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APPROXIMATIONS OF EULER-PEANO SCHEME FOR REFLECTED
STOCHASTIC DIFFERENTIAL EQUATIONS WITH NON-LIPSCHITZ
COEFFICIENTS

MINGBO ZHANG

ABSTRACT. This article concerns reflected stochastic differential equations with reflecting bound-
ary conditions that were introduced by Lions and Sznitman [5]. We establish a theorem on the
existence and uniqueness of the strong solution when the coefficients satisfy non-Lipschitz con-
ditions. We further show that the solutions depend continuously on the initial data. Also
we construct a measurable flow of the solution, and prove that the solution is a Markov pro-
cess. The analytical solution of stochastic differential equations is generally very difficult to
obtain, so numerical approximations are important in applications. Their convergence rates are
very important for improving efficiency and for designing algorithms. So we characterize the
convergence rate of Euler’s approximations under some restrictions on the coefficients.

1. INTRODUCTION

Let (2, F, P) be a complete probability space and {F; }+>0 be the right continuous filtration with
the property that F; contains all null set of (Q, F, P). Let B = (B;) be an {F;} Brownian motion
taking values in R™. In this article we are concerned with the reflected stochastic differential
equations (RSDEs)

t t -

x(t) = xo +/ o(s,z(s))dB(s) Jr/ b(s,x(s))ds + ¢(t), =z € D,
N 0 , (1.1)

B(t) = /0 n(s)d|[ollo,s,  9lljo,g = /0 Lia(s)capydl|®llo.s),

where t € [0, +00) and, d x n-dimensional matrix o(t,x) and d-vector b(t,z) are continuous in z
for any ¢, measurable in (¢, ).

By a direct approach based on the Skorokhod problem (SP), Lions and Sznitman [5] proved
the existence and uniqueness of the solution of equation with reflecting boundary conditions,
where the coefficients o and b satisfy the Lipschitz conditions. Aida and Sasaki [I] showed the
convergence in LP of Euler type approximation of equation . When the coefficients o and
b are Lipschitz continuous, the solvability of It6 stochastic equations is obvious. Recently, Ren
and Wu [9] studied approximate continuity and the support of reflected stochastic differential
equations. When the coefficients ¢ and b do not satisfy the Lipschitz conditions, the solvability
of Itd stochastic equations has been studied extensively, see for example [4, [I5]. In [I5], the
authors studied the pathwise uniqueness of solution of vector stochastic differential equations with
conditions weaker than Lipschitz conditions on the coefficients. Using Euler’s method, Krylov [4]
investigated the It6 stochastic equations with the coefficients o and b satisfying one side Lipschitz
continuous condition. Based on the Euler scheme, Wang [16] constructed a measurable flow of the
solution for stochastic differential equation with non-Lipschitz coefficients, and proved that the
solution is a Markov process.
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First, we introduce some notation and conditions on the domain D, and the coefficients o and
b. We set

[l = _max_ |(u) — (o),

N
[l = sup Y [(t) = w(tr—1)l,
A4

where A = {(tg,...,tn) : s =to < ... < tiy =t} is a partition of the interval [s,¢]. We assume
that D is a connected domain in R?, and define the set N, of inward unit normal vectors at the
boundary point = € 9D by

Nm = Ur>0Nz,r7
New={neR% n|=1,B(x —rn,r)N D = 0}.

where B(z,r) = {y € R% |y — z| <7}, z € R%, and r > 0.
The reflecting boundary conditions on D were firstly introduced by Lions [5] and Aida [1], as
follows:
(A1) (uniform exterior sphere condition). There exists a constant 7o > 0, such that for any
x € 0D,
Na: = Nx,ro 7& wa
(A2) There exist constants 06 > 0 and § > 1 satisfying: for any = € 9D, there exists a unit
vector [, such that

(loym) > %,

for any n € Uyep(z,6)napNy- )
(A3) There exists a CZ function f and a positive constant v such that for any = € D, y € D,
n € N,, it holds that

(v —z,0) + §<<Df><z>,n>|x—y|2 >0. (1.2)

Remark 1.1. We first observe that when D is a convex domain, condition (A1) holds for arbitrary
ro > 0, while condition (A3) is automatically satisfied when f = 0. The admissibility condition on
Dintroduced in [5] requires that the domain can be approximated by smooth-boundary domains
in a specific sense. While we do not utilize this property in our current work, we refer interested
readers to [5] for details.

Notably, Saisho and Tanaka [13] provide an explicit example of a domain satisfying conditions
(A1) and (A2). Furthermore, for piecewise smooth bounded domains in R? that satisfy (A1) and
(A2), [5l, Remark 3.1 ] establishes that condition (A3) holds locally.

Remark 1.2. D satisfies (A2) if it satisfies the following uniform interior cone condition: There
exist 6 > 0 and « € (0,1) with the following property: for any x € D there exists a unit vector
[, such that

C(y,lz,0) N B(z,8) € D, y € B(x,6)NAD,

where C(y, 1, «) is the convex cone with vertex y, defined by
Cy,lu,a) ={z€R: (z —y,1,) > alz —y|}.
Let
[f @)V IDf()] VD2 f(2)]| V [(Dif (x)D; f ()i,
0 < exp(== (&) + exp( = (£(2) + (1) < Co,

where C, ¢y, Cp are positive constants. Fixed R > 0 arbitrarily, K : Rt — RT is an increasing
concave continuous function satisfying
/ du
= 0.
o+ Kr(w)

<G,
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Next, we introduce the following assumptions on the coefficients o and b.

(A4) Let R > 0 be fixed arbitrarily. Dy is a positive constant such that % + 2 < Dyg. For all
t € [0,00), |z| V |ly| < R, the following locally weak monotonicity condition

2(x —y,b(t,z) = b(t,y)) + Dollo(t,z) — o(t,y)|I* < g() Kr(lz — yI*) (1.3)

is satisfied, where ¢ is a non-negative function such that

+oo
/ g(s)ds < o0
0

(A5) For each 0 < s <t < oo and 0 < R < +o00, there exists a positive function A(-) such that

t t “+o0
/8 li‘uSpR(\b(u,zﬂ + |l (u, z)||*)du < /S Au)du < /0 Au)du < +o0.

Motivated by the work of Krylov [4], we introduce the non-Lipschitz continuous coefficients’
conditions (A4) and (A5). Our aim of the present paper is to study the solvability of equation
with coefficients o and b satisfying (A4) and (A5). We also want to explore the properties
of the solution of equation . As we know, if the solution constitutes a stochastic flow of
homeomorphisms, many useful properties, such as Markov property, can be constructed by the
flow property. In our case, however, the existence of such a well-behaved modification cannot be
guaranteed, as the validity of the flow property remains uncertain. Therefore, we investigate the
Markov property of solutions to under our assumptions.

In the convergence analysis of numerical methods for stochastic differential equations with
reflection term (see (?7?) below), the core challenge lies in the circular dependency between the
reflection term and the state variables: moment estimation of the state variables {z,,} depends on
estimates of the reflection term, while the reflection term’s estimation reciprocally relies on {z,,}’s
estimates. This bidirectional dependence renders traditional approaches (e.g., directly adopting
estimation frameworks from references [4] and [12]) inapplicable. To resolve this fundamental
difficulty, it is essential to fully leverage the geometric and analytical properties of the reflection
domain D by constructing non-negative functions. Through applying the It6 formula and stopping
time techniques, the influence of the reflection term can be transformed into a controllable negative
term, effectively decoupling the circular dependency between state variables and reflection terms.
Subsequently, Bihari’s inequality is employed instead of Gronwall’s inequality to handle non-
Lipschitz coefficient scenarios, thereby overcoming the key difficulty in the proof.

This article is organized as follows. We recall in Section 2 the existence of solution of Skorohod
problem with reflection boundary conditions and the basic results of Skorohod problem. In Section
3, we prove the existence and uniqueness of the solution of equation under the assumptions
(A1)—(A5). Furthermore, we show that the solution of equation is non-explosive and contin-
uous with respect to the initial data. On the other hand, when the domain D and coefficients o, b
are bounded, we also obtain the solvability of equation under the assumptions (A1), (A2),
(A4) and (A5). In Section 4, we present the stability of solution of equation . In Section 5, we
construct a measurable flow of equation , and also prove that the solution is a Markov process.
In Section 6, we assume that the coefficients b and o satisfy some slightly stronger conditions than
(A4) and (A5), then we get a characterization of convergence rate of Euler’s approximations.

