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COMPLICATED ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO DOUBLY
NONLINEAR DIFFUSION EQUATION IN UNBOUNDED SPACES

CAN LU, LIANG-WEI WANG, JING-XUE YIN, MEI-LING ZHOU

ABSTRACT. In this article, we study the complicated asymptotic behavior of doubly nonlinear
diffusion equations in unbounded spaces. We find a workspace in which is unbounded and can
exhibit complicated asymptotic behavior of the solution to the Cauchy problem. To overcome the
difficulties caused by the nonlinearity of the equations and the unbounded solutions, we establish
propagation estimates, growth estimates, and Weighted L1-L°° estimates for the solutions.

1. INTRODUCTION

In this article, we study the complicated asymptotic behavior of solutions to the Cauchy problem
for doubly nonlinear diffusion equations,

uy — div(|Vu™[P72Vu™) =0 in S = RN x (0, 00), (1.1)
u(z,0) = ug(z) in RY, (1.2)
where m > 0, p > 1, m(p — 1) > 1 and the nonnegative initial values satisfy

up € V,(RY) = {p € CRN): lim (1+|z|*)~7"2p(x) = 0}.
|| =00

In recent decades, many authors have shown a great interest in studying a number of evolution
equations, especially concerning the complicated asymptotic behavior of the solutions[5] 2, [6] 18]
19, 3, 10]. Among these studies, we mention an important work by Kamin et al. [5] [6], for the
equation with p = 2. They showed that the solution of the porous medium equation converges
uniformly to the Barenblatt solution of the equation for porous media with the same mass as ug
if the initial value ug € LL(RY) = {¢ € L'(RY;p(x) > 0)}. Subsequently, it was shown by
Zhao and Yuan [20] that for the doubly nonlinear diffusion equation 7 the solution of the
multidimensional Cauchy-problem converges to the Barenblatt solution of the porous media
equation of the same mass as ug if the initial value uo € L1 (RY) = {¢ € L*(R"; p(x) > 0)}.

For the solutions of certain evolution equations, the occurrence of complicated asymptotic
behavior primarily depends on the workspace to which the initial data belongs, see [9] [8 [I7]
1]. Note that in the aforementioned work, the problem concerning the complicated asymptotic
behavior of the solutions is only considered in some bounded spaces. Based on the existence
theory of doubly nonlinear diffusion equations, it is concluded that the solutions to the problems
(L.1)-(L.2) are global, even if the initial data belongs to some unbounded spaces [21], 12} 4] [I1].
Thus, the complicated asymptotic behavior of solutions to the doubly nonlinear diffusion equation
may also appear in unbounded spaces.

Inspired by this, we focus here on the complicated asymptotic behavior of problems —
in the unbounded spaces Y, (R") with p’%l <o< W. Next, we consider that the solution

u(z,t) of problem (1.1)-(1.2) with initial data ug € Y,(R”Y) may be unbounded solutions. It is
worth noting that the doubly nonlinear diffusion equation has nonlinearity and degeneracy not
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found in the heat equation [I3] [I4]. To overcome these difficulties, we establish the propagation
speed estimation and the growth estimation in a given weighted spaces, and extend the weighted
L' — L™ estimates of Zhao and Xu [2I] to the unbounded spaces Y, (R") and apply them to obtain
the existence of a weak solution of problem —. Finally, we investigate the asymptotic
behavior of solutions for the problem (L.1)-(1.2) and give the fact that the spaces Y, (RY) with
ﬁ <o < m can provide the work spaces where complexity causing the asymptotic
behavior of solutions.

Specifically, using the properties of solutions in unbounded spaces, we can obtain that there
exists a function ¢ € Y, (RY) such that the set of w-limits set w*(ug) = Y5 (RY) for some u, 3,
where

WP (ug) = {f € Yo (RY) : 3t,, — oo s.t. tﬁ‘/Qu(tgx,tn)Mf in Y,(RM)},
YRY) = {p € Yo(RY) : ¢ > 0 and ¢(0) = 0},

and u(z,t) is the solution of problem (L.I)-(L.2) with the initial data ug(z) = ¢(x). So the
unbounded spaces Y, (RY) can provide the work spaces where complexity occurs in the asymptotic
behavior of solution of the Cauchy-problem —, according to Vazquez and Zuazua [15].
The main points of the rest of this paper are as follows. In the next section, we introduce
some essential definitions and properties to provide theoretical support. subsequently, we present
the propagation estimates, growth estimates, and weighted L'-L> estimates for the solutions of
problem (L.1)-(1.2) with initial data ug € Y,(RY). Finally, we study the complicated asymptotic
behavior of the solution of problem — in the unbounded spaces Y, (RY) given by p% <
o< W
2. PRELIMINARIES

Definition 2.1. For r > 0, f € L{ (RY), let

loc

N[m(p=1)-1]+p

A1l = sup B b= / f(@)|de.
R>r z<R

The space X is defined as
X ={f € Lic« RY); ||| fll < o0}

with the norm ||| - |||1. Thus X is a Banach space. For any norm ||| - ||| (r > 0) is an equivalent
norm, taking f € X, we will define it as follows

() = tim Il

Taking a subspace Xo(R) of the function space X, for the sake of convenience, simply denoted
as

Xo={p e X; ((f)=0}.

If the initial value ug € Xp, then the existence and uniqueness of a global weak solution to
problem (1.1)-(1.2) is proved in [21, 2] [ [II]. To prove our result, this solution also needs to
satisfy the following proposition as support.

