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EXISTENCE OF SOLUTIONS FOR A n-DIMENSIONAL SYSTEMS OF
NONLOCAL BOUNDARY VALUE PROBLEMS

GEORGE L. KARAKOSTAS

ABSTRACT. We show the existence of nontrivial solutions of a system of nonlocal boundary value
problems for a second order n-dimensional ordinary differential equation with a Caratheodory
type response. To do this, we apply the Krasnosel’skii (contraction+compact) fixed point theo-
rem. Examples in two and three dimensional cases illustrate the results, where the best condi-
tions are suggested.

1. INTRODUCTION

We study the existence of solutions of a system of n-dimensional second-order ordinary differen-
tial equations subject to some nonlocal boundary value conditions. More specifically, our subject
is a differential equation of the form

(O(1)2'(1)) = (Nz)(t), te[0,1] (1.1)

where, for each t € [0,1], the symbol O(t) stands for a n x n-square nonsingular matrix and the
function ¢ — ©(t) is assumed to be Lebesgue measurable. N is an operator acting on the space
C(I,R™) into itself and it satisfies some conditions to be specified below.

We associate equation with the two nonlocal boundary conditions

Aoz(0) — Boz'(0) = tolz] + Go, (1.2)

Here the coefficients Ay, Ay, By, By are n X n square matrices with real entries and the items g, 11
are linear functions expressed in the usual Riemann-Stieltjes integral form
1
Yi[x] = dv,(s)z(s), i=0,1,

0
where g, Uy are n X n matrix valued functions defined on the interval [0,1] and they are of
bounded variation. Our purpose is to provide sufficient conditions which guarantee the existence
of solutions of the boundary value problem , , . This will be done by applying the
well known Krasnosel’skii’s (contr.+comp.) fixed point theorem.

In the previous four decades, boundary value problems with nonlocal boundary value conditions
have appeared in a great number of scientific works. This is because of the many theoretical
problems which study physical phenomena in life sciences. Such related works appear in the
literature (see, e.g., [0, 15l 25| B4) B5] [43], [45] 48] and the references therein). It is well known that
the study of such problems when is linear, was initiated in [4] and then a variety of articles
followed them, (see, e.g. [3, 4, & [OL 14} 16, [19] 20, 22| 38, 39, [43]) where m-point boundary value
problems for nonlinear ordinary differential equations with ©® = 1, were investigated. Apart of
the use of the Green’s function for the linear case and the upper-lower solutions method for the
nonlinear case (developed mainly by Lakshmikantham and Leela in their fruitful work on boundary
value problems, published elsewhere; see, also, [7]), many techniques have recently been developed
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to give existence results. These techniques lie in the use of fixed points theorems applied to an
appropriate (usually completely continuous) operator. More often the Leray-Schauder’s fixed point
theorem (see, e.g. [11]) via index theory is applied. Other methods are exhibited elsewhere, see,
e.g. the S-type method operators in [I0]. A good survey of recent existence results for solutions
of first and second order nonlinear differential systems with nonlocal boundary conditions by
using methods based on convexity, topological degree and maximum-principle like techniques, is
presented in [37].

The motivation of this paper is the work done in [I], where a system of scalar differential
equations of the form

() + f(t,x(t),y(t) =0, y'(t) —gt,x(t),y(t) =0, tel (1.4)
is investigated, under the pair of the nonlocal boundary conditions
dow(0) — box’ (0) = dolx],  aoy(0) — boy'(0) = do[y] + co,
arz(1) + b’ (1) = difz],  ary(1) +bry'(1) = ¢uly] + 1,
where ag, ag, ay, aq, by, ZN)O, by, b, are positive reals and the functionals ¢g[y], etc, are defined by the
type

(1.5)

1
doly] ::/0 y(8)d®y(s), ete.

The author proves the existence of positive solutions of the system and, in order to succeed it,
suitable conditions are given so that a hybrid-type Krasnosel’skii-Schauder fixed point theorem
suggested by Infante, Mascali and Rodriguez-Lopez [26] to be applicable. According to this fixed
point theorem, the Krasnoselskii’s fixed point theorem on cones in a coordinate and the Schauder’s
fixed point in the second is applied. Boundary value problems of the same form concerning
two-dimensional systems are also studied elsewhere, as e.g. in [23] 47, 52] and the references
therein. In the one-dimensional case such problems are studied in many papers, some of which
are [21 5, 16, [0, (12, 13 [I7, (18, 211, 27, 28, 31| 32, 33, 36, [38, [39], 40, 41|, 42| [44), 45| 46, 49, 50, K1].

BVPs for such equations, in an abstract setting, have been investigated in the literature, see,
e.g. [8,130]. We especially mention to [30], which is concerned with the existence of solutions of
boundary value problems for nonlinear second order ordinary differential equations of the type
2 = H(t,xz,z), 0 < ¢t < 1 with the conditions ax(0) — bz’(0) = x¢ and cz(1) + d2’(1) = 21 in a
general Banach space.

We want to elaborate a little on the form of the boundary value problem , , . The
operator N includes the Nemytskii type operators, as well as Volterra integral operators. Also,
the case of delay and/or advanced values of the solution is included, see section 10. The coefficient
O in the left side comes from the Sturm Liouville form. Obviously, the problem , ,
is essentially more general than the problem (L.4), (L.5). So, boundary value conditions such as
, include the so-called nonlocal and multi-point boundary value problems.

Many of the results obtained in the literature for scalar type equations refer to positive solutions
and these results are succeeded by application of the so called Krasnoselskii’s fixed point theorem
on cones, or some variants of that. The process is quite simple. Formulate a positive cone on a
space of functions and seek for a solution in this cone.

In this work we shall use the following so called Krasnoselskii’s contr+comp fixed point theorem
which states as follows:

Theorem 1.1 (Krasnoselskii [29]). Suppose A is a closed bounded conver subset of a Banach
space X. If T : A — X is a contraction, C : A — X s compact and T(A) + C(A) = {z =
T(z)+ C(y), =z,y€ A} C A, then T+ C has a fized point in A.

Recall that an operator C': A — X is said to be compact if it is continuous and maps bounded
sets into precompact sets. Concerning the terminology by Krasnoselskii used in his survey [29] (p.
370), an operator C' : A — X is compact in case it is continuous and the set C(A) belongs to a
compact set, where A need not be bounded.

In this work we shall give several conditions for the existence of solutions of the problem (L.1J),
, depending on the regularity of the four matrices Ag, By, A1, B;. The standard way
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we shall follow in any case is to transform the boundary value problem in an operator equation
written as the sum of two operators 7 and C, where the first is a contraction and the second one
is compact.

This work is organized as follows: Section 2 deals with some preliminaries needed for the
reformulation of the problem. In Sections 3, 4, 5, 6 we discuss the cases when respectively, the
matrices Ay, By, A1, B are nonsingular. In the final section 7, we shall present the case where
Ap is nonsingular and the two matrices Ag, A; commute. In all cases we use the same symbols
with a subindex 1, 2, 3, 4, 5, just to distinguish the conditions given in each section. In section 8
we discuss the problem —, some applications to 2 and 3-dimensional systems are given in
sections 9 and 10, while in the last section 11, we present a result concerning the positivity of the
solutions and give an example which illustrates the results.

2. PRELIMINARIES

Let R™ be the n-dimensional real space endowed with its usual euclidean topology and with the
euclidean norm. We shall use the same norm |-| as for the real numbers, without confusion. Also,
on the space of all n x n matrices we consider the Euclidean norm, namely, the norm of a matrix

A= (ay) s given by [|A]lp = (S, 37g3) '
is equal to v/n. This norm agrees with the euclidean norm of a vector in the sense that it holds
|Az| < ||Al|g|z|. Any two n x n matrices A, B satisty ||[AB||g < ||Allg|| Bl &-

We shall work on the space C'(I,R") of all n-dimensional continuous functions defined on the
interval 1. We furnish the space with the usual sup-norm || - ||.. Notice that the total variations
of the matrix valued functions appeared in , are defined by

Thus the norm of the identity matrix I,

:/O 1d¥(s) |5, i=0,1 (2.1)

and, obviously, in case ¥, is differentiable, then V(¥ fo |W!(s)||pds. The constants (o, ¢y are
such that |Co| + |¢1] # 0, since, otherwise, zero is a solutlon of the problem.

Assume that z is a solution of the problem (1.1])-(1.2)-(L.3). From (l.1)) we obtain

O(t)x'(t) = ©(0)z'(0) —l—/o (Nz)(u)du

and by the nonsingularity of ©(¢) we can multiply both sides by its inverse to obtain

2(8) = 0()"10(0)' (0) + O(t) ! /0 (N)(u)d, (2.2)
Thus we have
1
(1) = 0(1)"10(0)2 (0) +@(1)71/0 (No)(u)du. (2.3)

One more integration of (2.2 gives

/@ )~ tdsO(0 /@ / Nz)(u) duds, (2.4)

which will be used to express the solution as a fixed point of an operator equation. In the sequel
we shall assume that the operator N is defined on the set C(I,R™) and it is such that for all
x € C(I,R™) the item (Nz)(-) is a measurable n-dimensional function defined on I. Moreover
assume that there is function m : (0, +o00) — (0, 4+00), which for all » > 0 satisfies the condition

[2]|oe <7 = |(Nz)(t)] <m(r), tel. (2.5)

(HO) Given the function m and three positive constants p, M, K, which will be specified below,
we shall assume that there exists a positive real number r such that

K+ pr+Mm(r) <r. (2.6)
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Notice that such a condition can be implied if, for instance, it holds:

_oem(r) _1—p
lim inf <—r
e M

(2.7)

Indeed, if such a relation is true, then we have

K K
1iminf[——i—p—i—MM lim —+p+Mhm1nf m(r)
r—+oco LT r r—+oo T r—+00 r
:p-i-Mhmmf ()<p+M;p:1.
r—+00 M

The latter fact implies that there exists r > 0 satisfying . As we shall see, in some cases the
first part of is zero, so this is satisfied for any value of the factor M, provided that 0 < p < 1.

Now we proceed to the investigation of the problem by taking into account when the matrices
Ao, A1, By, B1 are nonsingular. To do that we have to solve the system of equations ,
and . So, we distinguish the following cases:

3. CASE(1): det Ag #0

In this section we shall prove the following theorem.

