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LONG-TIME DYNAMICS AND UPPER-SEMICONTINUITY OF
ATTRACTORS FOR A POROUS-ELASTIC SYSTEM WITH
NONLINEAR LOCALIZED DAMPING

MAURO L. SANTOS, MIRELSON M. FREITAS, RONAL Q. CALJARO

ABSTRACT. In this article we consider a one-dimensional porous-elastic sys-
tem with nonlinear localized damping acting in an arbitrarily small region of
the interval under consideration. We prove the existence of a smooth global
attractor with finite fractal dimension and the existence of exponential attrac-
tors via quasi-stability theory recently proposed by Chueshov and Lasiecka.
We also prove the continuity of the attractors with respect to two parameters
in a residual dense set. Finally, we prove that the family of global attractors is
upper-semicontinuous with respect to small perturbations of external forces.
These aspects were not previously considered for porous-elastic system with
localized damping.

1. INTRODUCTION

The study of mathematical models of vibrating flexible structures have been
considerably stimulated in recent years by an increasing number of questions of
practical concern. Research on stabilization of distributed parameter systems has
largely focused on the stabilization of dynamic models of individual structural mem-
bers such as strings, membranes, and beams. See [I5] and references therein.

On the other hand, localized frictional damping has been studied by several
authors in one or more space dimension, (see [3] [5, 13| 211, B3], [34]). The main result
of the above articles is that localized frictional damping produces exponential decay
in time of the solution. A more general result occurs in one-dimensional space where
the solution always decays exponentially to zero for any localized frictional damping
active over an open subset of the domain.

Motivated by the above, this article is devoted to the study of the porous-elastic
system with nonlinear arbitrary localized elastic damping and nonlinear arbitrary
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localized porous dissipation given by

pust — Plze — bda + ar(x)g1(ur) + f1(u, @) = by in (0, L) x (0, 00),
JO1t = Obzy + by +E& + as(2)ga(91) + fa(u, ) = €ahy in (0, L) x (0,00),
u(0,t) = u(L,t) = ¢(0,t) = ¢(L,t) =0, ¢>0, (1.1)
(u(z,0), ¢(x,0)) = (uo(x), do(z)), in (0,L),
(ut(2,0), (2, 0)) = (ua(2), p1(x)), in (0, L),

where the variables u and ¢ represent the displacement of a solid elastic material
and the volume fraction, respectively. Here p, u, J, §, b and £ are the constitutive
coefficients whose physical meaning is well known. The constitutive coefficients, in
one-dimensional case, satisfy

£€>0,0>0, u>0,p>0,J>0, ué > b2 (1.2)

The functions g1 (u;) and go(¢:) represent the nonlinear damping terms, €; and €9
are positive constants small enough, f; and fo are nonlinear source terms, a; and
as are smooth, nonnegative functions responsible by the localized damping effect,
h1 and hs represent external forces.

Quintanilla [25] studied the system (1.1)) when ¢; = €3 =0, g1 = 0 and ga(s) = 7s
with as(z) = 1. He used the Hurtwitz theorem to prove that the system lacks
exponential decay when ﬁ + %. In Magana and Quintanilla [20] considered the
System:

PUtt — Mgy — DOy — YUz = 0 in (0, L) x (0, 00),
Jbit — 0pgy + by + P+ 70 =0 in (0, L) x (0,00),
uw(0,t) = u(L,t) = ¢.(0,t) = ¢ (L, t) =0, >0, (1.3)
(u(,0),6(x,0)) = (uo(x), do(x)), in (0,L)
(ut(z70)7¢t(z70)) = (Ul(l'),(bl(J?)), in (OaL)

They proved that the system is exponentially stable using the semigroup
arguments due to Liu and Zheng [16]. Also, they proved that when 7 = 0 the
system is not exponentially stable. Munoz Rivera and Quintanilla [22] proved that
when 7 = 0 the energy is controlled by a rate decay of the type % Moreover, using
a result on [24], they improved the polynomial rate of decay by taking more regular
initial data. Santos et al. [28] proved that system with 7 = 0 lacks exponential
decay independent of any relation between the coefficients of the wave propagation,
and it decays as % In addition they also proved that this rate is optimal. On the

other hand, Santos and Almeida Junior [27] studied the porous-elastic system
PUy — gy — bPy + () (ug + ¢¢) =0 in Q x (0,00),
Jbi — OPpy + buy + €+ () (ur + @) =0 in Q x (0, 00),
(u(x,0),¢(x,0)) = (uo(x), ¢o(x)), inQ,
(ue(,0), ¢¢(x,0)) = (u1(x), $1(x)), inQ
where the localized damping involves the sum of displacement velocity of a solid

elastic material and the volume fraction velocity. Note that, Q@ = (0, L) and w =
(L1, Lo) with 0 < Ly < Ly < L and v € L™°(Q) is a nonnegative function satisfying

(1.4)

I > 0; v(z) > 0, ae. T € w. (1.5)
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The main contribution in [27] has been providing a necessary and sufficient condi-
tion for the strong stability and the exponential decay of the porous-elastic system
with the rank-one localized damping where the boundary of the damping region
must contain at least one of the end points of the spatial domain. Other problems
associated with porous elastic systems can be found in references [23] 30, 311 [32].

Feireisl and Zuazua [8] proved the existence of the global attractor with critical
semilinear term. The finite fractal dimension and regularity of global attractors
for the critical case has been considered by Chueshov, Lasiecka and Toundykov
[6]. Finally, very recently, Ma and Huertas [I7] proved the continuity of attractors
with respect to a parameter forcing in a residual dense set and the existence of
generalized exponential attractors.

In [9], the long-time behavior of porous-elastic systems with nonlinear damp-
ing and source terms was investigated for the first time. Considering two globally
defined nonlinear dampings and arbitrary source terms, the authors show the exis-
tence of local and global mild solutions, uniqueness of mild solutions, and continuous
dependence of initial data. Under some restrictions on the parameters, they also
proved that every mild solution to system blows up in finite time, provided the ini-
tial energy is negative and the sources are more dominant than the damping in the
system. Additional results are obtained via potential well theory. They proved the
existence of a unique global mild solution with initial data coming from the ”good”
part of the potential well. For such a global solution, we prove that the total energy
of the system decays exponentially or algebraically, depending on the behavior of
the dissipation in the system near the origin. To our knowledge, the study of global
attractors for porous-elastic systems with nonlinear localized damping has not been
discussed in the literature. This paper aims to fill this gap.