Proposition 2.2 ( [II]). If ug € Xo, the Cauchy problem for the doubly nonlinear diffusion
equation (1.1)-(1.2) generates a continuous bounded semigroup in Xo, S(t) : wo — u(x,t), i.e.

u(z,t) = S(t)ug € C([0,00); Xo).
Note that the semigroup is bounded in LP(R™N) for all p > 1.

Definition 2.3. Let 0 < 0 < 00, py(z) = (1 + |x|2)70—/2, the weighted space LP(p,) was defined
as

LP(po) = {p € Lie(R™) : ¢p, € L"(RY)}
and ||@|| e (p,) = [l@pollLr@y). Also the space Y, (RY) is defined as

Yo(RY) = {p(@) € CRY): lim _¢()ps(z) = 0}
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with the norm [|¢]ly, ®~) = l¢poll Lo @)
This section verifies that both Y, (RY) and LP?(p,) are Banach spaces.

Remark 2.4. From the above definitions, we can see that Y,(RY) c L*(p,) for every o > 0,
and Y, (RY) C Xy for <0< and Y(RY) = Co(RY), and LP(py) = LP(RYN) for
o=0.

p
m(p—1)—1°

Proposition 2.5 ([12, 21]). For any ug € X, there exists a constant T = T(ug) and a weak
solution u(x,t) to problems (L.1)-(1.2) in Qr = RN x [0,T), where

fCtug) TP i p(ug) > 0,
Tluo) = {oo if £(ug) = 0.

Furthermore, if ug € C(RY), then u(x,t) € C(RYN x [0,7)).

Definition 2.6. A nonnegative function u(z,t) is called a solution of (1.1))-(1.2) if u satisfies
(i) u € C(ST), Upm € 2 (0, T; W,-P(RN)), u; is a regular measure on St of locally bounded
variation;
(i) [g, [ulz, t)pe(z,t) — [Du™P=2Du™ - Dgldadr = 0, Vo € C§(St);
(iii) lim fll‘KR |u(x,t) — ug(x)|dz = 0,YR > 0,
where St = RY x (0,7) and 0 < T < co. As a way of measuring the growth of a function
feLL (RYN) as |z| — oo, we let

loc
S
11£11h, =sup o™ 771 [ |f(@)]pad
p>r B,
where r > 0, \= N[m(p —1) — 1] +p, B, = {z € RV : |z]| < p}.
Definition 2.7. Let 1% <o< m, i, B >0, and ug € Y,(RY). Then the w-limit is as
follows

WP (ug) = {f € Yo(RY) : 3ty — 00 s.t. D2 [S(tn)ug] === f in Y,(RY)}.

e
For ¢ € LL.(RN) and A > 0 there are DPp(z) = Mp(A\2Pz), S(t) is the semigroup operator

loc

given in Proposition2.2]

In [3] [T6], the following exchange relation between semigroup operators and dilation operators
is obtained,

DYP[S(N2t)ug] = S(A22PA=mimp=D= 1) [Dlfy].
For A > 0, the proof will not be repeated here.

Definition 2.8. Let d(x) = sup{R : uo(y) = 0 a.e. in Br(z)} be the distance from z to the
support point of ug. We define

Qt) = {z e RY :u(x,t) > 0}.
We also define the p-neighborhood of §2(¢) as
Qp(t) = {z € RV : d(z,Q(1)) < p},
where d(x, Q(t)) is the distance from z to Q(¢).

3. SOME ESTIMATES

In this section, we provide estimates for the solution of problem (1.1])-(1.2) using initial data
up € L'(p,). To accomplish this, we need to use the following lemma given in [16], with particular
emphasis in [21].
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Lemma 3.1. Given a non-negative weak solution u(x,t) of problem (1.1)-(1.2). For every x € RY,
if
Nim(p=1)=1]+p

B(z) =sup R~ me-D-1 / uo(y)dy < oo,
R>0 Br(x)

where Br(z) = {y : |z —y| < R}, for all 0 <t < C(p, N)B(z)~[m@=1=1 " then u(x,t) = 0.

Next, we prove the propagation estimates of solutions to problem ([1.1)—(1.2]) when the initial
value ug belongs to L!(p,) and L>(p, ).

Theorem 3.2 (Propagation estimates). Let ;55 <o < T

pil)*l and assume that uy € L' (py).
Then for all 0 < t; <ty < 0,

Q(t2) C Qppg—tyy(t1),

where
m(p—1)—1

p(te —t1) = Cmax{||u0||gl["(';)(:’l)7”“’ (ts — t1) M- D—T75

m(p—1)—1

ol 750y~ — ) PR )

Proof. We consider only the case of t; = 0, assuming that xo € RY and Bg(zo) > 0, if R < d(zo),
If R > d(x0), then

then
/ o (y)dy = 0.
BR(wo)
_ Nim(p—1)—1]+p

Eau ) RO
Br(zo)

N[m(p=1)=1]+p

= R [ e @) 0+ 1)y
Br(zo)

< RGO (1 4 R2)0/? o ( d
< 0(y)po(z)dy (3.1)
BR(wQ)
N[m(p—1)— 1

< R T mbe-D- (1+R2)0/2HUOHLI(;¢¢

m( —1)—1]+ (N—o)[m(p—1)—1]+

< 27 Juol| g, max{ R~ GE RS e
N[m(p—1)—1]+; _(N=—o)[m(p-1)—1]+

S 26/2||u0||L1(pg) maX{d(:pO)_ 7;;(1;71)71 p,d(fl:o) m?;fl)—l P

So, from the above two equations it follows that

N[m(p—1)—1]+p

B(xzg)= sup R~ me-D-1 / uo(y)dy
BR(I())

