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WELL-POSEDNESS OF GENERALIZED MAGNETOHYDRODYNAMIC
EQUATIONS IN VARIABLE LEBESGUE SPACES

JINYI SUN, YUANWEI MAI, MINGHUA YANG

ABSTRACT. This article concerns the well-posedness of the generalized magnetohydrodynamic
equations in variable Lebesgue spaces. By using some basic properties of variable Lebesgue
spaces and decay estimates of the fractional heat kernel, we prove the existence of local and
global solutions to the generalized magnetohydrodynamic equations in two different types of
variable Lebesgue spaces.

1. INTRODUCTION

In this article, we consider the Cauchy problem of the three-dimensional incompressible gener-
alized magnetohydrodynamic equations,

Ou+ (—A)*u+ (u-V)u— (B-V)B+VP =0 inR>xR,,
OB+ (—A)PB+ (u-V)B—(B-V)u=0 inR>xR,,

1.1
divu=0, divB=0 inR>xRy, (1.1)

u|t=0 = ug, B|t=0 =By in R3,

where v = (u1, uz2,uz) denotes the velocity field of the fluid, B = (B, Bs, Bs) denotes the magnetic
field, and P represents scalar pressure. The positive parameters « and [ represent the fractional
dissipations corresponding to the velocity field and magnetic field, respectively. The fractional
Laplacian operator (—A)7 is defined through the Fourier transform F[(—A)Y f](€) = |2 F[f](€).

Problem describes the motion of electrically conducting incompressible fluids in a magnetic
field such as plasmas and liquid metals. Duvaut and Lions [I5] established local well-posedness
results of problem with a = 8 = 1 in H%(R3) with s > 3 and global well-posedness for
the small initial data. Zhai et al. [45] established global well-posedness of problem with
« = =1 for initial data in critical Besov spaces and relaxed the smallness condition in the third
components of the initial velocity field and initial magnetic field. For more relevant studies on the
existence of solutions of the classical magnetohydrodynamic equations, we refer to [10} 21, (26 44].
In [40], Wu established the global existence of weak solutions to problem corresponding to
arbitrary L? initial data. Furthermore if o, 8 > % and initial data are sufficiently smooth, the
weak solutions are actually global classical solutions. Jin et al. [23] proved the unique existence
of global solutions to problem for small initial data in H*(R3) with 0 < a = 8 < 1 and
s> g — . In addition, if initial data (ug, Bg) € LP for 1 < p < 2, they established optimal decay
estimates for the solutions. See also [42] [43] for the global well-posedness of problem with
% < a, B <1 for small initial data in Lei-Lin spaces and Fourier-Herz spaces. However, it remains
open whether there exists a global smooth solution for problem with a + 8 < g or not.

It is worth mentioning that variable Lebesgue spaces LP() (R™) were introduced by Orlicz [31],
then further studied by Musielak[28] and Nakano[29] [30]. Indeed, the modern development of
variable Lebesgue spaces began with Kovaé¢ik and Rékosnik[24], Cruz-Uribe[I3], Diening[16], Fan
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and Zhao[20)], et al. So far, there have been extensive literature and monographs on the research
of function spaces with variable exponents such as variable Lebesgue spaces [14], variable Sobolev
spaces[17], variable Triebel-Lizorkin spaces [I§], variable Besov spaces [0l 4], variable Morrey
spaces [5] and among others. In addition to theoretical considerations, the study of these function
spaces can be motivated by applications to fluid dynamics[3, [34], image processing[12] 22], PDEs
and variational calculus [4] [T9] [32, [46].

To the best of our knowledge, Ru and Abidin [33] first studied the Cauchy problem of the
fractional Navier-Stokes equations in function spaces with variable exponents. More precisely, by
introducing the definition of variable Fourier-Besov spaces and exploiting the good properties of
Stokes semigroup on the frequency space, they obtained the existence and uniqueness of global
solutions to incompressible fractional Navier-Stokes equations for small initial data in variable
Fourier-Besov spaces. Subsequently, Wang[39] obtained the global well-posedness and analyticity
of the generalized magnetohydrodynamics equations in variable Fourier-Besov spaces. Abidin
and Chen[l] proved that the fractional Navier-Stokes equations are globally well-posed if the initial
data are small in variable Fourier-Besov-Morrey spaces. Abidin et al. [2] studied the global well-
posedness for the three-dimensional micropolar fluid equations with small initial data in variable
Fourier-Besov spaces.