Theorem 3.1. Consider the nonlocal boundary value problem (1.1)), (1.2)), (1.3), where N satisfies
(12.5). Moreover we make the following assumptions:

(H].) det AO 7é 0.
(H2) The operator Py defined by

1
Pri= 445 B, +A1/ O(s)~1dsO(0) + B1O(1)~0(0),
0

18 nonsingular.
(H3) The quantity

p1 =V (Ay " Wo) + I|(Ag " Bo + /0 O(s)"'ds0(0)) P 5 (V (Ao 1) + V(A1 ¥0))

satisfies the condition p1 < 1 and moreover condition (HO) is satisfied with p1 and the
constants

t 1 1
M, = ||(A5130+/ @(s)*ldSG(O))P”(/ 9(8)*1ds+31@(1)*1)||E+/ 10(s) || zds,
0 u 0
1
= A5Gl + 145" Bo +/ O(s) " 'dsO(0) P | plAolt — A1ol.
0

Then there is a solution of the problem (L.1)), (1.2), (1.3)).
Proof. In ([2.4) we set t = 1 and obtain the equality

/ O(s)"tdsO(0 / O(s / z)(u) duds (3.1)

From (3.1)), (2.3) and (1.3)) we take
1 1 s
A12(0) + Al/o O(s)"1dsO(0)z'(0) + A1/0 @(5)71/0 (Nz)(u) duds

+ BO(1)"10(0)2/(0) +Bl®(1)‘1/0 (Nz)(u)du)
= djl [I] + Cla
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which can be written as
1
A12(0) + (4, / O(s)"'ds0(0) + B,0(1)'0(0))'(0)
0

1 s 1
><A1/0 @(5)71/0 (Nx)(u)duds+Bl@(l)*1/ (Nz)(u) du (8:2)

0
= Y1[x] + G1.

Next our goal is to eliminate the values x(0) and 2/(0) in (2.4) and to express it in terms of the
rest items. To do that, from (|1.2)) we work as follows: From (1.2)) we obtain

2(0) = Ay ' Boz' (0) + Ag ' (vola] + Go) (3.3)
and substitute it to ((3.2). Then we obtain

1
A1 A Boa! (0) + AL Ayt (o) + Co) + <A1/0 O(s) 1dsO(0) + 31@(1)71@(0))$/(0)

+A1/ (s / a:)(u)duds+B1@(1)1/01(Na:)(u)du
= P1[x] + (1.

To solve this equation with respect to a’(0) we write it in the form

P (0) = ~ Ay el +G) -1 [ 00 [ (Vo) duds-B0() ! [ (Vo)wdurilel e

0 0
where P is the nonsingular matrix defined as in assumption (H3). Next, we solve it with respect
to 2’(0) as

1 s 1
2(0) = Py (alol G- 1Ay (alol46o) -y [ 067 [ (Na)(w) duds-Bi0() " [ (Na)(wdu).
0 0 0
Then from we obtain
2(0) = A7 BoP ™ (Vala] + 1 — A1 47" (ola] + Go)
1 s 1
a1 [0 [ (Vo)) duds = Bio) [ (Na))du) + A7 o] + o).
Setting these two values in we obtain the expression of the solution as
2(t) = A5 BoP{ (1fa] + G = A1 4G (Yola] + Go)

—Al/ @(s)_l/s(Nx)(u) duds—319(1)_1/01(Nx)(u)du)
+ A7 (Wola] + Go) /e ) ds@(0) P () + G (3.4)

— A A7 (ola] + Go) — As /0 (s) ! / (N)(u) du ds

0

B1®(1)1/01(Na:)(u)du) +/0t®(s)1/S(Nx)(u) duds

0
namely,

o) = A" olel + ) + (45 B+ | €s)71as0(0))
P (ale] + G — A1 A" (Yola] + Go) — Al/0 @(s)_l/os(Nx)(u) duds  (3.5)

— B,O(1)~! /Ol(Nx)(u)du) +/0t@(s)1/OS(Nx)(u) du ds.
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Inversely: If z is a function satisfying relation (3.5)), then it is a solution of the boundary value

problem (1.1)), (1.2)), (1.3). Indeed, the fact that x is differentiable and it satisfies equation (|1.1)
is obvious. Next, we observe that

2(0) = A7 (Yola] + Go) + A5 BoPy (¥ala] + G — A1 AT (bola] + o)
1
—Al/ o(s / (u) duds — B,O(1)~ /O(Nx)(u)du>

and

a'(0) = P (¥ [2] + G — AvAG (ol + Go)
—Al/ O(s / (u)duds — B1O9(1)~ /(Na:)(u)du)

0
Hence, we have

A02(0) — Boa'(0) = tola] + Co + BoP *1(%[ I+ G = A Ay (Vole] + o)
1
—Al/ o(s / (u) duds — B1O(1)~ /O(Nx)(u)du>
— BoP (1111[ 4+ G — ALAy (Yo[z] + o)
1
-A O(s duds — B1©(1)™' | (N du )& =
/ / (u) duds = B10() ™ [ (Vo) u)du) & = vole] + o
and therefore condition is satisfied. Also, we have

(1) = 45" (wolel + o)+ (45" Bo + | 6()1450(0)) P (1fe] + G

1 s
A Ay (o] + o) — /@<s>*1/< 2) () du ds

- B16(1)~ / (Nz)( du / O(s / (u) duds,

7'(1) = 0(1)~'e(0) Py (w I+ G — A1 45 (Yola] + Go)
_Al/ O(s / (u)duds — B1©(1)~ /0 (Nx)(u)du)—i—@)(l)—l/o (Nz)(u)du.

So the first part of relation (|1.3]) becomes
Allli(l) + Bl.fCl(l)

= AlAal(’l/Jo[l‘] + Co) + <A1A61B0 + Aq /o @(S)_ldSC(O))
x P! (¢1 [2] + C1 — Ay Ay (vola] + Co) — A1/0 O(s) ! /()S(Nx)(u) du ds
- 31@(1)—1/0 (N)(u)du) + A1/0 @(s)—l/o (Na)(u) duds + B1O(1)"!
x ©(0)P~! (1/)1[:10] + ¢ — AL AG (o] + Co) — Al/o @(s)—l/o (Nx)(u) duds

- Bl@(l)l/ol(Nx)(u)du) +Bl@(1)1/1(Nx)(u)du

0
namely

1
All'(].) + Bl.’El(l) = AlAal(i/}()[l'] + Co) + (AlAalBo + Al A @(8)71d39(0)
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+ 319(1)719(0))131_1 (1/)1[93} + G — AL Ay (Yola] + Go)
— A /01 O(s)~! /os(Nx)(u) duds — B,O(1)"! /ol(Nx)(u)du)
+ A /01 O(s)~? /OS(N:E)(u) duds + B;©(1)"! /I(Na:)(u)du

0

= A1 A (Wolz] + Co) + nfz] + G — ALAG (do[2] + Co)
—Al/ O(s / )(u)duds—i—Bl@(l)_l/ (Nz)(u)du

0
1
+A1/0 O(s)” /(N:L')( )duderBl@(l)*l/ (Nz)(u)du

0 0
= [z] + G-

Therefore the function x satisfies both boundary conditions (|1.2)) and (|1.3)). To proceed we apply
Fubini’s theorem and obtain

/@ / (Nz)( duds—/ / ()~ ds(Nx)(u)du. (3.6)

Next we write relation in the form z(t) = (T12)(¢) + (C1x)(t), where
(Tiz)(t) == Aal(iﬁom + o)

+ (AEIBO - /Ot @(8)_1ds®(0))Pf1 (qpl ] + (1 — Ay AT (ola] + Co)) (3.7)

and
(Crz)(t) == —(AolBo+/Ot6(s)_1ds@(0)>P11(/01 /ul@(s)_lds

+B1@(1)_1)(Na;)(u)du+ /Ot /ut@(s)_lds(Nx)(u)du.

The latter can be written in the integral form

(Cra)(t /g1tu (Nz)(u)du,

where the Green’s function G; is the matrix

gl (t, u)

= — (45" Bo + /Ot @(s)1ds®(0)>Pf1</u1 O(s)"ds + B1O(1) ") + xp0.0() /ut O(s) " ds.

So far we have shown that x is a solution of the original problem if and only it is a fixed point of
the operator equation Tiz+Cix = . Hence the existence of a solution of the problem is equivalent
to the existence of a fixed point of this operator equation.

In the sequel we shall work on the ball B,(0) of the space C([0,1],R™), where r is a positive
real number defined later. To proceed, first we obtain an upper bound of the quantity Gi (¢, u) as
follows

16 (6wl < |(Ag ™ Bo + / O(s)~1ds0/(0)) P~ / O(s) " ds + B10(1) )|

1
+/ 10(s) 7| pds =: M;.

and therefore it holds
[C1ylloo < Mim(r), y € B (0). (3.8)

Let 2,y € B,(0) be given. Then we have

[(Th)(t) — (Thy) ()]
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< IAal(wo(x—y))lJrII(AalBo+/O O(s)~'ds0(0) P~ || £l(Ao(v1(z — ) — Ar(vo(z — )|

1
< [V(AG o) + [[(Ag " Bo + /0 O(s) "' ds0(0) P~ | £ (V (A1) + V(A1 %0))] |z — yllsc,

namely
1Tz = Tiylleo < prllz = ylloo) (3.9)
where p; is the quantity defined in (#3) and satisfies p; < 1.
Now, let « € B,(0). Then from (3.7) we have

[(Taz)(2)]
1
< A5 (Wolz] + Go)l + 1I(Ag " Bo + /0 O(s)™dsO(0)) P | £l Ao (¥1[2] + C1) — Ar(to[2] + Go) |

1
S V(AT o) |[zlls + 145" ol + [1(Ag " Bo +/ O(s)'dsO(0) Py | £ (V (A1 — A1 Wo) |zl
0

+ [AoC1 — A1¢ol),
and therefore

[(Tix)(t)] < K1+ par,
where K7 and p; are defined in (#3). From this and (3.8)) we see that

[ lloos [[Ylloo <7 == [(Tiz)(#) + (C1y) ()] < Ky + por + Mym(r).

Because of condition (HO) there exists 1 > 0 such that K + p1ry + Mym(ry) < ry, which
means that Tix + C1y € B, (0), for all z,y € B, (0).

