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SOLUTIONS TO MAGNETIC SCHRODINGER EQUATIONS WITH
ARBITRARY GROWTH AT INFINITY

WENDY F. ALMEIDA, GIOVANY M. FIGUEIREDO

ABSTRACT. This work addresses the existence of at least one radial solution to the nonlinear
magnetic Schrodinger equation

(%V — A(z))zu +V(@)u= f(ju?)u inRY,

where both the magnetic potential A and the electric potential V' are continuous, radial func-
tions. Our main tool is the penalization method developed by del Pino and Felmer [17], which
we adapt to the complex-valued setting under magnetic effects. By using the small parameter
e and radial symmetry, we handle nonlinearities with arbitrary growth.

1. INTRODUCTION

The purpose of this article is to investigate the magnetic Schrodinger equation
2
(iv—A(x)) ut V()= f(lu?)u inRY, (1.1)
i

where u : RV — C is an unknown function, N > 3, i represents the imaginary unit, A =
(A1,...,Ax) : RN — RY denotes the magnetic (or vector) potential, V : RV — RT a potential
continuous and the nonlinear term f:Rt — R is a regular function that satisfies appropriate
conditions with arbitrary growth.

A standing wave solution for is a solution of the form

(a,t) = etu(o), (1.2)
where w € R is a real frequency, and v : RY — C is a spatial function to be determined.

Rewriting in terms of ¥ (z,t), we have

2
GV —A@) 6+ Vays = 7Py~ % n Y. (1.3)
Thus, the function v satisfies the time-dependent Schrédinger equation with a frequency w.

The parameter € in represents the Planck constant, typically denoted by A in quantum
mechanics. This constant plays a fundamental role in distinguishing quantum mechanics from
classical mechanics. In the limit as ¢ — 0, the quantum effects vanish, and the equation transi-
tions to a classical regime, where the motion of particles follows Newtonian mechanics. Conversely,
for nonzero values of e, wave-particle duality emerges, and solutions of the equation exhibit inter-
ference and localization effects characteristic of quantum systems. The presence of the magnetic
potential A(x) further highlights the influence of the electromagnetic field on the quantum behav-
ior of particles, modifying their trajectories according to the principles of gauge theory. For more
details on the physical motivations, see [21] 22] [24].

Recently, the study of magnetic Schrédinger equations has been approached from various per-
spectives, however only a limited number of works have addressed this topic. For instance, in
[15], the authors investigate the existence of standing waves for a class of nonlinear Schrédinger
equations in RY, incorporating both electric and magnetic fields. Under suitable non-degeneracy
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assumptions on the critical points of an auxiliary function associated with the electric field, they
establish the existence and multiplicity of complex-valued solutions in the semiclassical limit.
Moreover, they demonstrate that in this limit, while the presence of a magnetic field induces a
phase shift in the complex wave, it does not affect the spatial localization of the wave’s modulus
peaks.

In [16], a magnetic Schrodinger equation was analyzed in the context of competition between
electric potentials. In [7], the authors investigate the existence of infinitely many geometrically
distinct solutions to problem , considering nonlinearities f with either subcritical or critical
growth. Using a finite-dimensional reduction approach, [8] and [I0] establish a multiplicity result
for . Another multiplicity results can be seen in [4, [5 6] 18, 23]. For further significant
contributions to the study of the magnetic Schrodinger equation, we refer the reader to [3 [0} [T
12], [14), 25| 28] and the references therein.

Throughout this article, we use the following assumptions:

(A1) Ais aradial continuous function, that is A € C(RY,RY) and if |z| = |y| then A(z) = A(y);

(A2) The potential V is a radial continuous function and there are positive constants R; < ry <

r9 < Rg such that:
(i) A(z) =(0,...,0) € RY in the set Q = {x € RN : 1y < |z| < 2},
(ii) V(z) =0 in the set Q = {z € RN : 7y < |z| < 2},
(iii) there exists Vo > 0 such that V(z) > Vj in the set A° = Bg, |J Bg,;
(A3) f e C(RT,R) and lim,_,o+ f(s) =0 and f(s) =0 for all s < 0;
(A4) There exists § > 2 such that f(s)s — 6F(s) > 0 for every s € R with s > 0 where
F(s) = [2 f(t)di:

(A5) The function s — f(s) is non-decreasing for s > 0.

