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JOULE AND BUOYANCY EFFECTS UNDER MIXED BOUNDARY
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ABSTRACT. This article concerns the non-steady magneto-hydro-dynamics (MHD) heat system
with Joule and buoyancy effects under mixed boundary conditions. The boundary conditions for
fluids can include the stick, total pressure, vorticity, total stress conditions, and for a magnetic
field with non-homogeneous mixed boundary conditions. The boundary condition for temper-
ature may include Dirichlet, Neumann and Robin conditions. We prove that if the parameter
for buoyancy effect is small in accordance with the data of problem, then there exists a solution
with “defect measure” for temperature.

1. INTRODUCTION

This article concerns the non-steady magneto-hydro-dynamic (MHD) heat system with Joule
and buoyancy effects
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under mixed boundary conditions. Here v, P, H,0 are, respectively, velocity, pressure, mag-
netic field, and temperature. The strain tensor £(v) is the one with the components ¢;;(v) =
%(amivj + 0z, v;), fo - body force, o - parameter for buoyancy effect, 6 - constant, g - gravi-
tational acceleration, go - heat source. The density p, magnetic permeability p and the specific
heat capacity Cj, of fluid are positive constants, and the kinematic viscosity 7(6), electrical con-

ductivity o(6) and thermal conductivity k() depend on the temperature. In what follows %
and % are, respectively, denoted by p and x(#). For two matrices A = {a;;} and B = {b;;},

A:B= Zij a;;bij, and |A|? = Zij lai;|?. The terms ﬁ|curlH|2 and 7(0)|€(v)]? in the fifth
equation mean the Joule heats, respectively, by the electric current and viscous friction in fluid.
The boundary conditions for fluid may include stick on the wall, total pressure, vorticity, total
stress conditions (Navier-slip with friction, the normal total stress, the total stress, outflow con-
dition) together, and the boundary conditions for temperature may include Dirichlet, Neumann

2020 Mathematics Subject Classification. 35Q60, 76D03, 76 W05, 85A30.

Key words and phrases. Non-stead MHD-heat system; Joule heating; buoyancy; mixed boundary conditions;
existence of a solution.

(©2025. This work is licensed under a CC BY 4.0 license.

Submitted March 18, 2025. Published December 22, 2025.

1



2 T. KIM EJDE-2025/119

and Robin conditions together. For the magnetic field the non-homogeneous mixed boundary
conditions are given.
In [27] (2011) the following density dependent MHD-heat system with Joule effects on a bounded
domain € of R? was studied,
Orp + div(pv) = 0,
O H + curl(H x v) 4+ curl(vcurl H) = 0,

divH =0,
O (pv) + div(pv ® v) — div(2n€(v)) + VP = curl H x H, (1.2)
dive =0,

Co (0 (ph) + div(pv)) — div(kV0) = 2n|E(v)[* + v| curl H|?,

where v = (uo)~! (magnetic diffusivity), 7 - dynamic viscosity, C, - specific heat at constant
volume and & - heat conductivity and these depend on p and 6, was studied under the boundary
conditions and the initial conditions

(H -n, carl H x n,v,0) = (0,0,0,0) on 02 x [0,T],
(p, H, pv, pf) = (po, Ho, povo, pobo) in Q.

Under the regular conditions and the compatibility conditions at the initial instance for the initial
data, the existence of a local-in-time unique strong solution to (1.2) was proved. For the other
papers dealt with (1.2), we refer to Introduction of [27] and references therein.

In [28](2015) a density dependent non-Newtonian MHD-heat system with Joule effects on a
bounded domain Q of R® was studied,

Op + div(pv) = 0,
dive = 0,
O (pv) + div(pv ® v) + VP = curl H x H + div S(p,n, D(v)),
O H + curl(H x v) + curl(v curl H) = 0,
div H = 0,
2:(pQ(0)) — div(a(p, 8, VO)) + div(pQ(0)v) — S(p,0, D(v)) : Vo — v|curl H|* = 0,

where @ is a function of 6, q - thermal flux vector and D(v) = Vv + Vo, under the boundary
conditions

(1.3)

v=0, H=0, q-n=0 ondQx][0,T].
However, the assumptions
r—2
S(p,n,D(v)) ~ p(p,0)(e + D[*) = D
r—2
S(p,n,D(v)) - D > p(e+|D[*) = [DP,
where 0 < p < pu(p, 9), ((6), (7) of [28]) and the condition

>11
r> =
-5

(the condition in [28, Theorem 2.2]) problem (1.3) excludes problem (1.1) in the case that p =
const. For similar results for (1.3), we refer the reader to Introduction of [28]. To the best of our
knowledge, for the density dependent fluid systems on the bounded domains always the boundary
condition for fluid v|sn = 0 or v - n|an = 0 was used, and so are both [27] and [2§].

On the other hand, there are several papers concerned with the Navier-Stokes-heat system with
Joule heating by the viscose friction (the case that H =0 in (1.1)) ([9]-[19]).

In [24] when ap = 0 (i.e. without buoyancy effect), the existence of solution to the problem was
studied under homogeneous Dirichlet boundary conditions for velocity and temperature. Also, in
[25] when ag = 0, the existence of a solution was studied under homogeneous Dirichlet boundary
conditions for velocity and homogeneous Neumann condition for temperature. In [26] the existence
of a solution was studied when || is small enough in accordance with data of the problem, under
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homogeneous Dirichlet boundary conditions for velocity and mixture of homogeneous Dirichlet
condition and homogeneous Neumann condition for temperature. All papers above concerned the
homogeneous Dirichlet boundary condition for velocity. In [19] the existence of a solution was
studied when |ayg| is small enough in accordance with data of the problem, under mixed boundary
conditions for fluid and mixture of homogeneous Dirichlet condition and non-homogeneous Neu-
mann and Robin conditions for temperature. The definitions of solutions in [19] 24] 26] include
the “defect measures” in the equation for temperature 6 due to bad smoothness of the term for
dissipation of energy. In [I0] for Newtonian fluid with ap = 0 the existence of solution to the
problem was studied under Navier-slip boundary conditions for velocity and homogeneous Dirich-
let condition for temperature. But, the definition of solution for temperature is inequality instead
equality (cf. [I0, (11)]), and so in essence the solution holds an equality with a “defect measure”
as [19], [24]-]26].

Dealing with Newtonian fluid with e = 0 and ¢ = 0, in [9, [TI] instead of the equation
for temperature of (1.1) the equation of total energy was used. Under Navier-slip boundary
conditions for velocity and homogeneous Neumann condition for temperature in [9] and under
periodic boundary conditions for velocity and temperature in [I1] the existence of solutions to
the problems is proved, but unlike [I9], [24]-[26] the equation (1.1) is satisfied without the defect
measures. For the reason of success in [9], we refer to Introduction of [19].

In this paper we study the existence of a solution to (1.1) under mixed boundary conditions
for fluid, magnetic field and temperature. In our problem the mixed boundary conditions for the
magnetic field, which may include the mixture of the normal components of magnetic field on a
portions of boundary and electric current on the other portions of boundary (see Theorem 1 of
[16]), is somewhat more general than previous ones except [16], [I7] (see Remark 3.2). Under the
such non-homogeneous boundary conditions for magnetic field, in the estimation of approximate
solutions of problem, the terms according to Lorentz force in the momentum equation and the
nonlinear term in the magnetic equation are not canceled each other, and so the case of non-
homogeneous magnetic boundary conditions is much more difficult than others (see Introduction
of [16]). In the MHD-Boussinesq system the temperature is estimated by the data of problem
and so the buoyancy term is estimated (see [17]), but in (1.1) we can not do so as. Also the
heat source in the fifth equation of (1.1) includes the terms quadratic with respect to gradients of
fluid velocity and electric current. Thus, dealing (1.1) is difficult than MHD-Boussinesq system
and the Navier-Stoks-heat system with friction Joule effect. Also, as already mentioned, in our
problem the viscosity, magnetic permeability and electrical conductivity of the fluid depend on
the temperature.

This paper consists of 4 sections. In Section 2, the boundary conditions and assumptions are
stated. The boundary conditions for fluid may include the stick, the total pressure, vorticity, total
stress conditions together. We exclude the friction boundary conditions, for the reason of which
we refer to Remark 5.1 of [17].

In Section 3, we obtain the variational formulation for the problem. To this end, first assuming
the existence of a smooth function satisfying non-homogeneous mixed boundary conditions for
magnetic fields, we deform the given problem to problem with the homogeneous mixed boundary
conditions for magnetic fields. Then, for the problem we obtain a variational formulation which
consists of three variational equations (see Problem VE). In the end of Section 3, the main results
of this paper are stated (Theorem 3.4). Theorem 3.4 asserts that if the parameter for buoyancy
effect is small enough in accordance with the data of problem, then there exists a solution with
“defect measure” for temperature.

Following the idea in [I9] and correcting some mistakes therein, in Section 4 we prove Theorem
3.4. First in Subsection 4.1 we prove the existence of a solution to an auxiliary problem with
the parameter ¢ for approximation of the viscosity term and buoyancy term in the momentum
equation and Joule effects in the heat equation (Theorem 4.2). Next, in Subsection 4.2 under
condition || is small in accordance with the data of the problem we obtain estimation of the
solutions independent from . Therefore, in Subsection 4.3 passing to the limits as € goes to zero,
we obtain the existence and estimates of a solution to the problem.
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Throughout this paper we will use the following notation. Let €2 be a connected bounded open

subset of R? and

N=U_T,=%,U%, =TpUTg,
¥, %, I'p,I'r be open subsets of 9Q such that ¥, NYX, =0, TpNTr=0. And I, NT; =0
fori#£ 45, T; = Uj I';j, where I';; are connected open subsets of 02 and I';; € C?! fori=2,3,7
and I';; € C? for others. When X is a Banach space, X = X3. Let WkP(Q) be Sobolev spaces,
H(Q) = Wh2(Q), and so HY(Q) = {H}(Q)}3.

An inner product and norm in the space L?(Q) or L?(f2) are, respectively, denoted by (-,-) and
[I|l; and {-,-) means the duality pairing between a Banach space X and its dual one. Especially,
(-,)r, is an inner product in L?(T;) or L?(T;); and (-,-)r, means the duality pairing between
H:z(T;) and H2(I;) or between Hz(I;) and H~2(I;). Sometimes (-,-)r, means the duality
pairing between L?(0, T’; H-3 (T';)) and L2(0,T; H? (T';)). The inner product and norms in R? are,
respectively, denoted by (-, )gs and |- |. Let n(z) and 7(x) be, respectively, outward normal and
tangent unit vectors at x in 9. For convergence in spaces, — and — mean, respectively, strong
and weak convergence. @ = Q x (0,T), where 0 < T' < co. For the Banach space X its dual space
is denoted by X*.

2. BOUNDARY CONDITIONS AND ASSUMPTIONS

The total stress tensors S*(6,v,p) is the ones with components si; = —(p + 1/2[v[*)d;; +
21(0)e;j(v). The total stress vectors on the boundary surface is o/(6,v, p) = S* - n and the values
of normal total stress vectors on the boundary surface is o (0,v,p) = ot - n.

The boundary conditions for fluid are as follows:

vlr, =0,
Urlr, =0, —(p+1/2/v]*)|r, = ¢2,
Unlry =0, curlv X n|p, = 41‘7‘3/77(9)7
vrle, = 0, (= p = 1/2[0f* + 20(0)enn (v))Ir, = ¢a, (2.1)
Unlrs =0, 2(n(0)enr(v) + av,)|r, = $5, «:a matrix,
(= pn—1/2[0Pn + 29(0)en(v)) 1, = o,
vrlr, =0, (—p—1/2[v|* + n(0)0v/On - n)|r, = é7,

where &, (v) = E(V)n, enn(v) = (E(W)N,N)R3, Enr(V) = E@)N — epn(V)N, Uy =V -0, v =V — VN,

and ¢;, ¢;, a;; (components of matrix «) are given functions or vectors of functions.
For the magnetic field, we consider the mixed boundary conditions

1 -
H - nl|y, =q, (m curl H + H x v) Xn 5 = Gry, Hxmnl|g, = by, (2.2)
where the compatibility condition
Gr-n =0, q[_);,-nzo (2.3)

must be satisfied since n is normal on the boundary.

Remark 2.1. (1) For the physical background of the boundary conditions in (2.1), we refer to
[20, Section 2.2], the Introduction in [2I], and references therein.
(2) The boundary condition (ﬂ% curlH + H X v) x n|E = ¢, of (2.2) corresponds to the

boundary condition %E X n|s, = ¢, in [16, (2.3)] for the steady problem since curl H = o(E —
wH x v). The boundary condition

H'n|ZTZQ7 H><7l|2u=</§u
implies

H-nlg, =q, J-n|g, =a(z),
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where J = curl H is the electric current density and a(x) is the surface divergence on %, of d_;y,
that is, div, ¢, (see [16, Theorem 1]).

