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NORMALIZED GROUND STATE SOLUTIONS FOR KIRCHHOFF
EQUATION WITH SUBCRITICAL OR CRITICAL PERTURBATION

ZIAN FAN

ABSTRACT. This article concerns the Kirchhoff equation with subcritical or critical perturbation.
We establish the existence of normalized ground state solutions by using Pohozaev manifold and
subcritical approximation methods.

1. INTRODUCTION AND MAIN RESULTS

In this article, we study the Kirchhoff equation with subcritical or critical perturbation

—(a+ b/ \Vul2dz)Au + M = njuP~?u + [u|7" %y in R3,
R3
(1.1)
/ lul?de = ¢, ue€ H'(R?),
R3

where a,b > 0 are two constants, 2 < p < ¢ < 2* =6, ¢, > 0, A € R. In the previous
two decades, a large number of scholars have studied the existence of nontrivial solutions of the
following Kirchhoff type equation

—(a+b/ |Vul*dz)Au + V(z)u = f(x,u),
RN

see [11 16} @, 7, 2, 24} [4]. In these references, Alves, Perera and He proved the existence results of
the nontrivial solutions by the variational methods. Zhang [24] considered one Kirchhoff equation
with critical Sobolev exponent. By Nehari manifold, Chen [4] established the existence of positive
solutions to for 1 < p <2< ¢g<2*in a bounded domain.

Recently, more attention is paid to the existence of solutions to nonlinear Schrodinger (NLS)
equation with prescribed mass,

/ lu|?dz = c.
RN

Such solution is usually called a normalized solution. Soave [I7, [I§] proved the existence of
normalized ground states and properties of ground states for NLS equation

—Au—u = plu/?u+ [ulP %y in RY,
/ lul?de = a?, ue H'Y(RY),
RN
where 2 < g < p < 2*. Yao [2I] studied normalized solutions for the Choquard equations with
lower critical exponent

—Au+ M= y(Ty * |ul ¥ |u| ¥ Ly + pluf%u in RY,

/ lul?dz = ¢, ue H' (RN),
RN
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where @ € (0,N), 2 < g < 2N/(N — 2). By employing the Sobolev subcritical approximation
method, Li, Nie and Zhang [I0] studied the problem for n sufficiently large and obtained the
existence of normalized ground states. Kong and Chen [8] studied in for the case N = 4.
By decomposing Pohozaev manifold and constructing fiber map, they proved the existence of a
positive normalized ground state. For more references on normalized solution of Kirchhoff equation
and Schrodinger equation, we refer to [5l O 111, [12] 221 23] 25, 26].

Motivated by the above papers, we examine the existence of normalized solutions for Kirchhoff
equation in the subcritical case 2 < ¢ < 2* and the critical case ¢ = 2*. For subcritical case,
by using the constrained minimization method on a suitable submanifold and using Schwartz
symmetrization rearrangements we obtain the existence of normalized ground state solutions. For
critical case, the main difficulty in solving the problem is to study the estimate of Mountain
pass Level and prove inf I, (u) is attained in a suitable submanifold. Firstly we compare the zeros
of some functions and study the Mountain pass Level, then we construct an increasing sequence
to get the properties of inf I, (u). Lately in the aid of subcritical approximation method, we prove
the existence of normalized ground state solutions for ¢ = 2* for any n > 0 .

Let E = H'(R?) be the usual Sobolev space equipped with the norm

full = ([ (9l + w2yac) ™

The norm of the space L (R3)(1 < j < 2*) is defined as

fuly = ([ lavas) ™.

Moreover, E, = H! ,(R?) denotes the subspace of radial functions
By = H;0q(R?) = {u € H'(R?) : u(z) = u(|z])}.
From [20] we know that the embedding E, — LJ(R?)(2 < j < 2*) is continuous and compact for
2 <3 <28,
For 0 # u € D2(R?), we define
Jgs [Vul?dz
(IRS ‘u|2*dx)2/2* .