We shall show that the operator C; is compact. First of all it is easy to prove that C; is a
continuous operator. Let W be a bounded subset of By, (0). We shall show that C; W is compact.
Boundedness of this set is obvious, by and . To show equicontinuity, we consider an
r € W and two points 0 < t; < t5 < 1 and observe that

[(Crz)(t1) = (Crz)(L2)]
<| [ at = [ Gt

t1

=1 (45'B0+ [ et tase) P ( | 1 / () s+ B10(1) 1) (Na) )
+/t1 /tl@(s)—lds(Nx)(u)dw (A5130+/0t2@(s)—1ds@(0))

x P! //@ ~lds + B,©(1)~ )(Nx)(u)du—/OtQ utz
@() LdsO(0 / / 1ds+31@(1)*1)(m)(u)du‘
: L(Nz)( duds—/tl/ o(s )duds(

< / l6(s)- 1ds®<> ([ ] ||@<s>*1||Eds+||Ble<1>*1uE)\(Nx)(u)dm

ta
/ / O(s u) du ds’
ty

<) [ (||@<s>-1ds@<o>Pfl||E( [ [ 106 s + o)
wmirn) [ 00) s

@(s)_lds(Nx)(u)du‘

<
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This relation proves the (uniform) equicontinuity of the family {Ciz : € B,,(0)} and so C; is a
compact mapping. Also, from relation and condition (H3a) it follows that the operator T
is a contraction. By the Krasnosel’skii fixed point theorem , the mapping 7; + C; admits a
fixed point Z in B, (0), which is a solution of the original problem and the proof is complete. [

4. CASE(2): det By #0
The result in this section is given in the following theorem:

Theorem 4.1. Consider the nonlocal boundary value problem (1.1)), (1.2)), (1.3)), where N satisfies
(12.5). Moreover we make the following assumptions:

(H4) det By # 0.
(H5) The operator Py defined by

1
Py = A, +A1/ O(s)"1dsO(0) By ' Ay + B10(1)"10(0) By 4y
0

s nonsingular.
(H5) The quantity

pg = {\/7;+/0 ||@(s)_1ds@(0)BalA0||E}|‘P51||E

1
< [l14, / O(s) " 'ds + B10(1) || 5|0(0) By |5V (T0) + V(T,)]

satisfies the condition ps < 1 and moreover condition (HO0) is satisfied with pa,

My = (Vi [ 100) " pds 0085 40) Py s 141 [ 100)7 s

1
+1B10(1) ] + [ 10() s
and
t 1
Ko = [+ [ €05)7'as00) 57 40 157 2 [I (41 | ()"
+ B10(1) ) 110(0)B5 1 £16o] + (61l .

Then there is a solution of the problem (L.1)), (1.2)), (1.3)).
Proof. Let x be a solution of the problem. From (|1.2)) we have

2'(0) = By ' Apx(0) — By (Vo] + o) (4.1)
and so becomes
z(t) = z(0) +/0 O(s) " 1dsO(0) [Bo_lez(O) - Bo_l(\Ilo[x] + Co)} +/0 O(s)™! /Os(Nx)(u) duds.

Putting ¢ = 1 we obtain
1 1 s
z(1) = z(0) +/O O(s) " 1dsO(0) [Bo_lem(O) - Bo_l(\IJo[:r] + Co)} +/0 @(5)71/0 (Nz)(u) duds,
while from and we obtain
2'(1) = 6(1)7'6(0) [Baleac(O) — By N (Wolx] + CO)} + @(1)_1/0 (Nz)(u) duds.

Then from ([1.3)) we obtain that
Y1[z] + ¢ = Arz(1) + Bia/(1)
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= A;2(0) + Al/ O(s 1ds@( )[ O_lea?(O) — Bo_l(wo[x] + CO)]
+A1/ (s / )(u) duds + BiO(1)"0(0) [ By Aga(0)

— By (ol +60)] + B0 [ () s,
0

which can be written as

Pz(0) Al/ O(s)"tds + B10(1)"1)0(0) By (vo[z] + o)

1
—Al/ o(s / (u) duds — B,0(1) 1/ (V) (u)du + ¥ la] + Gr,
0
where P, is defined in (H5). Thus

£(0)=P; ' [(4, / O(s) " ds + B:10(1) ) ©(0) By (ola] + o)

(4.2)
1 s 1
- A /0 O(s) ! /0 (Nz)(u) duds — B;O(1)™* /0 (Nz)(u)du + 1 [x] + Cl]
Substituting this value to we obtain
1
2'(0) = B—lAOP—1 Al/ O(s —1ds+Ble(1)—1)@(o)351(¢0[x] + ¢o)
(4.3)

1
—Al/ o(s / (u) duds — B,O(1)~ / (Nac)(u)du—kfg/}l[x]—k(l}
0
- Bo Wo[z] + o)
and so from we obtain the expression of the solution as

x(t):{lnxn—l—/ot@(s)lds@() 1Ao} Al/ O(s)"Lds + B1O(1)" )

x ©(0) By * (volx] + Co) — A1/ o(s)! / (Nzx)(u) duds
0 0 (4.4)

1 t
-mem [ (Vo >du+w1[x1+<1}— | et ase0) 57

+ o) / O(s / (u) duds.

Until now we have proved that if = is a solution of the original problem, then it satisfies the
operator equation (4.4). We shall show the inverse, namely, any function satisfying equation (4.4
is a solution of the boundary value problem (1.1)), (1.2)), (1.3). Indeed, let = be such a function.

Then from and we obtain
Aoz (0) — Boz'(0)
- Aop—l A1 /1 O(s *1ds+319(1)*1)@(0)351(%@] + (o)
_Al/ (s / (u)du — BO(1)~ /O (N2)(u)du] + ] + ]
— AOP; A1 /0 O(s) tds + B16(1)‘1>@(0)Bgl(w0 [z] + ¢o)

1 s 1
+B0A1/O @(5)71/0 (Nx)(u)dudsqLBOBl@(l)*l/O (Nm)(u)dquz/}l[:E]JrCl]
+ Yolz] + Go = vo[z] + Co,
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namely condition (|1.2)) is satisfied.
Also we have

2(1) = (Im +/Ot®(s)_1ds®(O)Bole)P21[(Al/ol®(s)_1ds+31@(1)_l)
< 0055 (olel + o) = A1 | "o | o) duds
_ Bo@)! /Ol(Nx)(u)du Fle] +Gl]

—/0 O(s)"1dsO(0) By * (1o [z] +Co)+/0 O(s)™* /OS(NQJ)(U) du ds.

and

/(1) = ©(1)~10(0) By L Ao Pyt [<A1 1 O(s)~1ds + 31@(1)*1)
<085 (fe] + &) — s [ 05" [ (V) (wa
1
- 31@(1)*1/0 (Na)(u)du + ¢ [z] +<1} —O6(1)7'e(0)B;  (volx]

1

+¢o)+O(1)! /0 (Nz)(u) duds.

Then we see that relation is satisfied, because it holds that
Avz(1) + B2’ (1) = Al{(lnxn +/0 @(s)—ldse)(o)Bgle)Pgl
1
y [(Al/o O(s) " ds + B10(1)~ ) ©(0) By (vnle] + )
—A1/0 O(s)" /0 (N2)(u) duds — BO(1)~ /O (N)(w))du + o] + G
—/0 @(s)—lds@(0)351(¢o[x]+<o)+/0 (9(5)—1/0 (Nx)(u)duds}
1
+Bl{@(l)*le(O)BgleP;[(Al/o O(s)"lds
+ 51010055 (olel + @)~ Ar [ 00" [ (Na)(u) du s
1
- B0 [ (Nau)du+ vla] + 1]~ 01) 1 OOB; (alel + )
—1—9(1)_1/0 (Nx)(u)duds}
— [Al +(A1/19(3)—1ds+31@(1)—1)@(0)301A0]
0
xP;l[Al/ O(s)"'dsO(0) By (o] + o)
0

+Bi0(1) 005 (ol + o)~ 41 [ 09 [ (V) (0) duds

1 1
~ BO(1)! / (Vo) (w)du -+ o] + 1] — 4 / O(s) " ds
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< ©(0)5;  (wola] + ) + A1 [ 00 [ (Ve duds

~ B0(1)10(0) By (wolx] + o) + BrO(1) ! / (V) ()l

0

_Al/ O(s)"1dsO(0) B} (volz] + ¢o) + B1O(1)"'0(0) By (o] + Co)

—Al/ (s / 2)(u) duds—Bl®(1)_1/1(Nx)(u)du

0

T le] + G- /O 6(s)~'ds0(0) By *(ola] + o)
+A1/O @(s)_l/os(Nx)(u) duds — B1O(1)"10(0) By (Yolz] + Co)

1
+ 319(1)_1/ (Nz)(u)du
0
= t1[z] + G
That a function x satisfying (4.4]) satisfies ([1.1)), also, is obvious.
4.4

Now we write equation (4.4)) in the form z(t) = (T2x)(t) + (Caz)(t), where

(Taz)(t) = {I,m +/0 @(s)*lds(a(O)BO’le}Pgl
(4.6)

X [(Al /01 O(s)tds + 319(1)*1)@(0)351(%[3:] + Co) + Ynfz] + <1]~

and
1

(Co)(t) = {Inxn+/0t@(s)1ds@(0)Bgle}P;1[Al/o O(s)"!
x/o (Nx)(u)duds—Ble(l)_l/ (N2)(u))du +/ @(s)—l/o (N2)(u)du)) du ds.

By (3.6), the latter can be written in the form (Coz)(t fo Ga(t,u)(Nz)(u)du, where
Go(t,u) := _(Inxn+/ @(s)’ldsG)(O)Bo’le)Pz’l[Al/ @(s)’lds%—Bl@(l)’l}
0 u

+ X0, () / O(s) " 'ds.

