&) = 1. (2.16)

With a solution y(t) as in Theorem we define, for the sake of convenience,
y(T.) = 0, and have y € C([to, T], R"). (2.17)

From Theorem we can derive a corresponding result for equation (|1.3)).

Theorem 2.10 (Main Theorem II). Let Assumptions (with a number
to > 0) and|2.§ hold. Given a number T, > to. Assume y € C'([to, T:),R™) has

properties (2.8)), (2.9), and satisfies equation (1.3|) for all t € (to,Tx). Then there
exist an eigenvalue A and an associated eigenvector &, of A such that (2.13)—(2.16])
hold true.

The proofs of Theorems and are given in Section [7]

3. EXISTENCE OF THE EXTINCTION TIME

We prove Theorem in this section. First, we present a standard existence
theorem for the solutions.

Theorem 3.1. Let Assumptions[2.1], hold and assume G is a continuous func-
tion from [tg,00) x R™\ {0} to R™, for some number tg € R. Let yo € R™\ {0}.
Then there exist an interval [to, Tmax), With tg < Tmax < 00, and a function
y € CH([to, Tmax), R™ \ {0}) such that

y(t) that satisfies (1.3)) on (to, Tmax)s ¥(to) = Yo, (3.1)

and either
(a) Tmax = 00, or
(b) Tmax < 00, and for any € > 0, y cannot be extended to a function of class
C([to, Tmax +¢), R"\ {0}) that satisties on the interval (to, Tmax +€)-
Moreover, in the case it holds, for any compact set U C R™\ {0}, that

y(t) € U when t € [to, Tmax) 18 near Tnax- (3.2)

Proof. By Peano’s Existence Theorem [24, Chapter IT, Theorems 2.1, page 10] and
the continuity of the function G(t,x), there exist a number § > 0 and a function
y € C([to, to +6],R™\ {0}) such y(t) that satisfies equation on [tg,to+ 8] and
y(to) = yo. By the Extension Theorem, see [24, Chapter II, Theorem 3.1, page 12]
or [23, Chapter I, Theorem 2.1, page 17|, applied to this solution y and the open
set

D ={(t,z):t>ty,z € R"\ {0}} Cc R"* (3.3)
the current solution y can be extended to a solution y € C([tg, Tmax), R™ \ {0}),
for some tg + 0 < Thax < 00, that has the properties , with either (a) or (b),
and, additionally, in the case (b), one has, for any compact set V C D,

(t,y(t)) ¢ V when t € [to, Timax) is near Tpax. (3.4)
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Now, consider case (b) and a compact set U C R"\{0}. Let V' = [T}, To] x U with
Ty = (to+ Tmax)/2 and To = Tiax + 1. If t € [to, Timax) is sufficiently close to Tiax,
then t € [T1,T»]. Therefore, the desired statement (3.2)) follows from (3.4). O

Note that such a solution y(t) in Theorem[3.1| may not be unique. Next we prove
Theorem 2.5

Proof of Theorem [2.5, Let y(t) be a solution of (L.3)) as in Theorem [3.1] with the
maximal interval [tg, Tiax). Then

y(t) # 0 for all t € [tg, Tmax)- (3.5)
On (tg, Tmax), we have

%(Iyla) =aly|* Yy =a (-l ?Hy)(Ay) -y + ly|**G(t,y) - y) . (3.6)

Step 1. Consider A is symmetric first. Take rg > 0 such that
2r¢g < r, and c,.<(27"0)‘S < agp:=c1A/2.

For t > to sufficiently close to ¢y, we have |y(t)| < 2r¢. Let [to,T") be the maximal
interval in [tg, Timax) on which |y(¢)] < 2ro.
Suppose T' < Thax. On the one hand, it must hold that

ly(T)| = 2ro. (3.7)
On the other hand, combining (3.6) with (2.2, (2.6) and (2.7)), we have, for ¢t €
(to,T), that
d
a(|y|o‘) < a(—c1Ay + e lyl®) < al—crAy + 6.(2r0)°) < —aag < 0. (3.8)
Thus, |y(T)|* < |yo|®, which implies |y(T)| < |yo| < ro. This contradicts (3.7)).
Therefore, T = Tyax. For t € (to, Tmax), integrating (3.8) from ¢y to ¢t gives
ly(£)]* < |yo|® — aap(t — o) for all ¢ € [to, Tmax)- (3.9)

Step 2. Counsider the general matrix A. Using the equivalence (2.1)), we set
z(t) = Sy(t) and zp = 2(tg) = Syo. (3.10)
Then
2= —H(2)Aoz + G(t,z) for t € (ty, Trmax), (3.11)
where
H(z)=H(S"'2), G(t,2) =S8G(t,S %) for t € [to, Tmax) and z € R™\ {0}.
Note that
1S~ - || < |Sz| < ||S]| - || for all 2 € R™. (3.12)

Clearly, H satisfies the same condition as H in Assumption Moreover, é(t7 2)
is continuous on [tg,00) x (R™\ {0}). For t € [tg, Tmax) and 0 < |z| < r./||S7,
we have 0 < |S™!z| < r,, and then, by (2.7) and (3.12)),

ISTHImat |z tmotsif 1 —a 48 >0,

ét,z < |S-cel S 2P0 < IS
G0, < ISllealS =4 S eSS e Gy 1eks. orboraion
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We apply the calculations in Step 1 to the solution z(t) of (3.11). When |yo| > 0
is sufficiently small, we have |z9| > 0 is sufficiently small, and hence, similar to

estimate 7

|2(8)|* < |20|™ — aan(t — to), for all t € [to, Tmax) and some constant ag > 0.
Therefore,

ly@)|* < [S7HI =) < 1S7H*(1Syol* — ado(t — to)) for all t € [tO,Tma(xg)ig)

Step 3. If Tinax = 00, then (3.13)) implies that |y(¢)|* < 0 for t > to + |Syo|*/(aao),
which is an obvious contradiction. Therefore, Tha.x < 00. As a consequence of

(3-13),
ly(t)| < Ro on [to, Tmax), where Ry = 1S~ - |Syo| > 0. (3.14)

Step 4. Let Ty = Tiax. Then (3.5) implies (2.8]). For any € > 0, let U = {x € R™:
e < |z] <2Rp} in (3.2). Taking into account (3.14)), one must have |y(¢)| < € when
t € [to, Tx) is near Ty. This proves the zero limit in (2.9). O

We remark that y(¢) may be zero for ¢ larger than the above Ti,.x. However,
this is excluded from our consideration of the set D in (3.3)). The reason is our sole
focus on the finite extinction time and the solution before that time.