The purpose of this article is to obtain the existence and upper-semicontinuity
of a global attractor for porous-elastic systems subject to a nonlinear localized
damping and nonlinear source terms placed in both equations, with a minimal
support for the damping. The contributions of the paper are:

(i) The existence of attractors with finite fractal dimension using quasi-stability
methods by Chueshov and Lasiecka [7]. Observe that the present result was not
previously considered for porous-elastic systems with nonlinear localized damping
and nonlinear source terms,

(ii) Stability estimates (see Theorem [4.3) independent of €; and €5. The standard
multipliers method leads to terms of the energy level which cannot be directly
absorbed (this is not the case when one of the damping functions is supported on
the entire domain). In order to handle this, special weight functions are introduced,
which eliminate undesirable terms of higher order while contributing lower-order
terms,

(iii) The continuity of global attractors, containing residual continuity and upper
semicontinuity with respect to the parameters ¢; € [0,1], 7 = 1, 2.

This article is organized as follows: Section [2| presents assumptions, notations
and well-posedness results. In Section [3] we summarize the main results. Section
[ is devoted to prove the existence of attractors and their properties. In the first
subsection we prove that the system is gradient by using a unique continuation
property proposed by Ma et al. [I8]. The second subsection is devoted to prove the
stabilizability inequality and quasi-stability of the system. In the third subsection,
we prove the Theorem More precisely, the existence of finite fractal global
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attractors with smoothness properties and the existence of a generalized fractal
exponential attractor. In the last subsection the upper-semicontinuity of attractor
with respect to a := (€1, €2) is proved (see Theorem [5.4]).

2. ASSUMPTIONS AND PRELIMINARY RESULTS

We use throughout this paper the standard Lebesgue spaces LP(0,L), p > 1,
with the norm denoted by || - ||,. We denote by (-, ) the inner product in L?(0, L).
Let us consider the Hilbert spaces

H = H(0,L) x H}(0,L) x L*(0, L) x L*(0, L),

2 1 2 1 1 1 (2.1)
V:=H"(0,L)N Hy(0,L) x H*(0,L) N Hy(0,L) x Hy(0,L) x Hy(0,L)
with inner product in H given by
(U, Vi = ple, @) + J(, V) + p{ug, va) + 0(¢a, we) + &P, w) (2.2)

+ b{ug, w) + b(¢, vz).
for U = (u, ¢, 0,%), V = (v,w,®, V) € H.

Remark 2.1. Since, by hypothesis ué > b2, using the same ideas in Raposo et al.
[26] we see that (2.2) defines an inner product on H and that the associated norm
I - |2 is equivalent to the usual one. In particular, there exists 79 > 0 such that

luzll3 + 162113 < vo (ulluall3 + 8ll@all3 + EllSIE + 2b(uq, 6)). (2.3)
Using the Poincaré’s inequality and ([2.3]), there exists a constant v; > 0 such that
lull3 + 10113 < 71 (pllusl3 + 0llall3 + ENDI3 + 20(us, ¢)). (2.4)

If we denote z = (u, ¢, ut, 1) and zg = (uo, Po, 1, $1) then system (1.1)) can be

rewritten as

dz
I =(A+B)z+ F(z), fort>0, (2.5)
z2(0) =z € H,
where
b
A(”v ¢a ®, w) = (SO’ wa ua:x + ¢$7 ¢z:c - 7“’38 - §¢>7
for (u, ¢,Lp 1/}) € D(A) V;
Bl ) = (0.0~ a1 (@ (¢) Gar(@)n)). for (u.6.0.0) €

‘F(uad)?@ad)) = (anvé(elhl fl Uu ¢ ) (€2h2 7.}(‘2 u ¢)))
fOI‘ (u7 ¢7 @7 ¢) 6 H'

We are ready to state the result about the existence of solutions. To this end we
introduce the following assumptions:

(i) There exists a function F' € C?(R?) such that
F=(f1, f2), (2.6)
and for i =1, 2:
IV filu,0)] < Bo(1+ [ul™! + [o]"™1), Vu,veR, (2.7)
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with f;(0,0) =0, So > 0 and 6 > 1. Moreover, we assume that there exist
constants 51 > 0 and mpg > 0 such that

F(u,v) > =B1(Jul* + [v]*) = mp, Vu,v€ER,

VF(u,v) - (u,v) — F(u,v) > —B1(|[u]* + [v[*) —mp, Yu,v€R, (2.9)
where 0 < 81 < i
(i) The functions g; € C'(R), i = 1,2, are monotonically increasing with
9i(0) = 0 and there exist constant m;, M; > 0 such that
m; < gi(s) < M;, Vs€eR. (2.10)
(iii) The functions a; € C*(0, L), i = 1,2, are nonnegative and satisfy
ai(x)>a; >0in I;, i =1,2, and (ay,a) =1 NIy #0. (2.11)

where I3, Iy are open intervals contained in [0, L].
(iv) The external forces hy, hy belong to L?(0, L).

Observe that (2.10) implies the monotonicity property, i.e.
(9i(u) — gi(v))(u —v) > mjlu —v|*, Yu,v €R. (2.12)

Remark 2.2. The localizing functions allows us to consider damping mechanisms
acting in an arbitrarily small region of the string.

Theorem 2.3. If (i)-(iii) hold, then:
(a) If initial data zo € H, then (2.5)) has a unique mild solution z(t) € C([0,00),H),
with z(0) = zo, given by

t
2(t) = eATB)z 4 / TIATB F(2(7))dr.
0

(b) If z1(t) and 2%(t) are two mild solutions of [2.5) then there exists a positive
constant Co = C(21(0), 22(0)), such that

12 (1) = 22(O) |3 < €“T)|21(0) = 22(0) |, Vit € [0,T]. (2.13)

Proof. 1t is easy to see that the operator A + B is a maximal monotone operator.
In addition, by , F is alocally Lipschitz continuous on H. Therefore, applying
the theory of maximal nonlinear monotone operators (see [2,[4]) items(a)-(b) follow.
The continuous dependence (b) is also obtained by using standard computations in
the difference of solutions. O

Next result gives us a relation between mild and strong solutions for (2.5). It
says that every mild solution can be obtained as limit of strong solutions.

Lemma 2.4. Let zg = (ug, do,u1,¢1) € H be given and z = (u,d,us, dr) €
C(R*;H) the respective mild solution of (2.5). Then, there exist a sequence of
strong solutions {z,} of (2.5, such that

lim 2, =2z in C(RT;H).

n—oo

Hence the mild solution is a strong solution.