Hence the existence of a solution of the problem is equivalent to the existence of a fixed point
of the operator equation x = Tox 4+ Cox. To proceed we observe that

1
1G2(t, w2 < (\/ﬁ+/0 16(s) ™" | 2dsl|©(0) By " Aoll2)I1 P2 | 2

1 1
< [Islle [ 106 eds + 1800 x| + [ 106) ds = Mo
0 0
and therefore, for any x € B,.(0), it holds ||C2x|lcc < Mam(r). Let 2,y € B,-(0). Then we have
1 1
(Taa)(t) = (T)(0)] < { Wi+ [ 10() ™ as00)B5 Aol }1P s 141 [ ©(5) s

x +B10(1) 7| 6l10(0) By || plvo(x — )| + | (2 — y)l}

and so
[Tox — Toylloo < p2llz — Yl oo, (4.7)
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where ps is defined in (H6) which, as we have assumed is smaller than 1. Also for any x € B,.(0),
we have

|(Ta)(B)] < | (nxn + / O(s) ™ dsO(0) By " Ao)l|sl| P51 I (A / O(s) "' ds

+ B16(1) 1) 100) B | £(V (o) ] + IGol) + V(1) x| + G .

namely |(T2x)(t) < K3 + par, where Ky and ps are defined in (H6).
Finally, we see that for all x,y € B,(0) it holds || 722 + Cayllec < K3 + Lor + Maom(r). Now,

from condition (HO) we can conclude that there exists ro > 0 such that Ko+ pors+ Mom(rs) < ro.
Then, from the previous arguments we conclude that Tox+Coy € B, (0), for all z,y € B,,(0). The
relations we have found so far prove the (uniform) equicontinuity of the family {Cox : x € B,,(0)}
and so Co is a compact mapping. Also, from relation and condition (H6) it follows that
the operator 75 is a contraction. By the Krasnosel’skii fixed point theorem the mapping 73 + Cs
admits a fixed point in B,.,(0), which is a solution of the original problem. O

5. CASE(3): det A1 #£0
Here we prove the following theorem.

Theorem 5.1. Consider the nonlocal boundary value problem (1.1)), (1.2)), (1.3), where N satisfies
(2.5). Moreover we make the following Assumptions:

(H7) det Ay # 0.
(H8) The operator P defined by
1
Py = Ao/ O(s)"1dsO(0) + AgA; ' B1O(1)7'0(0) + By
0

18 nonsingular.
(H9) The quantity

pri= ([ 106) 7 dsO0) 5 + 147 Bi0(1) 1 0(0)] 5

1
+/0 \I@(S)*lllEdSIIG(O)IIE)\\P{lIIE(V(AoAfl‘Ifl) + V(W) + V(A1)

satisfies the inequality ps < 1 and moreover condition (HO), where
1
Ms = (/0 18(s) ™ | zds||©(0) ||z + AT BiO(1)~'O(0)|| &
1 1
+ [ 106 edslOO)) 1P [Aodr Bi0M) ™ + Ay [ 05) a1
0 0

1 1
AT B0 e+ [ 106)  eds+]) [ B s)]ds
0 0

and

Kai= ([ 166) sl @)1z + 147 B16() 00 |
0

+ [ 10 s OO )P (140476 + 1) + 147Gl

Then there is a solution of the problem (1.1)), (1.2]), (1.3).
Proof. Let x be a solution of the problem. From (1.1)) we have

2’ (t) = O(t) "' (6(0)2'(0) +/0 (Nz)(u)du).
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This and (1.3) give

z(1) = —A7' B2’ (1) + AT (W1 [2] + G1)
— _A7'B6(1) "} (0(0)2'(0) +/0 (Na)(wdu) + A7 (g fa] + C1).

Then relations (5.1) and (3.1 give

z(0) + (/0 O(s)"dsO(0) + AIIB1@(1)*1®(0))J/(0)

:_A;lBle(l)—l/ (Nx)(u)du+A;1(¢1[x]+<1)—/0 @(s)_l/os(Nx)(u) du ds.

0

The unique solution of the system of equations (1.2)-(5.2)) is given by

2(0) :_P—l[AOA—lBle(n—l/ (Na)(w))du

0

b [0 [N duds — AoAT e + 1) + el 4G

and
2(0) = (/0 O(s)"ds0(0) + A7 BiO(1)10(0) ) Py !
X [AoAlel(B(l)_l/o (N:v)(u)du—i—Ao/O O(s) ! /Os(Nx)(u)duds
1
— A AT (rle] + ) + vl +Go] = AT B0 [ (Vo) )
-1 T —15_1sxuus.
+ AT el + ) = [0 [ (Vo)) dua

Therefore, by ([2.4)) it follows that the solution x can be expressed in the form

2(t) = (/01 0(s)"1ds0(0) + Al‘lBl@(l)‘le)(O))

x Pyt [AOAlel@(l)_l /1(Nac)(u)du—|—A0 /01 O(s) ! /b(N:r)(u) duds

0 0
— Ao AT (P[] + G1) + olx] + Co} - Al_lBl@(l)*l/O (Nz)(u)du
+A{1(w1[x]+<1)—/0 9(8)_1/08(Nx)(u)duds
- /t@ (s)~1dsO(0) Pyt [A AT1B6(1) ! /I(N;U)(u)du
0

+AO/@ / (u) duuds — Ap AT (U1[a] + 1) + ola] + Go]

/ 6 (s / w) duds,

(5.4)
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namely
ot /@ ~1450(0) + A B,6( /@ “1ds6/(0))
Pt [oar o) [ (v 1( #)(uydu + Ag / o) [ (Va)(u)duds
~ AT ke 4 G) + ole] + 6] — AT B0 [ (Ve (5

+A1‘1(w1[:v]+<1)—/ O(s)! (Nx)(u)duds
0 0
+/o O(s)~ /O(Nx)(u)duds.

So, we proved that if = is a solution of the original problem, then it satisfies the operator
equation (5.6). We shall show that the inverse, is also true, namely, we shall show that if a
function satisfies equation (|b.6)) then it is a solution of the boundary value problem (1.1]), (1.2),

[T3).

To do that we observe that if « is a function satisfying (5.6)), then the values 2(0) and z’(0)
given in and satisfy the boundary condition . This is true since these values are
obtained as the solutions of the system —. To see that = satisfies , too, we obtain
the values x(1) and 2'(1) as follows

x(1) = AT B10(1)'0(0) Py [AOA;131®(1)—1/0 (Nz)(u)du

1 s
+A0/O @(5)*1/ (Nz)(u) duds — AgA7 " (¥1[z] + C1) + tolz] + Co

0

AT BO(1) ! / (Na)(w)du + A7 (2] + ).

#(1) = ~0() OO F; ! [40A7 ' Bi6(1)" /1(Nm)(u)du+Ao/Ol®(s)—1

0

X/S(Nx)( Yduds — Ag A7 (Y1 [ ]+C1)+1/Jo[x]+Co} +@(1)_1/ (Nzx)(u) duds.
0

0
Therefore,

1
Arz(1) + Bi/(1) = B10(1)~'0(0) Py (AOA 1B,0(1)" /O(N:c)(u)du+

o [0 [ (Vo)) duds = A ale] + )+ vnle] + o)

- BO) [ (Na)wdu+ (rls] + ) + B16(1)O(0)

0

{AOA 'Be(1)” 1/01(Nz)(u)du+A0/01 o(s)! /()S(N:c)(u)duds

— A AT (Wi la] + ) + vl + o] + B1O() ™ [ (Vo)) duds
= ale] +G).
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Next we write equation (5.6) in the form z(t) = T3z + Csx, where

1 t
Taa(t) == (/0 @(s)*lds@(o)+A1_1B1®(1)*1®(0)—/0 @(s)*lds@(()))
x Pt = A AT ($ala] + ) + ola] + Go + AT (Wala] + 1)

(5.7)

and
Can(t) = (/1 O(s)~1dsO(0) + A7 B1O(1)16(0) — /Ot(%(s)_lds(a(o))
Py [ 4047 B16(1) /1(N:r,)( )du+A0/01@(s) /OS(Nx)(u)duds}

—A_lBl®(1)_/ (Nz)( du—/ O(s / x)(u) duds
/@ / x)(u) duds.

By relation (3.6), the operator C3 can be written as
Caz(t) /@ ~1ds©(0) + A7 B1O( /@ )~ 1dsO(0
[AOA 1B,0(1)" / (Nz)( du+A0/ / )~Lds(Nz)( )du}
_A*131@(1)—1/ (N2)( u)du—/o / O(s)~ ds(Nz)(w)du (5.8)

// s)ds(Nx)(u)du
:Agwmwmww

where the Greens’ function Gs is defined by
Ga(t,u) = /@ )"tds©(0) + A7 B1O( /@ ~1dsO(0
[AOA 1B,0(1)" +A0/ o(s)~ 1ds}
— A7'B1O(1) / O(s) ' ds + x[o,(u )/tE_l(s)ds.
To proceed we observe that
1G3(t,w)lle < / 18(5) | eds||©(0)[|& + [ A7 ' B1©(1)~'0(0) ||
+1/ 10(s) 7 Lsl|©(0) ) 175! pmA—wh@a)erglle@>ld4nE
AT B0 5 + /n@ 1ww+w/E $)ds|ls = My

and therefore for any x € B, (0) it holds that ||Csx|lec < Msm(r).
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r Also, we can see that, for all fixed z,y € B,.(0) we have
| Tsa(t) — Tay(t)]

—{( [ 1et)  ase)]z + 47 B20(1) ' O(0)]15
0 (5.9)

1
+ / 1065) " 1zds| OOz ) 1P s (V (Ao AT W1) + V(%0) ) + V(AT 1) bl = ylloc

= p3llz = yll,
where ps is defined in (H9) and satisfies p3 < 1. On the other hand, given any = € B,.(0), we have

Tialt) < ([ 106 lpdsOO)]1s + 147 BO(1) " O(0) e

1
+ [ 166 edsOO) ) 1751 [V(A0AT W) + 4047
0

+V(Uo)r + [Col) + V(AT U )r + AT G

namely |T3z(t)] < K3 + psr, where K3 and p3 is defined in (H9). Finally, we see that for all
x,y € B,(0) it holds |(T3x)(t) + (Csy)(t)| < K3+ p3r + Mam(r).