We now introduce the main results in this article.

So = inf

Theorem 1.1. Assume that ¢ > 0, 17;1 < p < q< 2%, then problem (L.1) admits at least a couple
of ground state solution (u,\) € H'(R3) x R for any n > 0. Moreover, the solution is real-valued
positive and radially symmetric non-increasing function with A > 0.

Theorem 1.2. Assume that ¢ > 0, % < p<q, q=2% then problem (1.1) admits at least a
couple of ground state solution (u,\) € HY(R®) x R for any n > 0. Moreover, the solution is
real-valued positive and radially symmetric non-increasing function with A > 0.

We set
Y = 3(p—2) o= 3(q-2)
! 2p 2
Remark 1.3. Direct calculations show that under the assumption of Theorem or Theorem
1.2} it results that p > 2, ¢ > 2, g4 > pyp > 4.

2. VARIATIONAL FRAMEWORK AND TECHNICAL LEMMAS

In this section, we assume p, g satisfy the conditions of Theorem [I.I]or Theorem[I.2] By Remark
[[.3] we know that ¢ > p > 2 and gy, > py, > 4.
The functional associated to (1.1]) is

a b S 1
I (u) = i/Rs |Vu|?dz + Z(/Rs |Vu|2dx) - 775 /}R3 |u|Pdz — 6/]1@3 |u|?dx
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1 1 1 1
=—-A ~D(u)— =L(u) — =K
5A() + 1D) = L) = K ()
with the constrain

Se={ueckE: / |u|?dz = c}.
R3

Where
2

Au) = a/ |Vu|?*dz, D(u) = b(/ |Vu|2d;v) )
R3 R3
L(u) :n/ |u|Pde, K (u) :/ |u|?dz.
R3 R3
The Gagliardo-Nirenberg inequality can be founded in [I9]:
q 1=7q *
lully < C@IVuly Jull, ™, 2<q<2". (2.1)
If ¢ = 2%, by using the definition of Sy we obtain

z. (2.2)

/ Wl dz < 552 2|V
R3
Since the embedding H'(R?) — LI(R?)(2 < j < 2*) is continuous, then we deduce that I, €
CY(E,R). For u € E, we define

Gq(u) = A(u) + D(u) — ypL(u) — v, K (u).
If u € F is a solution to the first equation of (|1.1)),

—(a+ b/ |Vul2dz)Au + A = njuP~?u 4 [u|7?u  in R?, (2.3)
R3

then
A(u) + AB(u) + D(u) = L(u) + K (u),

Blu) = /R W2dz.

Moreover, by using an argument similar to [I5], 4] we have the identity

1 3 1 3 3
—A -B —D(u) — —L(u) — —K(u) =0.
340 + X5 B(w) + 5 D(w) — > L) - “K(w) =0
Hence if u € E is a solution to (2.3)), then u satisfies the Pohozaev equality
Gq(u) = A(u) + D(u) — vpL(u) — 74K (u) = 0. (2.4)

Suppose that v € E, by computations we obtain

(I3(u), ¢) = (a+ b/R3 |Vu|?dx) /]RB VuVedr — 77/]R3 |u[P~?updr — /]R:5 |u|1 % upda

for every ¢ € E. Hence the normalized solutions of problem are the critical points of the
energy functional I, under the constrain S..

We say that u, is a ground state of on S. if (ue, Ae) € E X R is a normalized solution to
and u. has the minimal energy among all nontrivial solutions belonging to S., that is,

I,(u) = inf{I,(v) : v € S, (I |s.) (v) = 0}.

Let u € E, and u* = t3/2u(tz), t > 0. By computations we obtain

t2 btt 2 £
h(t) = I,(ut) = ‘L/ |vu\2dx+—(/ |Vu\2dfr> —ni/ |u|de—J/ u|?da.
2 R3 4 R3 P R3 q R3

Then I,(u') = —oo as t — +00, I, is not bounded from below.
Consider the Pohozaev set

where

Mg ={ue S, :Gyu) =0}
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From (2.4) we deduce that if u € E is a solution to (1.1)), then u € M, 4, that is, any critical points
of I, |s, stay in M. 4. By computations we obtain

R (t) = tA(u) + t3D(u) — pt? " L(u) — ygt ' K (u).
It is clear that G4(u) = 0 if and only if A'(1) = 0. Next, we claim that M, , is a natural constraint.