R>d(z0) (3,2)
_ Nlm(p=1)—=1]+p _(N=o)[mp=1)=1]+p
< CllugllLr(p,) max{d(zo)” — mF=D=1" d(xq) me-D-1  },
By Lemma 3.1 u(xo,t) = 0, for
0 < t < Oluol| 175"~ minfd(ao) V0" F DT )N Ty,
Then Q(t) C Q,+)(0), where
m(p—1)—1 1 m(p—1)—1
p(t) = C’max{||u0||L1[";(”) D147 ¢ NmGp=D=11%7 , HuoHLlp(;(A)’ =D 1 4 N (T -1}
The proof is complete. O
Theorem 3.3 (Propagation estimates). Let ;<o < W and assume that
ug € L (Po)- (3.3)

Then for any 0 < t; < ty < 00, we have Q(t2) C Qu,—4,)(t1). Note that Q.4 (t1) is a
p-neighborhood of Q(t2) and

mp—1)—1 —[m(p=1)—1]

mip—_)—~ AP )] 1
p((ta —t1)) = C’max{HuoHLm(p ) (ty —t1)Y/P Huouzmzx(fpm()p D71 (ty — tq) P NG D] ),
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Proof. As above, we only consider the case t; = 0. Suppose that zo € RY and Br(z¢) > 0. Then,

for R < d(xo), it holds
[ o,
BR(IQ)

As for R > d(x¢), using Definition it can be estimated as
_ N[m(p—1)—1]+p

RS [ g
Br(zo)

N[m(p=1)—1]+p

— R [ w1+ jo)
Br(zo)

_ N[m(p=1)—1]+p
<R mip—1)—1 ||u0||Loo(pg)(1 +R2)‘7/2/ dy (3.4)
Br(x0)

< R™wGED=T [wo|| oo () (1 + R?)/2

< 27/ |lug|| L (p, ) max{ R~ w1, R o1 )

< 20/2”“0”L°°(pa) maX{d(Qﬁo)_ m(p4f1)71 , d(.’lﬁo)_ m‘(pf1)71 +a};
therefore,

_ Nim(p=1)—1]+p

B(xzg) =sup {R > d(zg)R™~ =11 / ug(y)dy}
Br(zo)

(3.5)
< Ollu|| o (p,y max {d(wo)” 7=, d(o) " 7017},
Using Lemm43.1] it follows that u(zo,t) = 0, for every
0 <t < Cllugl|(p,) min {d(zo) 7T DT d(wg)” mw=0=1 771,
Hence Q(t) C Q,(4)(0), where
et VL TP e o P S
p(t) = C'max {||u0HLoo(pU) P, Juoll i ooy 7Nt b,
We have thus completed the proof. O

In the following theorem, we examine the properties of the solutions to problem ([1.1])-(|1.2)
when the initial value satisfies ug € L (py ).

Theorem 3.4 (Growth estimates). Let p%l <o <
exists a constant C' such that

0 < S(tyuo(x) < C((1+ t) 7o + [2[2)7/2,

W, if 0 < wug € L*®(p,). Then there

thereby,
1S (t)uo (@) L= (p,) < C(1 + t) F=oTrte=n=11.

Furthermore, if 0 < ug € Y,(RY), for any t > 0, we have

S(tyuo(z) € Yy (RY).
Proof. We consider the problem

g — Au"™ =0 in S,

u(z,0) = vo(x) = M|z|” in RV,

For A > 0, let

p—o[m(p—1)—1] 20 1
A o= A . B=
! p—om(p—1)—1] p—om(p—1)—1]

and satisfying the equation
2—plm(p-1) =1 -2pB=0.
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Applying the exchange relation given in Definition [2.7] it follows that

xz[swfwt)vo](xl/%) = NUS(A2t)ue) (A2 )
(t)[)\“vo(kw (@) (3.7)
S(t)vo(x).
In the above equation, setting t =1, s = /\pig[rn(fpil)i1 and g(x) = S(1)vg(z), we obtain
S(s)vo(x) = Sp—a[m(i—n—l] g(s* p—o[m(;—l)—ll x) (38)

Indeed, it follows from regularity theory that for ¢ > 0,
0 < S(t)vg € C°°((0,00) x RY) N C([0,00) x RY),
for |z| = 1, taking the limit in both sides of the above equation simultaneously with respect to
s — 0 as follows that
S(s)vo(x) = vo(z) = M|z|” = M
and taking

y=s eI T g,
note that |y| — oo as s — 0. Then upon
[yI779(y) =M =0 as y[ = oo, (3.9)

there exists a non-negative constant C' such that

gla) < 1+ o).

We deduce from (3.8)) that

2
0 < S(s)vo(x )<C(sm+|x‘ )/

This implies
S(t)g(x) = S()[S(Vwo)(x) = S(t + Dvo(x) < C((L + ) 7m0 4 [z[2)7/2,
Putting p(z) = M (1 + \x|2)0/2, we have
S(t)p(x) < C((1 + ) 7o + |z|2)7/2,
If we let M = ||ugl| < (p,) in question (3.6). we have
S(tyuo(x) < C((1+ ) Fommtem11 + [z]2)7/2,
Next we prove the second part of the theory, owing to
0 <up € Y, (RY) € L™(p,).
For every t > 0, R > 0, let

—[m(p—1)—1]

p—1)—1
R(t) = R+1+Cmax{||u0||Lm N Y i T 45 Nm—0-1 },

and taking yr+1(z) to be a cut-off function deﬁned on By associated with Bg, then xri1(z) €
C§(RN), 0 < xgy1(z) <1, such that

(2) 1 for x € Bp,
€Tr) =
X 0 forx ¢ Bryi.
We can deduce from Lemma3.1] that
supp[S(t)(xr11u0)] C {z € RN : |z < R(t)}.