(3) In (2.3) the boundary condition H-n|yx_ = 0, Exn|s_. = 0 describes the boundary conditions
on perfectly conducting boundary X, and the boundary condition H x n|s, = 0 corresponds to a
perfectly insulating boundary (cf. Introduction of [3] and references therein). Let 2 is a domain
in R? and ' = R3*\Q. The solution of the Maxwell equations over the hole space satisfies the
following transmission relations across surface 0f2,

(HO—H)XTLZ—JaQ,
(BofB)'n:O7
(Ey —E) xn=0,

where H = %, Joq the surface density of current and (B, E, H) and (By, Ey, Hy) denote the
solutions on © and €', respectively (see [12] (4.25), Ch. 1]). Knowing solutions on ', from the
above we obtain non-homogeneous boundary conditions (2.3) (See [14], Section 3.8]).

For temperature we consider the boundary conditions

Olr, =0,
00 ) . (2.4)
(K(G)% + B(x)0) |FR =ggr(x), B(x), gr(x)- given functions on k.
Let

V={ucH(Q):divu=0,u|p, =0, Ur|(ryursurs) = 0, Un|(rsurs) = 0},
Hvy : the closure of V in L%(Q),
WFIDT ={yewW"(Q):ylr, =0}, 1<r<oo.

Since I'1 # () and T'p # @, by Korn’s inequality and Friedrichs’ inequality we use
(v u)v = (E(),£()), (¥ 22 = (Vy, V2). (2.5)
Assumption 2.2. (1) T'; #0, T'p # ) and and
Lr C (Ui=1,350%) - (2.6)

(2) The boundary 9 is the union of a finite number of disjoint closed C? surfaces; each surface
having finite surface area. X, # (), ¥, # () and each has a finite number of disjoint nonempty
open components. The Euclidean distance between disjoint open components of ¥.., and of ¥, is
bounded below by a positive number. The boundary of each open component is either empty or
a Cb! curve.

(3) For the functions of (1.1) assume that

fo € L*(0,T; V*);
g0 € L*(0, T; W2 (9)%);
neCR), 0<n<n)<m<oo V{eR; (2.7)
c€CR), 0<op<o(l)<o1<o0 VEER;
keCR), 0<ry<k() <K <o VEeR.
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(4) For the functions of (2.1), (2.2) and (2.4) assume that
¢ € L2(0,T; H ()i = 2,4,7;
¢ € L*(0,T;H 2(Ty)),i = 3,5,6;
a;; € L*(Ts);
Fr € L2(0,TsHTVA(E,)), (8rn)s, = 0;
bv € L=(0.TsHYA(S,)), (du, ), = 0;
qe L>0,T; HY*(2,);
gr € L*(0,T; L*/*(TR));
b1 > B(x) >0, p1-aconstant, [(z)— textmeasurable.

(2.8)

Remark 2.3. For (2) in Assumption 2.2, which is necessary for (3.2), we refer to [7, Conditions
Bl7 BQa B3]7 or [67 Bla BQ]
3. VARIATIONAL FORMULATION AND MAIN RESULT

3.1. Analysis of the boundary conditions for the magnetic fields. For magnetic fields we
use the following spaces.

Cso(Q) = {v € C(Q);v xn|s, =0, v-n|s, =0},
Hs(Q) = {v € L2(Q);curlv = 0, dive =0, v x n|g, =0, v-n|s, =0},
Hpc(Q) = {v e L*(Q); curlv € L*(Q), dive € L*(Q)},
(v, W) Hpe (o) = (V,u)L2(Q) + (divo,divu)rzg) + (curl v, curlu)gz ),
Hpes(Q) : the clousue of Cxo(Q) NHY(Q) in Hpe(Q),
Vs = {v € Hpes(Q) : dive = 0} N Hx(Q)L,
Hy: : the closue of Vy in L?(1),

here and in what follows Hx ()" is the orthogonal complement of Hx(Q) in L%(Q2). A field v
such that curlv = 0, dive = 0 is called harmonic, and elements of Hyx(§2) are harmonic.

Note that if v € Hpox(Q), then v x n|y, = 0 in H™/2(X,) and v - n|s. = 0 in H™1/2(X))
since v x njpq € H™1/2(09) and v - njpg € H1/2(00) for v € Hpo ().

By [6, Theorems 10.2] we have

| curlv||® 4 || divo|* > ¢[|v]|> e >0, Vv € Hpes () NHs(Q)E,
which implies
||U||2HDCE(Q) > || curlw|® + || divol|* > &HUH%{DCZ(Q) 3é>0, Vv € Hpes(Q) NHs (). (3.1)

On the other hand, by [6] Theorem 3.3|, the norm in Hpex(?) is equivalent to the one in
H!(Q), and for convenience we denote the Hpex(€2)-norm of Vi, by | - [lvy. Therefore, by (3.1),
the norm of V', is equivalent to || curlv||, and in what follows we use

| curlv||? = ||UH%’E(Q) Yv € Vy. (3.2)
Assumption 3.1. (1) For any t € [0, T] there exists a function H(t) € L3(2) NHx(Q)L such that
curl H(t) e L2(Q), divH(t) =0, H(t)-n|s, =q(t), H(t) xn|s, = ¢, (t).
(2) H € L>(0, T; H'(Q)), H € W12(0,T; L3(Q)).

Remark 3.2. For one case satisfying (1) of Assumption 3.1, we refer to [16, Remark 2].
If we assume the existence of a function H € L3(2)) N Hx(Q)* such that

curlH =0, divH =0, IfI~7L|gT:q7 IP{XTL|EU:$V
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as in [I, 2, 4] and use (3.3) below, then in the estimation of approximate solutions the terms
corresponding to Lorentz force in the momentum equation and the nonlinear term in the magnetic
equation are canceled each other and the problem is simplified. However, the assumption curl H=
0 is not usual for the magnetic field and excludes the boundary conditions such thatH - n|y, =g
J -nlg, # 0 (where J is electric current density) very important in practice (see 1) of Remark
4 of [16]). Thus, as in [I6} [I7] we assumed in this paper curl H € L2(€2), and so the following
calculation is complicate.

We put
H(t) = H(t) + H (1), (3.3)

where H(t) is the function in Assumption 3.1, and H(t) € V. Then, for H of (3.3), u,v € H'(Q)
and C € Vy, we have

—<u curleH,u>
—<u curl H x FI,u> — <,u curl H x H,u> — <ucurlﬁ[>< ]_{,u> — <M curl H x IO{,u>, (3.4)
<,uH X v,curlC> = <,u curl C' x H,v> + <p curl C' x fol,v>.

Also taking into account (2.2), (3.3) and (3.4), for H € H*(Q),v € H'(Q) and C € Vs, we have

<i curl (% curl H) + curl(H X v), C)

curlH+(Hxv),curIC>—( curlH+Hxv) xn,C’)

L
po(0)
curl ﬁ, curl C’)

_ ( 1
1o (6) = (3.5)

1 _ 1
= (m curlH,curlC’) + (m
+ (curlC x H,v) 4 (curl C' x ﬁ],v) — (&, C)s,

3.2. Variational formulation. For v € H*(Q) NV, § € W!2(Q) and u € V, we have

—~2(V - ((O)E(v), u) = 2n(O)E(v),(w) = 2n(O)E W), w1
— 2((0)E(0),Ew) + 20(Ok(a)o. Wi, — (@) curlo x n, ),
+2((0)55, @)r, = 201(0)enn (V) wn)r, = 20(O)e0r (V) ), (36)
— 200)en(w), i, — (1O 5 w) .+ (OK@ W

where S is the shape operator of boundary surface, ¥ and @ are expressions of the vectors v and
u in a local orthogonal curvilinear coordinates on I's and and k(z) = divn(z) (see [I8, Theorems
2.1 and 2.2]).
For p € HY(Q) and u € V we have
(Vp’ u) = (p7 un)u7

=2

r, — (pa un)Fg + (pa un)I‘4UF7 + (pnau)f‘ea (37)

where u,, |r,ursurs= 0 (see (2.1)) was used.
For § € W12(Q) and ¢ € Wﬁ; by (2.4) we have

(=9 (OO, = (=070, V) = (O 55) = (KO0, 99)+ (50 — g, 9)r (33)

By (2.6) we see that v, =0 on 'y, and so for v € V, € W12(Q) and ¢ € WI}DQ we have

(v-VO,¢) = (b, @)ry — (B0, Vi) = —(0v, Vo). (3.9)
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Taking (v - V)v = curlv x v 4 1grad|v|? into account, by (3.3)-(3.9) we can see that smooth
solutions (v, p, H, ) of problem (1.1), (2.1), (2.2), (2.4) satisfy the following:

(W' (), u) +2(n(0)E (), E(u)) + (curlv x v,u) + 2(n(0)k(z)v,u)r,

+2(n(0)Sv, @), + 2(a(x)v,u)r, + (n(0)k(z)v, u)r, — %(ucurlﬁ x H,u)

1 _ . 1 o _
—(pcurl H x Hyu) — —(peurl H x H,u)
p p

_ 1 o o
= ((fo + a0bog) — aoblg, u) + ;(HCUﬂH x H,u)
+ ) (piun)r, + Y (Gnu)r, YueV,

i=2,4,7 i=3,5,6

(H'(t),C) + <WL@ CurlH(t),curlC> + <WL@ curl (1), CurlC’>

+ {cwlC x H(t),v(t)) + {curl C x H(t),v(t)) + (H'(t),C)
= <SET7C>Z.,. VC € Vs,
(0 (1), ) + (6(O)VO(t), Vi) — (0(t)v(t), Vi) + (BO(t), o)r

2 6 2
~ e ,¢>_<Z<CZ|5(U>| o)

= (R, P)rs + (90(t), ) Vo € WE(Q).

We define ag(0;-,),a1(-,+,-) and f1(t) € V* by

ao(0;w, u) = 2(n(0)€(w), £(w)) + 2(n(0)k(x)w, u)r, + 2(n(0) S, @)r,
+ 2(a(z)w, u)r, + ((O)k(zx)w,u)r, Vw,u€V,de Wy,

£(£) = fo(t) + aofog + % curl H(t) x H(t), (3.10)
(f1(0),u) = (1), u) + D (dill)sun)r, + Y (i(t),u)r, VueV.
i=2,4,7 i=3,5,6

We define by(6;-,-) and rq(t) € V3§, by

- 1 _ _ - ,
b0<9;H,c>=< _ curlH,curlC’> VH,C € Vs, 0 € Wh,

o (6) (3.11)
(r1(t),C) = (3,,C)s, — (H'(),C) VYC € Vsy.
We define ¢o(6;-,-) and g (t) € (W;j(ﬂ))* by
co(B:0.0) = ((B)VO. Vo) + (B@)0. o)r, V6.0 € Wi ()0 € Wi (), 5.12)
(91(t), ) = (gr, P)rr + (90(1), ) Vi € W2 ().
By (2.7), (2.8) and (2) of Assumption 3.1,
fi € L*(0,7;V"), 11 € L*(0,T;Vy), g1 € L*(0,T;(Wi2)"). (3.13)

Then, we introduce the following variational formulation for problem (1.1), (2.1), (2.2), (2.4).
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Problem VE. Find (v, H,0) € (L>(0,T; Hy) N L*(0,T;V)) x (L*(0,T; Hx) N L*(0,T; Vyx)) x
(L>(0,T; LA(Q)) N L"(0, T; Wi")), 1 < < 2, such that
T
/ [(—v(t),u'(t)) + ap{0;v(t), u(t)) + {curlv(t) x v(t),u(t))
0

—chr 7 q —chr F : —chr : 2
+( p LH(t) x H(t) p VH(t) x H(t) p VH(t) x H(t)

- %curlﬁ[(t) x H(1) + aof(t)g — £i (1), u(t))} dt

= (vg,u(,0)) Yu € C*([0,T]; V) with u(-,T) = 0,

T B , - 1
| (=m0 + oo, oo + (o
+ (curl C(t) x H(t),v(t)) + (carl C(t) x H(t),v(t)) — (r1(t), O(t)ﬁ dt
= (Hy,C(x,0)) VC € C([0,T];Vy) with C(-,T) =0,

T
/0 [<—0(t)7 ¢'(1)) +co(0(): 0(1), (1)) — (O(t)v(t), Veo(t))

- <00%0(9)| Cur1H|27</>> — <Z(CQZ|5(U)2,90> - <g1(t)7g0(t)>} dt

= (o(2), (,0)) Vo € CM((0, T); Wy ())with (-, T) = 0,
where Hy = Hy — fDI(O,x).

curl H(t), curlC> (3.14)

Remark 3.3. For the case of the variational problem above equivalent to the original PDE
problem (1.1), (2.1), (2.2), (2.4), we refer to [I7, Theorem 3.1].

3.3. Main result. We want to obtain a solution satisfying (3.14), but we prove existence of
(v, H,0) with a “defect measure” in the third equation of (3.14).