Proof. Given zy € H, we take a sequence of initial data z0 € D(A) such that

20 — 25 in H. The difference w,(t) = 2,(t) — z(t) can be estimated as

t
lwn(B)]) < [l AB (0 — z0)] + L / len (7)) dr.
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By Gronwall’s lemma, w,(t) — 0 uniformly in ¢ € R, hence z,(t) — z(t) in
C(R*;H). The proof is complete. O

The following lemma shows the dissipative property of system (1.1)).

Lemma 2.5. The energy functional associated with the strong solution of system

(1.1) satisfies

d L
ag(t) = 7/0 (a1(z) g (ue)ue + az(x)g2 (@) pe) dr <0, V>0, (2.14)

where
L L
g(t) = E(t) + / F(U, (b) d(E — / (elhlu + 62h2¢) d.’E,
0 0

1
E(t) = 5”(’“’ ¢a Ut ¢t)||%'[ .
Moreover, there exist positive constants Cy, Cy independent of €1 and es such that
Coll(u, &, u, 60) |3, — C1 < E() < Co(1+ [I(w, & ur, @0)l[37),  VE>0. (2.15)

Proof. A straightforward computation yields (2.14) by multiplying the first and

second equations in (1.1f) by u; and ¢, respectively. It follows from (2.8]) and (2.4)
that

L
/ F(u,¢) dz > =Br(||ull3 + 1¢]3) — Lmp > =BinllzlF — Lmp,
0

and therefore,

L
5@) > (% - 6171)”(ua¢,uta¢t)”3-[ — Lmp 7/0 (€1h1’u + €2h2¢) dz.

Now letting

Co=~(1-281m) >0, (2.16)

N

and using the estimate

L
C o
/ (exhau+ eahog) dz < == ([[ull3 + I6113) + 74 (1hall3 + [Ih2]3) . (2.17)

0 it 400

the first (or left) inequality in (2.15) is obtained with
gi!
Cr=Lme+ 16 (17 ll3 + [[213) -
Now, using the embedding Hg (0, L) < L*(0, L) and (2.7)), we deduce that
L
/ F(u,¢) dz < Co(1+ |luals™ + [l@all5™).
0

So, using this estimative, we have

E(t) < Call(u, o, Utﬁt)”?jl + Co(1 + ||(U»¢7Ut»¢t)H§{H)
This implies the second inequality in ([2.15) holds. The proof is complete. ([l
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3. MAIN RESULTS

First, we observe that the system (|l.1)) defines a dynamical system (H,S,(t)),
where H is given in (2.1), and S, (t) : H — H is the strongly continuous semigroup
given by

Sa(t)zo = (u(t), ¢(t), ue(t), ¢e(t)) t > 0. (3.1)
where (u(t), d(t), us(t), ¢:(t)) is the unique mild solution of the system (1.1)) with
the initial data zog = (ug, o, u1,¢1) € H and o = (e1,€2) € A =[0,1] x [0,1].

The main result for long-time dynamics is given by the following theorem whose

proof will be provided in the next section.

Theorem 3.1. Suppose that assumptions of Theorem hold and o = (€1, €2) € A.
Then

(i) The dynamical system (H,S(t)) is quasi-stable (uniformly in o) on any
bounded positively invariant set B C H.

(i1) The dynamical system (H, S, (t)) possesses a unique compact global attractor
Ao C H, which is characterized by the unstable manifold A, = My (N,,) of the set
of stationary solutions

Na = {(U,¢,0,0) eEH: —HUgyx — b¢x +f1(ua¢) = €1h1
— 6z +buy + ¢ + f2(uv¢) = 52h2}

(i1i) The dynamical system (H, S (t)) has a bounded absorbing set B independent
of a. In particular,

A, C B, VYaeA.
(iv) The attractor A, has finite fractal and Hausdorff dimension dim{_[.Aa.
(v) The global attractor A, is bounded in
V= (H?(0,L) N Hy (0, L))* x (Hy (0, L))*.

Moreover, every trajectory z = (u, ¢, ur, ¢;) in A, satisfies

1y )2y + 1wy ) [Epzaye + (e, dee) 122 < BE, (3.2)

for some constant Ry > 0 independent of a.

(vi) The dynamical system (H,Sq(t)) possesses a generalized fractal exponential
attractor. More precisely, for any § € (0,1], there exists a generalized exponential
attractor Az)fg C H, with finite fractal dimension in the extended space 7:2_5, defined
as interpolation of

Ho := H, quadand H_, := (L?*(0,L))? x (H~*(0, L))

4. PROOFS OF MAIN RESULTS

4.1. Gradient system and stationary solutions. We recall that a dynamical
system (H, S(t)) is gradient if it possesses a strict Lyapunov functional. That is, a
functional ® : H — R is a strict Lyapunov function for a system (H, S(t)) if,
(i) the map t — ®(S(¢t)z) is non-increasing for each z € H,
(i) if ®(S(t)z) = ®(z) for some z € H and for all ¢, then z is a stationary point
of S(t), that is, S(t)z = z.
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Lemma 4.1. Suppose that assumptions (i)—(iii) hold. Then the dynamical system
(H, S.(t)) is gradient, that is, there exists a strict Lyapunov function ® defined in
H. In addition,

D(z) = 00 if and only if ||z||lu — oo. (4.1)
Proof. Let us define the function ® : H — R by

D(5a(t)2) = %H(U(t),¢(t),ut(t)7¢>t(t))lli +/ F(u(t), ¢(t)) dx
0 (4.2)

L
- / (€1h1u+62h2¢)) dzx.
0
From ([2.14) we have

d L
S(S(1)2) = - / (a1(@)g1 (ue)ue + az(2)ga(de)de) dw <0, V>0,  (43)
0

which shows that ¢t — ®(S,(t)z) is a non-increasing function.
Now suppose that ®(S,(t)z) = ®(z) for all ¢ > 0. Then (4.3]) implies that

L
/0 (a1(x) g (up)uy + az(x)g2 (@) de) de =0, t>0.