Now we give typical examples of functions A(z) and V (z) satisfying conditions (A1) and (A2).
Let

r— x|, |z <7,
Ai(r) =10, r < |z| < g,
|| =72, x| > s,
for i =1,...N. In this case A is radial and
A(z) =(0,...,0) ifr; <|z| <7,
satisfying condition (A2)(i). Let

eXp(W;*Tl)’ T e BT1 (0),
V(z)—<0, z € B, N B,
|z|? — 2rpx 413, x € BE,.

This function is continuous and satisfies the conditions (ii) and (iii) in (A2). Both functions A
and V are continuous and radial, ensuring symmetry with respect to the origin. Now we state the
main result in this article.

Theorem 1.1. Suppose that N > 3 and (A1)—(Ab5) hold. Then, there exists €9 > 0 such that for
all e € (0,e0) problem (L.1) admits a nontrivial complex solution us with |us(z)] — 0 as |x| — +oo
and |u| € L®(RN) N CLN(RY), for A € (0,1).

Elliptic problems with arbitrary growth can be found as partial differential equations where the
growth term can be nonlinear and increase uncontrollably wit respect to the unknown variable or
its derivatives. For example, the authors in [2], analyzed the problem

—e?Au+V(z)u= f(u) inRY,

which exhibits superlinear growth at infinity, without imposing any constraints on the growth
of the function f. Utilizing the force of the parameter e, the space of radial functions, and
the penalization method introduced by Del Pino and Felmer [17], they establish the existence of
solutions. The particular case f(t) = tP with p > 1 was studied in [I]. Additionally, an extension
of [2] to a Hamiltonian system was investigated in [I3].
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Other approaches have been used. For instance, in [30], the existence of infinitely many so-
lutions was demonstrated for various elliptic problems under Dirichlet and Neumann boundary
conditions. this was also done for a Hamiltonian system, considering nonlinearities exhibiting sub-
linear behavior at the origin. The methodology involved modifying the nonlinearity and obtaining
solutions with small L norms, ensuring that each solution of the modified problem corresponded
to a solution of the original problem. The case studied in [30], where the nonlinearity could change
sign, was explored in [20]. In [I9], a Kirchhoff problem was analyzed, considering nonlinearities
that exhibit both sublinear and linear behavior at the origin, employing the strategy introduced
in [30].

The main contributions of this article are as follows:

(1) When the growth of the nonlinearity is not bounded by a polynomial function of controlled
order, classical methods such as Sobolev embeddings may not directly apply. To overcome
this difficulty we are adapting to our case the arguments that can be found in [T} 2] [13].
However, with respect to [Il 2, [13], due to the presence of the magnetic potential A and
the fact that the solutions assume complex values, a more careful analysis will be needed
and some refined estimates will be given in Lemmas and

(2) Proving the existence of weak solutions can be challenging, especially if the growth of
the nonlinearity does not satisfy suitable structural conditions. For this reason, it was
necessary to put forward appropriate hypotheses on the magnetic potential A that were
compatible with the existing hypotheses about the electrical potential V. This is another
point that differs our article from the articles [1], [2] and [I3] that consider solutions that
assume real values and A = 0.

(3) Even if existence is guaranteed, proving sufficient regularity for the solutions can be com-
plicated, as arbitrary growth may generate instabilities or singularities. Once again, due
to the presence of the magnetic potential A and the fact that the solutions assume complex
values, it was necessary to use Moser’s iteration method in Lemma [£.2]

This article is organized as follows. In Section 2 we introduce the Banach space where we will
look for the solution to the problem and we recall an important inequality called the diamagnetic
inequality. In Section 3 we use the Del Pino Felmer Penalization [I7]. With this penalty and the
fact that we are in the space of radial functions, we get around the difficulty of having an arbitrary
growth. In fact, it is possible to obtain a functional associated to the penalized problem. In this
section we show that this functional has the Geometry of the Mountain Pass Theorem and that
Palais-Smale sequences have strongly convergent subsequences. In Section 4, using the strength of
the parameter € and the fact that we obtain a radial solution to the penalized problem, we show
that the solution to the penalized problem is a solution to the original problem.