2. SKOROHOD PROBLEM

In this section, we recall some basic results of the Skorohod problem with reflection boundary
conditions. For details, we refer to Aida and Sasaki [I]. For any fixed 0 < T < oo, let w €
C([0,T); RY) with w(0) € D. The pair of paths (x,¢) € C([0, T]; R?) x C([0, T]; R%) is said to be a
solution of Skorohod problem with reflecting boundary conditions associated with o, if:

e 1 is a continuous function and z(t) € D, for all ¢ € [0, T], with zo := x(0) = @(0),
o x(t) = w(t) + ¢(¢) for every t > 0,
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e ¢ is an R? valued continuous function with bounded variations on each finite interval,
¢(0) =0 and

o(t) = / n(5)dl| 6 0. (2.1)

t
Iéll0g = / Lotreom)dldlo.: (2.2)

where n(t) € N, if z(t) € dD. We denote this Skorohod problem as (w, D,n). The following
lemma is important for our study.

Lemma 2.1 ([I, Theorem 2.2]). For any fized 0 < T < oo, let w € C([0,T];R?) and z¢ € D.
Then under assumptions (A1) and (A2), there exists a unique solution to the Skorohod problem
(w, D,n) for any continuous path w. Moreover, the mapping k : w +— x is continuous in the
uniform convergence topology.

3. SoLvABILITY OF RSDESs

In this section, we study the existence and uniqueness of the solutions of reflected stochastic
differential equations driven by Brownian motion under our conditions. To consider the equation
with initial random variable 2o : Q — D being Fy measurable. A pair of F; adapted
continuous processes (x(t, zg), @(t, xg)) is called a solution to if the following holds: for

W(t,xo):ax0+/0 U(s,x(s,xo))dB(s)—l—/o b(s, 2(s, 20))ds. (3.1)

the pair (z(zo,.,w), ¢(xg,.,w)) is a solution of the Skorohod problem (W (-,w), D,n) for almost
all w e Q.

We apply the method of Euler approximation to discuss the existence and uniqueness of the
solutions of RSDEs. Let n € N. Let (z,(,20), ¢n(t,z0)) (0 < t < T) be the solution to the
Skorohod problem inductively which is given by z,,(0,z) = z¢ and

Xn(t,20) = 20 —|—/0 b(s, T (mr(8), 0))ds +/0 (8, Zp (0 (8), 20))dB(8) + ¢n(t, o), (3.2)

where 2,,(0,z9) = zo and m,(s) = % for s € (2%, (k;,l)], k=0,1,...,2",.... By Theorem
we have a unique solution of (3.2]). In fact, once z, (¢, ) is obtained for 0 <t < k27", 2, (¢, x0)
for k27" <t < (k+1)27" is uniquely determined as the solution of the Skorohod equation

t t

b(s,zn (k27 ", x0))ds —|—/ o(s,zn, (k27" 20))dB(s) + ¢n(t, zo).

Tn(t, o) = xn (k27" x0) +/
k2-n

k2-m
The following theorems are main results in this section.

Theorem 3.1. Assume (A1)—(Ab). Letxg : Q — D be Fy measurable and such that E[|z|?] < co.
Then the equation (1.1) with initial random variable Ty has a solution, which is unique up to
indistinguishability and non-explosive.

Theorem 3.2. Assume (A1), (A2), (Ad), (A5). Suppose that D is a bounded domain and o, b
are bounded functions. Then the equation (1.1) with initial random variablexo : Q@ — D has a
solution, which is unique up to indistinguishability.

Before proving the above theorems, we introduce the following helpful lemmas.

Lemma 3.3 (Bihari’s inequality [3]). Let p: R* +— Rt be a continuous non-decreasing function.
If h(s), x(s) are two strictly positive functions on RY such that

X <o+ / p(x(s)h(s)ds, t >0,
0
then .
X() < 31 (@(9) + / h(s)ds),
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where ®(z) := — fa p‘f—’; is well defined for some a > 0.

Remark 3.4. Let p: RT — R be a continuous non-decreasing function. If p(s), q(s) and x(s)
are strictly positive functions on R* such that

() <9+ / x($)p(s)ds + / p(x(5))a(s)ds
<o+ [ o+ D)) +a)is, >0

where I denotes the identity mapping. Then by Bihari’s inequality, we have

X(H) < 31 (@(9) + / p(s) + a(s)ds), ¢ >0,

where ®(z) = — ff p(u)Jru In the proof of Proposition and Theorem |5 . we will use this fact.

Lemma 3.5 (|8, Lemma 3.1.3]]). Let w(t) be a continuous nonnegative, R* -valued, F; adapted
process, and ¢ be a stopping time. For e € (0,400), set

te =t AInf{t > 0:w(t) > e},

where as usual we set inf{Q} = oo, then

P{Osigbw(t) >e}p < %E[U)(LE)].

Lemma 3.6. Removing both (A1) and (A2) in Theorem[3.1, we have
sup E[|z,,(t, 20)|*] < oo, t € [0, 4+00).
n

Proof. Denote 0; := |x,(t,29) — 70|, and 7, (R) = inf{t > 0 : |z, (t,20)| > R}, for R > 0. For
simplicity, we denote x,,(s,zo) by z,(s). Applying Itd’s formula, one can write

21 (xn(t AT, ( u/\'r*(R) Z Aq,

where z1(x) = exp(—% (x)) and

tATE(R)
A =2 / 21(20(8))(@a(5) — 20, 0(5, 20 (7 (5)))dB(s))

9 tAT) (R)
2T @)D (9). o () B

tAT) (R)
Ay = 2/0 21 (20 (8)){(xn(s) — o, b(s, Tn(mn(s))))ds

tAT) (R)
[T a9 (. (m($)) 0 (5. (ma5))ds
0

9 tAT) (R)
= / 21 (0(5))05 (D f (0 (5)), (5, 2 (i (5)))) ds,

tAT (R)
Ay=2 / 212 (5))(@n () — 70, ddn(5)))

9 [iAT (R)
- ;/0 21(2n(8))05(D f (wn(s)), ddn(s))),

1 tAT) (R)
Ay = **/ tr(21 (20 (8))050 7 (20 (1 (5))) D? f (wn(5)) 0 (5, 2 (T (5))) ) ds

tAT (R)
+*/ (8))0s1(0 (s, 2 (mn(5))) " D f (2n(5))[*ds,
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4 tAT) (R)
As = —*/ 21(@n ()07 (@n (T () D f (2 (5)), (0(5, 20 (T (5))))T (wn(5) — w0))ds.
7 Jo

For the terms Ay and A4, we have the following estimate

tAT) (R)
Ay + Ay < /0 21(2 () (lo (s, 2 (mn(5)))I” + [b(s, 2 (10 (s))) ) ds

2C | 2C AT (R) )
gt 1)/0 21(n(8))0s (o (s, 2 (T ()| + [b(5, 20 (ma(5))) ) ds-

It is obvious that the term A3z < 0 by condition (A3). For the term Aj, we have
40 tAT) (R)

As < — 21(@n(9)lo7 (20 (10 () P20 (5) — 2(0)|ds
tAT (R) tAT (R)
2 / Dl s+ 2 [ sl (o)) s,
7 Jo

With thebe estimates, taking the expectation both side gives

tATr(R)
Elbinrym] < OélE[/O 05 (1b(s, 2n(mn(5)))] + llo (s, 2 (1 (5)))]1%)ds]

tAT) (R)
+ B / (05, Zn(ma()? + 15, 2n (7 ()))])ds],

where oy = @(27—27 + % +1) and ap = f{;’ (20 + 1). Subsequently,

t
Ebinrz(m)] < alE[/ Osnr=(r) |S|11<PR(|b(8»$)| + (s, 2)|*)ds]
0 z|<

+oo
+ az/ sup ([b(s, )| + [lo(s,z)||*)ds
0 |z|<R

By Gronwall’s inequality and assumption (A5), we obtain

t “+o0
Elbunszm) < azexp [ar [ sup (s, + o(s,a))ds] [ sup (lots. )] + b(s,0) s
0 |z|<R 0 |z|<R

t —+o00
< ag exp [al/ )\(s)ds} / A(s)ds
0 0
=C(t) < o0
where C(t) is independent of R and n.
Let
liminf 7} (R) = 7.
R—o0
Suppose that P(n < co) > 0. Then for some 7' > 0, P(n < T) > 0. Lemma [3.5] we have
0<Pn<T)
< P(r(R) <T)
= P( sup |z,(t ATh(R),z0)] > R)
te(0,T]
Ellzn(T A7y (R), 20)|?]
< T2
E[(|zn (T A 73(R), 20) — 20])* + 2E(|20|’]]
< 2
E07 - (r)] + 2E[|20/?]
R2
2C(T) + 2E[|zo|?]
< iz