Lemma 2.1. The following results hold:

(i) Mc,q is a smooth manifold of codimension 1 in Sc;
(ii) If u € M.q is a critical point of I, |, ,, then u is a critical point of 1, |s. .

Proof. (1) Note that
M.y, ={ueE:Gyu)=0,G(u) =0},
where

Gi(u) = lu|?dz — c.
R3

Then it is easy to see that Gg(u), G1(u) are of class C* in E. If G} (u) = 0, then by the Lagrange
multipliers rule there exists some A\; € R and u € M, 4 such that

G;(U) + AlGll(U) = 0,
which implies that

—2aAu — 4b(/ |Vu|2dx) Au + 2M1u = npy,|ulP~2u + gy, |u)u.
R3

By Pohozaev equality we deduce that
2A(u) +4D() = py2L(u) + gy K (),
then
—2A(u) +7p(4 = prp) L(w) + 74 (4 = 47¢) K (u) = 0.
This contradicts Remark Hence we obtain that G (u) # 0 and M, 4 is a smooth manifold of
codimension 1 in S,.

(2) If u € M,4 is a critical point of I |,

...» by the Lagrange multipliers rule there exists some
A, A2 € R such that for any ¢ € E,

R3

then u satisfies the equation

— (2A2 + DaAu — (4X2 +1)b < |Vu|2dx> Au+ Au

R3
= n(A2pyp + Dul""*u + (A2gg + 1)|ulT?u.

From Pohozaev equality we deduce that

(2x2 + 1) A(u) + (4h2 + 1)D(u) = vp(A2pvp + 1) L(w) + v (A2qyg + 1) K (u). (2.5)
Since Gy4(u) = 0, then from and we obtain

A2(=24(u) — (prp — D1 L(u) = (47 — 47K (u)) = 0.

Then we obtain that Ao = 0, the proof is complete. O
Lemma 2.2. For any u € S., there exists a unique to such that u® € M. , and

to) t
Lo(u™) = max Iy (u").

Moreover, if G4(u) <0, then 0 <ty <1.
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Proof. Suppose that u € S., then

. 4 +Pp +4%a
h(t) = I;(u") = §A(u) + ZD(U) - L(u) — .

B (t) = tA(u) + t°D(u) — vpt?*  L(u) — 4t K (u),
=t3(t"2A(u) + D(u) — ypt?? A L(u) — gtV K (u) = t3g(t).
Then it is clear that ~A(0) = 0 and h(t) — —oo as t — +o0. There exists ¢y such that »’(t) > 0 for
t € (0,tp) and h'(t) < 0 for ¢ € [to,t1), t1 > to > 0, it follows that h(t) achieves its local maximum

at t =to and h/(tp) = 0. Since py, > 4 and ¢y, > 4, then g(t) is strictly decreasing. On the other
hand, we have

{t>0:1'(t)=0}={t>0:9(t) =0},

which implies that h(t) has a positive unique critical point which corresponds to its maximum.
By computations we have

2
Gy (u®) =to [ato/ |Vu|*dz + btg(/ |Vu|2da:> - ’yptgv”ilL(u) - thgwqflK(u)]
R3 R3
= toh/(to).

From A/ (ty) = 0, we obtain that G, (u’®) =0 and u' € M, ,.
Suppose G4(u) < 0, we claim that 0 < to < 1. Assume by contradiction that ¢y > 1, using that
G,(ut*) = 0 we obtain

0= Gy(u') = t2[t5 2 A(u) + D(u) — ypth™ ~*Lu) — vtd " K (u)]
< tolA(u) + D(u) — vpL(u) — oK (u)]

which is a contradiction, then 0 < ty < 1. This completes the proof. O

Let u € M. 4, we obtain

1 1 Yp o1 v 1
Iyw) = Ifw) = 5Gylw) = FAw) + (F = )L() + (5 ~ K (). (2.6

In view of Remark we deduce that I;(u) > 0 and I,(u) is bounded below on M. 4.
Since that I;(u) is bounded below on M, 4, we may define

m(e,q) = uelgjf I, (u).