2. NOTATION AND VARIATIONAL TOOLS

To introduce the variational structure of the problem, we define the Hilbert space H },78 (RN, C)
obtained by the closure of C§°(RY,C) under the scalar product

(u,v)a,e = Re/ (Vaeu-Vaev+V(z)uv) de for all u,v € Hy (RY,C)
RN

where V4 .u = (Diu,...,Dyu), D5 = 50; — Aj(z), and Re and the bar denote the real part

of a complex number and the complex conjugation respectively. The norm induced by this inner

product is

1/2
lullae = (/N(|VA,EU‘2 + V() |ul?) dx) for u € H}LE(]RN,(C).
R

Since there is no relationship between H} _(R™,C) and H'(RY,R); that is, H} ((RY,C) ¢
HY(RM R) and HY(RY,C) ¢ H}LE(RN,(C), we will frequently use in this paper the following
diamagnetic inequality (see [25, Theorem 7.21])

e|V|u|(z)| < |[Vacu(z)| for almost every z € RV . (2.1)
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This implies that, if u € H} ((RY,C) then |u| € H'(RY,R). Therefore, u € LP(R",C) for any
p € [2,2%].

We denote by H}) _ ..4(RY,C) the subspace of H} _(RY,C) formed by the radial functions,
that is

Hj ¢ aa(RY,C) = {u € H} .(RY,C) : u(z) = u|z]) for z € RV},

. 3. AUXILIARY PROBLEMS

Note that, since the functional has arbitrary growth, it is not possible to obtain a functional
directly associated to this problem. To overcome this difficulty, we will use the Del Pino and
Felmer prenalization method [I7] and make strong use of the radiality of the problem to obtain a
functional that satisfies the Mountain Pass Geometry and that has compactness.

We choose k > 6/(6 —2), where 6 is given by (A4), and using (A5), take a > 0 to be the unique
number such that f(a) = Vy/k, with V4 given by (A2). We set

{f(s)7 if s <a,

fs) = VW/k, ifs>a.

Let xa denotes the characteristic function of the set A. We introduce the penalized nonlinearity
g:RY xR — R by setting

g(a.5) = xa () f(s) + (L~ xa(2) 7 (). (3.1)

Now, we shall consider the modified problem
(%V — A(@)*u+V(z)u = g(z, [u*)u, zcRY,
ue H) (RY,C).

(32

Notice that if u. is a solution of the above problem such that |u.(x)| < a'/? in A° ,then, in view
of the definition of g, there holds g(z, |u|?)u = f(|u|?)u for each x € RY. Thus, the function u is
also a solution of the original problem .

In view of the above comment, in the sequel we study the modified problem . In the next
result we prove that some properties on the continuous function g(z, s)

Lemma 3.1. The continuous function g(x,s) satisfies the following properties uniformly in x €
RN :
(1) g(x,s) =0 for each s < 0;
(2) limy_o+ g(x,5) =0, g and G(s) = [, g(t)dt are radials in x;
(3) (i) 0< 2G(x,s) < g(z,s)s, for each x € A, s> 0,
(i) 0 < G(w,s) < V,(f)s and 0 < g(=x,s) < V,(f), for each x € A¢, s > 0;
(4) the function s — g(x,s) is non-decreasing for s > 0;
(5) for allu e H} _ ,,4(RY,C), we have [or G(z,|ul*)dz < 0o and [ox g(, ul?)|ul*dz < cc.

Proof. Note that from (1)—(4) follow by the definition of g. Now, for u € H}Lwad(RN,C), from
[27], there exists Cy > 0, which depends just the dimension N such that

Cn|lulla, :
lu(z)] < W (3.3)

Then

C% ||ul|?

/ G(z, |u|2)dw</G(m7NLA’€)dx+ G(z, |ul*)dx

o T (.
Cxllull3 .

0 2
< . [ .
mXLXG(, 7 >|A|—|— . /AC |u|*dz < oo

Using the same argument we can conclude that [y g(, [ul?)|ul*dz < co. O
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By Lemma 5), the functional associated with (3.2), namely
1

1 1
Je(u) == 5/ |V aculde + 5/ V(x)ul*dx — 5/ G(x, |ul®)dz, wu € Hi"s,rad(RN,(C)
RN RN RN

belongs to C* (H}X,E’md (RY,C),R) with Gateaux differential given by

JL(u)v := Re ( Va,cuV 4 vde+ V(m)u@dw—/ﬂw g(z, |u\2)uﬁdx), u,v € H}‘,E’rad(RN7(C).