Very recently, Chamorro and Vergara-Hermosilla [8] [35] established the well-posedness of in-
compressible (fractional) Navier-Stokes equations in variable Lebesgue spaces. In [9], they also
studied the Liouville-type theorems for the stationary Navier-Stokes equations in variable Lebesgue
spaces. Vergara-Hermosilla [36] showed the well-posedness results of the generalized nonlinear Heat
equations in variable Lebesgue spaces. Chen, Vergara-Hermosilla and Zhao [I1] proved the local
existence and regularity of solutions to the two-dimensional dissipative surface quasi-geostrophic
equation in variable Lebesgue spaces. For the well-posedness results related to the fractional
Keller-Segel system, we refer to [37, [38].

Inspired by the above works, it is natural to consider the existence of solutions to the generalized
magnetohydrodynamic equations in the framework of the variable Lebesgue spaces. Now we state
our main results. The first result is the local existence of solutions for arbitrary initial data in
LP(R3) x L(R?).

Theorem 1.1. Let o, 3 € (3, 2], v = min{a, 8}, p > %, q € [p,2p] and p(-), q(-) € P[0, +00)
satisfy p(-) < q(-), p~ > 2 and ﬁ + % < —3%. Then for any (uo, By) € LP(R3) x L1(R3) with
divug = 0 and div By = 0, there exists a time T > 0 such that problem (1.1) possesses a unique

local mild solution (u, B) € LPO)([0,T); LP(R3)) x L1C)([0,T); LI(R3)).
Next, we obtain the existence of global solutions with small initial data in LP)(R?).

Theorem 1.2. Let o = B € (3,2) and p(-) € P8(R3). Then there exists a positive constant
e such that if the initial value (ug, Bo) € LPO)(R?) N L%(R?’) with divuy = 0 and div By = 0
satisfying

max {[|(uo, Bo)ll o, (w0, Bo)ll a1 } <e,

problem (1.1)) possesses a unique global mild solution

(u, B) € LPO(R3; L*°[0, +00)) N L7-1 (R3; L®[0, +00)).

This article is organized as follows. In Section 2, we recall the definitions and properties of
the variable Lebesgue spaces. Moreover, we introduce some basic facts on the variable Lebesgue
spaces. In Section 3, by using the decay estimates of the fractional heat kernel, we derive some
linear and bilinear estimates of solutions. In Section 4, we complete the proofs of Theorems|[I.1]and
[I:2] by the contraction mapping principle. Throughout this paper the constant C in the estimates
may vary from line to line.
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2. PRELIMINARIES

Firstly, we recall some standard notation in variable Lebesgue spaces. Let P(R™) be the set of
all measurable functions p(-) : R™ — [1, +00] such that

p~ i=essinfyern p(z) > 1, pT = esssup,cpn p(z) < +00.

Let p/(+) denote the conjugate exponent of the p(-) with ﬁ + p#(‘) =1.

Definition 2.1. Let p(-) € P(R™). The Lebesgue space with variable exponent p(-) is defined by

LPO(RM) = {f is measurable : / \@
R
Then LPO)(R") is a Banach space with the Luxemburg-Nakano norm

£l Lo gy == inf {A >0 / |%z)|p(x)da: <1}
R'I’L

P@)dg < oo, for some A\ > 0}.

On the basis of classical Lebesgue spaces LP(R") and variable Lebesgue spaces LP()(R™), let
us state the definition of the following mixed variable Lebesgue spaces introduced in [7].

Definition 2.2. Let p(-) € P°8(R") and 1 < ¢ < +00. Then the mixed Lebesgue space Lg(')(R")
is defined by

LEO(R™) = LPO(R™) N LY(R™),
endowed with the norm

- lger = mase{l - oo - 1o}

Next, we recall some properties of the variable Lebesgue spaces such as the Holder inequality,
norm conjugate formula and embedding theorem(see [I4, Corollaryies 2.28 and 2.48], [I7, Lemma
3.2.20 and Corollary 3.2.14]).