4. PRELIMINARY ESTIMATES

In this section, we prepare for the proof of Theorem 2.9 by obtaining preliminary
estimates for the solution y(t) of equation (2.11]). They even hold under a weaker
condition than Assumption [2.8
Lemma 4.1. Let Assumptions and [2.3 hold. Given numbers T\, > ty > 0,
let y € C([to, Tx),R™) satisfy (2.8), (2.9), @.11)-(2.12). Then there are positive

constants C7 and Co such that
CL(T, — )Y < |y(t)| < Co(T — )/ for all t € [to, T.)]. (4.1)

Proof. We prove (|4.1]) for the case the matrix A is symmetric first and then for A
not symmetric.

Case 1. Consider A is symmetric. For t € (¢g,Ty), we calculate, similarly to (3.6]),
d « a— o—
3 (1) = e (=lylI*?Hy)(Ay) -y + [y|* 2 F (1) - y) (4.2)
Utilizing (2.2)), (2.6), and (2.12)), one has
d
a(=c2hn = Mlyl") < —(19]*) < a=crhy + My[").

Let a; = c¢1A1/2 and ag = A, +1. Let 7y > 0 be such that M7 = min{1, c;A;/2}.
Thanks to (2.9)), there is T € (to, T%) such that |y(t)| < ro on (T, Ty). Hence,

d
—aay < = (y|*) < —aa on (T, T.). (4.3)

For t € [T, T.), integrating (4.3)) from ¢ to ¢’ € (¢, Ty), passing to the limit ¢’ — T,
and using (2.9)), we obtain
aar (T — t) < |y(t)|* < aao(Ty —t) for all ¢t € [T, T,]. (4.4)
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Above, (4.4) holds for ¢ = T, thanks to (2.17). Note also that

= min (T, — )" Y¥yt)| < ayg := T, — )" Yy (t . (4.
0<as teﬂriffn( )My < aq tg[;%]( )y (t)] < oo (4.5)

Combining (4.4) with (4.5]), we obtain the desired estimates in (4.1]) with

C1 = min{(ca1), as} and Cy = max{(aas)"/*, as}.

Case 2. Consider A is not symmetric. Let A = S71AS as in (2.1). Same as
(3.10), we set z(t) = Sy(t) for t € [tg, T\]. Then z belongs to C([tg, T%), R™\ {0})N
C([to, Tu],R™), 2(t) # 0 for all ¢ € [tg, Tx), 2(T%) = 0, and

2 = —H(2)Aoz + f(t) for t € (o, T.), (4.6)
where
H(z) = H(S '2) for z € R"\ {0}, and f(t) = Sf(t) for t € [to, T.).  (4.7)

Thanks to Assumption we can verify that H belongs to H_,(R™,R) and is

positive and continuous on R™ \ {0}. Moreover, it is clear that the function f is
continuous on [tg, T%). Thanks to (2.12) and (3.12)), it satisfies, for ¢ € [to, T%),

IFO < ISI-1£®)] < ISIMy()]' o+ < M]z(t)]' o+, (4.8)
where
~ M|t f1—a+6>0,
T\ MYS|| - |S) et = M|S[[e%,  otherwise.

Therefore, we can apply the result in Case 1 to the solution z(¢) and equation (4.6)).
Then there exist two positive constants C; and C% such that

O (T, — )Y < |2(b)| < CH(T, — )Y for all t € [to, T.). (4.9)
Combining (4.9) with the relations in (3.12)), we obtain the estimates in (4.1]) for
y(t). O

The following are two immediate consequences of Lemma |4.1
(a) By and (1)), we have, for all t € [to, T%),
C3(T, —t) P < H(y(t)) < Cu(Tw — )71, (4.10)
where C3 = ¢1C5 ® and Cy = c2C7 °.
(b) We also observe from and that, for all t € [tg, T%),

Cl=eto  ifl1—a+6>0,

Jr—— (4.11)

[F(8)] < M(T, — )t/ tHo/e. { .
,  otherwise.

5. PROOF FOR A SPECIAL CASE
Let a be an arbitrarily positive number. Consider equation in the case
A =1, and H(z) = alz|™°, (5.1)
that is, equation becomes
Y = —aly| "y + f(t) for t € (o, T2). (5.2)
Theorem for this particular case is simply the following.
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Theorem 5.1. Given numbers T, > to > 0. Let y € C([tg,T.),R") and f €
C([to, Tv),R™) satisfy (2.8), (2.9), (2.12) and (5.2). Then there exists a vector

& € R™ such that
6] = (aa)/, (5.3)
and, ast — T,
ly(t) — (T, — )Y/, | = O((T, — )Y *F¢)  for some e > 0. (5.4)

Proof. Regarding the function f that satisfies (2.12)), we observe, for any number
0" € (0,9), that

LF(0)] < Mly(®)* =+ for all t € [to, %), (5.5)
where
M =M max |yt)]°=" € (0,00). (5.6)
t€[to,Tx]
Note that we used in . Because of property , we can assume that
d < ain .