Then using and , we can deduce for all T' > 0 that
uy=¢; =0 ae. in (a1,as)x (0,7),
a1(2)g1(ur) = az(x)g2(de) =0 a.e. in (0,L) x (0, 7).
This means that z(t) = (u(t), d(t), us(t), #:(t)) is a solution of
Put — gy — bpy + f1(u, ) = €e1hy  in (0,L) x (0,7),
Jout — OPua + buy + €D+ fa(u,d) = eahe  in (0,L) x (0,7, (4.4)
ug=¢ =0 in (a,a2) x (0,T).
Taking the derivative of with respect to the variable ¢ in distributional sense
and defining v = u; and w = ¢; yields
PV — gy — by + p1(x, ) + g1 (x,t)w =0 in (0,L) x (0,T),
Jwyy — 0Wgy + by + Ew + pa(x,t)v + g2(2,t)w =0 in (0,L) x (0,T),  (4.5)
v=w=0 in (a,a)x (0,7).
where p; = 0, fi(u, ®), ¢i = 0, fi(u, d) for i = 1,2. From assumption we can

deduce that p;,q; € L?(0,T; L?(0,L)). Using the unique continuation property in
[18, Theorem 3.2.]), we conclude that v =w = 0 in (0, L) x (0,T). Therefore,

Uy = ¢t =0 in (O,L) X (O,T)

Therefore z = (ug, ¢o,0,0) is a stationary solution of S, (t). This proves that ® is
a strict Lyapunov function.
Now, by the second inequality in (2.15]), we have

©(2) < Co(1+|I2)15).

Considering the last estimate and taking ®(z) — +oco we have ||z||% — +o0o. On
the other hand, by the first inequality in (2.15]) we obtain

1
213, < oq (2@ +C),
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from here we conclude that ||z||3y — +oo implies ®(z) — +o00, proving (4.1)). The
proof is complete. ([

Lemma 4.2. Suppose that assumptions (i)-(i1i) hold. Then the set N, of the
stationary points of (H,Sa(t)) is bounded in H uniformly in o € A.

Proof. Let z € N, be arbitrary. We know that z = (u, ¢,0,0) and z satisfies the
system
—HUgy — b(bw + fl (u7 ¢) = €1h1,
_5¢ww + buw + §¢> + f2(u7 ¢) - 62h2-
Multiplying the first equation in by u and the second by ¢, respectively, taking
the sum and integrating over (0, L), we obtain

plluall3 + 8llpall3 + EllDl3 + 2b(us, 6)

(4.6)

L L (4.7)
= —/ VFE(u, ) (u,¢)dz —|—/ (e1h1u + exhad) dx.
0 0
Hence, using (2.4)), (2.8)), and , we obtain
L
— VF(u,®) - (u,¢)dx
| VE(.9)- (u.9) (4.8)
< 26171 (ulluz |3 + 0llall3 + ENSIIE + 2b(uq, 6)) + 2Lmp.
Combining (4.7) and (4.8]) on account of (2.16) yields
4Co (ulluz 3 + 6116z 3 + EllGII3 + 2b(us, 6))
L (4.9)
< 2Lmp + / (e1h1u + eahoo) dx.
0
Hence, using the estimate (2.17), we deduce
v
3Collzl5, < 2me L+ 7= (Ihall3 + 1Ra3) (4.10)

which shows that the set N, is bounded in H uniformly in o € A. The proof is
complete. O

4.2. Uniform stabilizability inequality. The following theorem plays an im-
portant role to prove the existence of a global attractor and its properties. We
usually call it the stabilizability estimate. An important fact is that this estimate
is independent of the parameter o = (e1,€3) € A =[0,1] x [0,1].

Theorem 4.3. Suppose that assumptions (i)-(iii) hold. Let B C H be a bounded
positively invariant set and let S, (t)zt = (u'(t), ¢'(t),ul(t), di(t)), i = 1,2, be

mald solutions of (1.1) with initial conditions z* € B. Then, there exist constants
Yp,nB,Cp > 0, depending on B yet independent of a, such that

E(t) <9pE(0)e "' + Cp sup. (lu(s)lI30 + 16()1I30) - (4.11)

for allt > 0, where u = u' —u? and ¢ = ¢! — ¢>.
Proof. For v =u' —u? and ¢ = ¢! — ¢2, the following notation is adopted
Fi(u,¢) = fi(u',¢") = fi(u?,0%),  Gi(w) = g1(ug) — g1 (uf),
Ga(oe) = ga(y) — ga(e7)-
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Then, (u, ¢, us, ¢;) solves the system
Pl — fitlgy — by + ay(x)G1(ur) + Fi(u, ¢) =0 in (0,L) x (0,00),
b1t — 0y + buy + ¢ + az(2)G2(dr) + Fau, ¢) =0 in (0, L) x (0,00),
w(0,t) = u(L,t) = ¢(0,t) = ¢(L,t) =0, >0, (4.12)
(u(,0), ¢(x,0)) = (uo(x), ¢o(x)), in (0, L),
(ue(2,0), d¢(2,0)) = (ur(2), P1(x)), in (0,L).

Take |X| = ag — a1. Let us consider €y, small enough, such that 0 < ¢y < %l and
we define the auxiliary function, as in [13],

(A= 1)z, x €[0,a1 + €),
ha(z) =< Mx —a; —€) + %ﬁ%”(al +6), T € J[ar+eg,a2—¢€p), (4.13)
A=1)(z— L), z € (g — €, L],

with ) := M €(0,1) and 0 < oy < g < L.
Multiplying the first and second equations of the system (4.12)) by u,hy and
o@zhy, respectively, and integrating by parts, we have

/ / S 24 Lt o+ %¢>f + gaﬁi + gqs? —I—buxgb)h’/\dxdt

= —[p/o TRT N dx}j - [J/OL brduha dﬂc}j
+£/T L¢2h,*dxdt+b/T /Luxcbh&dmdt (4.14)
“1‘/0 /0 ((141(26)67'1(1145)ugJ + a2(x)G2(¢t)¢x)h)\ dadt

T L

Observing that

() = {)\, x € (aq + €9, — €9), (4.15)

(A=1), ze€[0,a1 +€)U (a2 — €, L],

from the above equality we have

T
(17>\)/ E(t)dt
0
L T
= [/ (putum—l—J(;Sthm)h)\dx}
0
0
T L T L
—£/ / ¢2h;da:dt—b/ / Uy phl\ dz dt
/ / (pu? + J¢?) dx dt + = / / (pu? + 6¢2) dx dt
a1teo ai+teo

€ Q2 —€o Q2 —€p
+—/ / ®? dxdt+b/ / upd da dt (4.16)
2 0 aq+e€o 0 a1+€o
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_/0 /0 (al(x)Gl(ut)ua: _a2($)G2(¢t)¢m)h)\ dx dt

T L

Let us estimate the right-hand side of (4.17). Using the equivalence between the
norm of the energy and the usual norm in H, we obtain