1 1

Lemma 2.3. Let p(+),p1(-), p2(-) € P(R™) satisfy ﬁ = o7 Toatay- Then there exists a constant

C such that for all f € LP*)(R™) and g € LP2()(R™), we have fg € LPC)(R™) and

1f9lleey < Clfllorr gl Lo (2.1)
Lemma 2.4. Let p(-) € P(R"™). Then
£l ey < ol sup 3 / |f(@)g(x)|dz, Vfe€ LP('), g€ jy408 (2.2)
gl pryst/R"

Lemma 2.5. Given Q C R” and p;(-),p2() € P(Q) with 1 < pf,pd < +00. Then LP20)(Q) C
LP1O)(Q) if and only if py(z) < po(x) almost everywhere. Furthermore, in this case we have that

£l < @+ IQDISlzeacr,  VF € LP20(Q),

where |2 denotes Lebesgue measure of measurable set 2.

Remark 2.6. Since L”(')(R") is not invariant to translation, not all properties of the Lebesgue
spaces LP(R™) can be generalized to the variable Lebesgue spaces. For example, the Young
inequality and the Plancherel formula are not valid anymore, see [I7].

Note that the boundedness property of Hardy-Littlewood maximal operator on variable Lebesgue
spaces provides a rigorous foundation for numerous conclusions in classical harmonic analysis and
function spaces theory. Thus, to guarantee the boundedness of the singular integral operator in the
variable Lebesgue spaces, we need to impose the so-called log-Hé6lder continuity on the exponent
functions p(+).

Definition 2.7. Let p(-) € P(R™). Then p(-) € P°8(R") if the following conditions hold:

e (locally log-Holder continuous) For all z,y € R", z # ¥, |ﬁ - ﬁ| < m;
lz—yl
o (log-Holder decay condition) For all x € R™, |ﬁ - pi’ < m, where pi =

: 1
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Next, we introduce the following results on the Hardy-Littlewood maximal operator and Riesz
transforms (see [I4, Theorems 3.16 and 5.42], [I7, Theorem 4.3.8 and Corollary 6.3.10], [25, Lemma
7.4]).

Lemma 2.8. Let p(-) € P'8(R™). Then for any f € LPC)(R™), there exists a positive constant C
such that
M) zeer < ClFllLee,
where M is the Hardy-Littlewood maximal opemtor defined as
M(f)(e) = sup = [ 11wl
z€EB |B|

and B C R™ is an open ball with center x. Furthermore, we have
IR (Nllpeery < Cllfllpeer, VI<j<m,
where Rj := —0g, (=A)~2 is the Riesz transform.

Lemma 2.9. Let ¢ is a radially decreasing function on R® and f is a locally integrable function,
then

(e x F)@)] < Nl M(f) ().

Next we review the definition of Riesz potential operator and its boundedness property on the
variable Lebesgue spaces (see [I4, Theorem 5.46], [7, Theorem 4]).

Definition 2.10. Let 0 < § < n, for any measurable function f, the Riesz potential operator Zs
is defined as

5(f) () = / @l ere,

e [T —y["0

Lemma 2.11. Let p(-) € P°8(R") and 0 < 6 < n/p*. Then for any f € LPC)(R™), there exists
a positive constant C' such that
1 1 0

1Zs ()l Laery S Cllfllpecy  with — = — — —

| ( ||Lq HLP q() p() n
Lemma 2.12. Let 1 < p < +o0, p(-) € P8(R") and 0 < § < min{ %, 2}. Given f € Lg(')(R")
and a function p(-) satisfying the condition

_ np()

then there exists a positive constant C' such that

IZs(ALeer < ClAIl Lz

Remark 2.13. Note that the mixed spaces Lg(') inherit the properties of the spaces LP(") and L?.
Iln particular we have the Holder inequality ||fHL£(,) < ||fHLg<'> Hf||L:(,> with ﬁ = ﬁ + Tl) and

5= % + % and of course the Riesz transforms are also bounded in these spaces.

Finally, by Duhamel’s principle, the mild solutions (u, B) for the equations (1.1)) can be repre-
sented as
u(t) = Gy xug(x / G PV [u®u— B® B](z,7)dr,
(2.3)
B(t) = GV « By(a /G L *PV - [u® B — B®u](z, 7)dr,

where P := Id — V(—A)~!div is the Leray-Hopf projection. In our proof we need the following
decay estimates for the fractional heat kernel G¢(z), see [27].
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Lemma 2.14. The fractional heat kernel G$(x) satisfies the point-wise estimate
1

VG (@) < O
(t2s + |z)ntt

where

GO (x) = F 1 (e 1) = (27r)*%/ el g g e R,

Lemma 2.15. For alla >0, v > 0,1 <p < q < oco. Then for any f € LP(R™), we have the
LP-L9 estimates