It means that for ¢ > 0, R > 0,, the value of S(t)ug(z) in RY \ Bg(;) depends only on the initial
value ug(x) in RN \ Bg(), in other words, if |z| > R(t), then

S = Xr+1)uol(x) = S(t)u0(x). (3.10)



EJDE-2025/108 DOUBLY NONLINEAR DIFFUSION EQUATIONS 7

For any ¢ > 0, and the following assumptions are satisfied 0 < ug € Y, (RY), then there exists a
constant Ry > 1> 0, It follows that for || > Ry,

(1+ 22" Puo(a) <

At this point lettin R = R; and we obtain

€
5

(1 = xp+1)uo < glz|°.

Let M = € in equation ({3.6]), and then use equation (3.9) and the Comparison Principle to show
that there exists a constant Ry and the following inequality holds when |z| > Ra,

S[(1 = xre1)uo)(@) < gla) < 2ela]° (3.11)

If [2|t 7001 > R,, then

S[(1 — xr+1)uol(z) < t7=etm(r=D-1 g(t™ oD x) < 2elz|°. (3.12)
Then combining (3.10)) with the above equation, if
|| > max{Rl(t),tp—a[m(i»—l)—l] Ry},

then, according to (3.11]),
S(t)ug(z) < 2e|x|. (3.13)

Clearly, using the first part of the theorem, for V¢ > 0,
S(t)uo(z) € L®(p,) and S(t)ug(z) € C(RY).
By (3.13), it follows that for V¢ > 0,

S(t)uy(z) € Y, (RM). (3.14)
The proof of all statements of Theorenf3.4] is complet. O

The ideas of the proof of the following theorem come from [2T] 4].

Theorem 3.5 (Weighted L'-L> estimates). Let ;25 < 0 < ofi—, if ug € L (py), then for
allt >0,

u(t) = S(t)ug € L= (po). (3.15)
Moreover, if 0 <t < 'y||uo||zl[7(7;(ap)71)71], then
- 8)l| o () < 9N luo 1547, (3.16)
Proof. We consider the Cauchy problem
uy — div(|Vu™P~2Vu™) =0 in Sy, (3.17)
u(-,0) = up(-) in RY, (3.18)

where ug(z) € L'(p,), by the results of [20], equations (3.17) and (3.18) have a nonnegative
solution u satisfying

ue C([0,T]: LYRN)YN L>®(Sr) N C(St),u™ N LY _(0,T : WHP(RY)).

loc

Such regularity will suffice to justify the calculations to follow. We will denote by v a generic
positive constant depending only on N, m, p. The proof of Theorem3.5| requires several steps. Let
T > 0, p > 0 be fixed and consider the sequences

T T

3p
Ti=5—gm Pi=rt

1
pi=5pit+piv1) =P+ 5

Set Bj = Bpja Bj = Bﬁja Qj = Bj X (Tj,T), Q_j = Bj X (Tj+1,T), k‘j =k - 2_7»%, k> O7 and let
&j(x,t) be a piecewise smooth cut-off function in @); satisfying

Pj
2 )

i+ 9i+2
) fOI‘OSﬁjtSTa

&z, t) =1, for (z,t) € Qj, |D¢g;| < 2
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Finally, we define
u(+, 7)|| poo
o(t) =, (t) = sup 7/ sup e )”Lp (o) B (3.19)
7€(0,t) p>r pm(pfl)—l
where r > 0, A= N[m(p—1) — 1] + p, and
¥(t) = sup ||lu(, 7).

T€(0,t

Since ug(z) € L (py), u € L*(St) and ¢(t), 1(t) are well defined.

Lemma 3.6. There exists a constant v(N,m,p), such that for any t > 0,

N+ p/B
)=o), < K] / [ twpyrasar)™, (3.20)
B2,

where 3= N(m(p—1) — 1) + mp?, and

N(m(p—=1)—1)

K(t)y=t— x — me= D=1y =1 (3.21)

Proof. Let x;j(x) be a segmented smooth cut-off function in B; that satisfies the following condi-
tions: © € Bj11, x;(z) =1, and |Dx;(z)| < 2972p~1. Set
m(2p—1)—1

wy = (upo —ki)y T (3.22)
Recall the the Gagliardo-Nirenberg inequality, for ¢ € (0,7"),

17
il 500 < WD g, o Il (3.23)

(oL orny
= s q/\N p s

and v = (N, m, p). Choose n = g, 5= m(ﬁlfpj)il, and ¢ = p(1+ %7). An application of q-powers

where

to the integration of (711, T') results in the following:

I i
Qj+1
< // (U)jJrlXj)qudT (324)
Qj
94 p/N
< 'y(// |Dwjiq|?dzdr + — // H_1dxdT sup / w?de) .
Q; Tj+1<t<T J B, (t)

Next, we estimate the right-hand side of the aforementioned equation. We use &; as defined in
(3-24). We multiply (3.17)) by the test function

p(a,t) = & (upy — kj+1)$p71 = max{0, ¥ (up, — kj+1)mp71} (3.25)

and integrate over ), to obtain

sup [ sz»ﬂdm—i—// |Dw;1]|?dxdr
Tj1<t<T J Bj(t) j

2]17
< Py// . . }(Up )(m 1)(p— 1)(’U,p — ks )mp-i-P 2dedT (326)
i upe 2kt

9j
+ = // (upe — kj;) 1P dadr.
—N(m(p—1)—1)

(upe) D@ (g, — k)22 < M 1)1 )
For p < 2, if *£= > k; such that

m— — - m— — UPo \p— m(p—1)—
(upa) DD (py — ky)P 2 < (upy) " IEI (P22 < Clup, D

For p > 2, we have
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and if kj11 < ups < 2k; such that
(wpe) ™D (upy = k)~ < (pe) ™V iy — kP2 < C2E P (upy D