Now, from condition (H8) there exists 75 > 0 such that K5+ psrs+ Msm(rs) < rs. Then, from
the previous arguments we conclude that T3z + C3y € B, (0) for all x,y € B,,(0). The relations
we have found so far prove the (uniform) equicontinuity of the family {Csx : x € B,;(0)} and so C3
is a compact mapping. Also, from relation and condition (H9a) it follows that the operator
T3 is a contraction. By the Krasnosel’skii fixed point theorem the mapping 73 + C3 admits a fixed
point in B,,(0), which is a solution of the original problem. O

6. CASE(4): det By #0
In this section we prove the following theorem.

Theorem 6.1. Consider the nonlocal boundary value problem (1.1)), (1.2)), (1.3)), where N satisfies
(12.5). Moreover we make the following assumptions:

(H10) det B; # 0.
(H11) The operator Py defined by

1
P4 = AO + Ao/ @(s)_lds@(l)Bl_IAl + Bo@(O)_l@(l)Bl_lAl
0

s monsingular.
(H12) The quantity

1 1
pri= (Vi+ / 10(s) ™" pdsl| O BT Aulls ) P51 [ 4o / O(s) ' dso(1)
x By gV (1) + [ Bo©(0) 'O (1) By || p(V (1) + V(\Ifo))}
1
+ [ 186 edslO) B sV (W),
0
satisfies the the inequality ps < 1 and condition (HO), where

My = ( / 0s)lsds|O() BT Arlls + V)P e | / 1 400(5) s

1
+1B00) ] + [ 10(s) ds,
0
and

1
Koo (Vi+ [ 106) 7 ledslO() B Al ) 1P
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1
<[40 [ €0s) dsOWBT £l + [1Ba0(0) OB £l6r| +16o
0

1
+ [ 106 pdsio) B sl
Then there is a solution of the problem (L.1)), (1.2), (1.3)).

Proof. In this section we assume that the matrix B; is nonsingular. From equation (|1.1)) we obtain

1
2'(t) = e()~'e(1)'(1) — Ot)” /(N:E)( )du

/@ )~1dsO(1 /@ / (u) du ds. (6.1)

From the first of these relations we take
2(0) = ©(0)"'0(1)a'(1) - @(o)—l/o (Na)(u)du (6.2)
and from the second one,
1 1 1
z(0) = z(1) — s) tds x’ s)71 z)(u) duds.
0) =)~ [ e asea )+ [ e [ (Vo)) dud
By using and (| we have
1
'(0) = ©(0)'O(1)[B;  (¢u[z] + ¢1) — By HArz(1)] — ©(0) /0 (Nz)(u)du

and

and

—/O O(s)~1dsO(1)[B; (¥ [2] + C1) — B Ara(l /e / (u) du ds
- [ et tase (B el +.)

1 1 1
—|—[Inxn—|—/0 @(s)fld:s@(l)Bl_lAﬂx(l)—F/O @(5)71/ (Nz)(u) duds.

We put these values to the boundary condition (1.2)) and obtain

40{ - [ 0() MO ()BT (1le] + ) + [nxn

+/01®(3)_1ds® Byt Ajla( / O(s / )dudS}

1
— By (@(0)*1@(1)[3;1(%@} +¢1) — By HAaz(1)] - @(0)*1/0 (Nx)(u)du}
= o[z] + Co.

The latter relation can be written in the form

1 1 1
Pyx(l) = AO/O O(s)1dsO(1) By (v [x] + ¢1) on/O @(5)71/ (Nz)(u)du

+Bo©(0) ' O(1) By (¢1[z] + G1) — BoO(0) /O (Na)(u)du + pola] + Co,
where Py is defined in (H11). So
£(1) :Pgl[Ao/O @(s)‘lds@(l)Bfl(wl[:v]—i—Cl)—AO/O @(S)_l/s (V) () -
! .
+ Bo©(0)rO(1) By (v [z] + ¢1) — Bo©®(0)? / (Nx)(uw)du + o[z] + 40].

0
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Then from (|1.3)) we obtain

1
2 (1) = B (e + ) = B AP Ao [ 006) as0(1) B vl +)
— a0 [ 07 [ (Vo) udu+ BOO) OB (Wila] + ) (6.4)

1
= 50O [ (Na)(u)du+ vile] + G

Finally, from equation (6.1) we see that the solution x can be expressed in the form

1 1 1
o) = P Ao [ 00) 500 B wale] + ) — 4o [ 007 [ (Vo)
+ B0 OB} (rla] + ) = Bi0(O) " [ (Na)(adu+vole] + )
- [ et tase) (B (vnlel + )~ B AP a0 [ o) Mase () (65)

1 1
x By (o] +¢1) — Ag / o(s)"! / (N)(u)du + Bo®(0)~'O(1) By (¢ [a]

+G) — By®(0) ™! / (N)(u)du + golz] + Go| } + / Co(s)! / (V) () du ds.

0

We proved that if x is a solution of the original problem, then it satisfies relation (6.5) Now, we
shall show that the inverse, is true, namely, we shall show that if a function satisfies equation

(6.5)), then it is a solution of the boundary value problem (1.1)), (1.2), (L.3).

To do that we can easily see that if 2 is such a function then the values 2(1) and z’(1) given in

(6.3) and (6.4]) satisfy the boundary condition (1.3)). To check relation (|1.2)), from (6.5)) we obtain

(0= P [0 [ 0 5008l + ) 4o [ 0061 [ ()t

1
+ Bo©(0)'O(1) By M (¢1[z] + (1) — Bo©(0) ! / (Nx)(u)du + holz] + Co}

0

~ /01@(5)_1ds®(1){31_1(w1[x] +¢) - BtA P! [AO /01@(5)_1ds

< O(1)By (1le] + ¢1) — Ao / O(s)"! / (V) (w)du
+ Bo©(0)'O(1) By (¥ [a] + 1)

1 1 1 6.6
—309(0)—1/ (Nx)(u)du+wo[x]+go}+/0 @(s)—l/ (No)(u) du ds (66)

0

_ [Imju/o @(s)_lds®(1)Bf1A1]P[1[AO/O O(s)~1dsO(1)
1 1
x By (] + G) — Ao/0 6(5)71/ (Nz)(u)du + Be©(0)"1O(1)
< B (Wala] + ) = BoO©) ™ [ (Vo) (w)du +ole] + )

1 1 1
— s) " lds ~1 1l 1 s)7! x)(u)duds
/0@<> d50(1)B; <wu+c>+/oe<> /S<N><>dd
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and

1
'(0) = ©(0)'O(1) By (¢[z] + ¢1) — ©(0)"'O(1) By T A Py [AO/O O(s) " 'ds

xe(1)3;1(¢1[x]+<1)—A0/ @(s)_l/ (Nz)(u)du + By©(0) "0 (1) By (1 [z] (6.7)
1 ’ ’ 1

+0) = B0 [ (Vo) u)du+ vula] + 6]~ 00 [ (Na)(w) duds,
0 0

Hence it holds that
A():C(O) — B()x/(O)
:AO[I”M-i—/O @(s)*lds@(l)BflAl}P[l[AO/O O(s)~dsO(1)
x By (¢az] + ¢1) = Ao /0 O(s)™! / (Na)(u)du + Bo©(0) ' O(1) By (¢ [2] + G1)
1 1
730@(0)*1/ (N)(w)du + olz] + Go] —AO/ O(s) "1 dsO(1) BT (11 [2] + 1)
0 0
a0 [0 [ (o) duds - B0 OB (ala] + 1)
1
+Bo@(0)*1®(1)3;1A1P;1{AO/O O(s)tdsO(1) By (v [x] + &)
— 4o [ 07 [ (Vo) udu+ BOO) OB (Wila] + )
—Bo@(O)_l/O (Nm)(u)du—i—d}o[;v]—i-Co] +Bo@(0)_1/0 (Nz)(u) duds
_ {AOJer/l@(s)lds@(l)Bl_lAl + Bo0(0) 1 0(1)B A
0
<P 40 [0 asO BT 0l + )~ o [ 007 [ (Ve )
+ By©(0) 'O (1) By M [z] + 1) — 30@(0)_1/0 (Nx)(u)du + olz] + Co}
1 1 1
—AO/O O(s)~1dsO(1)B; (¢1[x]+<1)+A0/0 O(s)" / (N2)(u) du ds
~ B OB (ale] + ) + BO0) " [ (Na)(wduds
1 1 1
:AO/O O(s) "ds©(1)B; (wl[:ﬂ]Jr(l)on/O O(s)” /S (Nz)(u)du

1

+ By@(0) OB Lt [i] + 1) — BeO(0)! / (Nex) () + ol + Co

_AO/O 9(5)_1ds@(1)Bf1(1/)1[:v]+C1)—|—A0/O @(s)—l/s (N2)(u) du ds

= BB(O) OB (ale] + ) + BoOO) " [ (Na)(wduds
= tho[x] + Co-

Therefore the condition ([1.2)) is satisfied.
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Next write equation in the form z(t) = Tax(t) + C4z(t), where
1
Tiat)i= P [ Ao [ ©(s) dsOB (rla] + ) + Bd(0) 1 O(1) BT (v
0
1
+ )+ wole] + o) - / O(s) " dsO(){ By (1 [o] + 1)
t
1
_Bl—lAlP[l[Ao/ O(s)~1dsO(1) B (4 [2] + 1)
0
+ Bo®(0) ' O(1) B ($ala] + 1) + vola] + Go| } (6.8)
1 1
- Ian +/ @(s)*ldse(1)3;1A1)Pgl [AO/O O(s)~LdsO(1) By !
X (o] + 1) + Bo®(0) ()BT (W] + 1) + wole] + 6o
/ O(s) " dsO(1) By (aa] + ).

and

Canlt) == —P; AO/ (s / (u)du + By©(0)~ 1/01(Nx)(u)du}
+/t @(s)—1d39(1){3;1A1P; AO/O @(s)‘l/1(Nx)(u)du+Bo®(O)_1

S

X/OIF(u,:c(u))du}}Jr/tl@(s)1/81(N:c)(u) du ds
-/ Gty u) (V) )

Here the kernel G, is defined by
Ga(t,u) = — P! [Ao /Ou O(s)"\ds + Bo(a(())*l] + /tl O(s)~1dsO(1) By ' A,
Pt [AO /Ou O(s) tds + Bo@(o)—l} + X127 (w) /Ou O(s) tds
- (/tl O(s)~1dsO(1) By ' A, — Inxn)P[l [Ao /O O(s)'ds + By©(0)~!
) [ 0 s,

where we have applied the Fubini’s Theorem twice.
For the kernel we observe that

1G4t u)le < / 1©(s) ™" [| ds||©(1) By " A |5 + \/ﬁ>||P4_1||E
X /0 1400(s) || pds + ||309(0)_1||E} + /01 10(5) " | mds = My
and therefore, for any x € B,.(0), ||C42]|cc < Mym(r). Also, for all z,y € B,(0), we have
i)~ Tan0)] = (1o + [ 00 as0)57 41 ) P {0 [ 05)as
% O(1)BT Wilz — 4] + Bo®(0) " O(1) BT (t1(x — ) + (e — 1)) |