(A >Ga*ﬂuq<0fﬂfﬂ**9wmm

3. KEY ESTIMATES

The aim of this section is to derive estimates used in the proof of Theorems [I.1] and [I.2}
Firstly, we establish the linear and bilinear estimates of the integral equations (2.3) for the local
well-posedness issue. For T > 0, we introduce the functional space LP() ([0, T); LP (R?’)) with the
norm

. fG, t
nmmm@mim=mﬂx>0:/|” e gy < 13,

Lemma 3.1. Let o € (3, 3], p(-) € P'8[0, +00) and p € [1,+00]. Then for any f € LP(R?), there
exists a positive constant C' such that

1G5 Fll oo 0.1y < Cmax{T7=, T ¥ £l
Proof. By applying the Young inequality, we obtain
1G? * fllez < IGE @)l fllee = [1F 12z (3.1)
Then taking the LP()-norm to both sides of with respect to the time variable ¢ yields
165 * Fll s 2y < CULlL o 11z
Using the classical estimate
Itz p0ry < Cmax{ T, T3},

we deduce that .
1G5 % Ly gy < Cmax{T7 T7 |l -
This completes the proof. O

Lemma 3.2. Let o € (3,2], p > 5225 and p(-) € P'°8[0, +00) satisfyp~ > 2 and -5 —I-* <a-—i.
Then for any T > 0, there exists a positive constant C' such that

t
HA(ﬁq*PVWU®WﬁﬂﬂmmmmmmSCU+TWM@mmjmm~ (3.2)

Proof. For any 0 < t < T, by using Lemma and the Holder inequality, together with the
boundedness property of the Leray projector P, we obtain

t t
H/ Gi, * PV - (u@u)(T)dr| 1y S/ VG, * (uw@u)(7)]|Lpdr
0 0
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Then taking the LP()-norm with respect to the time variable ¢ and using the norm conjugate

formula (2.2]), we see that
t
H/ G?—T x PV - (u®u)(7’)d7’||L$(.>(Lg)

<0l [ L Il pirl o
(t—1) 2@ ¢
. (3.3)
<C s / / — POOL )2, drat
1l p(><1 |t_7—‘2cy 20rp ;

Loer
- [ / Moer<0l0Ol gy 2,
Hﬂ’” p()<1 t_7'|2"‘ zap

For using lemma we extend the function ¢ (t) by zero on R\ [0,T), and see that the right-hand
side of (3.3) can be represented as

T 1peren 6]
Il ,,<><1 [t — 7|2t 7s

+oo
P
— / (/ %dt)nu(ﬂnigw (5.4
”d)”Lp,(-)Sl 0 —0o0 |t_7_|2°‘ 2ap
T
— sw / T, (1) [u(r) |2 i,
W’HLP/(.)Sl 0

where §; = 1 — i - % Furthermore for the right-hand side of (3.4), by using the Holder

inequality (2.1} Wlth 2 + = () =1 yields
T
sup / T, (W) u(r) Bydr < C sup [T, (0Dl i 200
‘WHLP/(A)Sl 0 HlﬂHLp/(.)Sl ¢ t *
t t

<C sup |[[¢
W/HLP/(.)Sl
t

(3.5)

L;'l(‘) ”ullif’(')(Lg)’

1 1 3
where W 71() (1—%—%)
Since ~1( 5=1- W and - ( y=1- ﬁ, we can deduce that r1(-) < p’(-) under the condition

20 + 5 p SO 3- By using Lemmawith r1(-) <p'(-) and Q@ =[0,T), we obtain

b o [l p) < AT oo elolulyo
HTlJHLp'(-) < [l21] p'(-) <
t

< (1+T)ull?

(3.6)
L;D( )(Lp)

Finally, taking estimates (3.4))—(3.6) into (3.3]), we obtain . This complete the proof. O
Lemma 3.3. Let a € (%a %]7 p > ﬁ7 q e [pv 2p}7 p()aq() € ’Plog[O’ +OO) satisfy p() < q();
q*>2and%+%<a—

%. Then for any T > 0, there exists a positive constant C such that

¢
| /0 G{,xPV-(B® B)(T)dT”LP(‘)([O,T);LP) <O+ T)HBHiq(-)([o,T);qu (3.7)

Proof. For any 0 < t < T, by using Lemma [2.15] and the Holder inequality, along with the
boundedness property of the Leray projector P, it follows that

t t
| / Gi_; x PV - (B@ B)(1)dr| pdr < C/ IVG_; * (B @ B)(7)||Lpdr
0 0
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<c/ :
thT

L 2
= O/o (t— T)ﬁ+%(§,%) 1 B(T)[|74d.