— 0, as R— oo.
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Then n = co. By Fatou’s Lemma
El6:] < C(t) < 0. (3.3)
Then the claim follows. O

We denote p,,(s) = xn(mn(8), o) — zn (s, x0). Clearly, x, (s, zq) satisfies

Tn(t, 20) = o + /Ot b(s, xn(s) + pn(s))ds + /Ot o(s,2n(s) + pn(s))dBs + on(t),  (3.4)
where x,,(s) := 2, (s, 7).
Let zg, yo : 2 — D be Fy measurable. For ¢y > 0, R > 0, we define
Tnm (R, o, yo) = inf{t : [2n (¢, 20)| V [zm(t,y0)| = R},
o (€0, Y0) = (L [, (¢, 20) — m (t, o) [* > €0},
Lo (R, 20, Y0) = Tim,n (0, Y0) A Tn,m (R, Zo, Yo)-

Proposition 3.7. Assume (A3)—(A5). Let xo,yo : 2 — D be Fo measurable such that E[|xo|?] <
00, E[|yo]?] < co. Then there exists a positive function n(u) on [0,+00) which is continuous at
origin and n(0) = 0, such that

E[lxn(t N Fm,n(Ra Zo, yO)a 370) - xm(t A Fm,n(R7 Zo, ?/0), y0)|2]

< F (R (ntg) + ) + 30 [ (0(6) + A
1

C
+ F(F (2 Bllwo — wl?] + 2055

)) +3a /Ot(g(s) + A(5))ds),

where a = 3%(£ + % + 1), and

@ dv
Flu) = _/u e (3.5)

Proof. Fix m,n and R temporarily and let ¢t € [0,+00). For simplicity, we denote (¢, ),
T (t, 20) and Ty, o (R, 0, Yo) by n(t), T (t) and Ty, 4, respectively. Set
yr = an(t) — xm(t), G = |yel*.
Let
2
z(x,y) = eXp(—;(f(lf) + f(y)),
2t = 2(xm(t), Tn(t)) (e

By It6 formula, we have

6
ZATmm 1= Zfz‘,
where -
I =2 / T @ (5), 20(5) Ges (05,2 (7n(5))) = 05, T (T ()))dB(5))
0

) tAL i, n
—5 /0 zs[(Df(xn(s)), (0 (s, 2n(mn(s)))dB(s))

+ (Df(xm(s)),0(s, Tm(mm(s)))dB(s))],

L=2 / T (@ (5), 2n(5)) (o b5, T (n(5))) = b(S, T (T (5)))) s

tAT
+/0 tr{z(zm(s), 2n(5)) (0 (s, 2n(mn(5))) — 0 (5, T (T (5)))"
X (0(8,2n(mn(8))) — 0(8,Zm(Tm(s))) }ds,
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) t/\l"mm,
b= / 2 [(DF(20(5)), b(5, 2 (7 (5))))

+ (Df(@m(s)), b(s, 2 (mm ())))]ds,

=2 / T @m(5), 20 () (Us, dbn(5) — don(5))

2

t/\I‘mm,
= / 2 [(DF(2n(5)), dbn()) + (Df (n(5)), drn(5))],

1

tAT ym . ,
Is = —;/O zs tro” (8, 2 (T (5))) D7 f (20 (5))o (8, 2 (0 (5)))

o (s s D)D2 £ (s (5))0™ (5. 2n (1 (5))) ]
tAL
2 / (5,20 (0 (5))) D (20 (5)) [
¢ oo m () DI )
1207 (8, 20 (10(5))) Df (20 (5)), 07 (5, s (7n (5))) D f (1 (3))) s,
4 t/\l—‘m,"
Is = —7/0 tr {z(mm(s),xn(s))

v
(5,20 (7 (5))) = 0 (5, T (T (5))) " (20 () = T (5)), 0 (8, T (700 () D f (w2 (5)))
+ <(U(Saxn(ﬂ'n<s))) - U(‘vam(ﬂm(s)))T(xn(s) - IM<5))a 0(37 mm(ﬂ'm(s)))Df(mm(s»ﬂ }ds.

For the terms I3 and I5, we have

4C 8C, [Nmin
Bty (S50 [ a s (s, + ot )]s
Y Y 0 |z|<R

For the term Iy, the condition (A3) implies

tA i n 1
Iy = 2/ 2(2m (), 20 (8))[(ys, n(@n(s))) — —C(Df(zn(8)), n(@n(s)))]d]énll[0,5]
0 0
tAT o m
+ 2/ 2(m (), T (8))[—(Ys, n(zm(s))) — lCs<Df(ﬂcm(s)),n(fvm(5))>]d|\¢>m|\[o,s] <0.
0 0

Hence, we can omit this term. We estimate the term Ig as follows,

<= | (), 2 (8)]0(8, Tn(Ta(8))) — 0 (8, T (T (8)))]

X [z (s) = zm(8)[([lo(s; 2n(Tn () + (s, 2m (Tm ()] ds

<2 (), 2 (D5, 2T () — (5, T (1 () 2
Y Jo
4C tAT m,n

+— zs(lo (s, 2n (T ($))1* + o (8, 2 (70 (5)))[|*)ds.
Y Jo
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These estimations lead to

tAT n
ZtAT < 2/0 Z(mm(8)7 $n(5))<ys, b(S, xn(ﬂ-n(s))) - b(S, xm(ﬂ-m(s))»ds

20 tATm,n 2
(o 1)/0 2 (s), 2 ()]0 (s, 2n(mn(s))) = 0 (8, T (mm (s))) | "ds

8C &C mn
+(7+?)/ Zs‘slup (|b(s, )| + ||o(s,2)||*)ds + I

tAT
< 40, / (pn(5)] + [pm(3)]) sup [b(s, 2))|ds

lz|<R

(3.6)

tAT 0
+Co /O 9 KR (|2n(mn(s)) — 2m (T (5))]*)ds

8C SC) /Wmvn

O+ 3 Cs sup ([b(s, )| + [lo(s, z)|[*)ds + I

|z[<
From

|20 (Tn(8)) — xm(ﬂ'M(5>>|2 < 3(|lzn(s) — xm(5)|2 + |zn(mn(s)) — xn(5)|2 + |Tm (Tm(8)) — 2m (s, 9L‘)|2)

and
Cs < |zn(s) — xm(5)|2 + @ (mn(s)) — xn(3)|2 + [T (Tm (s)) — xm(s,x)|2,
we obtain
E[Giar,, ]
tA i n
<4@ [/ (IPn(s) + [Pm(s)]) sup [b(s,z))|ds]
Co 0 |z|<R

+a / (9(6) + sup (15,2 + (5, 2) ){ K (3E(12n (5 A Ton) = 0 (5 A T

+ 3E[|pn(s A Fm,n)|2 + [Pm(s A Fm,n)|2]> +3E[|zn(s ATwmn) — zm(s A Fm,n)|2]
+ 3E[pu(5 A Timon) > + (5 A Tomn) 2] s,

where o = 3%’(% + i—(; + %) Applying It6 formula as the proof in Lemma and by simple

calculations, thus
tAT
Ellpa(t AT z)’] < 1B pn(s)|? Sup. (Ib(s, )| + llo (s, 2)|1*)ds]

T (O) Al n |z|<

tAT . n
+c2E[/ sup (||o(s, 2)[|* + [b(s, z)|)ds]

n(t)Alm n [z|<R

t
< §1E[/ [P (s ATimn)? sup (1b(s, z)] + [lo(s, z)|*)ds]
7 (t) lz|<R

t
+a / sup (o (s, 2)[1? + [b(s, 2)])ds
mn(t) |z|<R

§<1E[/ [P (s ATimn)? sup (1b(s, z)| + [lo(s, z)|*)ds]

n ‘$‘<R

sup / sup (|lo(s x)|| + |b(s, z)|)ds,

|u v|< |z|<R
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where ¢; = <o (20 + == 30 +1) and ¢ Cg (20 +1) . Then by Gronwall’s inequality and assumption

Co C
(Ab5) we rewrite

Ellpn(t ATmn)l?]
t v

<oep(a [ s <|b<s,x>|+||a<s,x>||2>ds) sip [ sup (s, )2 + b(s, 2)])ds
mn(t) |z|<R lu—v|< o7 Ju |z|<R

¢
< g exp <§1/ A(s)d sup / A(s
n(t) |u v|<gw

< sup ¢ exp §1//\ ds//\
Ju—v|< 5

PIg

(3.7
We set
no(d) :== sup §2€Xp<§1/ )\(s)ds)/ A(s)ds,
lu—v|<8 u u
1 1 ,
ma(t) = 3010(35) + M0(ey) + BB (3 A L) = n(s A T )2

Then it follows from the assumption (A5) and (3.7)) that

M) < 3 (o) +m0(5)

C
+ 1270E/ (Ipn(s ATmn)| 4 [Pm(s ATmn)|) sup [b(s, z)|ds]
¢ Jo lz|<R

+304/0 (9(s) + sup (|b(s,2)| + llo(s,2) %)) (KR + D)(ha(s))ds

|lz|<R

< nlge) ) + 30 [ (a(s)+ sup (1. 2)]+ lo(s,2) ) K (s () + D s)) .