With the matrix A and function H in (5.1)), they certainly satisfy Assumptions
and Then Lemma [£.1] applies and the estimates from above and below for

ly(¢)| in (4.1), and estimate (4.11)) for |f(¢)| hold.
For t € (to,T), from (4.2) we have

1) = ~oa+ alyl* (1) -y (57)

Integrating equation (5.7)) from ¢ to ¢’ € (¢,T%), passing to the limit ¢ — T, and
using (2.9) give

T
ly()|* = aa(T. — ) + g(t), where g(t) = —a/t y(r)[*~2f(7) - y(r)dr. (5.8)

Hence, for all ¢ € [tg, T), one has aa(T, —t) + g(t) > 0.
Using the Cauchy-Schwarz inequality, (2.12) and the upper bound of |y(t)| in
(4.1), we estimate

\MWSa[*MﬂWHﬂﬁmSaMA”wvww

T,
< onC’S/ (T, — 7)%/*dr.

t
We obtain

aMCy
14+46/a’
We consider equation as a linear equation of y with time-dependent coeffi-

cient —aly(t)|~* and forcing function f(¢). By the variation of constants formula,
we solve for y(t) explicitly as

lg()] < C3(T, — )%/ for all t € [to, T.), where C3 =

(5.9)

t
y(t) = e 7 (yo +/ eJ(T)f(T)dT) for t € [to, Tx),

to

where ,
Jt)=a [ |y(r)|"dr. (5.10)

to
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Using (5.8) in (5.10), we rewrite J(t) as

10 = [ o= = 10 + 200,

where
t 1 t
Jo(t :/ ————dr and Jo(¢ :/ h(r)dr,
1() " OZ(T**T) 2() " ( )
with
—9(7)
h(T) = )
7= @ —H@a(T. - + 9
Clearly,
1 1
Ji(t) = - In(T, —t) + S In(T — to).
Therefore,
_ T —to)/® /t e
V0 = o e O (o () [ ). ()

Consider the integrand h(7) of J2(t). Taking into account the estimate of |g(7)]
in (5.9), we assert that, as 7 — T,

h(7)] = O(lg(T) (T, — 7) %) = O((Tw — 7)1 %/®). (5.12)
Thus,
lim Jo(t) = /T* h(r)dr = J, € R, (5.13)
t—T, to
T,
Jo(t) = Jx — hi(t), where hq(t) = / h(r)dr € R. (5.14)

From estimate (5.12)), it follows that
|hi(t)| = O((T, —t)%/*) as t — T (5.15)

Regarding the integral in formula (5.11)), we have, thanks to estimate (4.11)) of
|[£(#)], that

FOL Cris)e .
Hence,
1. t eJQ(T) d T* eJQ(T) d R
1 - J\7)aT = ——— f(r)dr = n, € R",
t—T Jiy (T — T)l/af( ) /to (T, — T)l/@f( ) g
and
t er(T) d
— =n. —n(t), 5.17
/to g7 () = = () (5.17)
where

T Ja(T)
n(t) = /t 7@*67 e ()i € R

It follows from (5.13]) and (5.16]) that
In(t)| = O((Tw — t)%/*) as t — T (5.18)
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Combining (5.11)), (5.14)) and (5.17) gives

T, —t 1/« B N
y(t) = ((T—to))l/ae et (yo + (T — to) /(. — 77(15))) for t € [to, T%).
Then
_ N\l a,—J Yo
y<t) (T* t) € ((T* _ to)l/a + 77*)
o —dJy y o, —Jx 1
= (T =/ M =) (s ) = (T = )Y O,

Let & = e /< ((T, — o)~ ?yo +n.) € R™. This expression and properties (5.15)),
(5.18) imply, as t — T,

ly(t) = (T. = H)/g| = O (T = )21 @ = 1] + [n(0))))
=0 ((T. =M@ + (),
thus,
[y(t) = (T, = )16, = O((T. — t)/+9/), (5.19)

Therefore, we obtain the desired estimate ([5.4). Because of the lower bound of

ly(t)] in (4.1)), the vector &, in (5.4]) must be nonzeo.
Now we prove property (5.3)). By the triangle inequality and (5.19)), one has

(T = )7V y(0)] = || = O((Tx = 1)), (5.20)
From (5.8)),
e glt) \/e
(T, — )~ y(1)] (aa e t) . (5.21)
Taking into account estimate (5.9) of |g(¢)|, from (5.21) we have that as ¢t — T,
- [0 (o3 t (e
(T~ 7 ly0)] — (ae) V| = oWy —o( ). 522)

From the two asymptotic estimates (5.20) and ([5.22)), one must have |¢,| = (aa)'/®,
which proves (5.3)). The proof is complete. (Il

Remark 5.2. In the case dimension n = 1, Theorem already proves Theorem
for any positive constant A and positive function H € H_,(R,R). We justify
this fact below.
Let y(¢) be the solution of as in Theorem With H € H_,(R,R), we
have
Hiz) = {|x|:°‘H(1)7 for x > 0,
|| *H(-1), forx <0.

In general, H(1) # H(—1), hence it appears that we do not have equation
yet. However, for our continuous solution y(t) # 0 on [tg, Tx), we must have either
y(t) > 0 on [tg, T:) or y(¢) < 0 on [ty, T). Therefore, y(¢), in fact, satisfies for
all t € (to,T.), with a = AH(1) or a = AH(—1). Then Theorem [5.1] applies. (As a
side note, because S = {—1, 1}, property (HC) on S is automatically satisfied.)
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6. SOLUTIONS WHEN THE MATRIX A IS SYMMETRIC

In this section, we assume Assumptions [2.1] and [2.3] hold and, additionally, the
matrix A is symmetric. Let numbers T, > t; > 0 be given, and let function

y € C'([to, T), R™) satisfy [2.8), [2.9), @11)—([2.12). For ¢ € [to, T%), define
-A t
At = YA gy = YO
ly(0)] ly(®)]
(The quotient A(t) in (6.1) imitates the Dirichlet quotient for the heat equations

when A is the negative Laplacian.) Then A\ € C*([to, T%),R) and v € C([to, Tk), R™).
Moreover, one has, |v(t)] =1 and, thanks to (2.2)),

A < A(t) <A, < ||A]l for all ¢ € [to, T). (6.2)

(6.1)

Proposition 6.1. One has
lim A(t) =A € o(A).