Then taking LP()-norm with respect to the time variable ¢ and using the norm conjugate formula

(2.2)), we have

1B B, 3dr

m‘w

NERES)

t
|| /0 G?_T * PV - (B & B)(T)dTHLf(')(Lg)

t
1
<ol | —srEan ||B<T>Hing||Lf<.>

=¢ [ H <1/ / |t 7_|2 23 2 ”B(T)”QLngdt
n p() @ a

0o
HTIH p()<1

t_7'|201 2a

For using lemma we extend the function 7(t) by zero on R\ [0,T), and see that the right-hand
side of (3.8) can be represented as

L{o<r
/ / {0< <t}|77( )| dt”B( )HQLng
lIml p<)<1 r|2a e

+oo ‘
- ) :
= sup /0 (/ L+%(%_%)dt)||B(T)HLZdT (3.9)

Il ey <1 —oo |t — T2
Lt

T

= sw [ Za(aDIBO)E

Il prcy <10

where do =1 — & — 2 (2 — 7) Furthermore, for the right-hand side of (3.9), by using the Holder
2 1 -

inequality (2.1)) with FORE- oS =1 yields

T

sup / Lo, (InDIB(M)|gdr < € sup || Zs, (D)l gz 1B a0 10
il <10 Il <1 f 2

= ; (3.10)

S C sup HUHL:2()||BHig()(L;}:)’
HnHLp/(,)Sl
1 1 _ 1 _3¢2_1

where — = (1 ( ))-

Since 1%(.) =1- % and ﬁ) =1- we can deduce that ro(+) < p/(-) under the conditions

p(-) < ¢(-) and p < q. By using Lemma [2.5| with 75(-) < p’(-) and Q = [0,T), we obtain

s ll o 1B, g0y < CAFT) s il o lBI200 )
HﬂHLiﬂ(.) 1 H77||L$/(.)§1 g (3.11)
<cq +T>||B||;q(,)(w.
Finally, taking estimates into , we obtain . This completes the proof. O

Lemma 3.4. Let 3 € (3, ] q € [1 +o0] and q(-) € P80, +0c0). Then for each f € LI(R3),
there exists a positive constant C such that

1 1
IGY = fllzacro,ry;00) < Cmax{T'«= , Ta" }| f[| La.

The proof of the above lemma is similar to Lemma [3.1] we omit it.
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Lemma 3.5. Let 8 € (3, 5], p > 557, ¢ > 727, p(+), q() € PYE[0, +00) satisfy 25+ 3 < B—3.
Then for any T > 0, there exists a positive constant C' such that

t
[ / Gf—T *PV - (u® B)(T)dT”L‘I(‘)([O,T);L‘Z) <O+ T)Hu||LP<'>([O,T);LP)||B||L‘Z(')([O,T);Lq)~ (3.12)

Proof. For any 0 < t < T, by using Lemma [2.15] and the Holder inequality, with the boundedness
property of the Leray projector P, we obtam

t t
H/ GE_T*]P)V~(U®B)(T)d7||Lng§C/ IVGY . % (u® B)(1)||padr
0

<cf o e B, gy

33 r

1
<c / )l BE) g dr.
0 (t—T)2 2

Then taking L9()-norm with respect to the time variable ¢ and using the norm conjugate formula

(2.2)), we see that
t
H/ GP_ «PV. (u@B)(T)dTHLZ(,)(Lg)

< CH/ PP LG )HL’;”B(T)”LngnLg(»

<C / / Ly B s gra
H¢|| L9 ()<1 t—q—"z[ﬁ 2/3,)

" 1{o<r<iy|$(0)]
— // {o<r<t} ——————dt||u(7)|| 2 || B(7)| LadT.
\|¢||q<)<1

|t — 7] 3+

(3.13)

For using lemma we extend the function ¢(t) by zero on R\ [0,T'), and see that the right-hand
side of (3.13) can be represented as

T 1 oerenlot)
/ / o< < OO g ()] o | BT o
H¢'Hq()<1

It — 7|25 T8

o ()|
— s / / —OOL ) ()| o | B | o dr |
Il qr¢)<1 /0 ( [t — 7|72 ) " " 3.14)
t
T
= swp / s, (16D () | 2 | B |
H¢\|qu(l)§1 0

where 03 = 1 ﬁ 5 B Furthermore for the right-hand side of (3.14)), using the Holder inequality
with q(,) ﬁ + p3() =1 yields