[z]<R
where
Cf oo
) = 3m(w) + (1250 V@) [ As)ds, w0
Co 0

Combining this with Bihari’s inequality and assumption (A5), we have

m() < B (P (y (an Q}n)) +3a /Ot(g(s) +A(s))ds). (3.8)
Similarly, one can write

E[‘xm(t A Fm,na .T()) - xm(t A Fm,na y0)|2]

) +n(

CO ) CO tAL o n
< —Eflzo -yl +4—F (Ipm (w0, )| + [pm (Y0, 5)[) sup [b(s,z)|ds]
Co Co 0 |z|<R

+ “/0 (9(s) + sup (b(s, )| + lo(s,)]|2)

|z|<R
% { K (3El2m(5 A T 70) = 25 A T o))
+ ([P (0, 5 A o) 2 + [P (40, A Do) )
+ 3B (5 A Tons ©0) — T (8 AT, 90) %]
+ 3Bl (@0, A L) + [P (40, 5 A Tom)] s,
where

pm(x()y 5) == IZ?m(ﬂ'n(S), ZO) - Im(S,l’o), pm,(y07 5) == xm(ﬂn(s); yO) - xm(57y0)~
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We denote )
hg(t) = 6770(277”) + 3E[|(Em(8 N Fm,n,xo) - :L'm(S A Fm,n7y0)|2'
From this and , we have

C 1
ha(t) < —2E[|lzo — yol*] + 2n(5,-)
Co 2

+3a/0 (9(s) + sup (|b(s,z)| + llo(s, 2)II*) (Kr + 1) (h2(s))ds.

lz|<R

Then Bihari’s inequality leads to

_ C 1 K
na(t) < P~ (B (2 Blleo — ol +20(557)) + 30 / (9(s) + A(s))ds). (3.9)
0
The claim follows from (3.8]) and (3.9)). O
Corollary 3.8. For E||zo|%] < 0o, E||yo|?] < 0o, T > 0 and € > 0, then we have
lim P(sup |z, (t, x0) — xm(t,y0)| > €) = 0. (3.10)
m,n—00,E(|z0—yo|?]—0 t<T
In particular, we have
lim  P(sup |z, (t, 20) — xm(t, z0)| > €) = 0. (3.11)

m,n—r o0 t<T
Proof. By applying Lemma [3.5] we obtain that for any € > 0,

P(sup | (s, 20) - T (5,90)]> > €)
s<t

< P( sup |20 (5, 20) = T (s, 90)|* = €) + P(Tom(R, 20, 50) < 1)
$<tATh,m (R,20,Y0)
< P( sup |20 (s, 20) = T (s, 90)|* 2 €) + P(|2(t AT (R, %0, Y0), w0)| = R)

S<tATn,m(R,z0,Y0)
+ P(|xm(t A Tn,m(R7 Zo, y0)7 .’130)| Z R)

E Tn t/\Tn,m RaxOuyO , Lo 2
SP( s fra(sm) — ms,go)? 2 o) + DUl A Tran (20, go), o)
Sgt/\Tan(R;xO;yO)

E“Z‘m(t A Tn,m(Ra Zo, y0)7 .’130)|2]
+ R2

1 E
S ?Eﬂmn(t A Fm,ny J)()) - xm(t A Fm,n7 yO)‘Z] +

[lxn (t A Tn,m(Ra X, yO): Z‘o) |2]

RZ
Eme(t A Tn,m(Ra Zo, yo), $0)|2]
+ .
R2
Furthermore, by Proposition one can easily write
P(Slip |0 (5, 20) = Zm (s, 90)|* > €)
s<t
1 1 1 ¢
<t — —
< 7 (P(ntge) + () + 30 [ (a(s) + Ms)is)
1, Co 9 1 ¢
+ 5P (P(2Ele0 — )+ 20(57)) + 30 [ (ale) + 2s)as)
EHITL(t A Tnvm(R7 Zo, yO)a $0)|2} EHSCn(t A Tn7m(R’ Zo, yO)? :Eo)|2]
+ 2 + 2 .

Therefore, letting R — oo and applying Lemma we have

sup P(sup |z, (s, 20) — Zm(s,90)|* > ¢€)
El|lzo—yol?]<s  s<t

< 5P (F(atgm) + nt0) + 30 [ (ol5) + As)s)
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+ éF‘l (F(%é + 277(2%)) + 3a /Ot(g(s) + )\(s))ds),

which implies

lim P(sup |z, (s,70) — 2m(s,90)]* > &) = 0.
m,n—o00,E[|zo—yo|?]—0 s<t

Considering that t is arbitrary, this completes the proof. O

Proof of Theorem[3.1. We denote the P-limit of {x,,(¢,20)}» by z(t, o) in C([0,T]; R?). We now
can select a subsequence ( denoted by {z,, (t,20)}), such that

T, (t,20) — z(t,z0)| 250, as k — oo. (3.12)

sup
t<T

Next we check that (¢, z¢) is a solution of equation (1.1).. By equicontinuity of {z, (¢,z¢)} in ¢
and (3.12]), we have

SUp |, (T, (1), 20) — x(t, 20)| =30, as k — oo. (3.13)
t<T

It is obvious that

W, (t, 20) ::/0 b(s,xnk(wnk(s),xo))ds—i—/o 0 (8, T, (10, (8),20))dB(5)

%/O b(s,x(s,zg))d5+/0 o(s,x(s,20))dB(s) =: W(t,x0), in L*(Q),

as k — oo, by the fact that b and o are both continuous with respect to x. Then there exists a
subsequence {ny} such that

sup ‘/Ot b(s, Zn, (Wnk(s),xo))ds—&—/ota(s,xnk (7, (8), 20))dB(s)

0<t<T

! ) (3.14)
— / b(s,z(s,zo))ds —l—/ U(s,x(s,xo))dB(s)‘ =0, as. t<T,
0 0

as k — oo. Consequently, by Lemma we obtain that there exists an J, adapted process

é(t, 29) € C([0,T]; R?) with the properties (2.1)) and (2.2) such that, for a.s. w € Q, (2(t, z0)(w), d(t, z¢)(w))
is a solution of the Skorohod problem

z(t, xo)(w) = W(t, zo)(w) + ¢(t, z0) (w).
Since
Ony (8, 20) = Wi, (L, x0) — @n,, (L, 20),
we apply and to obtain

sup |én, (t,20) — ¢(t,x0)| = 0 asfort <T, as k — oo,
0<t<T
and then
t t
x(t, zo) :/ b(s,x(s,xg))ds —|—/ o(s,x(s,20))dB(s) + ¢(t,x0), t<T.
0 0

The uniqueness and continuous dependence with respect to xg of the solution of equation (|1.1)
will be presented in Theorem [3.10] This completes the proof. O

Remark 3.9. Now we see that (z(t,z0), #(¢, 2o)) indeed is a solution of equation (1.1 with initial
data zo. By Lemma and (3.14)), it is easy to see that for any ¢ < T, and fixed =g,

[0,t] x Q3 (s,w) — z(s, 30, w),
[0,] x Q3 (s,w) — P(s,x0,w)

are By 4 x JF; measurable.
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Let 20,90 : Q — D be Fy measurable. Let '(¢,70) and 22(¢,yo) be the solutions of equation
(1.1) with initial conditions 2'(0, z¢) = z¢ and x2(0,y0) = yo, respectively, and ey > 0, E[|zo|?] V
E[yo]?] < co. We define

7o (R, o, yo) = inf{t : |2 (¢, 20)| V |2*(t, 30)| > R},
Fo(mo,yo) = inf{t : |21 (¢, 20) — 2%(t,y0)|* > €0},
L'w(R, 20, Y0) = T2(x0,Yo) A T2(R, o, Yo)-
Now we prove that (z(t), ¢(t)) is the unique solution. Indeed, we have the following result.