=T
Proof. For t € (tg, %), we have
2 2(y - Ay 2
V(O = oy Ay 2y =y (A, (63)

By equation (2.11)), we write y’ as
y' = —H(y)(Ay — A(t)y) — MO H(y)y + f (1),
and use it in (6.3) to obtain

w(t) = =22y~ Xl - 205y ay - 20w + oo,
where
1) = T () (Au(D) = Ay (0).
Because y(t) - (Ay(t) — A(¢)y(t)) = 0, it follows that
N(t) = —2H (y)|Av — X(t)v|? + h(t). (6.4)
Using (2.12)), (6.2)), the fact |v(¢)| = 1, and then ({.1]), we estimate
|h(t)| < AM||A]| - |y(t)] 7+ < C5(Ty — t) "1/ for all t € [to, T.), (6.5)

where Cj is 4M||A||C5 @0 if § > a, or 4M||A||C; " otherwise.
For t,t' € [tg, Tx) with ¢’ > t, integrating equation (6.4)) from ¢ to ¢’ gives

At )42 / H(y(r)| Av(r) — A(7)o(r)2dr = / Chrdn (66)
t
Thanks to , the last integral can be estimated as
\/ iy )ar| < aCE‘( — )%/, (6.7)
t
By taking the limit superior of (6.6)), as ¢ — T, we derive
aC5

limsup A(t') < A(t) +

t'—T,

—2(T, — 1) < . (6.8)
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Then taking the limit inferior of (6.8), as t — T, yields
limsup A(') < liminf A(¢).
t—T.

t' =T, *

This and (6.2)) imply
lm A(¢) = A € [Aq, Ay (6.9)
t—T,

It remains to prove that A is an eigenvalue of A. Using properties and
in and by the Cauchy criterion, as t,t’ — T, we obtain

T.
H(y(7))|Av(r) — X(7)v(7)|?dT < 0. (6.10)
to
We claim that
Ve € (0, Ty —to), 3t € [T — e, ) : |Av(t) — A(t)v(t)] < e. (6.11)
Indeed, suppose the claim (6.11)) is not true, then
Jdeg € (0, T — tg),Vt € [Tw — €0, Ty) : |Av(t) — M(t)v(t)| > 0. (6.12)
Combining (6.12)) with property (4.10]), we have
T, T.
/ Hy(r) | Av(r) — Ar)o(r)Pdr > / Cs(T, — 7) ' 3dr = oo,
T«—eo T.—¢o

which contradicts (6.10]). Hence, the claim (6.11]) is true.
Thanks to (6.11]), there exists a sequence (;)52; C [to, T%) such that

lim ¢t; =T, and lim |Av(t;) — A(t;)v(t;)] = 0. (6.13)
j—o0

j—o0

The first equation in and imply A(t;) — A as j — co. Because v(t;) €
S"=1 for all j, we can extract a subsequence (v(t;,))52,, such that v(t;,) — v €
S"~1 as k — co. Combining these limits with the second equation in written
with j = jr and k — oo yields Av = Av. Therefore, A is an eigenvalue of A. O

From here to the end of this section, A is the eigenvalue in Proposition [6.1
Proposition 6.2. There is ¢ > 0 such that
(I, — Ra)v(t)| = O((Tx — t)%) ast — T, . (6.14)

Proof. If 0(A) = {A}, then Ry = Id and (6.14) is true. Consider the case o(A) #
{A}. We calculate

/:i/_i /- :—MA i H(y)(Ay) -y _f(t)'y
S A 7 A T
We define the function g : [tg, T%) — R™ by
L f)y@®)
=m0 Ter v
Then we have
v = —H(y)(Av — A(t)v) + g(t) for all t € (to, T%). (6.15)

Using property (2.12)) of f(t), one can estimate
lg(t)| < 2M |y(t)|~*+° for all t € [to, T,). (6.16)
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Let A; € 0(A)\{A}. Applying Ry, to equation (6.15)) and taking the dot product
with Ry ;v yield
= —|Ry, 0> = —H(y)(\; — M£))|Rx,v|* + Ry, 9(t) - Ry, v. (6.17)
Set
p=min{|A; —A|:1<j5<d, N\ #A}>0. (6.18)

Applying Cauchy-Schwarz’s inequality, inequality (2.4) to |Rx,g(t)|, estimate (6.16])
for |g(t)], and then Cauchy’s inequality, we have

4M2|y|—20¢+26

() Ryv| < —atd| R, ol < B o2
|Rx,g(t) - Ry, v| < 2Mly| |Rx,v| < 4H(y)|R/\]v| + LH(y)

Using the first inequality of (2.6 to estimate the last H(y) gives
p e,
[Rx,9(t) - R;v] < ZH(y)|R/\j”|2 + Hlm .

Utilizing the estimates in (4.1)) for the norm |y(¢)|, we obtain, for ¢ € [tg, T%),

C 2/
B, 0(1) - Ba,ol < GH () Ra ol + 2 (T =) 7200, (619)
where
8M? [Cyot® if§ > )2,
06 = : —a+26 :
1C1 Cy ,  otherwise.
Below, T' € (to,T%) is fixed and can be taken sufficiently close to Ty such that

IA(t) — A < % for all ¢ € [T, T..). (6.20)

Case A; > A. In this case, combining (6.17) and (6.19)) yields, for t € (to,T%),

ld 2 p 2, Cs ~1426/
~ Ry 02 < —(\; — -z . =S(T, - a
3SR v < ~( = A0 — B H@) R o + D (T - 1)
By definition (6.18) of u and the choice (6.20), one has, for all ¢ € [T, T}),
[ [ Loop B
N VO L5 VA SV WD V) W PR Oy o 21
A B A B B ()
Thus, for t € [T, Ty),
d — o
3 1Fn, 0 < —pH ()[R, of* + Co(T — ) 71207, (6.22)

Let t and t be any numbers in [T, T,) with ¢ > t. It follows from (6.22)) that
| R, v(t)?
t ¢ t (623)
< e n I HGOT R D)2 + CG/ e [ ) ds (7, _ py=1428/g
t
With C5 being the positive constant in (4.10)), we fix a number 6 > 0 such that
0 < Cs and Oy < 2§/ .