_ /tl O(s)"1dsO(1) By 10 [z — y]\
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1
< (vii+ [ 186)  edsloB Al )
0

<P s 140 | 06) tase) B sV (8~ ol
0
+1Bo8(0) OB (V1) 2 — ylow + V(T2 — )]

1
+1 /0 O(s) "' dsO(1) By M| gV (¥1)l|z — ylloo,

which implies that
1722 — Taylloo < pall = ylloo, (6.10)

where py is defined in (H12) and it satisfies the inequality ps < 1.
On the other hand, for any « € B,.(0) and ¢ € I, it holds that

Taa®)] < (Vi + [ 106) leds|O) B A1) 1P; e
0
1
<140 [ €)1 as001) BT 161 -+ 1800(0) 101 B s1r |+ 6o
+ [ 106 edslOB sl (Vi + [ 106) Ipdsl o) 57 )
AP (140 [ OG) a0 BT |V (#)r -+ 15:0(0) 01 BT |V (¥1)r

1
+ V(o] + [ 106)7 Leds|O( B sV ()

and so

| Tacclleo < Ka+ par,
where K4 and py are defined in (H12). Finally, we see that for all z,y € B,(0) it holds || T4z +
Caylloo < Ky + par + Mym(r).

Now, from condition (HO) there exists r4 > 0 such that
Ky + para + Mym(ry) < ry.

Then, from the previous arguments, we conclude that Tyx+Cyay € B, (0) for all z,y € B, (0). The
relations we have found so far prove the (uniform) equicontinuity of the family {Csx : « € B,,(0)}
and so C4 is a compact mapping. Also, from relation and condition (H12) it follows that
the operator T4 is a contraction. By the Krasnosel’skii fixed point theorem the mapping T, + C4
admits a fixed point Z in B, (0), which is a solution of the original problem. O

7. CASE(5)I det AO # 0 AND AOA1 = A1A0
In this section we prove the following theorem.

Theorem 7.1. Consider the nonlocal boundary value problem (1.1)), (1.2)), (1.3)), where N satisfies
(2.5). Moreover we make the following conditions:

(H13) det AO # 0, det A1 # 0 and AOA1 = AlAQ.
(H14) The operator Ps defined by

1
P5 = AOBl@(l)_1®(O) + A()Al/ @(S)_ldS(“)(O) + AlBO
0

18 nonsingular.
(H15) The quantity

1
ps = (45" Boll e +/ HG(S)’IIIEdSIIG(O)IIE)IIP{lHE{V(Ao‘l’l) + V(A1) | + V(A5 Wo)
0
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satisfies the inequality ps < 1 and condition (HO) where

1
= (Ilz‘lalBoHEJr/0 10(s) " lzds|© )l 2)II P52

1 1
% (|40 A |12 / 10(s) " s + | A0B:O(1) | ) + / 10(s) | ds
0 0
and
1
— (145 Boll + / 0(5)7 s IO P 2 1401 + [ Asca)] + 145 .

Then there is a solution of the problem.

Proof. From we have the expression of z’ as in and so holds. Thus
Bix'(1) = B1©(1)7'0(0)2'(0) + B1©(1)~! /1(Na:)(u)du.

Then from it follows that i

U] + G = Avz(1) = B1O(1)'0(0)2'(0) + B1O(1)~ l/ol(Nx)(U)du,
which implies that

Ayz(1) = Py [x] + G — B1O(1)710(0)2'(0) — B1O(1)~! /Ol(Nx)(u)du.
From we obtain

Ava(1) = A2 (0) + Al/ O(s) "1 dsO(0)a’ (0) + Al/ (s / N)(u) du ds

and therefore

(2] + G — ByO(1)10(0)a'(0) — B,O(1)! / (V) ()
= A12(0) +A1/ O(s)"1dsO(0 +A1/ O(s / Nz)(u) duds.

Hence

A12(0) = P [x] + ¢ — B1O(1)710(0)2’(0) — Bl@(l)_l/o (Nz)(u)du

1 1 s
— s) " 'ds 2'(0) — Ay s)7! x)(u) duds
A1/0 O(s) " ds0(0)(0) A/Oem /O(N )(u) dud -

=lx] + G — (31@(1)_1 + Ay /01 @(s)_lds)@(O)x’(O)
- Be(1)t /Ol(N;E)(u)du -4 /01 O(s) ! /Os(Nx)(u) duds.

By condition (#13), the matrices Ag, Ay satisfy the condition AgA; = Ay Ap. Notice that in this

case we have
AoAlAal = A1 — AlAal = AalAh (72)

Then from we have
AgA12(0) = A1 Boz'(0) + A1 (o] + (o),

which, due to , gives
P5a’(0) = Ao (¢ [z] + ¢1) — A1 (Yol2] + Co)

s 1
Ao Ay / 0(s)~ [ (Na)(u)duds — AgB1O(1)~ / (Nz)(u))du,
0 0
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where Ps is defined in Hi4. From (#H14) we obtain

2'(0) = Py [Ao(tbifa] + 1) — A (ola] + Go)

1
—AoAl/ o(s / 2)(u) duds — AgB1O(1)" / (Nx)(u)du].
0
From and (| it follows that

/@ ~1dsO(0 /9 / x)(u) duds

= (A B()-‘r

+/ O(s)~1ds0/(0)) x'(O)+A_1(\I/0[a:]+C0)+/O @(s)—l/o (Nz)(u) duds
(7.3)
= (47" Bo + [ O~ 500 P [Aa(inle] + ) ~ Ar(vole] + o)
 ApAs / (s / 2)(u) duds — AgBO(1)~ /O (N)(u)e]

T A (ola] + o) + / o) [ (Va)(u) duds.

0
We proved that if x is a solution of the original problem, then it satisfies relation (7.3]). Now, we
shall show that the inverse is true, namely, we shall show that if a function satisfies equation ,
then it is a solution of the boundary value problem , , .
Indeed, from we obtain

2(0) = A7 BoP;! [Aowl[ I+ 1) — As(oli] + o)

—AOAI/ (s / 2)(u) duds — AgBrO(1)" 1/0 (Nz) (w)du] + A5 (ole] + )
and

2'(0) = Py [Ao(tbifa] + ) — A (ola] + Go)
_A()Al/ O(s / 2)(w) duds — AgB1O(1)" /Ol(Nac)(u)du].

Then we can easily see that condition is satisfied.
Also, we have

1
o) = (45 B+ [ 0() 500025 [Ao(uale] +G) — Avole] + G
—AoAl/ (s / 2)(u) duds — AgBO(1)~ /O(Nx)(u)du}
+ 4 (wo[w]+<o)+/0 O(s)™* /S(Nm)(u)duds

0
and

/(1) = ()OO 5! [Ao(¥rle] + 1) — Ai(olz] + )
1
—AOAI/ (s / 2)(u) duds — AgByO(1)~ 1/0 (N)(u)du]
+o()! /(Ngc)(u)du.

0
Therefore, by ([7.2)), it holds

Alx(l) + Ble/(l)
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= {45 B+ | 0 as00) P [An(uafa] +1)
— s ole] + @) — Aoy [ O()™ [ (Na)(w)duds — AoBi0(1)
0 0
x/o (Nz)(u)du} +A51(¢0[x}+<0)+/0 @(s)*l/o (Nx)(u)duds}+31{@(1)*1
< OOP [Ao(wila] + 1) = Aol + ) — Ao [ 0(9) [ (N () s
0 0
- [ N:c)(u)du} +@(1)1/1(Nx)(u)du
AoBrO(1) /O ( O
_ {AIA(;lBOJrAl/O O(s)""ds0(0) + BiO(1)0(0)] Py [Ao(wale] + )
- z ()—(]118_1quus
Aol + )~ Aoy [ 00" [ (Na)(u) dud

1 1 s
—AoBlG)(l)*l/ (Nx)(u)du} +A1A51(¢o[x]+co)+A1/ @(8)71/ (Nz)(u)du.

0 0 0

The first factor in the big parenthesis can be written as
43" [ 1By + Ao, /01 O(s) "ds6(0) + 40 B,6(1)'0(0)],
which is equal to Ay Ps. Therefore,
Ara(1) + Bua'(1) = A7 [ Ao(W[a] + 1) — A (ole] + o)
— AgA, /01 @(5)1/08(Nx)(u) duds — AOBl@(nl/Ol(Nx)(u)du}
b5 e+ o)+ 41 [ 067 [ (e

= 1[z] + (1

Thus conditions (1.2]) and (1.3]) are satisfied. The fact that (|1.1)) is, also, satisfied, is obvious.
Now write equation (7.3 in the form

25

x = Tsz + Cs, (7'4)

where the operators 75 and C; are defined as follows:

Toalt) = (45" Bo-+ | ©()7asO0) P [Ao(uale] +G1) = Arwolel + )] + 45 (wile] + ).

and
t 1 s
Csz(t) = (Ay ' Bo +/0 O(s)1ds0(0)) Pyt [ - AoAl/O @(5)71/0 (Nz)(u) duds

_A031@(1)1/01(Nx)(u)du] +/Ot@(s)1/os(Na:)(u) du ds.