Lemma 2.3. There exists C1 = C1(a,p, q,n) > 0 such that m(c,q) > Cy.
Proof. Let v € M. 4. Then

A(u) + D(u) = v L(u) + 7K (1) > a0 Vull3, (2.7)
where ag = min{1,a}. Using (2.1)-(2.2) and (2.7) we can deduce that

p(1—p) a(1—vq)
2

+ C(Q)7glI VUl 2=, 2 < g < 27,

—2
ao < nC ()7l Vull5? ¢

p(l—p

92 ) —2" *_ %
ag <nCP)WlIVull5* "¢ + 74507 [|Vull3 7%, ¢=2"

Then there exists C' > 0 such that ||[Vul|3 > C > 0. It follows from (2.6)-(2.7) that

I,(u) = A@) = [ Vull3. (2:8)

e~ =

Then there exists C; = Cy(a,p, q,n) > 0 such that m(c,q) > C;. O
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3. PROOF OF THEOREM [I.1]

In this section, we study the subcritical case % < p < g < 2*. From Remark we have

q>p>2,qv > pyp > 4. Let {u,} C M., be a minimizing sequence for I,(u), that is

nh_{glo I, (uy) = uelr]\bf;q I,(u) = m(c, q).

Then we have the following Lemma.

Lemma 3.1. Under the assumption of Theorem|1.1, m(c,q) is attained by a real- valued positive
and radially symmetric non-increasing function.

Proof. Let v, = |up|* be the Schwartz symmetrization rearrangement of |u,|. Then by [13] we
obtain

A(Un) < A(un), D(Un) < D(un), B(Un) = B(“n) =¢
K(Un) = K(un)v L(Un) = L(un)-

—~
[N
~—

Therefore,
Iy(vn) < Ig(un),  Gg(vn) < Gy(un) =0.
Since v, € S,, then by Lemmathere exists a unique 0 < ¢, < 1 such that {vﬁt} C M., where

vln = £/ 20 (tn ).

From (3.1) and (3.2) we deduce that
1
m(c,q) < Io(vy) = Iy(vy) — —Go(vy)

PYp
_ 1, " LR Y Ta Ve [ (
(5 = g ) A(wn) + (3 = )i D(wn) + (5 = K (vn)
11 11 Yo Lo
< (5 = 5y VA + (3 = o)D) + (6 = 2K ()
= Iy(un) — ]T%Gq(un) = Iy(un) = m(c, q)

as n — o0o. Then we obtain that
Iq(v;") — m(e,q), n — oo.

Hence {v!»} is a minimizing sequence for I (u).

We claim {vir} is bounded in E. Otherwise, if ||vi"| — oo as n — oo, then by we have
that I,(vir) — oo, that is a contradiction. Therefore {vi"} is bounded in E. We can extract a
subsequence(still denoted {vi"}) and v € E such that

va" —v in E.;
vin — v in LY(R?)(2 < i < 2%),
vi" v ae. in R

as n — oo. Therefore we obtain K(vf) — K(v), L(vi") — L(v). On the other hand, by Lemma
we have

0<Cy
<m(c,q)
< Iy(vy)
1
= I, (k) - L6, (t)
— —1t4D(vt") (X l)tmpL(vtn) +(Ja })tqqu(Utn)
¥, 1 5 1
< (- Do)+ (2 - Drey)
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+ (2= L+ (% - DKw)

which implies that v # 0. Moreover, by Fatou’s Lemma,
Gq(v) = A(v) + D(v) — 7pL(v) — 74K (v)
. . tn tn _ . tn) _ . tn
< Timinf[A(v;") + D(vy")] = 7p lm L(vy) =g lim K(v;")