Under the above conditions,

7N(7n(§71)71)

(upe) VO™ (up, — k)P 2p7P <yt
Thus, (3.26]) can be written as

PPN in {ups > ki)

sup / wjqde + // |Dw; i1 |9dzdr < 420 PV E(T) // wjdzdr, (3.27)
Tj+1<t<T JB;(t) Qj i
Again, by the above definition of wj, it follow that
= / / w?, dedr < yK(T) / / widzdr . (3.28)
Qj Qj

By applying equation (3.27)) to equation (3.24) and estimating the right-hand side of (3.27)), the

following result is obtained:
N; NI-\{/-p
(// w?dxdT) . (3.29)

// w?, dzdr < 7(2(p+1)jK(T)
Qj+1
By Holder inequality,
q s/q 1_s
(ups = ky1)}"dadr < j+1dxd7) |Aj |, (3.30)
Qj+1
where A; = {(z,t) € Qj cu(z, t)pe > ki), §=0,1,2,... and |A;| = meas A;. Thus

// (ups — kjy1) 1 Pdadr > // (ups — kj1)"Pdzdr
J QjN[ups>knt1]

2 |kj1 — K5 [P[Ajpal (3.31)
e

2 W|Aj+l|a

we deduce from and - that
, e 14+ 55
// (upe — y 1) 2Pdadr < b [K(T)) N0k mea=3) // upo = ky)2Fdadr) T, (3.32)

it is worth noting that b = 27?1+ x)(p+1)— mp} . By using [7, Lemma 5.6] it is known that

// upy — k dxd7—>// (upe — k) Pdxdr =0,
//Q (upe)"Pdadr < y[K(T)) 7"

In this scenario, if the value of k is selected and satisfies the requisite conditions

provided

1-1)

N+p /6 2
k= // (ups mpdxd7> , B=N(m(p—-1)—1)+mp*, (3.33)
0
then supy_ up, < k. Since T' > 0 is arbitrary, the lemma follows. O

Lemma 3.7. For allt > 0 it holds

t
(1) < / P M D gy (P, A= N(m(p—1) — 1) +p.  (3.34)
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Proof. Multiply both sides of ((3.20)) by pm@—pﬂ—l and 7'%, TE (%, t) simultaneously. It is necessary
to recall the definition of K (¢) as presented in equation (3.21]), we have that for all 7 € (%7 t), and
all t > 0,

N - p
T Jul Dl Lo (o0).8,0” "D

t
N _ N(N+p)[m(p=1)—1] (N+p)[m(p—1)—1] _ 8 p/B
< RS S (1] (up, ) rdads
t sz

N p/B
_|_»y7-x >\ / / P “m(p— 1) l(up )dexCh')
Bs,
= El + EQ.

(3.35)

Subsequently, the values of F; and E5 are estimated:

K m(p=1)— : o m /8
B S mlpte) |3 [ [t (R T ) o]
i

(2p) 7T

<mlp(®) 75 (/Ot Fm HEEEE (e D) dr)p/ﬁ (3.36)

1 b Nmep-n-1] (o
< getm [ oY ar,

and

1 /t _ Nim(pon) 1] (”u(',T)”Loc(pa) sz>mp71 f32p u(z, 7)poda d )p/ﬁ
- r
t /e (2p )W (Qp)w

p(mp Pﬂ
<le(t) / )l (3.37)

p(mp—1)

SS0) e U100 el
< 30(0) + ()

The above conclusions are all based on Cauchy inequality scaling estimates. Now, we carry these
estimates in ([3.35)) and take the supremum first over all p > r > 0 and then over all 7 € (0,t), for
all £ > 0. Recalling the definition (3.19) of ¢(t), the lemma follows. O

Lemma 3.8. Let us consider a piecewise smooth cutoff function, designated as x(x), within the
context of Ba,, such that in B, satisfying x = 1 and |Dx| < %. Let p > r > 0, for Vt > 0 such

that
¢
/ / |Du™ P~ P py da dr
0 /B,
A

¢ [m(p—1)=1](p+1)

< ypttrrrT | /0 P () T T () dr (3.38)

p—1 t 1

+ [ A= ar) T ([ e v ar)

Proof. The initial requirement is that u be strictly positive. This can be made strict by substituting
u + ¢ for u. By Holder inequality,

t m( 1)— (h—m)(p—1) m(p—1)
| [ purpte g dadr < / f R G e T e e U
0 B B,

_'nL(p 1)—1 _ (h=m)(p—1) p—m(p—1)
(5 (ap) =2

p—1

X
t
<( / / D™ P (py )yl dadr)
0 Bso
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t _
X (/ / T*”Tf(upa)—(p—l)(h—m)pg—m(p—l)dxdﬂl/p
0 /By,

t
S A O
0 B>

t p= 1/
(/ / T_Tl(upg)f(pfl)(hfm)dde) g
0 JBs,

= [ (1)) [F()]V?,

nd
¢ m(P 1) (h—m)(p—1) m(p—1)
|| et padxdr<// R D py) T )
0 JB,, Bs,

_'nL(p 1)—1 _ (h=m)(p—1) p—m(p—1)
(S ) S

p—1

t
<(// T””\Duml”_l(upa)h_mx”p?dxdf) ’
0 JB,,

t
X (/ / 77%(upo)_(p_l)(h_m)/)g_m(p_l)dxdr)1/p
0 J B3,

p—1

¢
S(// Tl/p\DumV’_l(upa)h_mxpp;"dxdT) ’
0 JB,,

¢ p—1 1/
x(// TfT(upo)_(p_l)(h_m)dxdT) ’
0 JB,
P

= [ ())7 [Fa()]V?,

where h = (m(p—1)—1) /p, for estimating .J; (t), we take ¢ = /7 (up, )" in the weak formulation