Then

H(y(t)) > 0(T, —t)~* for all t € [to, T%). (6.24)
Utilizing this estimate in (6.23)) gives

(B, v(1)?
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t
< e—eﬂfg’(T*—T)ildTLR)\jv(f)|2 + 06/ e—@uf:’(T*—s)flds(T* _ T)—1+26/o¢d7_
t

t
E t_)0u|R>\ v(®)? + Cs(T. —t)g”[ (T — 7)1 20y
t
T, —t)o" o o
E t—ﬁmm v + i2§ ; 2 (@ - pyporomtn — (, — pyposo=on)
Therefore,
[Ry, v | Co(T, — £)*/ 0 o
o) < (i + SO @ o)
Having ¢ = T in (6.25]), we obtain
|Ry,0(t)| = O((Ti — t)?"/%) as t — T (6.26)

Case \; < A. Using (6.19) to have a lower bound for the last term in (6.17)), we
have

2dt|R)\ o2 > (A() — A — %)H(y)|R,\jv|2 _ %(T* _ t)71+25/a'
Same as (6.21)), one has, for ¢ € [T, T}),
Mt)—Aj—%=<A<t)—A>+<A—Aj)_%2_
Hence,
LRyl > )R — Co(T, 1)1,
Then, for any t,¢ € [T, T\) with ¢ > ¢, one has
e i H(y(‘r))d'r‘R)\j,U(t)F — Ry, 0(D)?

— (6.27)
> 706/ et 7 H(y(s))dS(T* _ T)71+25/0‘d7.
t

Note from ) that j; ))dT = oo, and from ) that |Ry,v(t)] <
lv(t)] = 1. Then

lim e~ /i # T))dT|R>\ v(t)]? = 0.
t—T,

Letting t — T, in (6.27)) and using (6.24]) yield

T.
|R,\jv(f)|2 < CG/ e~ J7 H(y(S))dS(T* _ 7-)—1+26/ozd7.
i
T. 0
(T — 7)™ —1+425/ Cs 25/
< (T, — dr= ——— (T, — t)=/“.
< Cﬁ/{ (T. 7?)‘9/‘ T) T it 26/a( £)
Therefore,
|Ry,v(0)] = O((T, —1)°/*) ast— T . (6.28)
We estimate |(I, — Ra)v(t)] now. We have
(I, — Ra)o(t)| = ‘ 3 RAjv(t)‘ < 3[Ryl (6.29)

1<G<d N #A 1<j<d, A #A
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In the last sum in (6.29), we estimate |Rxv(t)| for all A; > A by (6.26), and
estimate [Ry,v(t)| for all A\; < A by (6.28). This results in the desired estimate

(6.14) for |(I, — Ra)v|, with ¢ = min{0u/2,5/a} = 0u/2. O

We derive from Proposition more specific estimates for y(¢). Let € > 0 be as
in Proposition [6.2] On the one hand, we have

[(In = Ra)y ()] = ly()| - |(In — Ba)o(t)].
Together with and , it yields
|(I, — Ra)y(t)] = O((T, — )Y/ %) as t — T (6.30)
On the other hand, by the triangle inequality and , one has

[Ray(t)] < ly()] + |(In — Ra)y(8)] < Cao(Tu =)/ + (L — Ra)y(1)],

[Ray ()] = [y(t)] = [(In = Ra)y(t)] = CL(Te = )/ = |(I = Ra)y(t)-
Combining these inequalities with estimate for |(I, — Ra)y(t)|, we deduce
that there exist numbers Ty € [to, Tx) and C7,Cs > 0 such that

Cr (T, — )™ < |Rpy(t)] < Cs(Th — )Y for all t € [Ty, T.). (6.31)
Proposition 6.3. There exists a unit vector v, € R™ such that

|RAv(t) — vi| = O((T — t)°) ast — T, for some e > 0. (6.32)
Proof. Let g9 > 0 be such that holds for € = €. Then one has
1= [Rav(®)]| = [[o(®)] = [Rav(®)]| < |v(t) = Rav(t)] = O(T: = t)*).  (6.33)

Let Tp be as in (6.31)). Recall that Cy is the positive constant in (4.10). We fix a
number 1 > 0 such that

Cuer < 5/0& (634)
Thanks to Proposition there is T € [Ty, T) such that
(A(t) = Al < e forall t € [T,T,).

Note from (6.31) that Ryv(t) # 0 for all ¢t € [T, T.). Applying Rp to equation
(6.15) yields, for ¢ € (to, Ty),
d

T Rav = —H(y)(A = A(#) Rav + Ragl(t). (6.35)

Then, for ¢t € [T,T.),

d
&\RAW =

Lm (%RM)) “Rav=—H(y)(A = Xt))|Rav| + g1(t),  (6.36)

where
Rag(t) - Rav(t
gi(t) = Rag(t) - Rav(t)
[Rav(t)]
Solving for solution |Rav(t)| by the variation of constants formula from the
differential equation (6.36)) gives, for ¢,t € [T, T.) with ¢ > ¢,

t
|Rav(t)| :e—f;‘H(y(T))(A—A(r»drO Rav(®)] + / ef{H(y(s))(A—A(s))dsgl(T)dT),
t
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It yields

/ H(y(r))(A — A(r))dr
(6.37)

t
=In (|RAU(E)| + [ eftj H(y(S))(A_A(S))dsgl (T)dT) “1n |RAU(t)|.
t

We have from (2.4), (4.1)) and (6.16]) that

l91(t)] < [Rag(t)] < lg(t)| < Co(T. — )~/ for all t € [T, T,), (6.38)

where Cy is 2MCy 1 if § > a, and is 2M C 1 otherwise. By (6.38) and (&.10)),
we have, for 7 € [t,T%),

eff H(y(s))(A=X( S))dslgl( )| < eftj' C451(T*—s)*1dsCQ(T* N 7_)—1+6/a

_ CQ(T* _ 5)0481 (T* _ T)—l+5/a—C4sl.