Hence, to show the existence of solutions of the original problem is sufficient to seek for the

existence of fixed points of equation ([7.4)).
By Fubini’s theorem the operator Cs can be written in the form

1
C5x(t):/0 Gs(t,u)(Nz)(u)du,
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where the kernel is defined by

t 1 t
Q5(t,u):(AalBo—|—/ @(s)*lds@(O))Pgl[—AoAl/ @(s)’lds—AoBl@(l)’l}—k/ O(s)"1ds.
0 u u
For this function we have

1
IG5 (t, w)llz < (145" Bollz +/0 1©(s) " lzds|© )l £)lIP5 |l

1 1
< (Aol [ 106) eds + [ AoB1O) ) + [ 16(5) e = M.
0 0

Then by (2.5)), for all » > 0 and = € B,(0), we obtain
Cstlloe < Mym(r). (7.5)

Also, for all z,y we have
Toalt) = Tiu(t) = (4" Bo+ | 0(5)1ds0(0)) Py [Autia (o — ) — vl — )] + A7 (e — ),
and therefore

Talt) = Tow(®) < {(145" Bollo + | " 00s) s OO) )P s

X [V(AoW1) + V(41W0) | + V(A7 o) o = yllocs
namely
1750 = Tsglloe < psllz = yloc, (7.6)

where ps is defined in (H15).
Also, for any = € B,(0) we have

| Ts2(t) + Csy(t)] < (145" Bol e +/0 ||@(5)_1HEdSHG(O)HE)”Pgl”E) [Ao(¥1[z] + G1)

— Av(ola] + Q)] + 147" (vola] + )| + Cay(®)]
< K5+ P51+ Mg,m(r)7

where K5 and ps are defined in (H15).
From condition (HO) it follows that there exists 75 > 0 such that

K5 + psrs + Msm(rs) < rs.

This means that 75z + Csy € B,,(0) for all z,y € B,,(0). The relations we have found so
far prove the (uniform) equicontinuity of the family {Csz : € B,.(0)} and so C; is a compact
mapping. Also, by condition (H15) the operator 75 is a contraction. By the Krasnosel’skii fixed
point theorem the mapping 75 + C5 admits a fixed point in B, (0), which is a solution of the
original problem. O

8. EXISTENCE OF SOLUTIONS OF THE PROBLEM (|1.4)), (1.5)

In this section we shall apply the results of section 7 to the boundary value problem (1.4)), (1.5).
First, we write the problem in terms of (1.1]), (1.2]), (1.3]), where, notice that, © is the identity
2 x 2-matrix. To do that we consider the vectors

0= () =2 1o o= (G

as well as the matrices
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with @gapdia; # 0. Since the matrices Ay, A; are diagonal, they commute, so Theorem may
be applicable. To proceed we obtain

p. . (@obi + aodr +aibo 0
b 0 a0b1 + agay + a1b0
P_1 — (d051 + agay + 5,150)71 0
5 - 0 (a0b1 + apa + albo)il )

Also, we have

- . 1/2
1P e = [(&Obl + dody + drbo) ~? + (aob1 + agar + a1bo)_2)}

- 1/2
145" Bolls = [a5 %8 + ag68] .

|AoAi||E = [(flodl)2 + (a0a1)2]1/27

|AoB1llE = [(%51)2 + (a0b1)2]1/27

V(Agl,) = /01 d([(a0<i>1(s))2 + (a0<131(3))2]1/2),

b

V(A10g) = /01 d([(aléo(s)f T (a1q>0(s))2]1/2),
V(45" W) = / ([ 80()° + (6 00()] ),

|AoC1| = laoer],  |A1Gol = larcol,  |Ag " Col = |ag col-
Therefore,
N2 211/2 s N
P5 = [[(@Oal) + (Cloal) ] / + 1} [(aobl + apay + arbo) 24 (aob1 + agaq
1

+a1b0)2)]1/2[/01d([(a0§>1(s))2+(a0q>1(s))2]1/2) +/ d([(@1Do(s))*

0
1
291/2 1z 2 _ 291/2
+ (o)1) + [ a5 80(6))* + (" 215))"] ).
0
Now we assume that ps < 1 and moreover, that the response functions f, g satisfy

|f(t, 21, 22)] < oy | + Bilwal”,  [g(t, z1,22)] < aglzi]” + Ba|zal”, (8.1)
where the coeflicients satisfy a;, 5; > 0 and 0 < p, v < 1. Obviously, we have

/
m(r) = (01 + 817 + (z + B)?) 7.
where ¢ := max{u, v}(< 1). Therefore

lim inf m(r)
r—+00 r

Thus, assumption is true and so all conditions of Theorem are satisfied. This implies
that there is a solution of the problem , .

From the previous special case, we see that, actually, the result depends on the value ps. Thus
a question arises: Which value of p is better for such a decision, namely, which of the theorems
we have presented requires less restrictions. In the sequel we shall show that such a fact depends
on the parameters involved in the boundary conditions.

—0. (8.2)

9. APPLICATION TO A 2-DIMENSIONAL SYSTEM

Consider the system of equations (|1.4) with f, g satisfying (2.5) with condition ({8.2]), associated
with the boundary conditions

Ao:C(O) — B()CL'I(O) = Mg [a:] + (o, (9.1)
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Alx(l) + Bla:’(l) = )\1[)1[30] + (1 (92)

where A is a real parameter playing an important role for condition p < 1. Assume that the 2 x 2
square matrices Ag, By, A1, By are defined by

0
Ag = (g V), Ay = By = By = Irxo,

where pu, v are nonzero real numbers with p, v # —%. Then we obtain
2p+1 0 9
== w+1 0
P11=( 0 2Vlj-1>a P2=P3=P4=P5=( 0 2V+1),
pi:Zi‘)\L i:1723374a57

where
2y = V(A7 W) + [(2‘2111)2 (2”1;11 7] viaow) + V).
Zaim (VB VIR g + ] v+ ve)
Zs = 2(V2+1) {(m Jlr DENCY Jlr 1)2} YV a0w) + V(w0 +V(w),
2y = 2\/5[(2M Jlr IERNCY i 1)2] 7 VBV () 4 VBV (W) + 8V (1),

Zs 1= (2 * [% * %} 1/2) [(2u i 0z @ i 1)2} 1/Q(V(Ao‘l’l) + V(o)) + V(A5 ' o).

Once we have found the quantities Z;, we shall give a comparison of the conditions appeared in
theorems and to see which of them gives better results. And, indeed, in case
the condition holds, the only requirement which we need to check is the inequality p; < 1,
for some j € {1,2,3,4,5}. For instance, comparing p; with p; we see that the inequality p; > ps
may hold independently of the items W;, ¢ = 0,1. Indeed, this inequality holds if and only if
Z1 > Zs5, which is equivalent to the inequality

p+1 2 v+1,271/2 1 141/2 1 1 1/2
{(211—1— 1) + (2u—|— 1> ] ~ (2+ [;ﬂ + 1/2] ) [(2,u+ 1)2 + (2v + 1)2} '

If we set
Y RS Ry v+l.2 1 1122 1 1
Yipv) = (5 =7) + (5, 77) (2+[u2+y2] ) {(2M+1)2+(2y+1)2]

we observe that it satisfies

Y(u,v) = L > 0.
2

This means that there are values of the parameters u, v for which the corresponding quantity ps is
greater than p;. Then we have (0, Z5_1) C (0,27 1). In this case, from Theorem for any A with
I\l € [0, Z;1), we result the existence of solutions and this interval is larger than the one obtained
from the quantity ps. Also, there are values of the parameters u,v for which the corresponding
quantity ps is less than p;. In this case, if || € [0, Z; 1), there are solutions and this interval is
larger than the corresponding p;, see Figure (|1).

To obtain a more clear picture about the values of the parameter A we consider the case when
U, (s) := s. Then we obtain

1 1
V(0) =1, V(A;'¥,) = \V o2 + . V(AoV) =+p?+0v?, =01

Y(ua V) = —09,

lim lim
(p,v)—(0,0) (p,v)—(Fo0,+00)

and so

I 1 1 1,271/
7y = —2+—+[(M+ )2+(VJr )2} (V2 +1v2+1),

1 V2 2u+1 2v+1
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f+\/m[ T ]1/2,

2 +1 (2v +1)2
1/2
:2(\/§+1)[(2Mi1)2+(2y+1 } (V2 +v2+1) +
(2+f>[(2 e +(2y+ }”(mmﬂ
1 1/2 1 1 1 1
%5 1= (2+[E+ﬁ] />{(2u+1)2+(2u+1 } (Vi) + T

Therefore the existence of solutions is guaranteed if we assume that |)\| €10,Z, ) in case we apply
Theorem. \)\| € (0,75 ") in case we apply Theorem U Ael0,Zy 1) in case we apply Theorem
1} |\ €[0,Z; 1) in case we apply Thcorcm and || € [0,Z5 ") in case we apply Theorcm

FIGURE 1. The shadow area represent the set of values of (u,v) for which the
inequality p; > ps holds.

9.1. A special numerical case. Assume that (u,v) = (1,1) and consider the cases ||ApA1| g =
2 .
HAOBIHE = ||AalBOHE = \@7 \110(8) = \1’1(8) = (% + 5)[2)(2. Then we obtain V(A()\Ill) =
V(A1Wg) = V(A W) = 32\, P, = 3Ioy9, for i = 1,2,3,4,5, as well as
2 2 11v2+4

Zy = 43\/724'87’ Zy = ?Ov Z3 = \/;4_ . Zi=4+V2, Zy=
These facts imply that
for |A] < 3f+8 ~ 0.16336, we have p; < 1,
for |A| < 55 ~ 0.15, we have py < 1,
for |\ < H\}ﬁ ~ 0.10226, we have p3 < 1,
for |A| < 4+\[ ~ 0.18469903, we have ps < 1, and
for |\ < 7\[ < ~ 0.11173, we have p5 < 1.

Obviously, the best upper bound of the parameter |A| is 0.18469903 and so for such values of
|A| in the interval [0, 0.18469903), the conditions of Theorem [6.1] are satisfied, and so for all these
values of the parameter A there is a solution of the boundary value problem (1.4)-(L.5).

V2 +8
—

10. APPLICATION TO A 3-DIMENSIONAL SYSTEM
Consider the system of differential equations
ay(t) = fi(t,z1, 22, 23),
2y (t) = folt, w1, 22, 3), (10.1)
2y (t) = fa(t, x1, 2, 23),



30 G. L. KARAKOSTAS EJDE-2025/77

for t € I, where for each i = 1,2, 3 the function f; maps the set I x C?(I,R)? into C(I,R). Also,
for any x € C(I,R?) we assume that the operator

Ji(t, w1, 22, 23)
(Nx)(t) = fQ(t7x11$27x3)
fs(t,x1, 2, x3)

satisfies a condition specified latter. We associate system ({10.1]) with the following nonlocal bound-
ary value conditions:

221(0) + z3(0) — 21 (0 )\/ z1(s)ds + 1,

mm»+mxm—mxm—A/k [(5) + 2a(s))ds,

0

22(0) + 3(0) — 2(0) = /\/O 2o(s)ds — 1
X (10.2)

x1(1) + 23(0) + 223(1) + 2} (1) = )\/ xo(s)ds + 1,
0
1
3211 + 22(0) + 33(0) + 55(1) = A [ 1 (s)ds,

21(1) + 222(1) — z3(1) + x5(1 )\/ x3(s)ds — 1.