Theorem 3.4. Let Assumptions 2.2 and 3.1 be satisfied, and let vo € Hy, Hy € Hy,, 0y € Ll( ).
If |ap] is small enough in accordance with date of the problem (4.101), then there exists (v, H,0) €
(L*(0,T; Hy)NL2(0, T; V) x (L%(0, T; H) N L2(0, T; Vi) x (L*(0, T; LY ()N L7 (0, T ng ))
for all r € (1,5/4) and a Radon measure i such that

T
/0 [ (o(t), (1)) + ao(0: v(t), u(t)) + {eurl v(t) x v(t), u(t))
+ (- %curlﬁ(t) x H(t) — %curlf[(t) w H(t) — %curlﬁ(t) % H(t)
_ %Curu{r(t) x H(t) + aof(t)g — Fi(t), u(t)>} dt
= (vo,u(x,0)) Yu e C'([0,T]; V) with u(-,T) = 0,

T - / - 1
| [o.cm +wow:ira.cm + (o
+ {cwl O(t) x H(t),v(t)) + (carl C(t) x H(t),v(t)) — <r1(t),0(t)>} dt
= (Hy,C(z,0)) YO € CY([0,T]; V) with C(-,T) = 0,

/OT {<79, %—f} +¢0(0;0,0) — (Bv, V) — <m| cur1H|2,ga>

curl H(t), curl C>
(3.15)

(g, o)~ ]

T
— 0 (a), (. 0)) + / pdi Yo € CH(0,T); CL, () with o(-.T) = 0,
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where CL_(Q) = {¢ € C'(Q) : ¢|r, = 0}. And (v, H,0) satisfies the estimate

sup o)l + [vl1220,ziv) + sup [H@I + 1H|Z20.7v)
t€[0,T te[0,T]

)

- Vo|?
+esssup [|0(t)| L) + [ VO dedt + | ———7 dadl
Q Q

t€[0,T)] (1+10])t+0
<G (HU0||7 IExllzz 075w+, > 1930l 2 0 713 1))
=BT (3.16)
} ) ] 9(1-5)/5
> 19l 2 g a3 sy 1Ol s I @) 2w 0,530 00y, T =57
i=3,5,6

o, ||90||L1(Q)a ||9RHL2(O,T;L4/3(FR))> “90||L2(07Ts(W%§)*>)

5—A4r
)

Vr(1<r<§), V6(0 <6 <

where ¢, s the one in (4.77).

4. PROOF OF THEOREM 3.4

4.1. Existence of a solution to an approximate problem. Let vy € V, Hy(= Ho—ﬁ(o, x)) €
Vi, g € Wp2(Q),0<e < 1.

Problem VEA. Find (v, H,0) € (C([0,T]; Hv)NL%(0,T;V)) x (C([0,T); Hx) N L%(0,T; Vy)) x
(C([0,T]; L2(Q)) N L*(0,T; Wy?)) such that
<%,u> + 2<[n(9) + 6||UH%;}5(’U),5(U)> + {curlv x v, u)
+2(n(0)k(z)v, w)r, +2(n(0)ST, @)r, + 2(a(@)v, u)r,
+ ((O)k(x)v, W), — <% curl H(t) x H(t),u) — <% curl H(t) x H(t), u)

T . _of
(pcurlH(t) x H(t),u>+<1+5928au>

= (fi(t),u(t)) Vuec L5(0,T;V),

(H'(t),C) + Q%@) + el curl H(¢)||*] curl H(t), curl C>

+ <M%W) curlﬁ(t),curlC> + (curlC x H(t),v(t)) (4.1)

+ {curl C x foI(t),U(t)>
= (r(t),C) VC e L%0,T;Vy),

<%’ p) + (K(0)VO, Vo) + (B(2)0, @)ry — (00, Vep)

1 | curl #|? n®) E@)?
~( 59y - (25 59)
pCro(0) 1+ €| curl H| pChL 1+ ¢|E(v)|
=(g1.9) Vo€ L*(0,T;WE2(Q),
’U(O) = Vo, H(O) = Ho, 9(0) = 90.

To prove the main result, we use the following result, see [19, Proposition 4.1 and Remark 4.1].

Proposition 4.1. Let X be a real reflexive Banach space and norms of X and X* be strictly

convex. Let a linear operator L, where D(L) is a dense linear subspace of X, be maximal monotone.
The operator A : D(L) — X* satisfies the following:
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(i) For every sequence such that x, — z in X, xn,x € D(L), Lz, — Lz in X* and
limsup,,_, oo (Azp, x, — ) <0, there exists a subsequence such that

liminf (Azy, 2 —v) > (Az,z —v) VYo € X; (4.2)

k—oc0

(ii) There exists a function ¢ : RT — R which is bounded on any compact interval, and a
number 60,0 < 0 < 1, such that

[A@)[[x- < d(lelx) + 0| Le|x- Yz e D(L); (4.3)
(i)
(A),z) — 00, as|z||x — 0. (4.4)
[E1P%

Then, for any f € X* there exists a solution to Lx + Ax = f.
Let

¥ 1= L8(0.T; V) x L8(0,T; Vi) x L2(0, T: Wi2),

1/2
1G5l = (Il - ||L6(0TV + - HLﬁ(OTVE + I HL2(0TW1 2))

Then

P+ = LP(0,T; V™) x LY5(0,T; V) x L2(0,T; (W 2)*),

[

1/2
£8/5(0,75V3) MK )

2
16 = (1 Beosaozyey + 11 ooty

Theorem 4.2. There exists a solution (v., H.,0.) € ¥ to Problem VEA.
Proof. In (4.1) let us make changes of the unknown functions
(Uvﬁaa) - (w,z,@)

by v = efMtw, H = k1’2 where k; is a constant to be determined later((4.34)). Owing to the
changes, dlfferently from [16], where the steady problems were studied, we need not assume that
I'3;,T'3;,I'7; are convex and the matrix « is positive, and the datum corresponding to the non-
homogeneous magnetic boundary condition is small. Then putting

’UAJ:’LU—UO7 QZZ—H(), éz&—&o

and multiplying the first and second equations of (4.1), respectively, by e %1 and £e~*1* we have
a modified evolution problem with zero initial conditions equivalent to Problem VEA. (]

Problem VEA’ Find (w0, H,0) € (C([0,T]; Hv)NL%(0,T; V)) x (C([0, T); Hz) N L8(0,T; Vy)) x
(C([0,T); L*(22)) N L*(0, T; W;DQ)) such that

<Z‘>+%H@+&“ﬂw+m%wm+m»am

+ Mt eurl(w + vo) X (@ + vo), w) + ki (@ + vo, u) + 2(n(0)k(x) (@ + vo), u)r,
+2(n(0)S(@ + vo), W)ry + 2{a(@)(d + vo), w)r, + (N(O)k(x)( + vo), u)r
= %<ek1tcurl(2(t) + Ho) x (2(8) + Ho) + curl(2(t) + Ho) x H(t)

oo (0 + 6p) u>

Fewl H(t) x (3() + Ho), u> + e*’m< ST
0

— e—k1t<f1 (t),u) Yue L6(07T§V)7
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A 200+ (g el ul(2(0) + o) || url((e) + ). curl )

e 1 ) _

+ <e k ) curl H(t), curlC> + k1 ((2(t) + Ho), C)

+ (el € x (3(t) + Ho), e*'w(t)) + (curl C x ﬁ(t),w(m}
- %e_k1t< ri(t),C) VC e L5(0,T;Vy),

%, P) + (5(0) (VO + V), Vo) + (B(x)(0 + 00), d)r

_ kit 5 _ 1 |curl(# + H)J?
e H{(w + o) (0 +6o), Vo) <p0ha(9)1+5\cuﬂ(ﬁ+ﬁ)|27>

n(0) |€ (W + vo) |
a <pch e=2kit 4 e[ € (i + vp)|? ¢>
= <gl(t)7 90> Vp € L2(O,T; Wllﬁ(Q))v

w(0) =0, H(0)=0, 6(0)=0. (4.5)

We define an operator £ : D(%) — ¥* by
{(@,2,0) €7 (@',2,0) € 1", (0) =
- A A P
1, 2,0) | 2y = (@, 2, 0) |5 + [[ (' 5% SLDIEZS
d
ik

Then, . is a linear, maximal monotone operator; see [23, Section 2.1, Ch. 3 ].
We define an operator <7 : D(.%) — ¥* by

d
j = (@,

SRS
Q.‘Q‘

(o1, 2,6), (u.C.9)) = / ' [2(In(0) + el + vo Y 1€ + vo), E(w)
+ eFrtcurl(d + vg) X (b + vg), w) + k1 (1 + vo, u) + 2(n(0)k(z) (b + vo), u)r,
+2(n(0)S (i + Bo), Wy, + 2(c(@) (W + vo), u)r, + (n(O)k(x) (W + vo), u)r,
= et cwnl((e) + Ho) x (2(0) + Ho) + ewl(3(1) + Ho) x H(1)

g 5 [7 — é-f—eo)
+eurl H(t) x (3(t) + Hp),u ) + e it L u
(t) x (2(t) + Ho),u) <1+€‘9+90‘2g )
Ltk (3 : (4.6)
0o (6) Hfeurl 1 Hy), curl
+<[p0'(0) = p ||CUI' (Z + H ]CUI'( <)+ 0)7CUI' C>
1
it LH(t), curl )
+ (e po(@) cur ,cur C> (2 + Hy),C)

<%ek1tcurlc x (3(t) + Ho), (@(t) + u0)> n <; curl C x H(t), (1) + UO)>
(k(0)(V0 + V00), Vo) + (B(x)(0 + 60), )1, — "1 ((0 + v0) (0 + 65), V)

1 |cur1( (t) + (t) n(6) |E (1 + vo) |2
<p0h0( 0) 1+ e|curl (H(t) + H(t))[? ’¢> <PCh 6’2k1t+6|5(u§+v0)|2’¢>} dt

for (i, 2,0) € D(Z) and all (u,C,¢) € ¥, where and in what follows H(t) = eF1tz(t) = eF1t(2 +
Hp) and 0 = 0 + 6. Estimate (4.43) below shows that this operator is well-defined.
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Then, the existence of a solution to Problem VEA’ is equivalent to the existence of a solution
to

kltfl( )
L0, 2,0) + (0, 2,0) = F, Ft)= (‘;ekltm(t)) .
g1(t)

Remark 4.3. By definition of D(.%), from the fact that (10, 2,0) € D(.Z) it follows that (i, 2, 0) €
(C([0,T); Hy) x C([0,T); Hs) x C([0,T]; L*(2))). (See [20, Theorem 1.37].)

Relying on Proposition 4.1, we will prove the existence of a solution to the equation above.
(i) Let us prove property (iii) of Proposition 4.1 for <7 (w, 2, 0):

1 A A A
— (A (0, 2,0), (0, 2,0 oo as |[(w,z,0 0. 4.7
(0.2 9)”4/ ( ), ( )) — II( Ny — (4.7)

+ et (curl (b + vo) x (W + vg), W) + k1 (W + vo, W) + 2(n(0)k(z) (b + vo), D),
+2(n(6)S(t + o), W)r, + 2(a(@)(d + vo), )1, + (N(O)k(x)(@ + vo), W)r,
- %<eklt curl(2(t) 4+ Ho) x (2(t) + Hp) + curl(2(t) + Ho) x H(t)

(109

+ curl H(t) x (2(t) + Hp), > ekt 1 g )
1 ot () + H : (4.8)
+ <[pa(9) + —e k || curl(2(t) + HO)H Jeurl(2(t) + HO),cur1z>
e 1 ) S
+ (e " o @) curl H(t), curlz> + k ((2(t 0), 2(1))

)+
kit curl 5(t) x H(t), (i(t) + vo)> + %curlé(t) x Ho, (i(t) + v0)>
K(0) (VO 4 V), VO) + (B(z)(0 + 0o), O)r,, — e (i + v0) (0 + 6y), V)

(
1 leurl (H(@) + H®))2 »  /0(6) |€(w + vo)? i
pPCrho(0) 1 + ¢| curl (H(t) + H(t)) |2 ’ 0> <pC;L e2kit 4 g|E(wW + vg)|? 9>] di

for all (w, 9) € D(¥).
Using (r ( w X v,v) =0 and (wh, V) =0 (cf. (3.9)) and arranging, we obtain

0
= [ [2(In(0) + ™ el + voll Y1 + vo), £(d) )
0

+ Mt {curl b x g, W) + e (curlvg X vg, W) + ki (W + vo, D)

+2((0)k (@) (@ + vo), D)1, + 2(1(8)S (@ + To), D)r,

+ 2{a(2) (@ + vo), W)y + ((O)k(2) (@ + vo), D)r,

- %(dm curl Ay x (3(t) + Ho) + curl Hy x H(t) + curl H(t) x (4(t) + Ho), b))
agb

1+e02®" )

1 HE 4 1t 2 I 4 N _ N
+ <[p0(9) + 7@ R curl(2(t) + Ho)||*] curl(2(t) + Ho),curlz>

+ <e—l~c1t

+e Rty

et curl H(1), cur12> + 1 ((3() + Ho), £(¢))
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+<% Peurl 2 x (3(t )+ﬁ0),vo>+<%curléxﬁ(t),v0>
+ (R(0)(VO + Vb)), V) + (B(x)(0 + o), 0)ry, — €**((tb + vo)bo, V)
(t

B 1 |curl (H(t) + H(t))[? n(6) 1€ () + wo)|? R
<pC’ha(9) 1+ el curl (H(t) + H(t))|? > <pCh =21t | | E(w + Uo)|2’9>] dt  (4.9)

>

)

for all (w, 9) € D(¥).
Let us estimate the terms on the right-hand side the above. Taking into account (2.5), by
Holder’s and Young’s inequalities, we have