Thanks to this and (6.34)),
t T.
lim [ el HOOA-ADN sy, (1)dr = / oI7 HEE)A=M)ds g ()7
t—T, t (6-39)
=1(t) €R.
Note that
c T 146 /a—C. Coy s/

)] < Co(T,—1)“* T,—7) '1ToleCasiqr = — — (T, —1)*/*. (6.40

) < Co(r.=pe [ (7.=7) T e (D (640

Passing to the limit as t — T, in (6.37)), and using that |Rpv(t)] — 1, thanks
to (6.33)), we have

/ Hy(r)(A — A(#))dr = In(|Rav(®)] + 1(D)) € R. (6.41)
By (6.41), we can define, for t € [T, T.),
T.
W)= [ H@)A - Ar))dr € R.

t

We rewrite (6.41]) for £ =t as
h(t) = In(|Rav(t)| 4+ n(t)) = In(1 + (JRav(t)| — 1) +n(t)).
With this expression and properties (6.33) and (6.40)), we have, as t — T,
[h(t)] = O([|Rav(t)] = 1| + [n(£)])
= O((T — t)*° + (T — )"/%) = O((T.. — 1)),
where €2 = min{eg, §/a}.
Solving for Rav(t) from (6.35]) by the variation of constants formula, one has
¢
Raw(t) = e~ Jf HU)A=A(m)dr ( Ruv(?) + / 7 Hy()(A=A(s))ds RAg(T)dT).
t

(6.43)
Using the same arguments as those from (6.38) to (6.40) with Rxg(7) replacing
g1(7), we obtain, similar to (6.39) and (6.40), that

T.
lim eft y(8)) (A=A( S))dSRAg( )dT — / ef; H(y(s))(A*)\(s))dsRAg(T)dT

(6.42)

t—T, t
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=X(() eR"
for all ¢ € [T,T.), and
I X(t)| =0Ty —t)*2) ast — T, . (6.44)
Taking t = T in gives
lim Rpv(t) = v, := e " (Ryv(f) + X (1)) € R™.

t—T,
Note that

T.
X(t) z/ "= Ryg(7)dr.
t

Using h(t), X (t) and v, we rewrite (6.43) as

T.
Rpv(t) = MO0 (RAU(E) + X (t) - / eh(t_)*h(T)RAg(T)m') ="My, — X(t).

¢
Thus,

[Rav(t) = o] < M = 1] - o] + X (2)].
Using (6.42) and (6.44), we deduce, as t — T,
[Rav(t) — v.] = O(A(0))] + [X(1)]) = O((T% — 1)).
Therefore, we obtain the desired estimate (6.32)). Because of (6.32)) and (6.33)), we
]

have |v.| = 1. The proof is complete.

Some immediate consequences of ([6.14]) and (6.32)) are

lim Rpv(t) = lim v(t) = vs, (6.45)
t—=T, t—T,
[v(t) — vi| = O((T — t)°) as t — T, for some € > 0. (6.46)

7. PROOFS OF THE MAIN THEOREMS
We prove Theorems [2.9] and in this section.

Proof of Theorem[2.9 Since H satisfies Assumption 2.8 it follows that, thanks
to Lemma H is positive, continuous on R™ \ {0}, and has property (HC) on
R™\ {0}.

Case 1. Consider the case A is symmetric first. We use the same notation as in

Section [ The estimate (2.14) already comes from (6.30). We prove (2.15) next.
Applying Rp to equation (2.11), we have
(Ray) = —AH(y)Ray + Ra f(1). (7.1)
Let v, be the unit vector in Proposition and g9 > 0 be such that (6.14)),
(6.30), (6.32), and (6.46]) hold for e = 9. We rewrite H(y) on the right-hand side
of (7.1)) as

H(y) = |y|"“H(v) = |Ray|~"H(vs) + go(t),
where
9o(t) = ly(®)|"*(H(v(t)) — H(vs)) + (ly(®)] ™ — [Ray()|"*) H (vs)
= [y {H (v(t)) — H(ve) + (1 = [Rav(t)| ") H (vs) }.
Then
(RAy)/ = 7AH(U*)|RAy|7aRAy + fO(t)’ (72)
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where fo(t) = —Ago(t)Ray(t) + Raf(2).

We estimate |go(t)] first. We combine inequality (2.10)) in Definition [2.6| applied
to F = H, E=S""1 2y =v, and = v(t) for t sufficiently close to T\, with
estimate (6.46)). Then there exists a number v > 0 such that, as t — T,

[H (v(t)) — H(v)| = O(Jo(t) — va]") = O((T% — £)7%°). (7.3)
It is elementary to see [s™® — 1| = O(|s —1]) as s — 1. By taking s = |Rpav(t)],
which goes to 1 as t — T, thanks to , and using estimate (6.33)), we derive

|1 = |Rav(t)|*| = O (|1 — |Raw(t ||) T.—t))ast— T, . (7.4)

Combining ([7.3)), (7.4) with (4.1), we obtain
l90(t)] = O(ly(®)| = ((Tx = )% + (T. — 1)) = O((T% — 1) 71F) (7.5)
as t — T, , where 1 = ggmin{1,~v}.
We estimate |fo(t)| now. As t — T, , we have from and (£.11) that
|Ray(t )| = O((T. —t)l/a) and |Ra f(t)| = O((T. — )Ua ro/e). (7.6)
Combining (7.5 and ( gives, as t = T, ,
[fo()] = OUT. = 1)~ HEI(T* — )M (T =)/ OTIH) = O((T, — ) /o tree/o),

where g5 = min{e, §}. By the virtue of the lower bound of |Ray(t)| in (6.31]), we
actually have
[fo(t)] = O(|Ray(t)[*~F=2).

Fix a number t{, € [to, T) such that Ray(t) # 0 and |fo(t)] < Mo|Ray(t)|* —Fe2
for all t € [t{,T%), where My is a positive constant. Of course, one already has
Ray(Ty) =0.