T
sup /Ias(\cﬁl)IIU(T)\ngIIB(T)IILng

H¢”Lg'(.) <1Jo

<C  sup | Zs (18D Lreo lull oo ooy 1Bl oo a) (3.15)
|‘¢|‘Lq/(~)gl t t g t 3
<G sup 6l prao el por oy 1Bl oo gy

61l q7) <1
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Since %1(.) =1- m - m and () =1 , we can deduce that r3(-) < ¢/(-) under the
2

condition p?,) + 2p < B — 3. By using Lemma [2.5{ with 73(-) < ¢/(:) and © = [0,T), we obtain

sup ||¢HLT3(')”u”LP(')(Lg)”BHL‘I(')(Lg)
H¢'HLq/(.)S1 ¢ ¢ ¢
t
<OULT) sup (8l lullpoo g 1Bl o e, (3.16)
||¢||Lq/(.)§1 ¢ ¢ ) ’
t

< C(l + T)HUHL{)(')(L@HB”LZ(')(L;{)'

Finally, taking estimates (3.14)—(3.16) into (3.13]), we obtain (3.12)). We complete the proof of
Lemma 3.5 O

Secondly, we shall establish the linear and bilinear estimates for global well-posedness issue. For
p(-) € P°8(R?), the function space LP()(R3; L>[0, +00)) is defined to be the set of all measurable
functions f : [0, 4+00) x R3 — R? such that the following norm is finite

. f L> p(z)
1 Lo gsszey = inf {2 >0 / |u| de < 1).
Based on definition for p € (1, +00), we introduce the mixed variable Lebesgue space
. 3. 70 I . 3. 70 3. 70
LEO(R3; 1220, +00)) := LPO(R?; L*[0, +00)) N LP(R%; L0, +00)),
with the norm
H ’ HLg(')(R?’;LN) = max{” ’ HL?”(L“)’ ” . HL@(L;X’)}'

Lemma 3.6. Let a = 3 € (1,2), p(-) € P9(R®). Then for any f € Lp() (RS) there exists a

positive constant C' such that

HG *fHLP() (R3L°°) CHf”LP()

-1

Proof. The proof is similar to that in [35, Proposition 3.4]. Since f € L%t ¢ L} . and the

fractional heat kernel G (z) is a radially decreasing function, by Lemma [2.9| n we see that
[(GY = )t 2)] < |GE|[La M(f)(x) = M(f)(),
which shows that
G flloe < CM(f)(x)- (3.17)

Then, taking the Lp(') -norm to the both sides of ( with respect to the space variable x

2a—1

and using Lemma [2.8 together with the boundedness property of the maximal operator M in
L7-1 (R?), we obtain

1G5 % Fllr) gosgmy < CIMUDN oty
2a—1

2a—1

< C’max{”M(f)HLp(m [M(f)

< CmaX{HfHLp( ) ||fHL2a T }
< Cllfll )

2a—1

LZa—1 }

This completes the proof. O

Lemma 3.7. Let a = 8 € (3,2) and p(-) € P'°8(R®). Then there exists a positive constant C
such that

||/ Gi_, * PV - (v @ w)(7)dr]| o

2a—1

) ®3Le) S C”“”L’;"é i (JR3;L°<°)”w”L‘:‘Q_1 @s;pey (318
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Proof. Our proof is similar to that in [35], Proposition 3.6]. From the properties of the Leray
projector P, we have

/G * PV - U®w)(T)dT:/OtIF’(Gf_T*V (v@w)(r /G v®w)(7')d7').

Then, using the Fubini theorem and Lemma [2.14] we obtain

|/ G (v @ w)(r)dr|
: O/o /Rs VG- (z = y)l[o(r, y)llw(r,y)|dydr

: ) (3.19)
<cf | : [o(r, )l (7, )l drdy
ks Jo (|t = 7|2 + |z —y[)*
t
1
<cf | arlo )z o, ) e dy.
o (|t =72 + |z —y|)! ' '
Note that there exists a positive constant C' such that
t +oo
1 1
/ : dr g/ ————dr
o (|t—7l2 + |z —y|)* o (T2 +|z—y))*
_ +oo ‘ y|2a
o 20 ) 5 4 5
0 ((lz —yPs)z= + |z —yl) (3.20)