Theorem 3.10. Let 2*(t, zq) and 2%(t, o) be the solutions of (1.1]) with initial conditions (0, x¢) =
xo and 2%(0,y0) = yo, respectively. Then for any ¢ > 0, we have
1 C, [t
Psup o' (s,20) (s g0)* 2 £) < 2P~ (P2 Elloa = wo') +6 [ (906) + A)ds) (3.15)
0 0

s<t
where the function F is defined by [3.5) and & = <o (8¢ 4 89,

Cco » Y 0l

Proof. Using It6 formula for the processes
2
Zy = eXp(—§(f($(ta9€o)) + f(x(t,y0))) 2" (¢, wo) — 2* (¢, y0)*.

and estimating as (3.6, there is a positive constant C' such that

Ziar, (R,z0,Y0)

) t/\Fx(R,xg,yo) 1 9 5
< Colo — ol + Co / 9(5) K r(|z (s, 20) — 2%(s, yo) [2)ds
0

8C  8C tATx (R,%0,Y0) L ) ) )
+Co(7 + *)/ |z (s,20) — 2°(s,90)|” sup ([b(s,2)| + [|o(s,2)[")ds + Ri(t),
0

lz|<R

where R;(t) is a martingale with zero expectation. From the fact that exp(f%(f(:r) +f(y) > co
and the function Kg being concave, we obtain

E[‘xl(t A Fw(Ra X, y0)7 1‘0) - xz(t A Fa:(Ra Zo, 90)7 y0)|2]

o , Co tAT (R,%0,y0) 1 2 2
< 2 Ellwo — yol] + / 9($)Kr(Bllz* (s,20) — 2*(s,y0) "]} ds

ATz (R,20,y0) 1 9 9 9
+@/ Eflz* (s, 20) — #7(s, 90)] ]|S|11<PR(|b(Sa$)| +llo(s,2)|]%)ds
0 z|<

C
< 2 E[|lzo — 3o/
co
Coy [t

=+ a g(S)KR(E“‘Tl(S A /\Fx(Ra o, 90)7 1'0) - '1:2(8 A /\Fx(Rv Zo, yO)a y0)|2])d5
0

t
+ d/ E[|lz' (s A AT (R, 20,90), 20) — 2%(s A AT (R, 20, %0), Y0)|*]
0

x sup (|b(s, )| + [|o(s, z)||*)ds
|z|<R

By remark we have
Ellz' (t ATo(R,20,90), w0) — #*(t ATz (R, 20, Y0),%0)|?]
-1 Co 2 [
< (P Ellwo —wl) +@ | (9(s) + Als))ds)

0
By Lemma for any ¢ > 0, we write

P(sup |z'(s,2z0) — 2°(s,50)|* > €)
s<t
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SP( sup |I’1(.’E078)7$2(y0,5)‘2 25)+P(Tm(Raany0) St)
s<tAT4(R,z0,Y0)

< El|z' (t AT (R, z0,y0), x0) — 22(t AT (R, z0,Y0), y0)|?] N Ellx) (t A 1o(R, 20, y0), 20)|*]

- € R?
E|z3 (¢t A 12(R, 20, 0), y0) ]
+ R2
1 __ C [t El|zk(t A2 (R, 20, v0), T0)|?
< 1 (P Blro — )+ [ (g(6) + Ns)yds) + Zzalt A 0 s0). )
IS Co 0 R
+ EH'I?l(t/\ Tm(R7any0)7y0)|2]
R? ’
Letting R — oo, we have
1 2 2 | Co 2 [t
P(sup | (s,20) — %(s,y0) > > 2) < —F* (F(=Ellwo — yol*}) + G | (g(s) + A(s))ds).
s<t £ Co 0
This completes the proof. O

Theorem tells us that the solution of equation (L.1)) continuously depends on the initial
random variable. That is to say we have the following result.

Corollary 3.11. Let zo :  — D and z,(0) :— D be Fy measurable random variables and
assume that E[|zg|?] < oo and sup,, E[|2,(0)|?] < oo and that E[|x,(0) — z0|*] = 0, as n — oo.
Assume that (z(t,x0), d(t,x0)) and (xn(t, 2,(0)), dn(t, £,(0))) are the solutions of equation (L.1)
with initial random variables xoy and x,(0), respectively. Then
P- lim sup |z, (t,2,(0)) — z(t, z0)| =0, (3.16)
t<T

n—oo
where P-lim means a limit in probability.

To prove Theorem we introduce the following condition and lemma.

(A6) There exist positive constants ¢’ and + such that for each xg € 9D we can find a function
f € C}(RY) satistying (1.2 for any = € B(z,0’) N ID, y € B(x,8') N D and n € N,.

Lemma 3.12 ([12, Lemma 5.3]). Assume (Al) and (A2). Then the domain D satisfies (A6) with
v =2roB7 L

Proof of Theorem[3.34 We use the techniques in Pardoux and Rascanu [7, Proposition 3.38 |.
By a standard compactness argument, there exists a colection of sets {U; : U; = B(x;,d'), i =
1,2,...,k} covering D and there exists an open set Uy C D such that D C UF_{U;}. For
Fo measurable random variable o € D a.s., we consider the equation with initial value

xl = woly, (zo) (where Iy is the indicator function of set U). We see that Euler approximation
(3-2) which is well-posed by [12, Theorem 4.1]. We denote

#om =inf{t:x,(t,x() ¢ DNU} Ainf{t : 2 (t,2h) ¢ DNUY, i=0,1,...,k,
it =inf{t |z, (t,xh) — zp(t,2d)]? > e}, i=0,1,... k.

m.n
Let
= i e
F(w) = min{#'(w) #0:9=0,1,...,k}, weqQ,
Conn = T AT
We may assume that 7 < oo a.s.; otherwise, consider 7 A N. Applying Lemma[3.12] and the proof
of Proposition [3.7 we can write

. 1

Ellan(t A P 1) = 0t A B, ) 2] < F (P () +1(5)) + e / (9(5) + A(s))ds ).
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where «, F(u) and n(u) are defined as in Proposition According to Lemma [3.5{and the proof
of Corollary we have for any € > 0,

Eljen(t A Lo, @) = (A Lo, 25) 7]

P(sup |zn(s,xd) — zm(s,z8)]? > ¢) <
s<tAT 3
1 1 1 K
< -f1 — an :
<27 (P (atge) + () + 30 [ (a(s) + Ms)s)
Hence,
lim P( sup |on(s,28) — 2m(s,25)| =€) = 0. (3.17)

mn—=00 < s<INT

The proof of Theorem says that there exists a unique strong solution (#(t), ¢'(t)) (t < 7) of
equation (1.1)) with initial random variable x}.
We denote a(z) = S2F Iy, (z), z € D, and

(o)) "1 ()1, (x0), t< 7.

§\>

N2

I
'Ma- |

Then (2(t), ¢(t)) (t < 7) is the unique strong solution of equation (I.1)) with initial random variable
. Indeed, by the fact

for t < 7, we have

'L:O | .
=Y (aten)) b+ [ D (atan)) (s, a(0) v, () o (20) B ()
i=0 0 =0
t k k N
- /O > (a(wo)) M b(s, £(t)Iu, (x0)) v, (w0)ds + Y _(a(w0)) ™ ¢ () 1u, (o)
i=0 =0
k ) t k
=Y (alen) b+ [ - (aleo)) ols. (0 v (20)dB(S)
i=0 0 =0
t k R
+ [ S (@l s, 0) s + )

=z + /0 o(s, 2(t))dB(s) + /0 b(s, &(t))ds + ¢(t).

Assume that there exists a stopping time 7; such that x(¢) (0 <t < ) is the unique solution of
equation with initial random variable xy. We may assume 7; < co a.s.; otherwise, consider
71 A N. Next, define B(u) = B(f; +u) — B(r) and F,, = Fayu = {A € F:AN{f +u <t} e
Fi, ¥t > 0}, u > 0. Then it is easy to see that Bisan (ﬁu)uzo Brownain motion and 7; =: t — 7 At

is an (F,)u>0 stopping time for each fixed ¢ > 0. Thus we consider the SDE

Y(t):x(%l)+/0 a(t,Y(s))dB(t)+/0 b(t, Y (s))dt + p(t). (3.18)
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As proved as above, there exist a stopping time 7,1 and a unique strong solution f’(t) (t < 7i41)
of (3.18]) with initial value z(7;). Let

o(t) = {fc(t), ift <7,

Y(t—7), if 7 <t< 7.