We apply Theorem to solution Rpy(t) of equation (7.2)) on the interval
[to, Tx). Specifically, Ray(t) satisfies equation (5.2) on (t(,T%) with constant a =
AH(v,) and f = fo. Then there exists a nonzero vector &, € R™ such that

|RAy(t) — (T — )6, | = O((T, — t)*/*+3) for some e5 > 0, (7.7)
6] = (aAH (v.)) Y. (7.8)
The desired statement ([2.15) immediately follows from (7.7]).
Because

&= lim (T, — )7/ *Ray(t),

t—T,

by (2.15), and the fact & # 0, we have £, € RA(R™) \ {0}. Hence, &, is an
eigenvector of A associated with A.

Next, we prove (2.13)). Writing
y(t) — (T — t)l/ag* = (I — Ra)y(t) + (Ray(t) — (T — t)l/ag*)a
and using the estimate (6.30) with ¢ = €9, and estimate (7.7)) yield
[y(t) — (T = 1)/6,| = O((T. — )M/ *Fe0 4+ (T, — 1)1/ F=),

This implies (2.13) with ¢ = min{eg, e3}.

Finally, we prove (2.16). Let w(t) = (T, —t)~"/“y(t) and write v(t) = (t)/|w( )]
Passing ¢t — T, and noticing that v(t) — v, and w(t) — &, thanks to (6.45)) and
(2.13)), we obtain

s =&/ |Gl (7.9)
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Then it follows from (|7.8)), the fact H is positively homogeneous of degree —c, and
relation ([7.9)) that

1= aAH ()| = aAH(|&v.) = aAH(E.).

Hence, we obtain (2.16)). This completes the proof for the case of symmetric matrix
A.

Case 2. Consider the case A is not symmetric. Let Ag and S be as in (2.1). Same
as (3.10)), we set z(t) = Sy(t) on [tg, Tx]. Then z(t) satisfies equation (4.6) with H
and f defined in (4.7). One can verify the following facts.

o 2(t) # 0 for t € [to, Tx) and 2(Ty) = 0.

e H € H_.(R") and, thanks to parts |(i)| and of Lemma [2.7, H > 0 on
S"1 and H has property (HC) on S™~1.

e Thanks to (L8], F(t) and z(t) satisfy condition with the same num-

bers a, 6, tg, T, and constant M in place of M.

We apply the results already established in Case 1 above to the solution z(t) of

equation (4.6). Note that Ag replaces A and ﬁ,\j replaces R)y,. Then there exist
an eigenvalue A of Ay and an eigenvector &y of Ag associated with A such that

(I = Ra)=(1)] = O(T: — 1)/°+°),

R 7.10
|RAZ(t) — (T* — t)l/a&)' _ O((T* _ t)l/a-{-g) ( )

for some number ¢ > 0, and
aAH (&) = 1. (7.11)

Let &, = S7'€. Then A is an eigenvalue of A and &, is an eigenvector of A
associated with A. We rewrite ([7.10) as

|S(In - RA)y(t)l = (’)((T* _ t)l/oz-‘rs),
IS(Ray(t) — (T, — t)"Y2€,)| = O((T, — t)/oFe),

which imply (2.14) and (2.15). By (2.14), (2.15) and the triangle inequality, we
obtain (2.13) in the same way as in Case 1.

Finally, (2.16) follows from (7.11)) and the relation H(&) = H(&,). The proof of
Theorem [2.9]is complete. O

Proof of Theorem[2.10. Set f(t) = G(t,y(t)) for t € [to,T,). Thanks to (2.9), the
is a number ¢, € [to, T.) such that

ly(t)| < 7. for all ¢ € [t), T).
This property and (2.7) imply
()] < ealy()=o* for all ¢ € [t), T2).
Thus, f(t) satisfies condition (2.12)) with ¢; replacing to. Applying Theorem

to the interval [t),T%) in place of [to,Ty), we obtain the statements of Theorem
2.10 g
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8. EXAMPLES AND APPLICATIONS

8.1. Examples. We give some examples for the function H in Assumptions
and For simplicity, we consider the case dimension n = 2. One can easily
generalize them for any higher dimension n.

(a) For z = (z1,x2) € R?\ {0}, let
Hy (x) = (a7 + 53)
—1/8
Ha(e) = [(3fo1 /2 + [oaf?/2)1/2 4 (2l [P/2 4 Tlagl2)210]
Then Hy is in H_3,4(R? R) while Hj is in #_1/16(R? R). Both functions
belong to C*(R? \ {0}). Hence, they have property (HC) on S! with the
same power v = 1 in (2.10)).

(b) Another example is
H(x) = W for x = (z1,72) € R?\ {0}.

Then H belongs to H_l/Q(Rz, R), is positive on S! and has property (HC)
on S! with the same power v = 1/2 in (2.10). Unlike the previous two
examples, this function H is not in C*(R? \ {0}).
In fact, the function H can be very complicated, see similar examples in [27], Ex-
ample 5.7] and [I3] Section 6].

8.2. Applications. We give an application to a population model [32] in mathe-
matical biology. Consider an inhomogeneous population composed of individuals
with different death rates. This population consists of n clones, each has the size
yi(t), for ¢ = 1,2,...,n, at time ¢t with the death rate k; > 0, where the constants
k; are mutually distinct. The model [32, Equations (3.1) and (3.2)] is
v = —kiyig(N)  fori=1,2,...,n, (8.1)

where

N = N(t) :=y1(t) + y2(t) + ... + yn(t) is the total population size, (8.2)
and g(s) : (0,00) — (0,00) is an appropriate function. Note that the integral form
of N(t) in [32, Equation (3.2)] becomes the finite sum in (8.2).

Below, we consider the case

g(s) = ks~ for any s > 0, where k > 0 and « > 0 are some constants.  (8.3)

This generalizes the consideration o = 1 in [32] Equation (4.2)].
Define the matrix A and function H(x), for © = (z1,...,2,) € R™\ {0}, as
follows
A = kdiaglky, ko, ..., kn] and H(x) = (|z1] + 2| + ... + |za]) ™%

We denote C = {z = (z1,...,2,) € R" : 2; > 0fori = 1,2,...,n}. With y =

(Y1,--,9n), if y(t) € C\ {0} is a solution of the system (8.1)), (8.2), (8.3), then it
is a solution of system (1.3) with G =0, i.e.,

y' = —H(y)Ay. (8.4)

Note that the matrix A is symmetric and satisfies Assumption[2.1] The function
H clearly belongs to H_,(R™,R).
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Claim. The function H(x) has property (HC) on S"~! with the same power

~v = min{1, a} in (2.10).