= liminf G,(vir) = 0,

n—oo

which implies that

G4(v) <0. (3.3)
Next we shall prove that
lv]2dx = c.
R3
Set
0< lofPdz =c; <¢, €= %1, vy () zfﬁv(f&%ﬁx).
R3
Note that 2 < p < ¢ < 6. Then
A(vy) = €376 A(v) < A(v), B(v1) = ¢, D(vy) < D(v), (3.4)
L(vy) = €72 L(v) > L(v), K(v1) = K (v). (3.5)

It follows from ([3.3])-(3.5) that
Gq(v1) < Gg(v) <0.

From Lemma there exists a unique 0 < 7 < 1 such that G4(v]) = 0 and v] € M. 4. Then by
using (3.4) and (3.5) we deduce that

m(c,q) < Iq(v]) = Io(vf) — o G(v7)
P
= (5~ )P AW) + (7 — =) Don) + (2L — 2y ()
2 4 pw Py 4
11 11 ~
S S D) + (2L~ DK 3.6
(5 pvp) (v) +(3 pvp) (v) (pvp )K (v) (3.6)
(1 — L)hrnlan(v O L)hminfD(vt") +( Yo 1) lim K(vi)
T2 py no 4 pyp’ nooo " Py q n—oe n
1
= liminf[I,(vi") — —G,(vir)] = m(c, q).
mint{l,(0{7) ~ ~-Gq(u§)] = mic.q)

Which implies that I,(v]) = m(c,q). We claim that 7 = 1, £ = 1. Otherwise, if 0 < 7 < 1 or
0 < & < 1, we replace < with < in (3.6) and get a contradiction. Therefore we deduce that

IQ(UI) :m(C7Q)a T = 1, v1 =0, C=Cq.

We deduce that m(c,q) is attained by a real-valued nonnegative and radially symmetric non-
increasing function. By strong maximum principle v > 0, then v is positive. O

Proof of Theorem[I.1 From Lemmawe know that v is a critical point of I, [n, , and v € M.,
is a real-valued positive and radially symmetric non-increasing function. It follows from Lemma
that v is a critical point of I, |s,. By using the Lagrange multipliers rule there exists some
A € R such that for any p € E

(Ig(v),0) + A | vpdr =0,
RS

then v satisfies the equation

—(a+0b [ |Vv|?dz)Av + Mo = nlo[P~ 20 + |v]?7 2.
R3
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Since vy, < 1,74 < 1, then from Pohozaev equality (2.4) we obtain

)\/ v?dr = (1 —7,)L(v) + (1 — v) K (v) > 0,
R3
consequently, A > 0. The proof is complete. O

4. PROOF OF THEOREM 1.2

Now we turn to the critical case % <p<gq, g=2*% In this case, we have

m(c,2%) = €ij\%f Io (u).

u ¢ 2%

We define

1
Gn=2"——>2, n=1,2..,
n

then {g,} is increasing and ¢,, — 2* as n — oco. We first give the following properties of m(c, gy,).

Lemma 4.1. The following results hold:

(i) liminf, o m(c,q,) > 0;
(i) Timsup, 5o m(c, ga) < (6, 2°).

Proof. Ttem (i) follows from Lemma
(i) From the definition of m(c,2*) there exists u € M, o+ such that

I (u) <m(c,2")+e, 0<e<l. (4.1)
Let uf = t3/?u(tx), t > 0. It is clear that

+2 t4 tPp +anVan
h(t) = L, (u) = 5 Aw) + D) = —C L) = = K w),
where
K,(u) = |u| T da.