T
| [2(00) + el + wlib e + ). )
0
T
> 2ol + [ 2000 (w0). @) o

T
+5/ 2<e4k1t||11)+v0||%,€(1b+v0),5(u7+v0)>dt
0 (4.10)

T
- g/ 2 + vl E (i + o), E(vo)) di
0

> 1ol @1720,7v) + 26/l + w0l 2o 07w
— 2ce||@ + vol| 26 (0. 1wy l1v0ll Lo 0,75v) — KT Ilvol 37
> 770||?1’H%2(0,T;v) +5||w\|%6(0,T;v) - Ky,

where K depends on ||vg||v, e, T. By Holder’s and Young’s inequalities, an interpolation inequality

N ~nl/2 N
o) < bl 2 oy l10]]+/2, we have

2 3/2
ek1T< g(ele”vOHL?’) / ,

curlvg x vo, @) < e luo3; + cllvo I3 1@lEs

. . R s
curlw x v, @) < 7|3 ||vol|rs < g||w||% +

ek1T<
< "ol 3 + cllvol¥ v [l
7o |, ~ k N
< IR + €T lluolly + eallvollv o],

where ¢; depends on 7, but is independent from k;. Then

T
‘ / et [(curl x vo, W) + (curlvg x vo, dt’

(4.11)
=< 14||w||L2(OTV) +3 ||wHL6(o vy T K2 + kll”“’HL?(o T;L2)
where K3 = 22 (M7 [opllgs) /% + Tet T Jug 3, and kiy = ex[loolld- Also,
T
/O k(@ + vo, @) > kr[|l@]1 320 7.2y — Lalldl 20,702y, (4.12)
where L; depends on ||vo]l, k1.
Because I'y;,I'3;,1'7; are in 02‘1(Fij), there exists a constant M such that
1S(@)]loc 15() e, [l oo (rs) < M.
Thus,
T ~ ~
| / (OO0 b, + 2005, D), + 2olo)ivihrs + (OO D) ]

< 14 Hw||L2(o vyt k12||wHL2(O T:L?)
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(cf. 15} Theorem 1.5.1.10 |), and

’/ )0, W), + 2(n(0)ST0, D)1, + 2(a(z)vo, D)1, + (M(0)k(2)v0, B)r,) dt‘

< 14||’WHL2(0TV) + K,

where K3 depends on ||vo||v, 70, T
Let us estimate

T
/ Eeklt<curl Ho x (2(t) + Ho),w) dt
o P

T T
:/ Bkt curl Ay x 2(t),w>dt+/ Bemt(curl Hy x Ho, ) dt
o P o P
By Holder’s and Young’s inequalities and the interpolation inequality

Hu||L3(Q) < Hu”vvl 2(Q)HU||L2(Q),

we obtain

T
/ Heklt |(curl Hy x 2(t), w)| dt
o P

T
< [ ek cun Hol0) v il i
0

2 T
H 0 A N N
< T T o ey + [ el v i e

2
s £ Rz 4p 8/2)
< TﬁemﬂTllHOH%p(Q) + %HZH%G(O,T;VE \/7/ || / |3/2 di

UE | . €1«
< EHZHGLG(O,T;VE) + 6||w||§6(o,T;V) + ksl @720, 1.2y + Kar,

2 _
where k13 depends on %, p, y1, and Ky = Tt e T Holl3 o -

T T
/ £ e curl Ho x Ho, il di < / S ol v dt < T3z + Kz,
0 0

where K45 depends on ||H0||%11(Q), o, p, o and €1 7. By (4.15) and (4.16), we have
T, - -
‘ / *€k1t< curl HO X (2(t) + H0)7’lf)> dt‘
o P

S 10 ).~ €. .
=< Zp”Z”%G(O,T;VE) + ﬂ”wH%Z(O,T;V) + g”’w”%fﬁ(o,T;v) + k13Hw||2L2(O,T;L2) + Ky,
where K4 = K41 + Kyo.
Also, by Hoélder’s and Young’s inequalities we have

’/ curlHo ><H w>dt‘ ||w||L2(OTV)—|—K5,

where K depends on o and (|| Hol[3s o 1H I3~ (0. 7511 (y))-
Let us estimate

o P

T T
=/ %<curlﬁ(t)xz(t),w>dt+/ %<cur1ﬁ(t)xﬁo,w>dt-
0 0

15

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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Similarly to (4.15) we have
‘/ ’u<cur1H t) x 2(t), dt’

., o
Sbé|mmmmWWWJWHM

1 L.
< — 6po1 ||Z||L2 (0,T;Vs) +CHHHLw(oTHI(Q))_/0 [@|[v[w] dt
< 60, 121172 2(0,T;Vy) JF ||wHL2(OTV) +k14Hw”L2(OTL2)’

where k14 depends on ||Io{||%ac(07T;H1(Q))7 P51, 170-

‘/ (curl F(t) x Ho, dt’<‘f/ ol £1(2) || ol o |

T
< C”H”%N(O,T;Hl(ﬂ))HHOH%/E +/O [@]|v[lw]l dt
= 28 ||w||L2(0 vyt k15||w||L2(0 r12) T Ko,
where k5 depends on 79 and K4 depends on ||HH2L°°(0,T;H1(Q))7 | Holl3.. ps .
From (4.19) and (4.20), we obtain

]/ (eurl (1) x (:(0) + Ho), ) di]

70 | - .
< 6pa —— 1272 0,7vg) T 4”“}”%2(0,T;V) + (ks + E1s) |07 2 0 2y + Ko
Since

£ 1
m < Tﬁ V€ € [0, 00),

we have

T
ki, o0 . c .
1 dt] < — . .
’/0 e d = ﬁ”“’””“)f”)

Taking into account (3.2), in the same way as (4.10), we have

/0 <[p01(0) + %e%ltn curl(2(t) 4+ Ho)||*] curl(3(t) + FIO),cur12> dt

1.0 P
> EHZHLz(o,T;VZ) + ?”Z”L‘}(O,T;VE) — K,

where K7 depends on ||Hyl|lvy, T, ¢, p, u. Also we obtain

T
1 5
—kit_ L N\ g < .
/0 <e (@) curlH(t)7curlz>dt Loll2(t)| 22 0,75v 5) s

where Lo depends on ||H0||LOO(O7T;H1), P, 00-

/ B {(20) + Ho), 2(0) dt > k12112 0.z — LollZl 20 mne,

where L3 depends on ki, || Ho||.
Let us estimate

T
/ <ﬁek1t curl 2 x (2(t) +ﬁ0),v0>dt
o ‘P

T T
= / <Hek1tcur12 X 2(t),v0> dt —|—/ <Hek1tcur173 X Ho,v0> dt.
0o P 0o P

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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1/2

Hl/QHZ”Lz Q) we obtain

Taking into account ||2||psq) < ||2

’ / <ﬁek1tcurlé X é(t)7UO> dt)
o \p
T
= C/ ;eklt\\é(t)ﬂvzHi(t)IILSHUOHLG dt
0
TMQ T N ~
S L JRECINECIT
0

Tu? HE 5 5
< =5 Tl + Tl somive) + Fiolll i rae,

where k16 depends on p, u, €.
T
’/ <ﬁe’“1t curl £ x HO,UO> dt‘
0o ‘P

T
<e / k(1) v o s ool

< ”A 2 //T:uz 2k T H 2 2
2 720.mve) € ra e [ Hollxsllvollgs,

~ 6poy

where ¢’ depends on p, 7.
By (4.27) and (4.28), we have

T -
/ <76k1t curl 2 x (3(¢) + Ho),v0> dt
0o ‘P
1
~116 2112 5112
= ZHZHLG(O,T;V) + %HZHL%O,T;VE) + k16HZHL2(O,T;L2) + K,
where Kg = c’T“ e w12 + ¢ T“ 2k1T||fIO||%3||vo||%6. Also we obtain

’/ —curlsz( Uo> dt‘ HZHL2(0TV2)‘|'K97

where Ky depends on ||H||200(07T;L3), lvoll3s, ps it 1. Also7 we have
T
/O (k(0)(VO + V), Vo) dt > 110H9||i2(07T;W1 2y — ||9||L2(0 Wi T Ko,
T ~ ~
/ (ﬁ($)979)1—‘3 dt > 07
0

T
|| 4@t )0 ] < F201 2 gy, + Ko

where Kqp = T||00|| 1.2 and K11 depends on ||6g][y1.2(q) and T

Let us estimate

T T
' / 6k1t<(’LZI + 110)90, Vé> dt’ — ‘ / [6k1t<w90, Vé> + ek1t<f0000, Vé>] dt’
0 0

First, we have

T T
[ et Vo] < / 41 ol o | V)
0

C/Te4k1T e
< HGIILQ(0 rwiey T 10ollwrz + llelze vy
Also
T
\/ M unfo, VO) dt| < 1012 o gy + €T T ol 1ol
0

17

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



18 T. KIM EJDE-2025/119
where ¢”” depends on k. Combining above two inequalities yields
T
N A €A
\A (1 -+ o), V) dt| < SN0 o ) + G NS0 vy + Kaze (432)

where Ko = ST Go||4 1 + " Te? 3T [wg[|3[16o]|31.2.-
In the same way as for (4.22), we obtain

|curl( )|2 . c -
0N at| < S1001 2020,
‘/0 pCho (0 1+5|Curl( () H(t))|? > ‘ 5” 20,7322 (@)

: (4.33)
1€(w)] 5 iz
-0 dt( < 0011 121011200 -
‘/ pChe 2k1t+€|g( )| > = EH ||L (0,T5;L2(Q2))
Taking
5
kl = max{Zk:M, k16}7 (434)
i=1
by (4.10)-(4.14), (4.17)-(4.18), (4.21)-(4.26), (4.29)-(4.33), we have from (4.9) that
<42f (w, 2 9) (w, 27é)>
Mmoo € 1 pe Ko . . .
>min (77, 55— 5o 5} (Il + 100wy + 120202
(4.35)

12
c N
+ HZHLﬁ(OTVE + ||9||L2 0,752 ) - ZKz‘ — (L1 + %)HMHL%O,T;L%
i=1

. . s .
= La|lZllzz0,rivs) = LallZlc2omeay = 02 omiz2y V(w, 2,6) € D(2),
which implies (4.7).
(ii) Let us prove (ii) of Proposition 4.1 for @ (w0, 2, 0). Let us estimate
1 ! eyt (- 41000
L= [ [2(1n(0) + e el + v [ 1€ + vo), E(w))

l[ullzs(0,;v)

+ et {curl(@ + vg) X (@ + vg), u) + k1 (@ + vo,u) + 2(n(0)k(x) (@ + vo), u)r,

+20(O)S( + 7o), W), + 2al@)(@ -+ o). ubr, + (O + o), ur | at]
Applying Hélder’s and Young’s inequalities and |a + b|P < 2P(|alP 4 [b?),p € (1,0), we have

I < c([[@l o0, 7ov) + K, (4.36)

where K depends on vg aind T.
We see that for (v, 2,0) € D(Z)

(W, 2,0)) € C([0,T); Hy) x C([0, T}); L*()) x C([0, T}; L*(%2)),

1@l (o, 1);mv) < C||’LD/H

12 (4.37)
1/2 1/2
nwmmTLa<cwm/@Taw2> AOTW”)
(cf. 20, Theorem 1.37 and (1.27)].) and
lwllLs @) < ellwlig vl vweV,
l2llLo@) < ellzlfao l2IV2 ¥z € Vs, (4.38)

1/2 1/2
|Wm®§ﬂWAQW%wm Vo € Wi (Q).
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Taking into account (4.37), (4.38) and applying the inequality |a + b|? < 2P(|a|? + |b|P),p €
(1,00), we have

1
I 7‘ / klt(curl(w + vp) X (W + vp), } dt‘
||UHL6(0TV)
T
C
—““‘*/1Hwa+mWWMw+mm”ﬂwwwwW”wmﬁﬁ
||UHL6(0,T;V) 0
N 1/2
<|lw+ “0||c/(o,T;L2) (m”w + Uo||L9/5 0.T:V) HU||L6(0,T;V)> (4.39)

< Nl + vollopo, 1 v + €ll (@ + o) |11

~rl/2 ~nl/2 ~
< el | s o vy 1011 o0,y + 120l + el + voll s o,m,v)

5(0.T;V)

1, . N
< §||U’I||L6/5(0,T;V*) + C(”“’H%G(O,T;V) + K).

where K depends on vy and 7.
Let us estimate

MWWTV’/‘ “%MN%ﬂ+me(an+H@

+ curl(2(t) + Ho) x H(t) +eurl H () x (2(t) + Hy), u>

+ efk1t<4a0(0fr700) g,u>} dt.
1+ [0+ 6o

Taking into account (4.37), (4.38), we obtain

‘/ kltcurl 2(t) + Ho) x (2(t) + Hp), >dt’
HUHL5 (0,T;V)
1/2 1/2
<”/QHO+EMM()+%IWH)+%IWMHWﬁ
“HLﬁ(o,T;v) 0
o = n1/2 & 3/2
< ”Z—’_HO”C/(O,T;LQ)(WH 2(t) + HOHL/g/o 0,T:V) ||u||L6(0,T;V)>