The parameter ) is a real number which plays an important role in the existence of solutions.
To write the problem in the general form, we formulate the nonsingular matrices

2 01 1 1 2
A(): 1 2 0}, Ai=1(3 1 1 s BOZBlz@<S):I3X3, sel
0 1 1 1 2 -1
and
1 1 s 0 1 1 s 0
=101, G:=1[1], To(s):=A|s 1 s]|, Ui(s):=A[s 0 1
-1 1 0 s 1 2 0 s

It is obvious that due to the values of (y, (1, the zero function is not a solution.

Since the matrices satisfy det(Ag) = 5, det(A;) = 11 and det(By) = det(B;) = 1, they are
nonsingular, and since
3 4 3
AgA1 = |7 3 4| = AA,

4 3 0

the matrices Ag, A7 commute. These facts mean that all Theorems are applicable. Before
we continue we must calculate some items needed in the sequel. Now we have

(2 1 -2 L (3 5 1
At = H AR NE ATl = Tl 4 35,
1 -2 4 5 -1 -2

with norms ||[O(t)|z = V3, t € I, [[Aolle = V12, |Aille = V22, |[A] e = ﬁ 115, and
|‘A071.B()H = ||A071|| = g, ||AOA1|| =V 133. AISO, we have
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V(Ao¥1) = [A| /01 Hd

e =)
DN = = —_ o O
—_ O

V(A1) = [A| /01 Hd

1 1 !
V(Ay W) = Wg/o

2
‘d -1
1
1 1 -3 5 1 1 s 0 1
V(A;ltlfl):ﬁ|>\|/ ’d 4 -3 5 |[s 01 H:ﬁ\/134|)\|,
0 5 2 0 s

~ 14025

-1 -2
1 1 1 9 0 1 s O 1
V(AoAfltlll):ﬁW/ ‘d: 5 -1 11| (s 0 1 H:ﬁ\/335\>\|
0 9 —4 3/\2 0 s
Then we obtain
13 4 17 . (104 237 205
P=-|21 13 4], P! 100  —-80 305

4 13 -4 —-136 —153 85

Also we have

—356 1885 —1300
668  —950 2425

—1528 —980 —50

1

AT 4 I )P = ——
(Ao + L) Py 70125

and therefore
[(Agt 4 I3x3) Py Y| g = 3987, 10345991,

To apply Theorem [£.1] we need the quantity

5 5 6 1 =30 36 -—11
Po=A + A Ag+ A= |11 6 5|, Py'l= o1 25 =30 41
5 6 0 36 -5 =25
and so | Py ||z = 0,45226633. To apply Theorem [5.1| we need
1 (3 5 1 1 42 =30 97
Py = Ag+ AgAT  + T = i 4 -3 5|, Pl= = —-81 -3 —16
5 -1 =2 36 87 =50

with norm ||P; !||g = 0,17830562. To apply Theorem we need P, which equals to P, and so
we have ||P; !||g = 0,45226633.
For Theorem [Z.1] we have

6 5 6 L [0 48 11
Ps=1(11 6 5], R,,—l:ﬁ 25 —30 36 |,
5 8 0 58 —23 19

with norm || Py *|| = 0,4078.
Now we assume that the response function satisfies a condition like

[filt, 21 (2), 22(1), 23(1))| < ailwl(%)l‘“ + Bilea (D" + yilas(sin(®)) |, i=1,2,3,  (10.3)

where «;, 3;,7; are positive real numbers and p; are such that p := max; u; < 1. In this case
the truth of the Theorems depends on the values of the parameters p1, p2, ps3, p4, p5, only,
since conditions and are satisfied. So, in order to apply the previous theorems we must
obtain the basic parameters p1, ..., ps, which correspond to the five cases above.

We can easily obtain estimates of these parameters as p; = 1,9858304|A|, p2 = 32,27093226|A|,
p3 = 4,78066942|\|, ps = 12.85258214|)\|, p5 = 22,52419992|A|. Therefore, the best value for A,



32 G. L. KARAKOSTAS EJDE-2025/77

which satisfies p < 1, is given by p; and it is |A| < 0,50356768. Hence for any such A, Theorem
guarantees the existence of solutions of the problem, in the ball B(0,7) C R3, where r is any
large positive real number satisfying the inequality

<1,

K m(r
— o1+ M (r)
r r

where

m(r) := \/z a? + B+ 2t

Now we assume that the response function satisfies the condition
|F(t,z)| < alz| + B, (10.4)
for some nonnegative real numbers «a, 8. In this case condition becomes
K+ pr+ Mar+ Mb<r,

which is satisfied only if
1—p—Ma>0. (10.5)
To see what happens when applying all Theorems 7.1} we need to calculate the parameters
My, Ms, M3, My, Ms5. Indeed we calculate these numbers and obtain the following estimated values:
My = 1,92816175, My = 32,93510197, M3 = 6,57065738, My = 23,17394972, M5 = 41,8775797.
Then in the various cases inequality (10.5)) becomes
o1(Aa) :=1—1,9858304(|A| — 1,92816175a > 0,
oa(Aa) :== 1 — 32,27093226|\| — 38, 32050810a > 0,
o3(\,a) :==1—4,78066942|\| — 6,57065738a > 0,
o4(A,a) :=1—31,87116522|\| — 12.85258214a > 0,
o5(A,a) =1 —22,52419992|\| — 41,8775797a > 0.
Each of these relations guarantee the existence of solutions, for instance when apply Theorem [7.1]
we conclude that a solution of the problem exists in the ball B(0,r5) C R?, where 75 satisfies
K5+ Msb 14,08835163 + 41, 8775797b
os(\,a) 1 —22,52419992|\| — 41,8775797a’
where K5 = 14,08835163. Notice that between these five cases the first one gives better results,
because, as we can, easily, see it holds

{(A\,a) : 05(X,a) >0} C{(A\,a): 03(N\,a) >0} C{(Na):01(N\a) >0}, i=245.

s >

11. POSITIVE SOLUTIONS

We say that a vector y := (y1,¥2,...,yn)’ is positive (nonnegative) if all its coordinates are
positive (nonnegative) real numbers. Then we write y > 0(y > 0), or 0 < y (y < 0). Also, we
write y < w (y < w), if y—w < 0, (y —w < 0). Analogous things we have for matrices. It is clear
that for any vector > 0 and matrices A, B > 0 we have Az >0, A+ B >0 and AB > 0.

In this section we shall be concerned with the existence of positive solutions of the original
problem. To this direction we will show the following results.

Theorem 11.1. Assume that rm (H13) and the followmg conditions hold:

(H16) For each t € I the matriz (Ay ' By + fo (5)ds©(0)) Pyt is positive.
(H17) Wo(s) = ¥y1(s) =0, sel.

(H18) The operator N maps the set C(I,R™) into C(I,R™).

(H19) The inequality AoCr — A1(o > 0 holds.

(H20) For any x € C(I,R™) and t € I it holds

Ao —l—/o 07 1(s) /OS(N(x)(u) duds > 0.

Then there is a solution of the problem and such a solution is positive.



EJDE-2025/77 EXISTENCE OF SOLUTIONS FOR n-DIMENSIONAL SYSTEMS OF NONLOCAL BVP 33

Proof. Since ¥g = ¥; = 0, it follows that p5 = 0(< 1). Therefore Theorem is applicable.
From relation ([7.3)) we see that any solution is expressed in the form

x(t) = (A ' Bo +/0 O(s)"'ds0(0))P5 ! [[AoCl — A1¢o]
15_1S—xuus _11—xuu .
+A0A1/0 O(s) /0( Nz)(u) duds + AgB1O(1) /0( Nz)( )d} (11.1)

t s
%%%—/6@*/@Nmmmm
0 0
Here, all the factors are positive, so z(t) > 0, for all t € I.. O

11.1. An application. Consider the system of equations

/() = filt,z1,22,...,20)), i=1,2,...,n

i
where x1, 1, ... 2, € C%(I,R?), associated with the boundary value conditions
kiri(0) — 25 (0) = ¢, i=1,2,...,n,
z (D) +2i(1)=¢, i=1,2,...,n,
where r; are positive real numbers, (§, (!, are nonzero reals and such that
ki€l = ¢8>0, i=1,2,...,n.

Assume, also, that the functions f; satisfy the conditions

n
— min {v;, Zai,j|xj('yi’j(t))|“i‘j} < filt,x1,29,...,n) <0, i=1,2,...,n
j=1
for all z; € C?(I,R?). The coefficients Vi, Wi 5, are positive reals with p; ; < 1 and 208 > Kivi,
i=1,2,...,n. The arguments v; ; : I — I are continuous functions. Then conditions (2.5) and
(8.2) are satisfied. Here we have A1 = By = By = I,,x,, and

k1 0 0 ...0 2k +1 0 0 ...0
0 xo 0 ...0 0 2k +1 0 ...0
AO;: . R P5 = .
0 0 0 ...Rn 0 0 0 ...2k,+1
and so the matrix in condition (H16) is equal to
1 1
Bty 000 .0
0 0 0 oo+ 1+ 5
which is positive. Also we have
fl(t7xlax2a"'7xn)
fg(t,Il,.TQ,...,SCn)
(Nz)(t) :=
fn(t,l‘1,$2,...,$n)

Now, a solution of the problem exists according to Theorem ([7.1)) and it has an expression of the
form ([11.1), which is positive, because it can be written as

kit = G
[ k'2<12 - Cg

x(t) =2

1 S
ApA O(s)! -N dud
: +/ (s) /0< 2)(u) duds
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1 s

+ ApB1© 1/ —Nz)( du] + Ay 1C0+/ O(s /(Nx)(u)duds
0 0

S

klfl o N

_ k2Cl 3 o _va
> :{ + (positive quantlty)] + | "2 >0, tel.

kn C1 o' S0 _ vn

Kn 2

The proof is complete.
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