L T
[ /0 (pucz + Gu62)hn da] < CUE(O) + B(T)) (4.18)

On the other hand, since L?%(0, L) < L?(0, L) we obtain

T L T
¢ / / $h) dx < C / 16[12, dt, (4.19)

T L T T
—b/ / updhly da dt < e/ E(t) dt—f—CE/ 16112, dt. (4.20)
0 0 0 0

Using (2.10) and applying Young’s inequality, we obtain

T (L T (L
—/ / al(x)Gl(ut)uxh)\dxdthl/ / a1 (x)|ug)|uzhy| dz dt
o Jo
SC’/ / ay (x)|ue]? dmdt—i—e/ E(t)dt

<C’/ / ar (z Gl(ut)utd:ndtJre/ E(t) dt.
0

and for € > 0,

Analogously,

T L T L T
—/ / ag(m)Gg(qbt)céggh)\dxdtSCe/ / ag(x)Gg((bt)qﬁtdxdt—l—e/ E(t) dt
0 0 0 0 0

Then the two inequalities above imply

T L
7/0 /O (al(x)Gl(ut)um+a2(z)G2(¢t)¢x)hAdxdt

T L T (4.21)
< C. G G dx dt E(t) dt.
= /0 /0 (a1(2)G1(ue)ur + az(z)G2(de)r) dx —|—e/0 ()
Using , we have
T L
/ / (F1(u, d)ug + Falu, @)dg)hy dz dt
0o Jo
T
< CB/() (Ilullz0 + lI@ll20) (luell2 + [ @2 l2) dt (4.22)

T T
<Cp. / (a2 + 19112) di + ¢ / E(t) dt
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Inserting the estimates (4.18])-(4.22)) into (4.17)) with € > 0 small enough, we have

Q2 —€o

T 1 T
/O E(t)dt < C(E(T) + E(0)) + 5/0 /a+ (pu? + J¢?) dx dt

1 T s —€q 5 T Qs —e€qQ
+f/ / (uu§+6¢§)dazdt+—/ / ¢* dx dt
2 0 ai+eg 2 0 ai1+eo

Tt (4.23)
+ C'/O /0 (a1(x)G1(ut)ur + az(x)Ga(pt)ds) da dt

T
O / (lulZy + [1612,) dt.

Now, let us consider a cut-off function n € C5°(0, L) such that

L, x € [o1 + €0, 2 — €],
n(z) =40, z €0,a1)U (az, L] (4.24)
0<n(x)<1, ze€]l0,L]

So multiplying the first and second equations of (4.12)) by un and ¢n, respectively,
and integrating by parts, we obtain

T /L
/ / (puf + J§F + pu + 693 + £¢%)n da dt
o Jo
L T T L
= —[/0 (pUtU+J¢t¢)nd(E:|0 +/0 /0 (2puf +2J¢§)77dl‘dt
1 T L ) ) T 7
2 - 4.25
+2/0 /0 (pu® 4 ¢ )Ux;cdxdt+b/() /0 (Pt — uzpd)n da dt ( )
T L
_/ / (Gr(ur)u + Go(dr)p)n da dt
o Jo

T L
_/o /O (Fi(u, )u+ Fy(u, ¢)¢)n da dt,

Consequently, by calculations to the ones before, we infer that
T L
/ / (pui + J&F + pu + 667 + €6° ) du dt
0o Jo
T L
<CE@) +BO)+C [ [ @@ + ax(e)Ga(6)6:) dud
0o Jo

T T
e / B(t)dt + Cs / (ullZy + 116]29) d.

Substituting the last estimate in (4.23) with € > 0 small enough (4.17)) and using
the fact that n has support contained in [ag, s3], we obtain

/T E(t)dt < C(E(T) + E(0))
0
T L
+ C’A /O (a1(x)G1 (ue)us + az(x)Go(di)pr) da dt (4.26)

T
Oy / 2y + [1612,) dt.



EJDE-2025/11 ATTRACTORS FOR A POROUS-ELASTIC SYSTEM 13

Next, multiplying the first and second equations in (4.12) by u; and ¢;, and
integrate by parts over [0, L] x [s,T] so that

T L
|| @@+ ax(@)Gatonan) do d
s 0 (4.27)

T L
= E(s) - E(T) —/0 /0 (F1(u, @)ue + Fa(u, ¢)¢y) da dt.

For each € > 0, we have

T (L
/ / (F1(u, d)ur + Fo(u, ¢)dt) d dt
0 0
T
< Ca [ (fullo + [6l2)la + ) d (1.29

T T
< o [l + Wl de+c [ B ar
Now we use (4.27)) and (4.28]) to obtain

T L
/ / (a1(2)G (ur)ur + as(x)Ga() ) dt
0 /o (4.29)

T T
SE(0)+E(T)+6/O E(t)dt+OB,e/O (lull3e + ll91136) dt

Next, we combine estimates (4.26]) and (4.29)) for € > 0 small enough to obtain

/0 E(t)dtﬁC(J-@(T)JrE(O))+CB/0 (lull3y + llol5) dt. (4.30)

Now, integrate the energy equality (4.27)) with respect to s so that
/ E(t)dt — / / (a1(2)G1(up)ug + a2(x)Ga(gr) ) dt ds
/ / / (F1(u, )us + Fo(u, @)p:) dx dtds.
By and that a1 (2)G1(u)us + ag(x)Ga(ve)vy > 0, the following is immediate,
TE(T) < Q/OTE(t) dt +Cpr /OT(qu@ + [18l136) dt. (4.31)
Substituting in yields

TE(T) < C(E(T) + E(0)) + Cp.1 / (lullZs + 61126) dt

‘We choose T > 2C' to deduce that

E(T) <vrE(0)+Cp,r SEPT](IIU(S)H% + ll¢(s)1130), (4.32)
s€|0,
where
C
Yr = < 1.

T-C
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Then a standard argument (see [19, Lemma 4.6]) shows that there exist 95,15, Cp >
0 such that

E(t) <9pE(0)e™ """ + Cp Sl[lopt](nu(s)”ge +lle(s)l30), Yt =0.
oe|0,

The proof is complete. O

Proof of Theorem[3.1. (i) Consider a bounded positively invariant set B C H with
respect to S, (t), and call it S, (t)z% = (ui(t), ¢*(t), ui(t), ¢i(t)) for z' € B, i =1,2.
Set also u = u' —u?, ¢ = ¢! — ¢?, as before. It follows from ([2.13)) that

[18a(t)z! = Sa(®)2?n < at)llz" — 2°|ln (4.33)
with a(t) = e“T. Now let X = H}(0,L) x H}(0, L), and define the semi-norm
nx (u,v) = (|[ull3y + 19]136) "2

Since the embedding (in 1D) Hg (0, L) — L?%(0, L) is compact, we know that nx
is a compact semi-norm on X.