R3
Note that |u|% < |u|? + [u[*" and |u|% — |u[*" as n — oo, then from Lebesgue dominated
convergence theorem we obtain

3an—6 *
+InYan t t2 .
/ g = L / | dz — 27*/ uf? da.
dn  Jr3 q R3 R3
Which implies that
|1, (u') — I (u")| < e. (4.2)

On the other hand, it is easy to see that hy(0) = 0 and hq(t) - —oo as t — 4o00. By the proof of
Lemmal|2.2] we deduce that hi(t) achieves its unique maximum at t = to for tg € [0,¢1), t1 > to > 0.
Moreover, we have u'® € M., . Since u € M, o+, it follows that

Iy« (u) = max Iy (u?).

From (4.1) and (4.2), we obtain
m(c,qn) < I, (u') < In« (u™) + & < Ir«(u) + € < m(c, 2%) + 2,

which implies that

lim sup m(c, ¢,) < m(e,2%).
n—oo

The proof is complete. O

Let Bs(0) be a ball centered at the origin with radius § > 0. Let p(x) € C§°(R?) be a radial
cut-off function such that p(z) = 1 for |z| < ¢ and p(x) = 0 for |z| > 2§, where |[Vp(z)| <
C, Bas(0) C R3. Let 0 < & < 1, we choose the function u.(x) as follows

ue(x) = p(x)Us(2),
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where ,
2\1/4
Ue(z) = L

EXFRIE

If € > 0 is small enough, by using [I4] we have that the function u.(z) satisfies

/RS |V ?dz = S5/% + O(e); (4.3)
[ el da = 5377 + 0(e%) (4.4)
/RS e P = Coe + O(2). (4.5)
Where C5 is a positive constant independent of €. By computations we have
353_ga p> 37
/ luc[Pdx > { C3e®/?|lng|, p=3, (4.6)
Ong/2 p <3,

where (5 is a positive constant independent of €. We set
C2 1/4 1/2
0< [ uPi = =2, 00 =6 ),
]RS

By computations we have

A(ve) = A(ue), B(ve) =¢, D(ve) = D(u,.), (4.7
L(ve) =& 7 L(ug), K(ve) = K(ug). (4.8)
Lemma 4.2. Under the assumption of Theorem we have
11 1
O<m(c,2 )<(§_27*)ay1+(4 2*)by1_ *

where yy s given in the following discussion.

Proof. From Lemma we obtain m(c,2*) > 0. We will show m(c, 2*) < c,. Since B(v.) = c,
from Lemma there exists a unique 7 such that v7° € M, - and

Ly (v2°) = max Ip- (v7).

Consider the function

H(t) = I (vt at/ |Vve|? dx—&— (/ Vo, dx) —77—/ |ve|Pdz — */]RS |v5|2*dx.

By using (4.7) and ( we deduce

t2 t4 tPYr p—6 2%
- A(us) + —D(ue) — D &% L(ue) — -1

HH =5 4

We set )
1, , bt . 1P -
Hi(t) = 5at™||Vuellz + - Vuells = o [ Juel™ da
4 2 ]Rfj

Then from (4.3)) and ( - we have

Hl( ) < H2(t) + Cg(t)€3 + C4(t)€, (49)
and o
Ha(t) = gﬁshbis t*sg, @:;

By the same argument as in Lemma we deduce that Hy(t) achieves its maximum at t = t5 > 0
and
aSy +bt283° — 127288 — 0. (4.10)
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We consider the function
2% —2

_9o*
F(t)=a+bt—S,° t

Suppose y; is the unique zero of F(t), then by (8 — 1)% = 3, we know that y; and t2S” are both
zeros of the function F'(¢). Since the zero of the function F'(t) is unique for some ¢ > 0, then we

deduce that y; = t%Sg. From (4.10)) we obtain

,t > 0.

a 208 bt% 28 %* 3
Hy(t) < Ha(tz) = 575250 + TSO = 55

2%
1 1 1 1
11 1 1.,
= (5 - 27)0191 + (1 - 27)17191 = Cx-

By using (4.5)), (4.6) and (4.9)-(4.11) we deduce that
-6
H(t) < Ha(ts) + Cie® + Cye — C578€, ™ L(u,)

—6

< ey + Cue® + Cye — CsnTgwpc%c;TL(ug) (4.12)

6—p

6
< o+ Cue® + Cue — Cg,nTg%’cha T,

where C; (i = 4,5) are positive constants independent of .