<12+ Hollco,rw2) + cll2(t) + FIOH%%O,T;V)
12llco.r:2y + [[Holl + (12172 0,7v) + 1212200.7:v) + 12|22 0.70v) + 1)

IA

IA

1||5/||L6/5(0,T;(v2)*) + |2l zoorive) + (21220 70vs) + K)-

Taking into account Assumption 3.1, we obtain

1 Ty Eat
Tullzoor ! Jo 1 Hy) x H(t dt‘
lull 6 (0, 7:v) ‘ /0 P <e curl(2(t) + Ho) x H(t), >

Alwﬂ+%hﬁﬁwhﬂwmwﬁ

~ ullzso,m5v)

° C
< ||H||L°°(0,T;L3)(

mﬂ;@;;MUHJ%hm@ﬁwmwmmmw)

<c(lZ@®) s o,rivs) + K),

where ¢ depends on ||1‘°IHL<>0(01T;L3), and K depends on Hy. Taking into account (4.37), (4.38), we
obtain

1 T i
] ) et ) G0 + . )
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c

T
) 1/2 1/92
wwWMWAHMMO+%/|u+m/umwm

T
] 1/2 1/2
wwmwml“%mwm+meu+mwhuWﬁ

Cc

1/2 C||H||L°o 0,7;H1)
C(0,T;L2)

IN

I + H| 1) + Holl o v 1l 20,723

HU||L6(0TV)

IN

1||3'||L6/5(0,T;(vz)*) + c(ll2llLso,rivs) + 12l L20,15ve) + K),
where ¢ depends on ||FIHL00(0,T;H1) and K depends on Hy. Also taking into account (4.22), we
obtain
‘/ —k1t (0 + 0o) gu>dt§ c_
HU”LG 0,T;V) 1+5|0+90|2 2¢/e
The four estimations above and Young’s inequality yield
1., R o 1
I3 < Z||Z/||L6/5(0,T;(vz)*) + c(lI2llzeo,ryvs) + 121220 1evs) + K + %) (4.40)

Let us estimate
1

1€l Lo o, rivs)

+ <e—k1t

[45

r 1 HE 4t . _ ) _
/0 [<[pa(9) + ?64’“ | curl(2(¢) + Ho)|*] curl(2(¢) + Ho),curlC>

1 o _
o (0) curlH(t)7curlC> +ki{(Z+ Hy),C)

N <%ek1t curl C x (2(t) + Ho), (b (t) + v0)> n <% curl C x H(t), (i(t) + v0)>] dt’.

First, we obtain
1
ICllLs0,7;v5)

1
—kqt
+ <e pa(0)

< (2176 0,m:vs) + I1H | 2007vs) + K),
where K depends on Hy, p, o1, it, k1. In much the same way as (4.39), we obtain

1

||C||L6(O,T;V>:)

g 1 HE kit 5 7|14 5 7
/ [<[p0(9) + ?e Mt curl(2(t) + Ho)||*] curl(2(t) + Hp), curl C>

curl H(1), CurlC’> k(2 + Ho), c>} dt

/OT <%ek1t curl C x (2(t) + Ho), ((t) + vo)> dt’

c

T
sg—————f/ ICt) v |12(t) + Holly 2 I12(t) + Holl 4 o (t) + vollv dt
HC”L6 0,T;Vs)

1/2 ~
|H>+mMMTp(um+Hw;ﬂmﬁmm+mmmmw)

IN

| /\

5”21”L6/5(0,T;(V2)*) + C<||2||L6(O,T;Vz) + ||2(t)||2L?(O,T;Vg) + ”wH%G(O,T;V) + K),
where K depends on Hy,vy. Also, we obtain

1

IClzs0,15v5)

/OT <% curl C' x foI(t), (w(t) + U0)> dt

c

T
< e [ ICOIv [ H®) e 1o () +vollv dt < c(l@l1Z2 07w + K),
IClLoo,rivs) Jo
45 Vs

where K depends on HIOJHLOO(O’T;LS) and vy.
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The three estimations above yield

1, . N N
I < 12 ors 0 vy + (12130 zvey + 181 0,20) + K1)
where K, depends on Hy, vy and ||13°I||%\,,¢(0 7.10)- Let us estimate

1
H¢||L2(0,T;erg)

+ (B(x) (0 + 00), )y, — € (10 + v0) (0 + o), Vb)

Is = / ' [<n(0><vé + Vo), V)

21

(4.41)

~ < 1 | curl (H( )+H )|2 >_ <77(9) £ +vo)? |2’¢>} dt‘,

pCro(0) 1+ | curl (H(t) + H(1))|?’ pC, e=2k1t 4 ¢|€ (b + vy)
It is easy to obtain

— |/ [T+ V801, + (B() O+ o). )

||¢HL2(O,T;W1EE)

< C(H9||L2(0,T;erv2) + K)v
D
where K depends on 6y and ;. In much the same way as (4.39), we obtain

T
c ) R
MH—/ I+ volle0 + 6ol 210 + ol IV Sl dt
LQ(O,T;WF"D) 0

1 T
< 16+ 6o [ 1+ wolell + 60112 [ V0l
) J0

oo oo
C([0,T];L?) H¢HL2 0 T;Wll';
< C||0 + 90”0 ([0,T];L?) + ||'UA) + UOH%G(O,TQV) He + 00||L3/2(0,T;W11£)

1/2 1/2
< el 1t iy 101 55 gy 2, + 160l
D

+ ||7Z] + UO”LG(O,T;V) ||6 + 90“L3/2(07T?Wr1*g)
1 i

< §||9’||L2(0,T;(Wllg’)*) + CHQHL?(O,T;erg) + |60
+ [J + 1)0”%6 0,1;v) T 10 + 90“%3/2(0’T;W11§)

< 510 oz + (10 az) + Nllsio vy + K

where K depends on vg, 0y. It is easy to obtain

1 /T (-t |curl (A (t) + H(1))[?
||¢||L2(0,T;W1}§) o 1NpCro(0) 1+ el curl (H(t) + H(t))|?
n(0) |€ (@ + vo) |?

pCh e=2k1t 4 ¢|E (1 + vg)

c
s
The three estimations above yield

1,4 114 C1
Is < §||0I||L2(O,T;(W1}b2) + C(||9||L2 0,T; Wl 2) + ||wHL6(O,T;V) + K + ;)

(4.42)
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Owing to (4.36), (4.39)-(4.42), from (4.9) we have

[EAGER)] P2
= sup <%(UA},§,0A),(U,C, ¢)>
||(UC¢)H1/ 1

11 (4.43)
(HwHLG ©,1;v) T 121126 0,75Vs) T H9||L2 (0,15 2) + K+ . + %)

+ 5”"%(@7 z, é)HV/*v
which shows the property (4.3) for < (), 2, 6).

(iii) Let us prove property (i) of Proposition 4.1 for <7 (i, 2,0). Let {(tg, 2k, 0x)} C D(Z) be
a sequence such that

(W, 2k, 0x) = (1, 2,6) € D(ZL) in ¥,
L iy, 2, ) = L (1, 2,0) in V7, (4.44)
lim sup <,5zf (wk,zk,ﬁk) (W, 21, Og) — (u?,é,é)> <0.
k—o0
In what follows wy, = Wy, + wo, 2k = 2 + Hy and 0, = Or + 6o. Then, by (4.9),
Cmm{no, Ho}/ (ldw(t) — (@) + 126() — 2R + 106 (2) — é(t)H%V;;) dt
= len{nm Ho}/ (lwe () = w13 + llz6(t) = 203y, + 10k(E) — 9(t)||@;,2) dt

< /OT 2([n(ak) + et w416 (wy), € (wyy — w)) dt — /OT z(n(ak)e(w),e(wk - w)) dt

T
—/ 261 e w4 (€ (wr), & (wy, — w)) dt
0

Jr/ <[ + e kltHCllllZ || ]CIIIIZ CllIl(Z Z)>di
- k k> k=
0 pa(@k) 14

T T
1
+ / <’£e4k1t” curl zj, |4 curl 2, curl(z — Zk)> dt — / < curl z, curl(z, — z)> dt
0 P 0 pO’(Qk)

T T
+ / (r(6x)Vy, VO, — V0) dt — / (k(6x)V0, V6, — V) dt
0 0

T
< (A (Wky 2k, Ok), (Wi — w, 2k — 2,0 — 0)) — /0 2(7](9k)5(w)75(wk - w)) dt

T

T
+ / 264k1ts<||wk||%,5(wk),€(w - wk)> dt — / efrt(curl wy, x wy, wy, — w) dt
0 0

- /0 [(kl(wmwk —w) + 2(n(0k) k(@) we, wi — w)r, + 2((N(0k) S (Wk, Wk — W),
+ 2{a(x)wg, wi, — w)r, + N(Ok)k(x)wy, wi, — w)m} dt

T
—1—/0 [%<ek1t curl 2 (£) X 2 () + curl 2, (£) x H(t) + curl H(t) x zj(t)

e Ftag0y

— g, wp —w)| dt
1+€9k2g g >}

T e
+ / <—e4k1t|| curl z;,||* curl z, curl(z — zk)> dt
0 P
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T
- / <7 curl zg, curl(zy — z)> dt
0

po(6k)
T, okt i
_ /0 <m curl H(t), curl(zy — z)> + k12, 21 — Z>} dt
_ /0 :<%@k1t curl(z;, — z) x Zk(t)awk(t)> + <% curl(z = 2) ﬁ(t)’wk(t)ﬂ dt
T _
_ A (5(00)V0, V0 — V0) + (B()0%, 01— 0) ., — " (w0, V(01 — 0))

_< 1 | curl (H(t) + H(1))|? 1(0x) € (wr)
pCro(0k) 1+ | curl (Hi.(t) + H(1))|?  pCh e k1t fe|€(w

Let us estimate the right-hand side of the above expression By (4.44) (see [20, Corollary 1.1]), we
see that

Sl 9>} dt.  (4.45)

T
/ Q(n(Gk)S(w),E(wk - w)) dt — 0. (4.46)
0
We have

k—oc0

T
lim sup/ 2(e4k1t5||wk||‘\l,€(wk),5(w = wk)) dt
0

T
< / 2e**1te lim sup ||wg ||y - lim sup (S(wk),é’(w - wk)) dt
0 k—o0 k—o00 (4 47)

T
< / 2¢1% lim sup x4 - (1€ (w)]* ~ Tim inf € (w)]|?) b
0 k—o0 k—o0

T
< / 2¢*1%e lim sup [Jwglly - (Ilc‘f(w)ll2 - Hé’(w)llz) dt = 0.
0 k— o0

By taking a subsequence and denoting with same subindex if necessary, from (4.44) we obtain

w, —w in L8(0, T; W*2(Q)) (9/10 < a < 1),

2 — 2z in L5(0, T; W*2(Q))  (9/10 < a < 1), (4.48)

Op — 0 in L*(0,T;W*2(Q)) (9/10 < a < 1).
Then, we have

T
/ eFrt (curl wy, x wy,, wy, — w) dt
0

(4.49)
< cllwillLa@) IVwrllz (@ llwe — wlag) — 0 as k — oo.
Also, by trace theorem and Remark 3.4 of [20] we have
T
= [ [0 = )+ 2Bk — e, + 20 B0) S~ ),
0 (4.50)
+ 2(ev(@) ik, wi — w)ry + (1(Ok)k (@) Wk, wi — w)r, + (B(2)0k, Ok — O)r, | dt — 0
as k — oo. Let us prove that
T
Is = / H<ek1t curl 2 (8) X 2 (t) + curl 2, (£) x H(t) + curl H(t) x zj(t)
0o P ) (4.51)
+ efkltaoikzg,wk — w> dt -0 ask — oo.
1+€9k

Since {z} is bounded in L5(0, T; L"),
Is < {H curl zx L2 (@) l2kllLe (@) + [l curl zi |z (@) | H Lo (@)

+lleurd Hlwaoll ko) + 72l = wllza) = 0,
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which implies (4.51). In much the same way as for (4.47), we obtain
T e
lim sup/ <—e4k1t|| curl z;,||* curl 2, curl(z — z)> dt <0. (4.52)
k—o0 0 P

Let us estimate

T
I; = —/O Kpa(lﬁk) curl(zg(t)), curl(zy — z)> .
i <e—k1tp0(10k) curlf[(t),curl(zk — z)> + k1 {2k, 21 — z>} dt.

By [20], Corollaries 1.1 and 1.2], we obtain
o 1
— lim inf <m curl(zx (1)), curl(zk(t))>
1 1
< {m curl(2(1)), curl(z(t))>, <W curl(zi,(t)), Curl(z(t))> (4.54)
— <p%w) curl(z(t)),curl(z(t))>.