By we deduce that
1Sa(t)z" = Sa(t)2[[3 < b(t)l|21 — 22l + c(t) sup [nx(uls), ¢(s)]*,  (4.34)

s€[0,t]
where b(t) = 9ge "5t and ¢(t) = Cp. Clearly,
b(t) € LY(RT) and lim b(t) = 0.

t—o00
Since B C H is bounded, we know that c¢(¢) is locally bounded on [0,00). We
now have that the dynamical system (H,S,(t)) is quasi-stable on any bounded
positively invariant set B C H by [7, Definition 7.9.2].

(ii) Since (H, S4(t)) is quasi-stable, applying [7, Proposition 7.9.4], we have that
(H, S(t)) is asymptotically smooth. Thus, noting Lemmas and and using
[7, Corollary 7.5.7], we know that (#, S, (t)) has a compact global attractor given
by A, = My (V).

(iii) Let @ be the Lyapunov functional given in (£.2). By and [7, Remark
7.5.8], we obtain

su O(z)+C S O(z)+C
sup HZH’?.[ S sz.Aa ( ) 1 S uszN (Z) 1
ze A, Co Co
0+1
< Co(ltsup.enzll3) + C '
< Co
Hence, by (4.10), we conclude that there exists a constant R > 0 independent of «
such that

sup z[|3, < R.
zEA
Therefore, the closed ball B = B(0, Ry) in H of center zero and radius Ry > R is a
bounded absorbing independent of a € A.
(iv) From the above, (H, S, (t)) is quasi-stable on the attractor A,. Thus, using
in [7| Theorem 7.9.6 |, we know that the attractor A, has finite fractal dimension
dim{{Aa.
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(v) Since the system (H, S, (t)) is quasi-stable on the attractor A, with co, =
sup;cp+ c(t) = Cy, < oo, it follows from [7, Theorem 7.9.8] that any complete
trajectory z = (u, ¢, us, ¢¢) in A, has the following regularity properties

ve, ¢ € L°(R, H} (0, L)) N C(R, L*(0, L)),
v, pr € L (R, L*(0, L)).
Thus, since A, C B for all @ € A by (iii), there exists Cz > 0 such that

[t de)lIFa sy + 1 (uee dee) |22 L2 < Cs.

Hence, using (|L.1]) and noting that the nonlinear terms are continuous, we conclude
there exists a constant C; > 0 such that

Ity )22y < O
Therefore (3.2]) holds. Since the global attractors A, are also characterized by
Ao = {2(0) : z is a bounded full trajectory of S, ()},

we conclude the A, is bounded in H;.

(vi) Let B be the bounded absorbing of (H,S.(t)) given by (iii). Hence the
system (H,S,(t)) is quasi-stable on B. For the solution z(t) with initial data
20 = 2(0) € B, there exists Cp > 0 such that for any 0 <t < T,

lz:@)ll7_, < Cs

which leads to
to
[Sa(ti)z0 — Salt2)20ll7_, < / [2e(T)ll57_, dT < Cglt1 — to (4.35)
ty

for each 0 < t; <ty <T. From , we conclude that for any 2z, € B, the map
t +— S, (t)zo is Holder continuous in the extended space H with the exponent § = 1.
Then, the existence of a generalized exponential attractor, whose fractal dimension
is finite, is immediate in Hoy.

Following the similar arguments in [I9, Theorem 5.1], the existence of exponential

attractors is obtained in H_5 with & € (0,1). The proof of Theoremis complete.
O

5. CONTINUITY AND UPPER-SEMICONTINUITY OF ATTRACTORS

Let X be a complete metric space and Ay be a family of global attractors for a
semigroup Sy(t) on X, where A belongs to a complete metric space A.

Definition 5.1. We say that the global attractor A is

e Upper semicontinuous at A\g € A if

lim distx(Ax, Ax,) = 0.
A= Ao

e Lower semicontinuous at \g € A if

lim distx(.AAU,A)\) =0.
A— Ao
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e Continuous at \g € A if it

/\ILHAlO dx (Ax, Ax,) =0,

where dx (A, B) = max{distx (A, B),distx (B, A)} denotes the denotes the
Hausdorff metric in X.

Note that upper semicontinuity is typically easier to obtain than lower semiconti-
nuity and the key ingredient of the proof are the a priori estimates on the attractor
and no knowledge on the attractor structure is needed. On the other hand, the
lower semicontinuity of attractors need a careful description of the structure of the
attractor for the limit equation, which is then transferred to the attractors under
perturbation (see [12]).

We use the recent results in [I4] on the continuity of attractors with respect to
a parameter, where the results were obtained as a extension of the previous results
in [I]. Let Sx(t) be a family of parametrized semigroups defined on X, where A
belongs to a complete metric space A.

The result in [I4) Theorem 5.2] provides sufficient conditions for the continuity
of global attractors on a residual dense subset.

Theorem 5.2. Suppose that

(1) Sx(t) has a global attractor Ay for every X € A,
(2) There is a bounded subset D of X such that Ay C D for every A € A,

(3) Fort >0, Sx(t)z is continuous in A, uniformly for x in bounded subsets of
X.

Then Ay is continuous on J where J is a “residual” set dense in A.

Theorem 5.3. Under the assumptions of Theorem[31], there exists a set J dense
in A =[0,1] x [0,1] such that An, where o = (€1,€2) € A, is continuous at oy =
(€9, €3) € J, that is,

lim dy(Aq, Aay) =0, Voo € J. (5.1)

a—raqQ

Proof. We shall apply the Theoremwith A =10,1]x][0,1]. Theoremindicates
that (1) holds. The property (2) follows promptly from Theorem (iii).