RN RN
Moreover, its critical points are the weak solutions of the modified problem ([3.2)).
Now we prove that the associated functional J. satisfies the Mountain Pass Geometry.

Lemma 3.2. Suppose (1)-(5) of Lemma[3.1] hold. Then, the functional J. has a Mountain Pass
Geometry, that is

(i) there exist p,6 > 0 such that J.(u) > § for all u € H}l)&(]RN,C) with ||ulla,e = p;

(ili) there exists ug € H} , ,q(RY,C) such that |[ulla.c > po and J.(ug) < 0.

Proof. Note that by (2) of Lemma [3.1] given T > 0, there exists § > 0 such that for all 0 < s < é.
Then we have

T
G(s) = F(s) < 5\5\2

Considering (3.3]) and |ju|
exists C' > 0 such that

1 1 1 1
Jo(u) = = /RN |VA,€u|2dac + 3 /RN V(2)|u|?dx — 3 /A G(z, |u*)dx — 3 A G(z, |u*)dx

A = p with p enough small such that |u(z)| < % < 6, there
1

2

V

1 2 T 2 1 2 2
- i - >
sl =7 [ lPde =g [ ViolPds = Clal?,.

and the proof of (ii) is complete, decreasing p if necessary.
(iii) Note that, for all x € A | from (G3), there exist C' > 0 and so > 0 such that G(z,s) < Cs?
for all s > sg. Now consider vy € C§°(A) and note that

2 0
S S
Je(svp) < 5””0\\3,5 - 5/ vo|? d.
A

Since 6 > 2, we obtain J.(svg) — —o0 as s — +oo thus, taken ug = svg for s sufficiently large
(iii) is proved. O

By [29, Theorem 1.15] we assert the existence of a Palais-Smale sequence (u,,) in H},’E,rad(RN ,C)
at level d., that is, a sequence with the property
Je(up) = d. and  Jl(uy,) — 0,
where d. is the minimax level of the mountain pass theorem related to J., namely

d. = inf max J.(s(¢)), (3.5)

SET t€[0,1]
where
I={ce€C(0,1,H} . ;sa®RY,C) :¢(0) =0 and J.(s(1)) <0}.
By a reasoning similar to the one in [29, Theorem 4.2], we have

d. = inf sup @, (tu). 3.6
N ueHjm_md(RN,c),u#OtZg e(tu) (3.6)

The main feature of the modified functional is that it satisfies the Palais-Smale condition, as
we can see from the next result.

Lemma 3.3. The functional J. satisfies the (PS)q. condition for any level d. € R.
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Proof. Suppose that (u,) C H}LE’rad(RN, C) is a (PS)q4, sequence for J., that is, J(upn) — d. and
J!(un) — 0. We first prove that (u,) is bounded in H} _(R",C). Indeed, by using (3) of lemma
[3.1] we obtain

1
de + on(1)[lunlla,e > Je(un) — EJé(un)un

11 1 L

> (=l + 5 [ gtebulunPis 5 [ Gl Pyt
2 0 0 Ae 2 Ag
1,6-2 1

> i(T - %)Hun”i,e’

where 0, (1) denotes a quantity approaching zero as n — oo. Since k > 0/(0 — 2) we conclude
from the above inequality that (u,) is bounded in H} _(RY,C).

Claim. For any given ¢ > 0, there exists R = R({) > 0 such that R > 4Ry and
limsup/ (IV A ctn]? + V() |u,|?)de < C. (3.7)
Br(0)°

n—00

To prove the claim we consider ng € C°(RY,R) such that 0 < ng < 1, ng = 0 in Bgr/2(0),
nr = 1 in Bgr(0)¢ and |Vngr| < C/R, where C' > 0 is a constant independent of R. Since the
sequence (nruy) is bounded in H}X,E(RN, C), we have that J.(u,)(nrun) = o, (1), that is,

Re ( VA7EunVA7E(unnR)dx) —|—/ V(x)|un\2ana: = / g(x, ‘un‘2)|un‘27']3dx + on(1).
RN RN

RN
Since nr take values in R, a direct calculation shows that

Va,e(unnr) = iU Vg + MRV A,cUn.
The two above equalities and Lemma [3.1](3)(ii) imply that