of (3.17) and obtain

1/p u h+m(p 1)d d / / 1 h+1d d
< 0o ) xdT + 7y P upg xdT
= / /BQP Ba, (3.39)
=V + Ve
Estimating Vi, Vs, separately, we have
t — —
VS ot [ o) S g
X o o (3.40)
Vo < ppt et A o) 5 u .
0
Note that F5(t) = V5, and combing (3.39)-(3.40) the conclusion follows. O
Lemma 3.9. It holds
t
Pl (p+D)[m(p—1)—1]
P(t) <Allluolllr, +7/ T3 (7)) v P(r)dr
0 (3.41)

m(p—1)—1

+ [ A ) e

Proof. Tt is necessary to take the cutoff function x(z) introduced in Lemma By simultaneously
multiplying both sides of Equation (3.20) by ¢(z) = xP(x)ps and utilizing distributional integrals
and standard calculations, we obtain

J

t
u(x,t)padxg/ uopgdx—i—l/ / | Du™ P~ P~ p, dadr, (3.42)
B, PJo JB

P
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valid for all ¢ > 0 and all p > r > 0. Multiply both sides by p~ DR , estimate the last term by
Lemma and take the supremum over all p > r > 0. O

Lemma 3.10. For t positive, let ©(t) and ¥(t) be two continuous, non-decreasing functions sat-
isfying the following conditions:

t
o) < [ T N ), (3.43)
0
(t) < AP T s 7)oy 5,

bopn @t ImE-1-1]
+7/o el (3.44)

t —1)—1
oy / 731 p(r) 225 () dr

Furthermore, there exist constants 7y, V1, Y2, which are dependent on the variables v, m, p and
N, and which satisfy

(1) < 7 llluol 127, (3.45)
Y(t) < yellluolllr,, (3.46)

for allO<t<’yo|Huo|Hr,, (p=1)=1],

Proof. It is established that the function ¢t — 1(¢) is non-decreasing. For all * > 0, from (3.43)

we have
t N(m(p—1)—1
o(t) < / R D gy 4 ()P, (3.47)
0

and satisfy 0 < t < t*. For the constant t* will be chosen later, at this stage is an arbitrary
positive value of t. As a consequence of the preceding argument, it follows from ([3.47) that ¢(t)
can be displayed using the solution to

N[m(p—=1)—1]

G'(t) =yt~ 5GP, G(0) = yu(t)" (3.48)
Solving explicitly

plt) < G(t) =y (") {1 = Afm(p — 1) = [ () F=D 1P meD, (3.49)

For any given t € [0,t*], it is guaranteed that the value within the brackets is positive. Provided
that the bracket is of a positive nature.

In this instance, the aforementioned estimate can be expressed as t = ¢t*. Given that t* is an
arbitrary positive number, it can be inferred that

P (t) < ("ML = Afm(p - 1) — L[ty DAY, (3.50)
for all ¢ > 0 for which the bracket is positive. If on ¢ we impose
9—[m(p—1)-1]
m(p—1)—1

The following statement will be obtained: There exist two constants 4; and %y, and are dependent
only on N, m, and p, such that

(tw( )m(p 1)— )p/)\ < [27”(17*1)*1 — ]_] (351)

(1) < ()", (3.52)
for all ¢ satisfying
[t (8™ PV TPIA < 5. (3.53)

Substituting inequality (3.52)) into (3.44]) yields
t 14 mp=D-1 4
V() <Alluolllr, +v [ T3 0(E) P dr, (3.54)
0
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for all ¢ for which (3.53]) holds and for a new constant v = (N, m,p). It can be reasonably
deduced that the solution to (-) is

m(p— 1) 14>1

H'(t) = vt H(t) H(0) = ~l[[uolllr,, (3.55)

whence
A
Y(t) < H(t) = |||uolllr, [1 = y(t][[uol[[;2 =D =1)P/A] " me=D=T, (3.56)

ensure that the inside of the brackets are positive.
The constant v being quantitatively determined a prior, we can find a constant 7 such that

P(t) < vallfuolllr,, (3.57)

as long as t is so small as to satisfy (3.53) and

0 < ¢ < g|lfuol[|;® D=1, (3.58)
Putting together ([3.53| , and (3.5 , we deduce that there exists a constant vo = vo (N, m, p)
such that if 0 <t < 'yo|\|u0|\|rp (p—1 71 and (3.58) holds. O

Now combining (3.52)) and (3.57)) leads to the following inference.
Corollary 3.11. There exist constants g, v1, V2 depending only on N, m,p such that p > r > 0,
G, 8)lloo,5, < 1t~ N ApmET=T [[fug || L= 7, (3.59)

forall0 <t < ’70|Hu0|\|r_p[m(p—1)—1],

Corollary 3.12. There exist constants vy, depending only on N, m,p such that

_ —[m(p—1)—1
e, )| oo (o) < VAo | 108D, (3.60)

forall0<t< 'y||uo|\L1m(p V=Y Setting T = 7\\u0||;1[7(';gp)_1)_1], we duce from ([3.60)) that

S(t)ug € L=(py). (3.61)
Hence, for T < t, by Theoren{3.5, we have
S(tyug = S(T' = t)[S(T)uo] € L™= (ps), (3.62)

and the proof is complete.

Remark 3.13. The L' — L*>estimates for ball B, have been reflected in paper [20]. To obtain our
results, we generalize them to the weighted space LP(p, ) and provide the weights L' — L>estimates.