Taking into account (4.54), from (4.53) we have
liminf I7 < 0. (4.55)
k— o0

It is easy to prove

T
1 o
_ —kit _ —
/0 [<e oo (00) curl H(t), curl(z z)> + k1(zk, 2k z}] dt -0 ask — oo. (4.56)

Let us prove

Iy=— /OT [<%ek1t curl(z, — 2) x zx(t), wk(t)> + <% curl(zy, — 2) x ﬁ(t),wk(t)ﬂ dt — 0 (4.57)

as k — oo. Taking into account (4.48), the fact that z;w; € L3(Q) and curl(zx — 2) — 0 in
L2(0,T;L?), we have

/OT <%ek1t curl(zp — 2) x zk(t),wk(t)> dt

< cff curl(zx — 2)|lL2(@) 12k [lLs (@) lwe (t) — w(t)|lLs(q)
+ c| curl(zx — 2)||L2(@)ll (2 — 2) L3 (@) lw(t)||lLe (@)

+ C/OT ’<cur1(zk —2z) % z(t),w(t)>‘ dt — 0.

In a similar way we have

/OT ’<% curl(zp, — z) x f;[(t),wk(t)>‘ dt — 0.

The 2 formulas above give (4.57).
Let us prove

Iy = —/0 {<I€(9k)ve, Vo, — V9> + <6($)9k79k — 9>FR — €k1t<wk9k7 V(@k — 9)>
B < 1 | curl (Hy(t) + H(t))[?
pCro(0) 1 + | curl (Hy(t) + H(t)

/() € (w)[? 3
< pCh €—2k?1t +E|g(wk)|279k 0>:| dt — 0.

)|2,9k - 9> (4.58)
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It is easy to verify that
/OT [(5(8x)V0, V6, — V6) + (B(@)6k, 0 — 0, | dt >0 as b — oo, (4.59)
(See [20, Corollary 1.1] and (4.48).) Let us verify that
/OT 51 w0, V(0 — 0)) dt — 0. (4.60)

Since {0} is bounded in L?(0,T; W2(Q)) N L>(0,T; L*(R)), by [20, Theorem 1.33 and (1.22)]
it is bounded in L3(0,T; W?/32(Q)), and {6} is relatively compact in L3(Q). Then, by taking
a subsequence and denoting with same subindex if necessary, we have that 6, — 6 in L3(Q). By
taking into account (3.9), we have

T
/ ‘6k1t<wk9k, V(Qk — 9)> dt S CHU}kHLa(Q)Hek — 9||L3(Q)||V9k”L2(Q) — 0,
0

which yields (4.60). Taking into account 6, — 6 in L3(Q) for the subsequence, we can see easily
the convergence of the last two terms of Ig to zero. Thus, (4.59)-(4.60) implies (4.58).

Taking into account (4.46)-(4.47), (4.49)-(4.52), (4.55)-(4.58) and the last formula of (4.44),
from (4.45) we have

T
cmin{no, %, Fo} lim Sup/o (e (8) = O + 126(E) = 2Oy + 10k(E) — 9(t)\livrlg) dt
< khﬁrrolo sup <%(wk,2k,ék), (wg, —w, 2k — 2,0k — 9)> <0,
which implies that
Wy, — b in L2(0,T;V),
Z — 2 in L?(0,T; Vy),
Or — 0 in L2(0, T; Wi'?),
Viy, — Vi, Vi, — V3, Vb, — V0 ae. inQ.
When (u, C, ¢) € ¥, by definition of 7, we have
(e (e, 2k, O0), (10 — u, 2 — C, 0 — ¢))

T
= /0 [2<[77(9k) + eMte || + vol|[yJE (Wr + vo), E(dy — u))

+ e*1t (curl (g, 4 vo) X (g + vo), Wy — u)
+ 2000k ) k() (b, + v0), Wi — whr, + 2(n(6k)S Wk + Do), br, — ),
+ 2(a(@) (i + vo), Br — uhr, + (9(08)() (5 + v0), % — W,

- %<ek1t curl (2 (t) + Ho) x (2x(t) + Ho) + curl(Zx(t) + Ho) x H(t)

(4.61)

+ ki (W + vo, Wi — )

eurl H(t) x (3(t) + Ho), wp —u>+e‘k1t<m R0 —u>
k 0

1 HE 4p.t . B ) ~ )
+ <[pU(9k) + ?64’“ | curl (2 (t) + Ho)||*] curl(2(t) + Ho), curl(3;, — C)>

1 . ) o
<e k o (00) curl H(t), curl(3; — C)> + k(2 + Hp), (3 — C))
+ <%ek1t curl(2, — C) x (2(t) + Ho), (Wi (t) + v0)>

<% curl(2, — C) x ﬁf(t)a (Wr(t) + vo)> + (&(Gk)(Vék + V), V(ék — ¢))

(B(x) (O + 00), (O — d))ry, — € {(tk + v0) (O + 00), V(O), — )
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~ < 1 |curl (Hi(t) + H(t))[? - ¢>
pCro(0k) 1+ ¢| curl (Hy(t) + H(t))|?
(k) |€ (g + vo)|? 5
_ < Gy TR+ el oe £ UO)P,Gk - ¢>>] dt. (4.62)
By [20], Corollary 1.1] and (4.61),
T T
klim 2(n(0k)E (W + vo), E(Wy, — u) dt = / 2(n(0)E (W + vo), E(w — w) dt. (4.63)

The sequence {e**1* |1y, +vo || %€ (Wr+vo) } is bounded in L9/(0, T; L2(Q)) and &;5(u) € L8(0, T; L2(Q)),
and by taking a subsequence and denoting with same subindex, we know that

T
lim 264k1t<||u§k+v0\\@8(wk+vo),8(u)>dt

k—oo Jq

T (4.64)
—>/ 264 [ + woll £ (1 + v0). E(u) ) .
0

Since wy, — w in L(0,T; V) and (4.61), there exist subsequences, respectively, (which is expressed
as before with sub-indexes k) such that wy(t) — w(t) and (E(wk + vo)(t), (W) (1)) — (E(w +
vo)(t), E(w)(t)) for a.e. t € [0,T] (cf. [22, Sec. 2, Ch. VII]). Thus

T
mint [ i+ vl (£ + ) (), E() (1)

. (4.65)
> [+ wolf (£ + ), E0))
0
(See [B, Exercises 2, (c) in pp. 173].)
By (4.63)-(4.65), we have
T
lim inf/ 2<[77(9k) + eMRrte |y, + vol[4 € (Wi + o), E (g, — u)> dt
— 00 0

(4.66)

T
> /0 2([n(6) + e*1telli -+ v |41E b + v0). £ — ) ) di.

Since eF1*{curl(iy, + vg) X (W + vo), Wr — u) = Mt (curl(wy + vo) x (Wx + vo), —vo — u), taking
into account the fact that curl(wy + vo) — curl(w + vo) in L3(Q) ((4.61)), wy, + vo — W + vg in

L3(Q) ((4.48)) and —vg — u € L%(Q), we can see that

T
/ M (curl (dy, + vo) X (g, + vo), Wy — u) dt
0
T (4.67)
- / eF1t (curl(@ + vo) X (@ + vo), b — u) dt.
0

Let us consider

T
/0 —%<ek1t curl(Z,(t) + Ho) x (2(t) + Ho), Wy — u> dt

:/0 _
N /0 ! et cura(e) + o) x (u(0) + Flo) i — ) .

Since curl(2;, 4 Hy) and (2x(t)+Hy) are bounded in L?(Q) and L6(Q), respectively, and by, —
in L3(Q) ((4.48)), the first term of the right hand side of the above equality converges to zero.

%<ek1t curl(3,(t) + Ho) x (24(t) + Ho), g — w> dt
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Also, since curl(2y, + Hy) — curl(2+ Hp) in L2(Q) ((4.61)), (3, + Ho) — (2+ Hp) in L3(Q) ((4.48))
and @ — u € L%(Q), we have for a subsequence (which is denoted with the same subindex k)

/T _,u< kit curl(2y(t) + Ho) x (2(t) + Hp), . — u> dt

(4.68)
— / eFrt curl(3(t) + Ho) x (2(t) + Hy), 0 — u> dt.
In much the same way as above, we obtain
T
/ “< curl(34(t) + Ho) x H(t) + enrl H(t) x (2(t) + Ho). iy — u
(4.69)
—>/ curl t) + Ho) x H(t) + curl H(t) x (2(t)+ﬁ0),711—u>.
Since A A
Oéo(elf + 90) _ ao(ﬁ:i- 60) ae. in Q
1+4el0p +60> 14¢|0+ 602
and A
M is bounded in L?(0,T; L?),
1+ €|9k + 90|2
we have . .
Oéo(elf + 90) N a0(9A+ 00) LQ(O, T; L2)
14 €|y, + 602 1+¢l0 4 6
(cf. |23} Lemma 1.3, Ch. 1]). Owing to (4.61) and the above, we have
T .
/ ekt —ao(elf + bo) g, wy — u) dt
0 1+ €|0k + 90‘2
T A T 7
= / e_klt<Mg, wy, —w) dt + / e_klt<wg,w —uydt (4.70)
L +¢lf + 0o]? 0 L +¢l0k + 0o]?
—>/ _klt a09+00) ————g w—u)dt.
1 + €|9 + 90|2
In much the same way as (4.66), we obtain
T 1 e _ _
im inf / <[ B et curl (24 (8) + Ho) |4 curl (24 (£) + Ho), curl(), — c>> dt
Tt o Ho)||*] curl Hy),curl(2 — C) ) d |
> —e™ 2(t 2(t Z — t.
> [ (ot + B eunt(2(0) + B eusl(3() + o) sl (s = ©))

This is rewritten as

/ <Hek1t curl(3, — C) x (2(t) + Ho), (@i (t) + v0)> dt
0o ‘P

T
= / <Eek1t curl(Zx — 2) % (2 (t) + Ho), (w(t) + UO)> dt
0o ‘P

+ /0 <%€k1t curl(2 — C) x (24(t) + Ho), (dx(t) + UO)> dt.

By the same argument as (4.68), for a subsequence (which is denoted with the same subindex k),
we have

T
/ (B ekt cunl(zi — €) x (2(t) + Ho). (s (0) + o) )
o F (4.72)
T
S /0 <%ek1t curl(z — ) x (2(t) + Ho), ((t) + o) ) di.
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Similarly, taking a subsequence, we have

/OT <% enrl(z, — €) x H (1) (i (1) + vo) ) dt - /OT <% ewrl(z — €) x H(1), (i(t) +vo) ) di.

/o €M1 (g, + v0) (O + 00), V(61 — 6)) dt — /0 M4 {( +v0) (0 + 00), V(0 — ¢)) dt
(4.73)

By [20, Corollary 1.1] and (4.61), we obtain
T . T . . T R
/ (k(00) V03 V (0, — 0)) dt = / (k(00) V0,V (0, — ) di — / (k(00)V 0, V(0 — 6)) dt
0 0

—>/ 0)VO,V (0 — ¢)) dt

(4.74)
In much the same arguments as for (4.70) and (4.71), we have
/T< 1 Icurl(lflk()Jrff())l2 0, >d
—¢)dt
0 pChU(ch) 1+ ¢l curl (Hy(t) + H(t))[2
1 (H(t) 2 A
_}/ < |curl (H(t) + H(t))] 0—¢>dt,
0 ﬂChU( 1+¢|curl (H(t) + (t))| (4.75)

T 2
1(6k) |€ (g, + vo)] -
/o <p0h e—2k1t+sls(wk+vo)|2’9k ¢>dt

€ 4 o) _
- / pCh e~ 2kt +5\5(w+v0)|2’9 ¢> dt.

It is easy to prove convergence of other terms in the right hand side of (4.62). Thus, by (4.62)
and (4.66)-(4.75), we have the existence of a subsequence { (g, 2k, 7x)} such that

lim inf { o/ (g, 2k, Or), (0r — u, 2 — C, 0, — ¢))
k— o0

> (e (w0, 2,0), (0 —u, 2 — C,0 — ),

by which property (i) of Proposition 4.1 for o7 (w, 6) is proved.
Therefore, by Proposition 4.1 there exists a solution to Problem VEA’  which gives us the
conclusion of Theorem 4.2. (]

4.2. Estimates of solutions to the approximate problem Let 0 < e < 1. For vg € Hv,
Hy € Hy, 6y € L' (), there exist vo. € V, Hy. € Vx, 0. € WF , such that

lvo — voellary <€, ||Ho— Hocllay <&, 00— bocllr () <e. (4.76)

Let (v-(t), H.(t),0-(t)) be a solution to Problem VEA with the initial function (vo., Ho.,0o:) by
Theorem 4.2.
We define A.(0) : V. — V* by

(A (0)v, w) = ag(8; v, w) + 2¢|jv||y (E(v), E(w)) + (curlv x v,w) Yv,w €V,
where ag(6;v,w) is as in (3.10). Them there exists ¢, > 0 such that
lv(k(x)z, 2)r, + 2v(S%, Z)p, + (a(x)z, 2)r, + v(k(2)2, 2)r, | < nollzl|3 + callz]|? Yz eV (4.77)
(cf. 15, Theorem 1.5.1.10]).

Remark 4.4. Note that ¢, depends on shape of I';,i = 2,3,7, and the norm of matrix o on I's,
and so for the fixed domain 2 it depends only on |a|.