B 1 Hoe 1
- _ |4—2a L 4d8
|z —y| 0o (14 s2a)

C
= o=y

Substituting (3.20) into (3.19) and by Definition of the Riesz potential operator with n = 3,

we have

/ Gy v®w)(r)d7') < CP(/Rs m”"}(7y)||Lf°||w(’y)HLt°°dy) (3_21)
= CP (Zoar (V]| 3o 1w ]| e ) () -

Furthermore, applying Lemma [2.12] and the boundedness property of the Leray projector P, we
obtain

[z / Gy V- (0@ W) () ) | o scnzga_l(nvuwHwnL;o)nLgm

< CIIIIvIILwIIwIILwH (3.22)
3 Z T

2(2a 1)

< Cllvllg m“t"“LizT,xw

2a—1"

22a—1) _ 2a-—1 2a 1
3 = +

S , the Hardy-Littlewood-Sobolev inequality and the

since % <a< % and
Hoélder inequality imply that

t
HP(/ Gip# V- weu)(dr)| pay < ClTsanr (ol ol
0 Ly (L)
< COlllvllLeelJwl| e || (3.23)

2<2a 1)

< Clof

iy lwll
L2 T (L)

Combining the above estimates and (3.23]), we obtain . This completes the proof. [

L2a 1(L°°)
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4. PROOF OF MAIN RESULTS

Proof of Theorem[I_1l For (ug, By) € LP(R3) x LY(R3), it follows from Lemmas and [3.4] that
there exist positive constants Cy and C; such that

—
,.J;
—_

~—

G % woll o (0.1 1) < Comax{T7= , T7 }uo|| o,
1GS * Boll o> (120 < Cr max{T'5= , T || Bo| .
We define the mapping % and the solutions space Z by
Blu, B)(t) = (B (u, B)(t), Ba(u, B)(1)),

—
r[;
[\

~

7= {(u,B) € X x Y = LPO((0,T); LP(R®)) x L0 ([0, T); LI(R?)) -
1 1 1 1
llullx < 2Comax{T»=,T» }uo|lLe, ||Blly <2C;max{T e ,TaF }||BO||Lq},

endowed with the norm ||(u, B)||z := ||u||x + || B]|y, where T will be determined later,

P (u, B)(t) := GY *up(x / G PV [u®u— B® B](z,7)dr,

Bo(u, B)(t) :== G * By(x /G *PV - [u® B — B®u|(x,7)dr.

Taking v = min{a, 8} and let p > 1 satisfying () +5 <7v- , it holds that p > = g
applying lemmas 3.2} 3.3 and [3.5] ylelds that for any 0 < T < +oo there exist positive constants
Cs, C3 and C4 such that

1 1
181 (u, B)|| x < Comax{T7=, T+ }|uo o + Ca(1 + T)[lul% + Cs(1 +T)|| B3
1 1 1 1
< Comax{T?, T+ }||u0||m{1 +4CoCy(1 + T) max{T7 , T7% H|uo| z»

(4.3)
_ max{T« T«
caopoeyn T s )
max{T»= ,T»"}
and
|2(u, B)ly < Cymax{T, T4 | Boll o + Ca(L+ T) Jull x| By )

< Cymax{Ta, T }||Bollpa {1 + 4CoCs(1 + T) max{T7, T7* }|Juo]| - }

for all (u,B) € Z.
On the other hand, under the similar argument, for all (u1, B1), (ug, B2) € Z, it is easy to see
that

|8 (ur, By) — %(uz, Ba)||z

< H/ Go .+ PV - [u(r) @ (us (7) — us(r)) + (un () — ua(r)) ® ua(r)dr]| .
+||/ Gy« PV - [Bi(7) ® (Bi(r) — Ba(7)) + (Bi(7) — Ba(7)) ® Ba(7)]dr||
+H/ Gy, %PV - [ug (1) @ (Bi(r) — Ba(7)) + (u1 (1) — uz(7)) ® Ba(7))dr ||,