Then z(¢t) (0 <t < 7741) is the unique strong solution of ([1.1]) with initial value xy. This completes
the proof. O

4. STABILITY RESULTS

In this section, we consider the stability of the solution of equation (1.1). Suppose that o, (¢, z)
and b, (t,z) are functions satisfying the assumptions (A4) and (A5), where the function A does
not depend on n and for any 0 < R < 400 and 0 < T < 400,

T
/O ‘s|u<pR(H0n(t,x) — o(t,2)|]2 + |bu(t, ) — b(t, z)|)dt — 0. (4.1)

Let 0 < x € C°(RY) with [, x(d)dz = 1 and x,(x) = n®x(nz). If b and o satisfying the
assumptions (A4) and (A5), b, := xn * b(t,-) and o0, := xp, * 0(t, ) satisfy the condition (4.1).
For every n € N, let (y, (¢, yn(0)), &n(t,yn(0))) be the solution of the Skorohod problem,

t t
(132000 = 52(0) + [ a0 (5,5 OD)AB) + [ b5, 53 0 + 610, 0): (1.2
0 0
Our main object in this section is to prove the following theorem.

Theorem 4.1. Assume (A1)—(A3) hold. Suppose that E[|y,(0) — z¢|?] — 0 as n — oco. Then
yn(t, o) = x(t,x0) uniformly on [0,T] in probability, where x:(t,xo) satisfies the equation (1.1))
with initial random variable xg.

Proof. We denote y,, (t,y,(0)) and x(t,xg) by y,(t) and z(t), respectively. We define
$o =nf{t > 0: |y, (t)| V |z(t)| > R}.
Let
u(t) = ya(t) —2(t), G=PE) 2= 2(ya(t), 2(t))C

A i=Inf{t >0, > €}, An = Adn,

where z(z,y) is defined in the proof of Proposition
Using It6’s formula for ziaa,, and following the same as proof in Proposition we have

tAN,
sonn, < 70 42 / (U (5), 2(5)) Vs b (5, yn(5)) — b(s, 2(5))))ds

20 tATy (R) ,
+(7+1)/0 2(Yn(s),2(8))lon (s, yn(s)) — o(s,z(s))[|"ds
6C  4C . [T\An )
+ (7 + ?>/ ZS[QEPRW)(S’I)' + [lo(s,2)[])
+ |s|u<pR(|bn(s,ﬂc)l + [lon(s, 2)[|*))ds + 17

tAAR
=20+ 2/0 2(yn(s), (5))(Vs, bn (8, yn(5)) = bn(s, 2(s))))ds

40 tA A, )
(- 2)/0 2(yn(5), z(5))lon (s, yn(s)) — on(s, z(s))[ ds

tAA,
+ 2/0 2(yn(s), 2(5))(vs, bn (s, 2(s)) — b(s, z(s))))ds
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4C tAN, )
+ (7 + 2)/0 2(yn(s), 2(s))l|lon(s, x(s)) — (s, z(s))||"ds
6C 4C, [T )
+ (7 + ?)/0 zs[‘ilung(lb(w)\ + [lo(s, 2)[1%)
+ |s|u<pR(|bn(s7ﬂc)I + [lon(s, 2)[|*)ds + I

tAN,
<o+ / 2(yn(s), 2())g(5) K r(Ca)ds

t/\An
+ / 2(Yn(5), 2(5)) B (5 yn(5)) — b(s, 2(s))]ds

0

4C tAA, ,
+ (7 + 2)/0 2(Yn(8), 2(3))[lon(s,yn(s)) — o(s,z(s))[|°ds
6C  4C tAAn )
+ (7 et 1)/0 zs[‘flung(lb(s?x)l + [lo(s, 2)[%)
+ s (Jba(5,)| + o, 2)|[*))ds + 17,

where I] is a martingale with E[I{] = 0. Thus taking expectation on both side, hence

t
Elcinn,] < B2 / 51 (I (5,2) = 05,2+ [on(s2) = b, )

T B / (K DG, ) s (s, 2)] + (s, )]

+ sup (1n,2)] + llom (s 2)1) + (5] + %Enynw) — ol

where 8y = @(% +2) and B3 = €0(8C€ 4 4¢ 4 1), By Bihari’s inequality, we obtain

co co N ¥ 2

Elcon.] < F*1<F(,32/0 sup (|ow (s, 2) — o(s, 2)|[ + [bu(s, z) — b(s, 2)|)ds

lz|<R
+ VBl (0) = wof?)) + B [ [sup (s, )] + o, )]
Co 0 |z|<R
+ sup (87(5,2)| + " (5,2)I7) + 9(o))ds)
< (r(s | 39 (Ioa(5,2) = o(5,2)[ + Iou(s,2) = (s, ) )ds

+ OB ln(0) ~ o)) + 5o [ 2AG) + g(s)ds)

o
where F' is defined by (3.5).
As proof in Corollary we claim that

P(sup¢s >¢) =0, asn — oo,
s<T

and the theorem follows. O

5. REGULAR VERSION

For 0 < s < T < 400, g € D being constant, under the conditions of Theorem the
equation admits a unique solution on [s, T with the initial value z(s) = xg. We will denote
it by (x(s,xo;t,w), d(s,xo;t,w)). In this section, we will explore the Markov property of the
solution of equation .
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We will say that a function f : RT x R% x Q — R? is progressively measurable if for any ¢ > 0,
restricted on [0,#] x R? x Q it is B([0,t]) x B? x Fi-measurable.

Now, the canonical space is used such that it holds B(t)(w) = w(t). To obtain the Markov
property of the solution x(s, zo;t,w), we hope that for s < s1 < s3 < ¢, the identity

’I(sh zo; T, w) - I(SQa ‘T(Slv Zo; 82, CU), t, 082("'))
holds, where Osw(t) = w(s +t) — w(s). Next we will show the following lemma.

Lemma 5.1. Let g1(s,z,w) and g2(s, z,w) be progressively measurable functions and almost surely
continuous with respect to x for any t satisfying

—+oo

£l S (1o, + on (s, )] <00, R >0 (5.1)
0 z|<R

Then

(i) there exists a progressively measurable function G(x,t,w) such that

t t
G(z,t) :/0 g1(s,x)dB(s) +/0 g2(s,2)ds, ¥ x € RY;

(ii) #f n is independent of (B(t))t>0, then

t

G(n,t,w):/o gl(s,n,w)dB(s)—l—/O 92(8,m,w)ds.

Proof. For simplicity we assume that go = 0 because of the ordinary integral term produces no
difficulty. Set y* :=27k[2%y]. For xg = (z1,...,74) € R?, set 2% = (ak,... 2%). We denote

Gn(t,x):/o o1(s,2™)dB(s).

According to the Burkholder-Davis-Gundy inequality, we have

t T
E[ sup |Gu(z,t) — / g1(s,2)dB(s)[?] < E / lg1(5,2™) — g1 (s, ) °ds].
0<t<T 0 0
Combining this with

91(87‘7;") - 91(57-'17), a.e., as — o0,

and (5.1)), we have

T T
nmsupE[/ |gl<s,x”>—gl<s,x>|2ds}SE[/ lim sup |g1 (s, &™) — g1 (s, @)|ds]
0 0

n—-+o0o n—-+oo

T
= E[/ lim |gi(s,2") — g1(s,z)|*ds] = 0,
0

n—4oo

which leads to

lim E[/O lg1(s,2™) — g1 (s, z)|>ds] = 0. (5.2)

n—-+oo

Then, there exists a subsequence {Gy,, } (still denote {G,}), such that

lim G, (t,x) :/0 g1(s,2)dB(s) a.s. in C([0,T]), Vx € R%

n—oo

Consequently we define

Gla. ) lim;, oo G (., ), if the limit exists,
z,)) = _
0, otherwise.