Now, we shall prove the condition (3). Let D be a bounded set of H. Given

al = (e1,€6), a0 = (€],€5) € A and z € D, let us denote

Sai(t)z = (ui(t)v¢i(t)7ui(t)7¢i(t))7 i=1,2,
u=u'—u? ¢=¢'— ¢
Then z(t) = (u(t), d(t), ue(t), d+(t)) satisfies the system
Putt — PUzy — bdy + a1 (2)Gr(ur) + Fi(u, @) = (e1 — €1)hy, (5.2)
TGt — 6ua + bug + £¢ + az()Ga(dr) + Fa(u, ¢) = (€2 — €h)ha, ‘

where
Fi(u7¢):fi(u1?¢1)_fi(u27¢2)a Z:1727
Gi(u) = g1(uf) — g1(u7), Ga(de) = g2(¢y) — g2(¢7)-
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Multiplying the first equation in (5.2) by wu;, the second by ¢, respectively, and
using integration by parts, we obtain

L
31U == [ (P + Fa(u. 0)0r) da

L
- /0 (a1(2)G1 (u)ug + as(z)Go(ve)vy) dz (5.3)

L
+/ ((61 - e’l)hlut + (62 - E/Q)hg(;st) dzx
0

Using (2.7)), Holder’s inequality and the embedding Hg (0, L) < L>°(0, L), we de-
duce that

Fi(u, ¢)ug do

/\\

< O+ 1180, )2 ll5" + 18aa 0215 (lullz + l12)llue |2 (54)

C+ (190, (021151 + 11902 ) 2113 ) ([ ll2 + bz ll2)|uel-
Using that £(t) is a non-increasing function and (2.15]), we find that for i = 1,2,

E(0) +C1 _ Co(1+ [l2ll3™) + Ca
Co - CO
Inserting the above estimate into (5.4]) and using Young’s inequality, we see that

1S5, (D) z0ll5, " <

<Cp, VzeD.

L
/ Fi(u, Q)ur de < Cp(|luellz2 + [[all2) |uell2
0

< Cp(luglly + ll6z113) + plludl3-
Analogously,

L
/0 Fo(u, ¢)r doe < Cp(|lus|2 + [ 6all2) + Jlléx2.

Adding the last two estimates and using (2.3), we conclude that

L
/ (3w, $)us + Fou, 9)n) do < Cpll= |3, (5.5)
0

By the monotonicity property (2.12)), we obtain

—/0 (a1(2)G1(ur)ur + az(z)Ga(v)vs) de < 0. (5.6)

In addition,
L
/ ((61 — e )hiug + (€2 — 6/2)h2¢t) dx
0

1 1 1
1 (Plludllz + Tlleel3) + Sl €il?lhal* + le2 — eal?[[ a3 (5.7)

IN

A

I

1
+ Tlea = ePlally
Substituting the estimates (5.5))-(5.7) into (5.3)), we obtain

d 1 1
215 < Collzl3 + Sl € [1ha* + Slea — e *[hall3. (5-8)

1 1
2103+ ;Iél =& *[h
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Applying Gronwall’s inequality to (5.8) and using that ||z(0)||3, = 0, we conclude
that

23 < C (e = 1) (Jex = €L 1hal* + [e2 — e5[*[|Rall3) , ¢ > 0.
This implies
1S (8)2 = Sas (£) 2|20 < \/C (€t = 1) (Jex — €1 PlIhall* + lea — €[ h2]13), > 0.

Therefore (3) holds. As a conclusion, by applying Theorem there exists a dense
set J C A such that (5.1) holds. The proof is complete. O

The next result deals with the upper-semicontinuity of the attractor with respect
to parameter a.

Theorem 5.4. Suppose that assumptions (i)—(iii) hold. Then, the attractor A, is
s upper semicontinuous with respect to the pair a = (e1,€2) in A = [0,1] x [0,1], i.e.

lim disty (Aa; Aay) =0, Voo = (9,€9) € A. (5.9)

Proof. We proceed by contradiction as in [I0, [TT]. Suppose that (5.9) does not
hold. Then, there exist an € > 0 and a sequence a,, = (€}, €}) — o such that

disty (Aqa,, Aey) > €>0, VYneN.
Thus, there exists a sequence {z{} € A,, by the compactness of A, such that
disty (2, Aa,) > € >0, Vn. (5.10)

Let 2"(t) = (u™(t), o™ (t), up(t), 3 (t)) be a full trajectory from the attractor A,,,
such that 2"(0) = z{/. We know by the Theorem [3.1}(iv) that

{#"} is uniformly bounded in L*°(R;V). (5.11)
Since V is compactly embedded into H, using Simon’s Compactness Theorem (see
[29]), we obtain a subsequence {2"*} and z € C([-T,T]; H) such that

I " (t) = 2(t) |l = 0. 12
Jim | maxe [127(8) = 2(8)][n =0 (5.12)

By (5.11) and (5.12)), we conclude that sup,cp ||2(t)||x < oo.
Using the same argument as in the proof of property (3) in Theorem we can

see that
2(t) = (u(t), o(t), ue(t), ¢e(t))
solves (in distributional sense) the limiting equations (o = «y)
Pust — [y — by + ar(x)g1 (ur) + fr(u, ¢) = elha,
Tt = 00z0 + bus + £ + az(2)g2(de) + f2(u, 8) = e3ho.
Thus, z(t) is a bounded full trajectory for the limiting semi-flow S, (t). Finally,

the limit (5.12) implies
zp* = 2(0) € Aqy,

which is contradict (5.10). The proof is complete. a

Acknowledgments. We would like to thank the anonymous referees for construc-
tive comments that improved the final version of our paper. M. L. Santos wants to
thank CNPq for financial support through the projects: CNPq Grant 308056/2021-
3 and CNPq Grant 444331/2024-7 (Control and Numerical Analysis of a Nonlinear
Marine Riser Model). M. M. Freitas was supported by CNPq grant 313081/2021-2.



EJDE-2025/11 ATTRACTORS FOR A POROUS-ELASTIC SYSTEM 19

(1]
2]
(3]
(4]
(5]
(6]

(9]

(10]

(11]
(12]
(13]
(14]
(15]
[16]
(17]
18]
(19]
20]
21]
22]
23]

[24]
[25]

[26]

27)

REFERENCES

A. V. Babin and S. Yu Pilyugin; Continuous dependence of attractors on the shape of domain,
J. Math. Sci., 87 (1997), 3304-3310.

V. Barbu; Analysis and Control of Nonlinear Infinite-Dimensional Systems, Academic Press,
Inc., Boston, MA, 1993.

C. Bardos, G. Lebeau, J. Rauch; Sharp sufficient conditions for the observation, control, and
stabilization of waves from the boundary, SIAM J. Control optim., 30(5 (1992)), 1024-1065.
H. Brézis; Operateurs Maxzimaux Monotones et Semigroups de Contractions dans les Spaces
de Hilbert. Amsterdam: North Holland Publishing Co., 1973.