We claim that there exists a constant M; independent of £ such that 7o < M;. If 79 — o
as € — 0, then H(1p) — —oo and m(c,2*) < 0, which contradicts m(c,2*) > 0. On the other
hand, since 0 is a local minimum of H(t), there exists a constant M independent of & such
that H(mp) > Ms > 0. This implies that there exists a constant M3 independent of ¢ such that
70 > M3 > 0.

Note that p > 2, then

— <1 (4.13)
By (4.12) and (4.13) we deduce that

m(c,2%) <sup H(t) < c..
t>0

The proof is complete. O
The proof of the following Lemma can be founded in [3].

Lemma 4.3. Let N >3 and 1 <t < +oo. Ifu € LY(RY) is a radial non-increasing function,

then one has
N

[N

where |SN71| is the area of the unit sphere in RY.

Ju(@)] < Jz| =N

Meulle, 2 #0,

Lemma 4.4. Under the assumption of Theorem m(c, 2%) is attained by a real-valued positive
and radially symmetric non-increasing function.

Proof. For q, = 2* — %, by Lemma m(c, q,) is attained by a sequence of real-valued positive
and radially symmetric non-increasing functions {u,}, and {un} C Mcgq,, Iy, (un) = m(c, ¢n).
From the proof of Theorem [I.1] we know that there exists A, > 0 such that u,, satisfies

—(a+ b/ |V [2dz) Aty + Aty = 1]t [P~ 20, + [t 2u,. (4.14)
R3
From Pohozaev equality (2.4) we obtain
M [ e = (1= ) ) + (1= 3,) K )

which implies that {)\,} is bounded. Then there exists A > 0 such that up to a subsequence,
lim,, 00 A, = A
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From the proof of Lemma we deduce that {u,} is bounded in E,. We can extract a
subsequence (still denoted u,,) and w € E, such that

U, = w in K,
up —w in LY(R3)(2 < i < 2%),
u, = w ae. in R%a

as n — 0o. Then {|u,[P~2u,} is bounded in L7 T (R3), which implies that

/ | [P~ 2 podz — / |u|P~2upd
R? R3
for ¢ € C§°(R?).

Note that For ¢ € L{(R3),t > 1, by the Young inequality, the Holder inequality and Lemma
there exists a constant C' > 0 independent of n such that

Hun|qn72un¢| < C(|un|271|¢| + |un 2*71|¢D

—(2*—1)

< O(lx| "2 |¢| + ||~ = |¢]) € LY(R).

By using the Lebesgue dominated convergence theorem and passing to the limit in (4.14)) we obtain
for p € C§°(R3),

0= <I,;n (Un)a 30> - <Ié* (UJ), <,0>~
Therefore w is a solution of the equation

—(a+b [ |Vw)Pdz)Aw 4+ Iw = n]wP~2u + |w|? 2w,
R3

Then Ga«(w) = 0.
We claim that w # 0. Otherwise, we assume that u,, — w = 0, then from (3.3)) we have

L(uy) — 0. (4.15)
From Young inequality we obtain
2 — gy 9 Gn—0 2*
pl? < ———|uy, W2, 2<6<q, <28,
™ < S |0 4+ 2| g

On the other hand, by using the definition of Sy we obtain

. o 2 /2
lul* dz < S, (/ \Vun|2dx) .
RS RS

Hence we deduce that

—_ —2* 2% /2
K, (u,) = / [t | da < qz 050 2 (/ |Vun|2dx) +o(1). (4.16)
R3 -0 R3

2
Note that u,, € M., , then
0= Gy, (un) = A(un) + D(un) = VpL(un) = g, Kn(un). (4.17)

From the proof of Lemma there exists a constant C' > 0 such that ||Vu,||3 > C > 0, then we
may therefore assume that