/N (|VA,Eun|2 + V(x)\un|2>anx
R

1
< 7/ V(z)|un|*nrdz + Re (/ —iWVA@unVT]R) dzx + 0, (1).
k RN RN

By using the definition of ng, Holder’s inequality and the boundedness of (u,) we obtain
1 C
(1 - > / (IVacunl* + V(@)|un|?) dz < [T 22|V actn ] 22 + 0n (1)
C1

So, for any fixed ¢ > 0, we can choose R > 0 large enough, such that
limsup/ (|VA,5un|2+V(o:)\un\2) <.
n—00 BR(O)C

This completes the proof of the claim.
Now note that

/ (9 (2, |unl?) [unl® = g, [ul*)|uf?) de = / (9 (2, unl?) Junl® = g(, [u|*)[u]?) dz
RN R

1

+ / (9 (2. [un?) Jn? — g(a, [uf?)]ul?) da
Br\Br,

[0 ol ol = gl ) ) da.
By

We shall prove that each of these terms approaches zero as n — oco. From the boundedness of

Bpg, C A€, we have u,, — u in L? (Bg,). By Lemma 3) it follows that

/ (9 (@ lunl?) [ ? = g, [ul?)]ul?) dz = 0, (1).
Br

1
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Using the proof of lemma 5) and Lebesgue’s Dominated Convergence Theorem, we conclude
that

/ (9 (@ tnl?) [un ]2 — g, [uf?)]ul?) dz = 0, (1),
Br\Br,
Now note that

[ o) lunf? = oo PPz

BR
< [ glmlun) ldet [ gl uf)fuPda
B B%
< / (|V,478un|2 + V(x)|unl?) + / g (z, |un|2) [ty |2 de.
B% Bg

Since [ g (2, |un|?) |un|?dz is integrable and using (3.7)), we obtain
R

[ (0 G unl) = gl ) ) o = o, 1)
B
Observe that J.(u,)u = 0,(1), which implies that
= [ ot uf?)luPda.
RN

Then

tin o =t [ gto Dl Ple = [ g lP)uPds = [l O

n—00 n—oo JrN RN

4. PROOF OF THEOREM [L.1]

From Lemmas and for each € > 0, there exists u. € H}Le,rad(RN, C) weak solution of
problem (3.2). That is,
Je (ug) =d. and J.(u)v =0, € H} _ .a(R",C).

Note that, by the Principle of Symmetric Criticality [29, Theorem 1.28], we have that u. is in fact
a critical point of J. in the space H}X,s (RN, C). The next result is crucial for this section.

Lemma 4.1. ||u5||1247E —0ase—0.

Proof. Taking ¢ € C§° 4 (Q,R), a nonnegative function with suppy C Q, there is a unique
t. € RT such that
Je (tedj) = r?fg( Je(tz/})

Then, from (A2),
& [ vz = [ 7 (oP) i,
and choosing Qq C € such that ¥(x) > 19 > 0 for all x € Q, it follows that

e2/0|vw|2dxz/mf(tew2) \szw%/ 7 (tb]?) de.

1951
Thus, from (A5), we conclude that t. — 0 as ¢ — 0. Furthermore,

2
0.<d. < J. (t) < %/ S|V P,
Q

which implies that d. — 0 as € — 0. On the other hand, there exists C' > 0 such that
1
de = Je (ue) = Je (ue) — 7
1 1

> (= ([ (Wacucl + (1= DVl ds)

J! (ue) ue

€
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The proof is complete. O

Now we prove a regularity result. Its proof follows the argument found in [5, Lemma 4.1.]. We
will give the proof here for completeness of this work.

Lemma 4.2. Let (g,) be a sequence of positive numbers with €, — 07 and u,, € H}l,an,rad(RN’ C)

be a solution of (3.2). Then |u,| € L®(RN) N CLMRYN), for A € (0,1). Moreover, there exists a

loc
constant C' > 0, independent on n, such that |u,| < Cllup| 4, -

Proof. We define up, , € HA,E,L,rad(RN’ C) and 2z, € H}x’emrad(RN,(C) by setting

ur () = min{|u,(x)|, L}, 2zpn:= UQL(f;l)Um

with 8 > 1 to be determined later. By using the calculation performed in [I4] equation (2.2)] and
the diamagnetic inequality we obtain