O

4. COMPLICATED ASYMPTOTIC BEHAVIOR

To complete the body of this article, we introduce the work spaces Y, (RY) with 55 <0 <
W and study the complicated asymptotic behavior of the solutions to problems .
in these spaces. We define a closed subset of Y, (RY) as

Y, (RY) = {p € Y, (RY) : () > 0 and ¢(0) = 0}. (4.1)
For convenience, let
1
p—olm(p-1) -1
Our main task is to study the complicated asymptotic behavior of the solution of problem —

2.

v=Nimp—1) =1 +p, n=
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Theorem 4.1. Let

p p
< S — 4.2
p—1*0<m(p—1)—1’ (42)
suppose there exist p > 0 and § > 0, and the following inequalities are satisfied

2 — -1)-1

g > max(2 =D 2 (43)
2p
2 2N

0<pt PP 2N (4.4)

Pl
Then for any f € Y,/ (RN)N LY (p,), there exists an initial value ug € Y7 (RN), and a subsequence
{tn} converging to co as n — oo, such that

DEZ[S(tn)uo] =5 f - in Yo (RY), (4.5)

in other words, f € wkP(up).

Proof. For every f € Y;H(RY)N L(p,), without loss of generality, we assume that

[fllzoe(poy =1 and | fllzrcp,) > 1. (4.6)
We define
£ = max{[| Lz ooy 1 W2 s 1102 oo (4.7)
1 1
= max{n, —, , = > = 4.8
! { v y—omp-1)-1] 2} 7 3 (48)

From (4.3) and (4.4)) it follows that 8 > n > % and 0 < 2N — py — 2pfo < 2pBSN — pu — 2pfo.
Next we define a sequence A\; — co as j — oo through A\; = 2, and for any j > 1,

2pBN—pu—2pBo

A —max{2u 717(2J+IC€_’_227>\ )26 T I 2 )\721\{ 17 —2pBo 2[]—;)\],71}. (4.9)

Below we define the initial value ug(x) as

= Z)\j_“xj(;; ) a:/)\Z’B ZDg”ﬁl X;f (4.10)
Jj=1 J

In this context, x;(x) represents the cut-off function, defined within set ®; = {277 < |z| < 27}
with respect to set U; = {270~ < |z| < 2071} and x;(z) € C(RY), 0 < x;(z) < 1, such that

1 for xz € ¥y,
i = 4.11
Xi(@) {0 for z ¢ ;. (4.11)
So that
uo(x) >0, wup(0) =0. (4.12)

Next we consider 0 < A < 1, consequently

1 £llv, ey = sup [(1+ |z*)~7/2f(\x))|
zeRN

—o/2 /14 [ Ax|?\o/2
< sup [FOw) (1 jaf?) 7 (L)
2RV 1+ |z] (4.13)
—0/2
< sup ‘f()\x) (1 + |>\x|2> ’
z€RN
= [ flly, ®»)-
Therefore, using (4.10]) we have
luolly, @~y < > 27| f(@)lly, @ny <L (4.14)

Jj=1
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Consequently, the series is convergent within Y, (R™). Additionally, equation allows
for the conclusion that

up € Y;H(RY). (4.15)
Now se conduct a detailed analysis of the initial value ug. This will be broken down into three
parts.

n—1 n—1

wnle) = 307 (5 ) /X = Y- DA @)1 @) (416)

Jj=1 7 Jj=1
vn (@) = DY Do () f ()], (4.17)

x n+1
Z /\ "Xj (W)f x//\%’ ZD)\ L (@) f ()] (4.18)
j=n+1 J
From Theorems [3.3] and [3:4] we have

supp [S(A2 )un ()] C {z: |z < 2"71)\?71 + ON210}, (4.19)
supp [SOA2)vp ()] € {2 : 27"A2F — CA210 < || < 2"\28 + CA20), (4.20)
supp [S(A2)wy, (z)] C {z: |z] > 27" 1)\%‘_1 — CN2py, (4.21)

From , it is apparent that (2/+1C¢ + 227)\?&)25%2" < A4, so that for j > 1,
217N 4 20N < 2T IND AR 4 20N < 2790
hence
20N ON210 < 272 OB < 27 \2P OB < 27N oA
It can be demonstrated from equations (4.19), (4.20) and (4.21) that
supp [S(A7)un ()] N supp [S(A )vn (2)] = 0,
supp [S(A7)vn ()] N supp [S(A7 )wn (2)] = 0.

e S(A2)ug = SA2)up () + SN2 v, (z) + SN2 )w, (z). (4.22)
Applying the exchange relationship in Definition2.6] to (4.22)), we have
DS uo = DY (SO un(@)] + DYP [SOAY)va(@)] + DX [SOR)wn ()]
= S(/\Z_Q”ﬁ_“[m@_l)‘”)[Dﬁfun(x)] + S(Ai—%ﬂ—u[m(p—l)—l]) (4.23)
X [S(A%)va(@)] + S (A 2P #Im == [S(AT Y, ()]
Now we consider the case of A > 1.