G. Chen, S. A. Fulling, F. J. Narcowich, S. Sun; Ezponential decay of energy of evolution
equations with locally distributed damping. SIAM J. Appl. Math., 51(1), 266-301, 1991.

I. Chueshov, I. Lasiecka, D. Toundykov; Long-term dynamics of semilinear wave equation
with nonlinear localized interior damping and a source term of critical exponent, Discrete
Contin. Dyn. Syst., 20 (2008) 459-509.

I. Chueshov, I. Lasiecka; Von Karman Evolution Equations. Well-posedness and Long Time
Dynamics, Springer. New York, 2010.

E. Feireisl, E. Zuazua; Global attractors for semilinear wave equations with locally distributed
nonlinear damping and critical exponent, Comm. Partial Differential Equations, 18 (1993)
1539-1555.

M. M. Freitas, M. L. Santos, J. A. Langa; Porous elastic system with nonlinear damping and
sources terms. J. Differ. Equ., 264 (2018), 2970-3051.

P. G. Geredeli, 1. Lasiecka; Asymptotic analysis and upper semicontinuity with respect to
rotational inertia of attractors to von Karman plates with geometrically localized dissipation
and critical nonlinearity, Nonlinear Anal., 91 (2013) 72-92.

J. K. Hale, G. Raugel, Upper semicontinuity of the attractor for a singulary perturbed hy-
perbolic equation, J. Differential Equations, 73 (1988) 197-214.

J. K. Hale; Asymptotic Behavior of Dissipative Systems, vol. 25 of Mathematical Surveys
and Monographs, American Mathematical Society, Providence, 1988.

L. F. Ho; Ezact controllability of the one dimensional wave equation with locally distributed
control, SIAM J. Control Optim., 28(3) (1990), 733-748.

L. T. Hoang, E. J. Olson, J. C. Robinson; On the continuity of global attractors, Proc. Amer.
Math. Soc., 143 (2015), 4389-4395.

I. Lasiecka, D. Tataru; Uniform boundary stabilization of semilinear wave equation with
nonlinear boundary damping, Differential and Integral Equations, 6 (1993), 507-533.

Z. Liu, S. Zheng; Semigroups associated with dissipative systems. Chapman and Hall/CRC,
Boca Raton, (1999).

T. F. Ma, P. N. Seminario-Huertas; Attractors for semilinear wave equations with localized
damping and external forces, Commun Pure Appl Anal., 19 (2020) 2219-2233.

T. F. Ma, R. N. Monteiro, P. N. Seminario-Huertas; Attractors for locally damped Bresse
systems and a unique continuation property, arXiv:2102.12025.

T. F. Ma, R. N. Monteiro; Singular limit and long-time dynamics of Bresse systems, SIAM
Journal on Mathematical Analysis, 49 (4) (2017) 2468-2495.

A. Magana, R. Quintanilla; On the time decay of solutions in one-dimensional theories of
porous materials. International Journal of Solids and Structures, 43 (2006), 3414-3427.

P. Martinez; Decay of solutions of the wave equation with a local highly degenerate dissipation.
Asymptotic Anal., 19(1) (1999), 1-17.

J. E. Munoz Rivera, R. Quintanilla; On the time polynomial decay in elastic solids with voids.
J. Math. Anal. Appl., 338 (2008), 1296-1309.

P. X.Pamplona, J. E. Munoz Rivera, R. Quintanilla; Stabilization in elastic solids with voids.
J. Math. Anal. Appl., 379 (2011), 682-705.

J. Priiss; On the spectrum of Cy-semigroups, Trans. AMS, 28 (1984), 847-857.

R. Quintanilla; Slow decay for one-dimensional porous dissipation elasticity. Applied Math-
ematics Letters 16 (2003), 487—-491.

C. A. Raposo, T. A. Apalara, J. O. Ribeiro; Analyticity to transmission problem with delay
in porous-elasticity. J Math Anal Appl., 2018; 466:819-834. DOI1:10.1016/j.jmaa.2018.06.017.
M. L. Santos, D. S. Almeida Junior; On porous-elastic system with localized damping. Z.
Angew. Math. Phys., (2016) 67:63.



20

M. L. SANTOS, M. M. FREITAS, R. Q. CALJARO EJDE-2025/11

[28] M. L. Santos, A. D. S. Campelo, D. S. Almeida Junior; On the Decay Rates of Porous Elastic

Systems, J. Elast., (2017) 127:79-101.

[29] J. Simon, Compact sets in the space LP(0,T, B), Annali di Matematica Pura ed Applicata,

146 (4) (1987) 65-96.

[30] A. Soufyane; Energy decay for porous-thermo-elasticity systemsof memory type. Appl. Anal.,

87 (2008) 451-464.

[31] A. Soufyane, M. Afilal, M. Chacha; General decay of solutions fo a linear one-dimensional

porous-thermoelasticity system with a boundary control of memory type. Nonlinear Anal., 72
(2010) 3903-3910.

[32] A. Soufyane, M. Afilal, M. Chacha; Boundary stabilization of memory type for the porous-

thermo-elasticity system, Abstr. Appl. Anal., 2009 (2009), article number: 280790.

[33] E. Zuazua; Exponential decay for the semilinear wave equation with locally distributed damp-

ing, Commun. Partial Differ. Equations 15(2), 205-235 (1990).

[34] E. Zuazua; Ezponential decay for the semilinear wave equation with localized damping in

unbounded domains, J. Math. Pures Appl. 70(4), 513-529 (1991).

MAURO L. SANTOS

PHD PROGRAM IN MATHEMATICS, FEDERAL UNIVERSITY OF PARA, AUGUSTO CORREA STREET 01,
BELEM-PA, 66075-110, BRAZIL

Email address: 1s@ufpa.br

MIRELSON M. FREITAS

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRASILIA, BRASILIA-DF, 70910-900, BRAZIL

Email address: mirelson.freitas@unb.br

RoNAL Q. CALJARO

PuD PROGRAM IN MATHEMATICS, FEDERAL UNIVERSITY OF PARA, AUGUSTO CORREA STREET 01,
BELEM-PA, 66075-110, BRAZIL

Email address: ronalquispecaljaro@gmail.com



	1. Introduction
	2. Assumptions and Preliminary Results
	3. Main results
	4. Proofs of main results
	4.1. Gradient system and stationary solutions
	4.2. Uniform stabilizability inequality

	5. Continuity and upper-semicontinuity of attractors
	Acknowledgments

	References