Thus, H satisfies Assumption [2.§

Proof of the Claim. We denote the ¢!-norm |z|;n = |z1| + |z2| + ... + |24]. Then
there exists a constant ¢y > 1 such that

o x| < |z < colz| for all z € R™

For 2,y € S"~!, we have both norms |x|, and |y, belong to the interval [co_l, cols
and, hence,

_ lylg — J=l3 ]

|H(.’E) - H(y)‘ - ‘-T|?1‘y|?1 < C2a“y‘?1 - |:L'|(l?[1 |

When 0 < a < 1, utilizing the inequality ||y[% — 2|3 | < [[yler — [#]e2]*, and

applying the triangle inequality, one obtains
|H(x) — H(y)| < 5y — [ < |y — 2|

When a > 1, applying the Mean Value Theorem to the function s — s and
values s1 = |y|p, s2 = |z|;n both belonging to the interval [cy ', o] yields the
existence of a number Cy > 0 depending on ¢y and « such that

Iyl = [12] < Collyle = [alor]
Then applying the triangle inequality again, we deduce
[H(x) — H(y)| < cg*Collyler — |z]er| < §*Coly -zl < g™ Coly — .

Therefore, the Claim is true. O

Theorem 8.1. Let yo € C\ {0} be sufficiently small, then there exist a number
T, > 0 and a function y € C*([0,Ty),C \ {0}) such that y(t) satisfies (8.1), (8.2),
(8.3) for allt € (0,T), y(0) = yo, and (2.9) holds.

Proof. Applying Theorem to equation (8.4) and tg = 0, we obtain a number

T. > 0 and a function y € C*([0,7%),R™ \ {0}) such that y(t) satisfies equation

(8.4) for all t € (0,T%), y(0) = yo, and (2.9) holds. Since y(¢) # 0, for all t € [0,T%),
we have, for each i = 1,2,...,n,

yi(t) = ys(0)e ke fo HO A, (8:5)

Together with the fact y(0) € C\ {0}, this implies y(¢) € C \ {0}, and hence y(t) is

a solution of (8.1)), (8.2), (8.3)) for all ¢t € (0, Ty). O
Let {e;:i=1,2,...,n} denote the standard canonical basis of R™.

Theorem 8.2. Let T, > 0 and y € C1([0,T%),C \ {0}) be such that y(t) satisfies
8.1), (8.2), (8.3) for all t € (0,Ty) and (2.9) holds. Then there is an integer

i € [1,n] and a number € > 0 such that
'y(t) — (akk;) (T, — t)l/aei} -0 ((T* - t)l/a+€) ast— T . (8.6)

Proof. Since y(t) € C\{0}, the function y in fact is a solution of (8.4)) on (0, T} ) with
the extinction time T,. By the virtue of Theorem applied to equation (8.4))
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and ty = 0, there exist a number € > 0, an eigenvalue A of A and a corresponding
eigenvector &, such that

y(t) — (T, — t)l/ag*) -0 ((T* . t)l/a+6) ast — T (8.7)
Clearly, A = kk; for some 1 < ¢ < n, and £ = Ke; for some number K # 0.
Multiplying estimate (8.7) by (T —t)_l/ @ and using the ¢th coordinate, one derives
K = lim g;(t)(T. — )"/,

t—T,
which implies K > 0. Moreover, thanks to (2.16)), |K|* = akk;. Therefore, K =
(akk;)** and we obtain from (8.7). O

Note in this demonstration that the system (8.1) is simpler than (1.3)) and (2.11))
which were theoretically studied in the previous sections.

Remark 8.3. The following final statements are in order.

(a) There is another totally different approach to the local properties of solu-
tions of ODE based on the Poincaré—Dulac normal form [II, B} [34]. It has
been generalized and developed by many and for so long, see the books
[8, @, B3], recent papers such as [4, [5l [6] [7], and references therein. Our ap-
proach is relatively new and only recently used to explore different classes of
equations and problems in ODE. For more comparisons between the other
approach and ours, see [27, Remark 5.8] and [13, Remark 6.14].

(b) It is an open problem whether the solutions of admit an asymptotic
expansion similar to those in [I8, [13] near the extinction time. Taking some
indications from [I3], we expect, in the case the answer is affirmative, that
our result will play an important role in its proof.

9. APPENDIX

Proof of Lemma[2.7. We denote E = R™\ {0}. For any z € E, we can write
F(z) = |z|"*F(z/|x|). Hence, part |(i)| is obvious. For parts the proofs
are similar to the proof of [27, Lemma 5.1], and “the verification of Assumption 5.2
for H” in the proof of [27, Theorem 5.3]. We present the key arguments here.

Let x,£ € E. Then

|F(x) = F(&)| = |lz| 7 F(x/]z]) — || F(&/I€])] ©.1)

< |27 F(x/lz]) = F(E/IED] + |lz] = = lgl=*| - |[F(¢/1€D)]

Using inequality and the fact that functions z € F — z/|z|and z € E — |z|~®
are Cl-functions, we can prove parts and

We prove part now. Suppose F has property (HC) on S"~!. By part
F has property (HC) on E. Clearly, ¢ is a continuous function on E. Let
¢ be any vector in E. Consider x € FE sufficiently close to £&. As z — &, we
have p(xz) = ¢(§). Using inequality for function F and zo := ¢(§) € E,
x = ¢(z) € E with constant C' and power 7, and then inequality again for
function ¢ and g := £ € E, x € F with constant C’ and power 7/, we have

|F(p(@)) = F(p(&)] < Clp(z) — (&)1 < CC7|w — [
Therefore, the function F o ¢ has property (HC) on E.

Part is a direct consequence of part with p(z) = Kz. We omit the
details. d
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