+H/ Gy ¥ PV - [Bi(7) @ (ua(7) = ua(7)) + (Bu(7) — Ba(7)) @ ua(7)]dr ]|,

< {02(1 +T)([[urllx + [luzlx) + Ca(L +T) (|| Baly + HBZHY)} [Jur — uallx

+[CL+ Tl + uzll) + a1+ DY Bally + 1Bally)] B — Bally
< {400020;”11,0”[,17 + 4C1C4C%||B0||Lq}Hu1 — ugl|x
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+ {4CoCsCh |luo || v 4+ 4C1C3C||BollLa }|B1 — Ba|ly, (4.5)

where O := (1 + T) max{T# ,T7% }, C% := (1 + T) max{T=, T7" }.
If we choose T' > 0 small enough such that
1 1 }
16CoCs” 16CHCy

lwollze < mm{

1
ch
and
1 1 CY2(1+1)2 max{T%= , % }uo| -/

Bo||ra
| Bollr < 16C1C, " 16C1C5’ 2\[016'1/2 }’

min {

< Cq
then 7 imply
181 (u, B)|x < 2Co max{T7~, T7 }Juo||z,
185 (u, B)|ly < 2Cy max{T+ , T+¥ }||Bo|| 1,
%(u1, By) — #B(uz, B2)||z < %”(Ul,Bl) — (u2, Ba)||z

for all (uy, By) and (ug, B2) € Z. Therefore, by the contraction mapping principle, there exists a
unique solution (u, B) € Z satisfying (2.3)). This completes the proof. O

Proof of Theorem[T.3 For (ug, By) € LP1)(R?) NL7-1 (R?), it follows from Lemmathat there
exists a positive constant Cj such that

”G(tl *UOHLP('; (R3;L) < COHUOHLP() , (46)

2a— TarT

Gy *BOHLPH < CollBoll o) - (4.7)
ot

(R3; L)
We define the mapping % and the solutions space X by
A, B)(1) = (#s(u, B)(t). Za(u, B)(1)),
%= {(uwB) € ") &% L[0,400)) : llullx < 2Colluoll oy 1Bl < 2C0l|Boll )},

2a—1

2a—1 2a—1

endowed with the norm

||(u B)H-X - Hu||LP<) (R3;L>°) + HB”L?’() (]R3 Loo)’

2(11

where
PBs(u, B)(t) := Gf' *up(x / G . +«PV . -[u®u— B® B](r,z)dr,
PBy(u, B)(t) := G§ * By(x / G #PV:[u® B — B u|(r,z)dr.

Now applying lemma (4.6) and (4.7] . yields that, there exists a positive constant C such that
125 (u, B) || x < Colluoll o)+ Cullullk + C1l|B|I%
2a—1

(4.8)
< Golluoll ey {1+ 4CoCluoll ey +4CoCilluoll ey 1BolZec,
2a3—1 20¢3—1 20‘7 2&—1
and
14w, B)llx < CollBoll iy +2C1 ulll|Bllx < CollBol oy {1+ 8CoChlluolluy | (49)

2a—1 2a—1 2a—1

for all (u,B) € X.
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On the other hand, under the similar argument, for all (u, By), (u2, B2) € X, it is easy to see
that

| (u1, Br) — B (uz, Ba)||x
< /Ot GO # PV - [ur (7) @ (un (7) = uz (7)) + (ur (7) — us(7)) @ ua(r)]dr |
+] /Ot Gy, *PV - [Bi(1) ® (Bi(7) — Ba(7)) + (Bi(r) — Ba(7)) ® Ba(7)]dr|| ,
+ |l /0 t G, %PV - [ur(7) ® (Bi(7) — Ba(7)) + (ur(7) — uz(1)) @ Ba(7)d7]| , (4.10)

t
+ 1 / G, # PV - [Bi(7) @ (ur(7) — uz(7)) + (Bi(7) — Ba(7)) @ ua(7)]dr]|
0
< Ci(lJurllx + [Juzllx + [[Billx + | B2llx)(lur — uzllx + [|Br — Bz|lx)
< {4CoCulluoll oy +4CoCa|Boll o, li(ur, Br) = (uz, Byl

2a—1

If (ug, Bo) € r) (R?) satisfies

2a—1

1
. < —
||UO||L’;(E¥3);1 = 160()017

and

. 1 1 1/2
B (- < ’ . )
IB0lly < min{ e s gl |

2a—1 2a—1

then (4.8)—(4.10)) imply that

|25 (u, B)|lx < 2Co]luoll oc)

2a—1

1B(u, B) 2 < 2Co||Boll o)

2a—1

1
|%(u1, By) — B(uz, B2)||x < §||(U1531) — (u2, Ba2)l|lx

for all (u1, By) and (us, Be) € X. Therefore, by the contraction mapping principle, there exists a
unique solution (u, B) € X satisfying (2.3) with o = 3. This completes the proof. O
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