By (2.5), (3.10), (4.77), we have
(A=(0:)2,2) = moll2lI + 2|2l —ellzl?, V2 eV,

(4.78)
[(Ac(b:)z,w0) | < eo([lzllv +ellzl}) Jwllv - V2w € V.
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Putting w = v, in the first equation of (4.1) and taking (4.78), we have

3 =017 +mloc Ol + 2001 = cuox(0)]? = [¢4 curl £.(6) x Ho(0),0.(0)

_ o i o — a0, (4.79)
+ (; curl Ho(t) x H(t),ve(t)) + (; curl H(t) x HE(t),vg(t)ﬂ + (%&ogg, ve(t))
< (f1(2), ve (1))

Putting C = H. and multiplying %, from the second equation of (4.1), we obtain

2p£”HE(t)H2 + <[ﬁ + ¢ curl H.(¢)||*] curl H(t), curl ﬁg(t)>

<Cur1ﬁ(t),cur1 H.)+ <% curl H. () x H(t),ve(t))

(4.80)
+<7curlf_f (t) ><H( ), ve(t )>

Adding (4.79) and (4.80), and integrating on [0, ¢] yield

t
u —
[ ()11 + ;IIHE(UH2 + 2/ (mollvell¥ + 2e|vell%,) ds
0

t 1 Z 2 g 6 — t chr : g v s
+2/0 (pU(QE)HHE(t)”Vz+€”H€(t)HVz)ds 2/0 <p 1H(t) x Ho(t),ve(t)) d

t t (4.81)
+ / (—— Qo0e ve(t)) ds + 2 / ! <cur1]fl(t) curl H.(t)) ds
L ) 7o (6) ot He
t t
summ2+ZW%m2+g/cmm@m%w+2/(@mwm4m+w%n@xHAM)@.
0 0
Taking into account the first one of (4.38), by Hélder’s inequality, we have
2‘ (curl H x H.,v.) <c||H v | curl 2o [y o] /2
- v HH R + ZHUeHv + oo || curl H|[*Joe 1%,
0109
2KH,;g%wm$d%mwn“mew7
‘ <curlH curl H. )| < (4.82)
po (6

1
< o 1= R+ o] curL ]

2[(f1(t), ve)| < %H%”V +enlfi(ON5- (see (3.13)),

p - 1
2<Er1(t)7He(t)> < MHHEH%E + Cpoalrr(t)|3ry -
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Taking into account (4.78) and (4.82), from (4.81), we have
2, M5 2 "3 2 6
oI + 2O + [ (Gl + ol ds

t
5 _
[ G MO, + 22N E)1%,)

t
< ool + S0l + [ 2+ Gl curl F11) o s (4.83)
0
t t R
+elog] [ 10615 g el ds+ [l cut 7] ds

t t
+Cn/0 £ (6)[13- ds+c,mz/0 r1 (813 ds.

For a fixed 0 < 6 < 1, we define
1 .
B(g) == (1 - TR )SIgng, £ER,

. J: )dr for £ >0
V(e = {Ofg’@( ydr for £ <0.

(cf. [24]). Then

e o
O = T

D& <1, 0<P'(§) <d VEER,
\I'/(f) = (I)(f), (4.84)

W) =1+ 5 (1 1+ e ~F) veeR,
|§| 2(1-6)/6
2 1-46 —
Since 6. € L*(0,T; WFD( ) N C([0,T); L2(Q)), we see that

V¢ € R,

() <[¢] VEeR.

D(0:() € Wp2(Q), W(0(t) € Wp2(Q) for aa. t € [0,T], (485)
(v0c, VO(0-(1))) = —((ve - VO:), B(0:(1))) = —(ve, VI (6:(1))) = (divve, ¥(6:(2))) = 0,
where v - n|r, = 0(cf. (2.3)) and ®(6;) =0 on I'p were used. Also
b 00,
/0 (52 2(0.)) ds _/ (0. (1 ))dx—/ W(fo) dr Vit € [0,T],
(4.86)

(k(0.)V0., V(8 / )| V0.2 (6.) dw,
(B(x)0e, ©(62))r,
Putting ¢(t) = ®(0(¢)) in the third equation of (4.1) and using (4.85), (4.86), we have

/ d:z:+/ / )|V [20/( dm+/()t(,@(:c)95,<1>(98))pR ds

B 1 |curl(A. + H)|?
7/9\1/(905)(1“/0 <pch0(95)1+5|curl(H i S 0(0.) ) dt (4.87)

fynle) |E(ve)l? t
+/0 <p0h 1+£|5(v5)\2’q>(05)> ds+/0 {g1(t), ®(0.)) ds.
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By (4.84), (4.86), from (4.87), we have

) 9(1-8)/5 t Vo,
Z 6.t - Q49 o
100100y~ Sgmens 0 [ [ v S dads

2 /t|H||2 it + —2
pOhJQ 0 Ve pChO'O

t t
Ui 9
s [lds+ [ a0l ds

< l0ocllzr o) +

t
/0 | H |35 dt (4.88)

Putting
pCh no  pCroo 1
o R 4.
A = min {m 20 2 dpoy’ } (4.89)
and summing (4.83) and (4.88) multiplied by 3, we have
e B '
oI + £ IR + 1000y + [ (llocl +aeloel) ds
b [ RN+ 220 B018 ) ds 458 [ [ ror Vo dua (4.90)
— s Ko——————— dxds .
 \por € Vs € Vs o Jo 0(1+|95|)1+5

t t
< st [ (204 cpom [ curl H) o ds + claog] [ 16215, ey d,
0 0
9(1-8)/3
1-6
T . T T
[ emtans [C1n@R-as [ InORds [ lnOlwg )
0 0 0 0 T'p

Taking into account (4.76) and putting
o(1-8)/5

As =
L

T . T T T
 [rewtaa e [ @R- a+ [ In@Rgd [ ln Ol @),

we obtain As. < As. By Hoélder’s inequality and Young’s inequality,

t t ) 1/2 t ) 1/2
clooe] [ 10215 g oIy ds < clool( [ 16610 ds) ([ ol as)

t t
< Jaolen, / 163 s ds + / oz ds.

By complex interpolation with exponent { 13 between L' and L%/?(cf. [20, Theorem 1.12]),

T
Ase = c( meas Q) + ||Uos||2 + HH05||2 + |00l 1 () + / HH||%{1 dt

T
meas 0+ 1+ [[o]|? + [ Hol2 + 160l 11y + / |2 di
0 (4.91)

(4.92)

13/18 5/18

16| Lo/s (4.93)

Taking into account (4.91)-(4.93), from (4.90), we have

JT— B o
[oe ()]|* + *||Hs(f)H2 + 5 10:(®)llz1 (2 +/0 (*HUEH%/ + 45||Us||§5/) ds

t \/RE
+/O (—HH )3, + 2¢||H(t )||V2) ds+5ﬂno/ /deds (4.94)

13/9 5/9
< bt [l ds +laolen, [ 10150170 s,

where ¢* = 2¢, + CPU771HH||L°°(O,T;H1(Q))' For 0 < ¢ < 1 we define

16<|

Ne = W a.e. 1n Q
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Then, by elementary calculation we see that
VO |
(1 +16[)+0)/2

In fact, adding |0.| and dividing by (1 + |6.)*+9)/2 from
1< (14 6)+9/2
we obtain the first inequality of (4.95). From
sign. (1 + [0.|)3F9/2 — |0.] - H4(1 4 10.]) (149 2signf,

(1+ |96|)(17C)/2 <1+4m., [Vl < a.e. in Q. (4.95)

. 0.,
v 1+ )00 v
we obtain
— 6] - (1 4 16)) ! V0|
[Vne| < |V | 1+ |96D (14+¢)/2 < (1+ |96|)(1+C)/2’

which is the second part of (4.95).
Taking ¢ = &, from the first inequality of (4.95) we obtain |95|%% < 1+ 7., which yields

5/2
10:1137 2 gy < 2° (meas @+ e S )-
Taking ¢ in two sides of the above and using |a| + [b] < (|a|% + |b\é)3, we obtain
5/6 1
10215572 0y < 22 ((meas )% + lin3sa) )

which yields

5/6
16(5) 13502y < c6(1+ 171(5) 1 F(02)-
Thus, from (4.94), we have

- B L
o1 + EIAO + 2100 + [ (Rl + el ) ds
t 2
|V, |
—_— —_— 4.
+/0( HH()||VZ—|—25HH()||V2)ds+5ﬁmo// g s (4.96)

13/9
<hs+e / Jue(s)I? ds + laolen, / 18- (I3 (1 + 1l 20g) 2/ ds.
By Gronwoll’s inequality, from (4.96), we have
13/9 2/3 c*
o017 < (s -+ ool | 1001520y (0 D)™ )™,

which yields

t t

* c* 13/9 2/3
(9l ds < e T (85 + loolen, [ 103 (14 locey) 7 ).

Taking into account the above, from (4.96), we have
¢
Mg B 0
oI + 1O + F16ere + [ (Rl +aslocl) d
V2N . |VO.[?
+/0 (G V) Ry + 2201, ) s + mo/ / e s (4.97)

* _cC * _c 13/9
< As(1+ e TT) + (1 + e TT) agley, / 10-(5)11E22, (1 + 1)1 )2/ ds.

We put
P(t) == ||0s||C([0,t];L1(Q)) + ”77”%2(0,1‘,;L6(Q))'
Taking into account the second inequality of (4.95) and

11 (s) [ o) < el Vie(s)llL2 (e,
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from (4.97), we have

Vo, |?
6() < [0 oot @ +// g dods
(4.98)
13/9

< eso(1+ e TT) + (14 e TT) agles / 102 () 15372 (1 -+ In(s) 2o ds,

where c3 = maX{B, 55%0} and ¢4 = c3cy,. Let us estimate the second term of the right hand side
of (4.98). Using Holder’s inequality with exponents 3/2,3, we have

(Ut e TDaoles [ 1000 (04 (o)) ds

* t 2/3
< (1+c*e TT)|agleal b (s )”103( §t] Ll(Q))(/ (1+ H77(3)||2L6(Q))d5) /2 (4.99)

. c* 13/9 2/3
<(1+cef TT)‘O‘0|C4T1/3||9 (s )”c([o t): L1 Q))(t + ||77(5)H%2(0,t;L6(Q)))

< (14 e TT)aolea T3 (¢ + lp()[1) /7.

Therefore, from (4.98), we have

t+ o(t) < Ko+ (14 e TT)|aolea T3 (¢ + 6(£))°, (4.100)

where
KO = C3A5(1 =+ C*GC*TT) + T
Now we use the following lema.

Lemma 4.5 ([26] Lemma 1 in Appendix]). Let ¥ : [0,T] — [0,+00) be a continuous non-
decreasing function such that

W(O) S K07
U(t) < Ko+ p¥(t) Vtelo,T],
where Ky = const > 0, v = const > 1 and g = %(QKO)l_’Y. Then
U(t) <2K, Vtel0,T].

By (4.98) we see that ¢(0) < K. According to assumption of the main theorem that the
buoyancy effect (|ag|) is small enough than the data of problem and Ky depends to the data of
problem, we can assume

1
(1 + e TT)agea T3 < 3(2K 0)(1719/9) (4.101)
Then, putting ¥(t) =t + ¢(t) and applying Lemma 4.5 to (4.100), we have
t+o(t) < 2K, Vtelo,T) (4.102)

Taking into account (4.99), (4.101) and (4.102) in the second term of the right hand side of (4.97),
we have

JU— B "o
[[oe ()[I” + ;HHa(t)H2 + 5 10:(®)llz1 () +/ (*HUEH%/ + 45||”e||€/) ds

V2N - |V, |? (4.103)
Jr/0 (E”H O, + 2l H(t )HVE) d5+55/‘60/ /deds
S C(A57C*)7

where C'(As, ¢*) is independent from € and depends on ¢ € (0,1) and ¢*.
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We will obtain an estimate for 6. in L"(0,T;Wh") (1 < r < 5/4). To this end, we need to
obtain an estimate on Vf.. By (4.103) Holder’s inequality with exponents 2, -2 inequalities

T2
ja+b|P < 27(|a]? + [b[P), |a] + [b] < (|al> + [b]*)?, p € (1,00), we have

r |v05|2 r/2 / r(1468)/(2—r) (2-1)/2
- < (| —= 1410,
/Q|v0 dz dt < (/Q R dwdt) " ( Q( +10.) da dt)

(2-r)/2
< 2 1HOL20(Ay, )12 [(meas Q)2 4 (/ 10704/ gy dt) ]7
Q
(4.104)

where C'(Ag, ¢*) is the one in (4.103).
To use the property W (Q) C L4(Q), let us take ¢ such that 1 — % = %, ie.q= 33_2). Let us
take 1 > §p > 0 such that

1<r(l+60)/(2—71)<g,
which holds if

0<dp<(3—2r)/(3—r). (4.105)
Set s =1r(1+ dp)/(2 —r) and take A such that
12,10
s 1 q
Then, A\ = (q 1),0<)\<1and
) < ellbellRa @ 10e oy < lfelltee VO llLr sy V0= € Wi () (4.106)