T - - 2
Re (VA,EW,UnVA,EnZLm) > ui(,ﬁ 1)|VA,EW,Un|2 > ui(ﬁ I)E?L}VlunH .
This inequality, the definition of 2, and J. (un)zr,, = 0 imply that
/R gV P < / (g fun?) = V(@) funPui e (4.1)
Arguing as in (3.4]), using Lemma and Lemma 1), we obtain C7 > 0 such that
Vi .
g(x,s) < ?0 + Cy1s|® =22 for all (z,5) € RY x R.
This, (4.1), and V(x) > Vi provide
_ Vi « _
/ ui(i l)ei‘V\unHQdaz S/ (70 + Ch|ug)* 7% — V(m))|un|2u2L(i Dz
. . 42
< C1/ |un|2*ui(i71)dx.
RN '
Let S be the best constant of the embedding DV?(RY,R) — L2 (RY,R) and define @y, ,, :=
|un|u§_n1 We have that
1y~ 142
S Lalie < [ IV (unfuf )P
RN
But

/ |V(|un|u§;1)’2dx:/ |V(\un|u§;3)|2dx+/ |V(|un|u€7nl)|2dx
RN {lun|<L} {lun>L}

:/ |V\un|ﬁ|2da:+/ L26=D) V|2 da
{Jun|<L} {Jun|>L}
SBQ/ ui{ifl)ailvmnwdaz,
RN
and therefore
—~ — 2
[ s 0352/Nui{ﬁ Ve2|Vluy||*d.
R
This and (4.2) yield
e < €3 [ ol o (43)

for all > 1. The above expression and ur, ,, < |u,|, imply that

[Lnlfe <8 [ i 2funPd (4.4)
RN

Now, setting
2%2% 2t

ti= o > 1 =—<2" 4. def
2(2*_2)> O t—1< ’ ( 5)
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we can apply Holder’s inequality with exponents ¢/(t — 1) and ¢ in (4.4]), to obtain

sl < Coflunl ([

RN

)dx) v (4.6)

Claim. There exist ng € N and K > 0 such that, for any n > ng, it holds
/ lun)? /P < K.
]RN

Assuming the claim is true, we can use E ) to conclude that

||un||ma-

Since

. N2/27
furnl = ([ uiaz) " < / tn
RN RN

we can apply Fatou’s lemma in the variable L to obtain
lunlll oz < G782l 5o

We now set 3 := 2*/a > 1 and note that, since |u,| € L? (RY), the above inequality holds
for this choice of . Moreover, since 3%2a = 32*, it follows that the inequality also holds with
replaced by 32. Hence,

. 9%(g_ 2/2*
Puy P Vde) " = Jnale < CoBlunlPe,

1/82 2
letalll zae < CF/ 8% lfun | 520
By iterating this process and recalling that fa = 2* we obtain, for k£ € N,
k —i ;
i=1 B m it
letnlll pvar < CF=27 BT g e
Since # > 1 we can take the limit as £k — oco to obtain
[lunlllze < Cslllunll 2~
From the Sobolev imbedding, there exists a constant positive C', independent on n such that
lunlllze < Clllunlllae,- (4.7)
By the elliptic regularity |u,| € L>(RN) N CLA(RN), for A € (0,1).
It remains to prove the claim. In fact, let 5 = 2*/2. From (4.3]), we have

2. < 052/ u? uLn 2)dx
RN

|aL,n

or equivalently

|aL7TL n

3. <Cp? / u uf{z)u@*—”daz.
]R

Using the Holder inequality with exponents 2 7 and 2* 5

2% —2

@2 < CB° @290 \2/2 e\ T
Lnl2- <CB [unuy 7| da us, dx
RN RN

From definition of @y, ,, we have

2% —2

([ o] )™ oo ( [ w17 an)™ ([ aas) T

From Lemma we conclude that
(2*=2) o= 2/2" _
(/ [unuan ]2 dx) < C’ﬁp/ uQuLG 2)dx
RN ’ RN

(2*=2) o« 2/2* o
(/ [unuL K ] dx) < Cﬂp/ u, dr < K < oo.
RN ’

RN

or equivalently

6moser
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Using the Fatou’s lemma in the variable L, we have
/ ui*(Q*/Q)dx < K < oo,
RN
and therefore the claim holds. O

4.1. Proof of Theorem From in Lemma we have
|ue| < Cllucl|a.e.
From Lemma for € > 0 sufficiently small, we have that
|ue| < a'/?
and this completes the proof.
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