”f()")HLl(pg) = /RN |(1 + |x|2)—0/2f()\x)|d$

< [ Jrow ey (R

1+ [z (4.24)
<x ([ 1o pap) " as)
RN
= AN F o0y
It can be deduced from (4.9) and - ) that
)\n L — o
||D§fUn<.’L‘)||L1(pg) < n<)\7_1)% 2BN+28 ||f||L1(pc,) < 00, (4.25)

because DY’ Bun( ) € LY(po); furthermore the results in section show that 2 — u[m(p—1) —
1] = 2pB < 0. It follows again from (4.9) that there exists an mteger N, such that if n > N, then

0 < A =1=20  D P (2 |, (426)
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An application of the weighted L'-L> estimates, as proposed in Theore to Equation (4.25)),
yields

p u+2p6672N 2pBN—pup—2pBo

IS(x; 22—t e= D= DI P () |y, vy < O X 7 ALy : (4.27)
From (4.9) we conclude that
||S()\i_zp’g_”[m(p_l)_l])Djfun(x)||YU(RN) <Cn Y —0 asn— oo. (4.28)

To arrive at the solution for (4.18)), we combine equations (4.9) and (4.13]), for n > 1,

= An An
||D§;Bwn(x)||YG(RN) < Z (Y)Mf((T)QB')”YG(]RN)
j=n+1 "7 J

S W 4.29
< Z (T)H”JCHYU(RN) ( )

j=n+1 7Y
< fllzr(p,) < 00,
thereby Df{f wy(z) € Yo(RY). Applying Theore we obtain
S(A2-2A-plm=1) =1 Dl Pay, (z)] € Y, (RY). (4.30)

As a consequence, for all n > 1 and any ¢ > 0, using Comparison Principle, there exists a constant
M > 0 such that |z| > M. Then

—o/2 _ —ulm(p—1)— , g
1+ [2?) /S(/\EL 2pf—plm(p—1) 1])[Df\‘5wn($)](m)| < 3 (4.31)

Since \
Dy (x) € {a s faf > 2777 (5527, (4.32)

n

from Theorenf3.3] it follows that
supp {S(Ai—zpﬁ—u[m(p—l)—u) [D‘;nﬁwn(m‘)]}

4.
C{z:|z|>27"""! (—A;“ )26 — Canz=2pA=p(mp=1)=1lg} (4.33)

Note that /\2[272%7”(7”(”71)71)] < 1, Since (#.9) implies 22" < (A;—:l)w, the existence of an
integer N, such that if n > N, then

2*”*1(A;:1 )28 — oaprmpBmum@==1ly 5 . (4.34)
The preceding equation can be expressed as follows: if n > N, then
IS (A% 2P E= D=1 (DL Py, ()], vy < e (4.35)
Subsequently, we can show that
IS (N2=2PB=plm@=D=11) DBy () — flly, vy —— 0, (4.36)
because Dﬁ\‘nﬁ v, () implies
DY Puy(x) = f(z) for z € By, (4.37)
and
Dﬁfvn(a:) < f(z) forzeRY, (4.38)
We conclude from Theorend3.5] that
S(A2-2P-plmp=1=11 [DiFy, (2)] € Y, (RY). (4.39)

Note that f € Y, (RY). As a result, for all n > 1, > 0, using comparison principle, there exists a
constant M > 0 such that

‘S‘U-IJ)M (1 + |x‘2)70/2’S(/\TQL—Qpﬁ—M[m(P—l)—l])[Dg;ﬂvn](x” < %7 (440)
z|>
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and
—0/2 E

@)l <2

Then f € C(RY) implies that S(t)f € C([0,00) x RY). Note that A2T2Ampm=D=1 () a9
n — co. Thereupon, for any € > 0, there exists a integer N7, such that if n > Ny, then

sup |z| > M(1 + |z|?) (4.41)

—o/2 _ _ _1)— e
sup (14 |22) 7% [S(A2~2PB—#mE=D=11) ] () — f(2)| < —. (4.42)
|z|>M 18
It follows from (4.9)) that there exists a integer No, if n > N, so that
2"t > M, (4.43)
based on the assumption f(0) = 0 that there exists a integerNs, if n > N3, such that
—o/2 9
sup (14 [22) "% f(2)] < o (4.44)
|z|>2-Na+1

By , if n > Ny, then
sup (1 +|a]?) "2 [S (A2 mlm D=1 £] ()| <

|z|>2— N3+t

By combining equations (4.38)) and (4.45) with the comparison principle, if n > N, we have

(4.45)

NeJ o)

sup (1 [af?) = 2|[S(AZ 28 mlm =01 DRy, (2)](2)| < = (4.46)

|z|>2—Ns+1 9

Combine equations (4.37)), (4.42), (4.43), (4.45) and (4.46) that if n > max{Ni, Na, N3}, the
reason why

s (1 Je?) 7S (0D (D o) )

< sup (L [of) | [SOr e ) f] @) - £(a)]

+ sup (1+ |x|2)_‘7/2}S(Ai—Qpﬁ—u[m(p—l)—u)
2-nt1<|z|<M

x [Dl;nﬁvn](ﬂﬂ) _ S()\?;?pﬁfu[m(p*l)*l])f(x)| (4.47)
+ sup (14 [2?) 772 S (A2 ulm =D [DEFy, ) ()|
|z <2t

+  sup (1+|x|2)—o/2|[S()\i—%ﬁ—u[m(p—l)—l])f](x)‘

|z|<2-n+1
e

< —
3
It follows from (4.40)), (4.41) and (4.47) that (4.36) holds. Finally, it follows from (4.23)), (4.28),
[£35), and (L36) that

IS Az 2B =D=M DL P, | — fly, @)
< sup (1+ |$|2)7U/2\S()\?Qpﬂ*”[m(p*l)*”)[fovn](m) — f(z)]

|z|<M
+ sup (1+ |I|2)7a/2|S()\i—2p57u[m(p71)71])[Di\t,ﬁvn](x” (4.48)
|z|>M n
+ sup (1+ [z[2) 72| f(z)] <e.
|z|>M
It can therefore
DYPS(A2)ug === f - in Y, (RY), (4.49)

setting t, = A2, so that ([4.7) follows from (4.49) and the proof is complete. O
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