Then G satisfies (i).
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To prove (ii), we first assume that s — g¢1(s,z,w) is almost surely continuous. Denote t :=
(k/2™)At, k=1,2,.... Then we have (see [II Proposition IV 2.13])

G(t,x) = P— lim > gi(tx, x)(B(tas1) — B(tw)),
k=1

t o]
/ g1(s,m)dB(s) = P — lim > g1 (tx, n)(B(trs1) — B(tr)).
0 n—o0o Pt
Then there exists a subsequence of {n} (we still denote by {n}) such that
o'} t
Zgl(tk,n)(B(tkH) — B(ty)) — / g91(s,m)dB(s), a.s., asn — oo.
k=1 0
Because of the independence of 7 and (B(t))>0, for k =1,2,..., we have
¢
PG = [ m(s.miB()

= P(G(t,n) = lim > g1(te,n)(B(tes1) — B(tr)))
k=1

= L. P(G(t,n) = lim > g1tk ) (B(tet1) — B(tx))|In = ) P(n € dx)
k=1

= | P(G(t,x) = lim > gi(tk,2)(B(trsr) — B(tx))ln = 2)P(n € da) = 1.
k=1

For the general case, we set g1 (s, z,w) = 0 for t < 0 and define

1/n 1
gﬂmw=n/ p(ns)gr(t — s — L, 2)ds,
—1/n n

where p(t) € C* is a positive function with support in [—1, 1] and f_ll p(s)ds = 1. It is clear that
g7 (t,z) is almost surely continuous with respect to t. Furthermore, by Minkowski’s inequality,

T
j/ g0 (b ) — g (t,) 2dt
0

= :(/OT|/_11/nnp(ns)(gl(t—s—;,y)_gl(t_s_i,w))dSth)l/Q-z
< /_11/71(/0T |np(n3)(gl(t—3_%,y)_gl(t_s_%7x))‘2dt)1/2ds:2
- :/1/nnp(ns)(/0T|(gl(t—s—;,y)_gl(t_s_i,x))th)lmds:z

1
n

< ([ nomas)” [ tott) - o

1
n

Thus, we have

B[ ottt - st < (n |

_1
n

1/n T

2
p(nu)du) E[ [ |gi(t,y) — g1(t, x)|*dt]
) /0 (5.3)

= E[/O g1(t,y) — g1(t, @) |*dt].

Then, for any n, ¢ (t,x,w) is almost surely continuous with respect to ¢ for any x and almost
surely continuous with respect to = for any ¢. By the proof above there exists a progressively
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measurable function G,, such that

Gult ) = / g (5, 2)dB(s),

Gult,n) = / G2 (5, m)dB(s).

We define B, = {x € R?: |z;| < r,i=1,2,...,d} for r > 0 and
So(r) ={(rk1 27" rko27 " o rkg27") t ky = =20 20 0= 1,2, ..., d}.

From the definition of ¢, we have for any x,
T

lim 197 (s,2) — g1(s,2)[?ds = 0, a.s..
n—oo 0

Then applying the Burkholder-Davis-Gundy inequality and the lemma of Fatou, we can write

limsup E| sup |gn(t,$)—/0 91(s,2)dB(s)[?]

n—o00 0<t<T

T
< Tim sup B / 197 (s, ) — g1 (s, ) Pds]
0

n—oo

T
< Bllimsup [ g7 (s,2) ~ g1(s,0)ds] =0,
0

n— oo

For any m, we take n,, > m such that

t
max FE[ sup |G, (t,z) —/ g1(s,z)dB(s)!] < 272™. (5.4)
T€Tn, (1) 0<t<T 0

For any 4, by (5.2)), we can take m; > i and z,,, € Xy, (r) with |z,,, — 2| < 57, such that
T
B[ lon(tm) - ga(t.)Pas) <272 (5:5)
0
Combining with (5.3]), (5.4)) and (5.5)), we then have for any x € B,,

E[ sup |G, (t,2) — / g1(s,2)dB(s) P

0<t<T

t
<3E[ sup (G, (t,2) = Gn,,, (t,m,)[°] + 3E[ sup |Gy, (t, 2m,) —/ 91.(25,m;)dB(s)[’]
0<t<T 0<t<T 0
t

+3E[ sup | [ g1(xem,) — g1(s,2)dB(s)|’]
o<t<T Jo

T

< 6E[/ 101(5, om.) — g1 (5, ) 2ds] + 3 x 2-2
0

<9x27%

By Chebyshev’s inequality, thus

S°P( sup |G, (t,x)—/ 91(5,2)dB(s5)| > 57) < oo.
i=1 0

0<t<T
Then, from the Borel-Cantelli lemma, we have
t
lim G, (t,z) = / g1(s,2)dB(s) in C([0,T]), a.s., for all z € B,. (5.6)
1—>00 v 0

We can see that (5.6 still holds for |z| < co. We define

F(.x) lim; o0 Gy, (-,z), 1if the limit exists,
LxT) = K .
0, otherwise.
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Then F' is progressively measurable. We claim that
Fon) = [ oi(s.midB(s).
0
Indeed,

Bl sup [F(t.)~ [ gi(sn)dB(s)P)
0<t<T 0

< lim B[ sup |F(t,n) = Ga(t,n)|*] + lim B[ sup Ign(t,n)*/o gt (s, mdB(s)[’]

n—oo 0<t<T n—oo 0<t<T
t

+ lim E[ sup | g?(s,n)dB(s)—/O g1(s,m)dB(s)|?].

n—oo 0<t<T 0

Applying the Burkholder-Davis-Gundy inequality, the dominated convergence theorem and that

t
El sup |Ga(t,n) — / g7 (s, m)dB(s)|?] = 0,
0<t<T 0

we have

B sup [Pt~ [ s B

T
< lim [ P(pedz)E] sup |F(t,z) — Gn(t,z)]?] + lim E[/O g7 (s,m) — g1(s,m)|*ds]

n— oo Rd OStST n—oo

< lim P(n € dz)E[ sup |F(t,z) — Gn(t, z)|?]

T n—oo Rd 0<t<T
T

+lm [ e B[ o) - a0 ds) =0
n— 00 Rd 0

Thus the claim follows, and this completes the proof. O

We consider the equation

x(s, ;) = xg —|—/ o(s,x(s))dB(s) +/ b(s,x(s))ds + ¢(s,x;t), w9 € D (5.7)

The following theorem is the main result in this section. We denote the Borel o-algebra of the set
D by Bp.
Theorem 5.2. Assume (A1-(A5). Then, for any s > 0, there exists a function (s,zg,w) —
x(s,xo; t,w) such that
(i) foranys <t, Dx[s,t]xQ > (20, u,w) — x(s,z0; u,w) is Bp X Bis ) ><]:[S7t]/3d measurable,
also Bp x [s,t] x Q3 (zg,u,w) = ¢(s, x0;u,w) is B x Bisq % ]:[S’t]/Bd measurable.
(ii) for any xo € D, {(z(s,wo;t,w), d(s, To;u,w)), s < t} is a unique solution of equation
with initial value xg.
(ii)
x(s,z0;t,w) = x(u, (s, To; u,w); t, Oyw), s <u<t.
Here, fort > s >0, Osw(t) :=w(s+t) —w(s) , and for s <t,
Frsg = of{w(u) —wv) : s <v<u < th

Proof. For y € R, set y* := 27F[2ky]. For xg = (21,...,24) € RY, set o = (af,... zk).
We take the subsequence {ny} of {n}, such that
T

F—l(%F(z—"k) +3a/0 (9(s) +>\(S))d8) < 2%

and take the subsequence {ng,}; of {ny}x, such that

|z — 20| < Sy
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Then by the proof of Theorem we see that (x(s, 2%;u, w), ¢(s, 2%; u,w)) is a unique solution
to equation ([I.1)) with initial value 2*. By Theorem we obtain

oo

1 — 1
ZP sup |z(x%, s;u, ) — (o, $; u, )\2>2— <22k—k§2—k
k=1

u<T =1

Then by the Borel—Cantelh lemma we obtain

lim z(s,2";u,.) = z(s,zo;u,.), uniformly on [s,T] a.s..
k— o0

Consequently
khm o(s, 2% u,.) = é(s,z0;u,.), uniformly on [s,T] a.s..
—

We define

- {limkﬁoo x(s,2%;u,.), if the limit exists
'1:(8 Zos3 ) =

0, otherwise.

(s, wo;u,.) =

- limg o0 @(s,2%;u,.), if the limit exists,
0, otherwise.
By Remark it is clear that for each k, [s,t] x Q + x(s,2%;-,-) and [s, 1] x Q > ¢(s,z¥;-,-) are
Bis4) % Fls,) measurable with respect to (u,w). Since x(s,2%;u,-) and ¢(s,2*;u,-) are piecewise
constant in zq for every fixed (u,w), then they are B¢ x B X Fis,g /B? measurable in (zg,u,w).
Thus, the limits of z(s, 2*;u, ) and ¢(s, z¥;u, -) have the same measurability. This shows (i).
(ii) is obvious because
x(s,xo; u,.) = Z(s,x0;u,.), a.s.,for every xo,
and 5
(s, xo;u, ) = (s, xo5u,-), a.s., for every xg.
Form now on we denote Z(s, xo;u, ) by z(s, zo;u, ).

Now we start to prove (iii). By the Lemma there exists a progressively measurable function
‘H such that

t t
H(Sz>yo;t,952(w))=yo+/ a(u,x(Sz,yo;U))dB(uH/ b(u, x(s2, Y0 w))du, Vyo.