1iminf/ |Vu,|[*de =1, 1 > 0.
]RB

n—oo

Let n — oo, from (4.15)-(4.17) we have
_o*
a+bl—5,%1

2*—2

<0, 1>0. (4.18)
We set

*
—2 2% _o

Fly)=a+by—5"y = ,y>0,
where F(y) has been defined in the proof of Lemma From F'(y) = 0 we obtain y = yo > 0
and F(0) = a > 0. it is easy to see that F(y) — —oo as y — +00. Moreover we have F'(y) > 0
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for y € [0,y0) and F'(y) < 0 for y € [yo, 00). It follows that F(y) achieves its maximum at y = yp.
If y > 0, then F(y) have only one zero point y = y; > 0. Since F(y1) = 0, we deduce that

—2*% 2*_2

a+byr —S5,% y; > =0. (4.19)

From (4.18) and (4.19) we deduce that | > y;.
By using Lemma |4.1) and (4.15)) we obtain

m(c,2%) > limsup m(e, ¢,)
n—roo

= limsup I, (un)
n—roo

1
= limsup 1y, (un) —

n—o0 dnVqn

Gy, (un)]

1
= limsup |[(= —
n—oo [(2 qnYqn 4 qng,
1
> liminf [(= — U
n—oo 2 (n7g, 4 qngn
1 1 1 1
—a(s — )b - )
L FNTEE
1 1 1
> (s — — )y +b(~ — —
zalg =g FG - o
Which contradicts Lemma so we obtain w # 0.
We set

c
0= / wlfdr=cy <o, & ="0 wie) = & (g ),
R3
Then by computation we have
A(wr) = A(w), B(wy)=¢, D(wy)= D(w). (4.20)
p—6
L(wy) = & L(w) = L(w), K(wi) = K(w), (4.21)
which implies that
GQ* ('wl) < GQ* (w) < 0.
From Lemma there exists a unique 0 < ¢ < 1 such that Go-(w7) = 0 and w{ € M. s-. Then
by Lemma (4.20), and (4.21)), we deduce that

m(c,2%) < Iz« (w)

1
= Ip«(wy) — FG?(?UT)

“Ip

1 L, s Ly o 1 2*/ 2"
=(z——)c"A(w) + (= — —)o"D(wr) + - = wi|” dz
(5= 5y )7 4w + (G = oDy + (2 = o [

1 1 1 1 Yo 1/ 9

- ——)Aw)+ (- ——)Dw)+(— — — w|® dz

(5~ 5)Aw) + (G = o)D) + (2 - 2 [

1 1 1 1 ”, 1
<liminf[(z — —)A(un) + (= — —)D(uy) + (= Up | T da
minf[(5 — ) A(m) + (= D) + (22 = ) [ )
1

<liminf|l, (u,)— —G,, (uy)] =liminf I, (u,
< minf{ly, () -G, ()] = Hmyint Iy (1)
= liminf m(c, ¢,) < limsupm(c, ¢,) < m(e,2%).

n—>00 n—o00

By a similar method to that of Lemma |3.1] we have
ILw])=m(c,2%), o=1, w =w, c¢=cs,

then we deduce that m(c,2*) is attained by a real-valued nonnegative and radially symmetric
non-increasing function. By strong maximum principle v > 0, then v is positive. O
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Proof of Theorem[1.4 From Lemma we know that w is a critical point of Iy« |as and

c,2%
w € M9+ is a real-valued positive and radially symmetric non-increasing function. It follows
from Lemma that w is a critical point of I« |g.. By using the Lagrange multipliers rule there
exists some A € R such that for any ¢ € F,

(Ih(w), @) + )\/ wedz = 0.
R3

Then w satisfies

—(a+ b/ |Vul?dz) Au + A = nlulP2u + |[u* ~2u.
R3
Similarly to the proof of Theorem we have A\ > 0, The proof is complete. O
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