S2 82

Then, since {x(s2,yo; u), P(s2,y0; u), u > s} satisfies the equation (5.7), we have

H(SQayO;ta') :m(827y0;t7') _¢(823y0;u>7 VyO
Both H(sa,yo0;t,-) and x(s2,y0;t,.) — &(s2,y0;t,.) are independent of Bias,, because of both
H(s27 Yo; tv ) and iE(SQ, Yo; ta ')_¢(327 Yo; t? ) depending on w thOUgh 952 (OJ) Form (7’)7 .’E(SQ, Yo; ta ')_
&(s2,Y0;t,.) is progressively measurable. Therefore we have for any u € Fs,,

P(H(S%M;ta ) = 'T(827ILL; ta ) - ¢(527M;t7 ))
= /P(u € dy)P(H(s2,y;t,.) = x(s2,y35t,.) — d(s2,45t,.)) = 1.
Taking u = x(s1, zo; S2, .), thus
x(s2, (51, To; S2,w); t,0s,) — O(S2, (81, To; S2,w); t, 0s,)
= H(827x(817x0;827w>;t7082)
¢ t
—x(sl,xo;SQ)—l—/ a(u,x(SQ;u))dBu—i—/ b(u, x(s2; u))du.

s2

But x(s1,xo;t) satisfies the same equation. Therefore, we have by the uniqueness

x(81, 205 t,w) = (82, (81, To; S2,w); t, Os, (w)).
Then the proof is complete. O
Corollary 5.3. Under the conditions of Theorem x(s,x0;t,w) is a strong Markov process.
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Proof. First, we know that x(s, z¢;t,w) is a Markov process. Indeed, for any zg, any s1 < s2 < t,
and any bounded Borel function f we have

E[f(z(s1,70;1))|Fs,] = E[f (x(s2, 2(s1, T03 52)3 1)) Fss ]
52ay;t))]|y:z(sl,xo;52)

52, (51, T0; 82);1))|x(51, 703 52)]

Replacing so by a stopping time and using the fact that the Brownian motion starts afresh at a
stopping time, one can show that x(s, zo;t,w) is a strong Markov process by the same arguments.
O

6. RATE OF CONVERGENCE OF EULER’S APPROXIMATIONS

In this section, we investigate the characterization of convergence rate of Euler’s approximations
of equation under more restrictions on the coefficients b and o. For simplicity, in this section
we let C7 stand for a positive constant depending only on some determinate parameters and its
value may be different in different appearance.

First, we introduce the following assumptions:

(A7) Suppose that o and b are bounded and satisfy
[b(t, ) = b(t, y)| < |z =yl K (Jo —y]),
lo(t,a) = ot 9> < |z = yPK(|lz - y)),

where K (z) = C‘(log(%) Y é)é for some 3 > 2 and the constants C,C > 0.

The assumptions above arise in the study of Brownian motion on the group of diffeomorphisms of
the circle (cf. [2,6]). For 0 < < 1, we define a concave function
(@) zlogz™?, r <
(1) =
o (log 7™ ~ Dz +4, z>

7).
Remark 6.1 ([10, Example 2.2]). Taking the function p(z) = g;(z) in Lemma we can describe
the Bihari’s inequality as follows: If h(s), x(s) are two strictly positive functions on R* such that

t
00+ [ oplx(s)h(s)ds, =0,
0
then
X(t) < ﬁexp(—fot h(s)ds) (61)

Lemma 6.2. Assume that b and o are bounded. Then for any p > 1 and for any T € [0,+0c0),
there is a constant C1 > 0 such that for allm € N and s,t € [0,T],

Blllzallso sl + Elllllso s, ] < Cilt — 5.

Proof. If o is bounded, then the quadratic variation of M (t) := fot o(s,z(s))dB(s) is bounded and

M™(t) = fot o(s,zn(m,(s)))dB(s) is a martingale whose quadratic variation is uniformly bounded

for n. Thus we see that
Elexp( max [M(t)])] < oo,

sup Elexp(a max [M" (1)) < oc,

for all constant & > 0. The assertion follows from [I, Lemmas 2.3 and 2.7] and the Burkholder-
Davis-Gundy inequality. O
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Theorem 6.3. Assume (A1)—(A3) and (A7). Then for any T € [0,400), there exist constants
C1 >0 and 5 > 1 such that

El sup |2 (t, o) — x(t, x0)|*] < CL67™,
0<t<T

where n > Ny is sufficiently large.
Proof. In the proof of Proposition if we take I',;, ,,(R) = oo, then we have

6
Zt = E Ii7
i=1

and I < 0. Thus
6

sup |5En(s) - xm(s)|4 <Ci Z sup -[12

0<s<t i1 OSs<t

By the boundness of ¢ and b and Burkholder-Davis-Gundy inequality, we have the following
estimates

E[sup I} + sup I3+ sup IZ]
0<s<t 0<s<t 0<s<t

< B[ [ a(s) = 2P (5. 2070 (5) = (s, (SDIP + [ (5) = (5] ]
< G B[ [ lo(s,auma(s)) = o5, (D) + faa(s) = (o) ds].

Bl sup I3] < ClE[/O |20 (5) = @m (8)21b(s, 20 (0 (5))) = b(s, 2 (T (5)))

0<s<t

+llo(s, zn(mn(s))) — U(S»xm(ﬂm(S)))H‘ldS],

Oiggtle |<CiE / lo(s, 2 (mn(s))) = (8, T (mm(8)))l[2n(s) - xm(8>|d8)2}

< B[ [ loals) ~ 2o +||a<s,wn<wn<s>>>—o(s,xmwm(s»)\ﬁds]

Combining this with (A7), we can write
6

E[ sup |zn(s) — zm(s)[Y] < C4 Z E[ sup I7]
0<s<t i=1,i4 0<s<t

< ClE[/O |xn(3) - xm(s)\‘l + ”U(&xn(ﬁn(s))) - U(Sa517771(7r?71(‘9)))||4
+ |2 (t) = 2 (D)2 [b(s, 20 (70 (s))) — b(saxm(ﬂm(s)))ﬁds}

< B[ [ foal) = 2o + o, 2,(3)) = oo,z ()

+llo(s,2a(s)) = o (s, za(ma () + [0 (s, 2m(5)) = o (s, T (T (s)))[|*
+ @5 (s) — xM(S)‘le(saxn(S)) - b(saxM(S))F
+ [[b6(s, 2 (5)) = b(s, 2 (ma ()" + [[6(s, 2 (s)) = b(5, 2 (T (5)))[|*ds

<GB [ foal) = (o) B2 2,(5) = 0 (5))

+ |2 (8) = o (T () K2 (|2 (5) = Zon (7 ())])
+ |2 (s) = 2 (0 () K (|2 (5) — 2 (700 (5))])
+ |zm(s) — xm(”m(s))|4k4(|xm(3) — Ty (T (5))])
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+ 120 (8) = Ta(ma ('K (J2n(s) = 2 (Ta(s))])
+ |20 (8) — 2 (s)[*ds|.

Since ~
Cp(z*K?%(z) + 2*
210 ztlnz—4
there exists a constant 9 > 0 such that

=0, and lim

Cpx4 < Qﬁ(x4)’
Cpa'K*(z) < 03 (2?),
Cpx4[~(2(a:) < Qﬁ(JLA).

Furthermore, by Jensen’s inequality and Lemma [6.2] we have

Bl sup fou(s) = (o)1) < O [ gqflaa(s) = (o)1) + eg(lan(s) =l (D))

0<s<t
+ 07 (|2 (8) = Zon (T (8))[*) + 03 (|20 (5) — 20 (0 (s))[?)
£ 032 () = T () )]

< /O 0i(Bllzn(s) = n(mn(s))"]) + 04 (El|2m(5) — @ (mm()]"])

+ Bloj(lzn(s) — 2 (mn())1)] + Eles (|2m () — 2 (i (5))]?)]

+ Qﬁ(E[Oilips |23 (1) = 2 (u)|"])ds

0<u<s

t
< 01(2*2d"T + 97 2amp —|—/O 04(E[ sup |z, (u) — xm(u)|4])ds),

where 0 < & < 1 and n,m are sufficiently large. The last inequality above is due to g;(z) <
Cy1(z% + z), for z > 0. It follows from Remark |6 . that

Ef sup on(s) = i (5)|'] < CL(27700T 27 2em )P AT, (6.2)

Hence, z,(t) converges in probability, as n — oo, to a continuous stochastic process x(t), uniformly
in ¢t €[0,T]. Clearly

sup B[ sup. [2(5) — ()] < C1 (27290 + T)=0(-O1T) < o,
m 0<s<t

Thus, letting m — oo in (6.2)) completes the proof. O
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