(see [20, Theorem 1.12]). Therefore, by (4.103) and (4.106) we have

T (1-X\)s/
/ |g5|r(1+60)/(27r) dr dt < CC(A(;O,C*)/\S/ (/ |v0€|r dl’) Tdt
Q 0 Q

We will fix r» and dg so that

5 5 —4dr
Il<r<-—-, 0<§< ,
" 0 3

(1+50)

which ensures that (4.105). Taking into account A = ( ) ¢=3% and s = , we have
lg(s—1 2r — 2 2r — 2473
(1—>\)8/r=fQ(S ) _ 3 +T50)< 3(2r— 2435 ):1.
g=1  (4r=3)2-r)  @r-3)2 —7“)
Then, by Hélder’s inequality, we have
r(1480)/(2—7) L=2)s/r
\9 | (1+3o dzdt < cC(As,, c* VoI de dt) :

and

(2-r)/2
( / 16| (1+80)/ (=) dxdt) < cC(Ago,c*)AS(Q*T)ﬂ( / IVO.|" da dt
Q Q

)

) (1-X)s(2—r)/2r

(4.107)
where % = 2(1 = A)(1+ &) < 1. Then, by Young’s inequality and (4.107), we obtain

(2-m)/2 1
2T(1+60)/2C(A50,C*)T/2</ |08|7‘(1+50)/(277’) dl’dt) < 5/ |v0€‘r dxdt+R(C(A50,c*)),
Q Q

(4.108)
where R(-) is a nonnegative continuous function on [0, 00). Substituting (4.108) into (4.104) with
6 = dp, we have

—4
0<50<53 . (4.109)

/ |VO.|" dzdt < cC(As,, ")/ +2R(C(As,, ¢*)), 1<r< Z,
Q
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which yields

r . 177‘ 5
0. € L (07T.WFD)7 1<r<17

L o (4.110)
102l 0ty < (€O @72 4 2R, e)) ", 0 <3 < .
Taking r = 6/5, from (4.110), we have
6
||05||26/5(07T;L2) < ¢C(Asy, ¢)3/° + 2R(C(Agy, ). (4.111)
On the other hand, from the first equation of (4.1), we obtain
ov _ _
{ 5‘155 (t),u) + (Ac(b=)ve(t), u) + (curlve (t) x ve(t), u) — (%curlHE(t) X H(t),u)

a095 (t)

p o ; K : g
— (5 el He(t) x H(t),u) — ( eurl H(t) x He(t),u) + (o riss s

u)
= (fi(t),u(t)) YueV.
Taking (4.111) implies
V2 llve < [[Aec(0e)ve v+ + || curlve |z |Jve||Ls + %H curl H (¢)[|p2 | Ho (1) s

+ %II curl H. (t)| 2 | H (t) ][ + %H curl H (1) |2 | He (8) s + |aogl16:] + 1£1(1) ][ v
Thus, by (4.103) and (4.111) the right hand side of the next inequality is bounded.
[0l ro.rvey < e(llvellz2om:vy + 5||UEHE£5(O,T;V) + HU€||2L2(0,T;V) + ”HE”QL?(O,T;VZ)
+ | He |l L2 0mova) 1H | 2 0,703 + [ url H| oo o, 7o) | Hell 20, 7ivs) — (4:112)
1000z + I 20 zv)-
Therefore, by (4.103), there exists v and a subsequence {v, } such that
v, — v in L>=(0,T; H),
Ve, = v in L2(0,T; Wi5:2(Q)), (4.113)
— v in L*(0,T;V)

Ve,

as e — 0.
From the second equation of (4.1), we obtain

(H.(t),C) + <[M%(@ + ¢ curl H(t)||*] curlf[(t),curlC> + <@ curlf[(t)7cur10>

+ {cwrl O x H(t),v:(t)) + (carl C x H(t),v:(t)) = (r1(t),C) VO € Vy,
which yields
1H' (8) s, < c(1H @) vy +ell curl H(@) 3y, + [ curl H(#)]r2
+ I H O lwsllo(@)lles + I1H @)l [v(®)]les + e (®)lvs,).
Thus, by (4.103), (2) of Assumption 3.1 and (3.13) we have
1HL L 0.r:ve) < c(lHell20mivs) + €l carl H®) |76 0 7wy + 1 H L 0.7:02)
+ 1 He |20, 7:v) 10Ol 2 0.70v) + [ H | s o ram [vel 2wy (4114)
+ el zz0,7:v5))-
Therefore, by (4.103), there exists H and a subsequence {H,, } such that
H., > H in L>(0,T;L*(Q)),
H., — H in L*(0,T; Wi5:2(Q)), (4.115)

H., — H in L*(0,T;Vy)
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as e — 0.
We will obtain an estimate on 6.. As above, let 1 <r < 2 and r’ :=7/(r —1) > 5.

|k (0) VO, Vo)l < k[ VOe eIVl < el VO:llrllllyr o)

(4.116)
[(B(2)0c, )rr| < BullOcllLrrpllellLoerr) < CIIGEIIW;Z(Q)HwHWFw(Q)-
D

In the last inequality a trace theorem (cf. [20, Theorem 1.25]) was used. As [24] let us estimate
(vebe, Vo) (cf. [24, pp. 1901 ]). Let r satisfy 2= < r < 3. Then there exists 3 < o < g such that

gl —1) 5r
olg—1) 8
where ¢ = 33
4o __ gq—o
T3 -1 T -1

Then

1 1 1 1 A 1-A )

St oto=1, o= o =2

4 o o o 1 q
Taking into account

10l < ellO 17310117 < ellfell 2 IV0: I
1/4
vz llsoy < ellvelitoie IV velEatq),
we have
[(vebe, V)| < cf|ve|ra [|0c || Vel lLe
1/4 3/4 5 (4.117)
< elloell 2 o 16l 2o oy | V22 [y | VB I ol
where 1 — \; = %T was used. Also,
1 | curl H.|? >‘ 2 ( o o9
<z (11 il )
‘<pChJ(95) 1+ ¢|curl H.|? /= CO'O 1He v, + 11 e Ifeas%('@l (4.118)

— o 177‘/
< (1R + 1H )l Vo € Wiy (),

<77(9s) € (ve)|?
pCh 1+ ¢|€(ve

Let 7 := max{r’, p}. Then, by (4.116)-(4.119), from the third equation of (4.1), we have

)|2,<p>’ < emllve l max ol < clluelF el Vo€ W@, (4119)
z D

99 1/4 3/4 sz
(S 00| < e(IV0ellir + 10c 2 02,00y 10212 0 sy 170 gy VO
(I + N 1) + eI + gy ) Il Yo € WET ().

Hence, taking into account (4.103), the second one of (4.110), 2) of Assumption 3.1 and (3.13),
we see that 6. € L*(0,T; (WIEDT)*) and
/
||05||L1 (07T§(Wllg)*)
177
< c<”95”L1(0,T;WF1*;) + ||Us|| < (0,T;H) 162 HLoo(o T;L') ||UE||L2(0 V) 16 ||Lr(0 TWET) (4.120)
+ ||Ha||2L2(o,T;VZ) + HH||2L°<>(0,T;H1) + ”UEH%Z(O,T;V) + H91||L2(0,T;(W§§)*))7

where % <r< g. To obtain the second term of the right hand side of the above it was used the
fact that by Holder’s inequality with exponents 8/3 and 8/5

T
3/4 3/4
/0 70 (et V0 ()5 g < [0 lZatg o 10 5 0Ty
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Thus, by (4.110) and (4.120), there exists § and a subsequence {6, } such that
0., =6 in L>(0,T; L (Q)),

0., =0 in L"(0,T;Wp!(Q)) Vr(l<r<5/4), (4.121)

k
1
0, — 0 in L7(0,T; W' (Q)) Vr(1<r<5/4)Va (; <a<1)and ae. in Q.
The last formula the above is obtained as follows. First, by WEJ(Q) — L5(Q), we obtain
LS/5(Q) — (erDT(Q))* [13, Remark 5.14, Ch. 1], which combing with the fact that W' (Q) C

L3/2(Q) yields Wi (Q) C (W;DT)* Then, since W;DT(Q) — Wp'(Q) is compact, we obtain the
fact that {0} is relatively compact in L"(0,T; W' (Q)) (cf. [20, Theorem 1.39]).

4.3. Passing to the limit as ¢ — 0. By passing to limit of solutions in Theorem 4.2 we will
prove Theorem 3.4. Owing to (4.113), (4.115) and (4.121), we can extract subsequences, which is
denoted as before, such that

ve, —v in L*(0,T;V),
Ve, = in L>(0,T; H),
., — v in L2(0,T; W15-2(Q)),
H., = H in L>(0,T;L*(Q)),
H., — H in L2(0,T; W152(Q)),
H., — H in L*(0,T;Vy),
=0 in L"(0, T; Wy (Q)) ¥r(l<r<5/4),

(4.122)

0c

.
: 1
0., — 0 in L"(0, T; Wi () () Vr (1 < r <5/4), Va (; <a<1)andae. inQ
as e, — 0.

We will obtain the first equation of (3.15). Let u € C([0,T]; V) with u(T) = 0. By (4.76) and
(4.122), we have

/<avsk dt—>/ —o(t >dt (vo,u(z,0)) (4.123)

Taking into account the above, by [20, Corollary 1.1] we obtain

/ T<u(9€k)5 (vey.), E(u)) dt — / E(u))dt. (4.124)
0

By (4.103) we have
T
[ el (8(0,). )

T
< ce,V/0 / %/ oy |3 () v dt
0

(4.125)
<o ([ @ e ) ar)" ([ ot ar) "
< eep 00 (As, )0 |ull oo, vy — 0 as e — 0.
In a rather routine way we can prove that
/OT<curlv€k (t) x v, (), u(t)) dt — /OT<curlv X v,uydt aser — 0. (4.126)

(See 20, (6.46)-(6.49)].) Owing to (4.122),
v, — v in L*(0,T;L?*(09)),
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and taking a subsequence if necessary, by [20, Lemma 1.3]

Q(u(eak)k(z)vawu)rz + 2(#(06k)51~)6k7ﬁ)1—‘3 + Q(Q(I)ng )Fs + (/‘(aek)k(x)vemu)r7

= 2(p(0)k(z)v, w)r, +2(u(0)Sv, @)r, + 2(a(x)v, u)rs + (1(0)k(x)v,u)r,. (4.127)

Let us prove
L B B T u _
/ <f curl AL, (t) x Hsk(t),u(t)> dt — / <f curl A x H,u(t)> dt. (4.128)
0o P 0o P
Writing as

T
M — — — —
L /O [(eurt Hy (1) x e, (1), u(t)) — {enrl H x ()] di

T p

< %” curl A, (t)|| 220,502 | (He, (8) — H)| 2 (0,705) [ ull Lo 0,719

<k /T |(curl H,, (t) x (H., (t) — H),u(t))| dt + Ll /T |(curl H,, (t) — curl H, H x u(t))| dt
0 0

T
+ %/ |(curl H,, (t) — curl H, H x u(t))| dt
0

and taking into account (4.122) and that H x u € L?(0,T;L?), we obtain (4.128).
Similarly, taking into account H(t) x u(t) € L2(0,T;L2(Q)), u(t) x curl H(t) € L>(0,T; L5 (1))
and (4.122), we obtain

T T T
E/ (curl He, x ﬁ,u(t»dt = E/ <H x u(t), curl H, ) dt H/ <chr1f{ X I{I,u(t)>dt7
P Jo PJo 0o ‘P

T T
H/ <curleI x He,,u(t))dt = H/ (u(t) x curleI(t),fIE,J dt
P Jo P Jo

T
N o —
— —curl H x H,u(t) ) dt
| 0)

(4.129)
as €, — 0. By (4.122) and [20, Lemma 1.5], we have
T
aooak
— — b t))dt
A5~ on)e )
T T
ao(esk - 9) / 1
= —_— 5 t))dt — -1 0 t))dt 0
/0 < 1+€k9§k & u( )> ™ 0 <(1+5k92k >a0 g, u( )> — 0,
which shows that
T<0‘0798k (t)>dt—> T( g, u(t)) dt — 0 -0 (4.130)
o \+e,02 g u ; apbg, u as g, : )

Therefore, by (4.123)-(4.130) and (4.76), from the first equation of (4.1) we have the first equation
of (3.16).

We will obtain the second equation of (3.16). Let C € C*([0,T]; Vy) with C(-,T) = 0. As in
(4.123) we obtain

T T
/(H;k(t),C(t»dt—)/ (—H'(t),C(t)) dt + (Hy, C(2,0)) as ey, — 0. (4.131)
0 0



EJDE-2025/119 NON-STEADY MAGNETOHYDRODYNAMICS-HEAT SYSTEMS 39

At the same way as (4.124) and (4.125), we see that
T - T -
/ bo(0s,; He,,, C(1)) dt — / bo(0; H,C(t)) dt,
0 0

T
/ <5k|| curl A, (t)||* curl H,, (t), curl C> dt — 0, (4.132)
0

T 1 N T 1 o
curl H, curl C(t dt%/ ——curl H,curl C(¢)) dt
| 0= | et )

as g, — 0. Since
T — —
/ [(curl C(t) x Hey,ve, ) — {carl C(t) x H,v)|dt
0

< |lewl Ol poo o, mm2) 1 He = Hl 220,702 Vel 22 0,7700)
-+ H CurlC”Loo(07T;L2) HFI”LQ(O,T;LG)Hvsk — UHL2(O,T;L3)7

we have - .
/ (curl C(t) x Hepyve, ) — / (curl C(t) x H,v)dt. (4.133)
Also, by (2) of Assumgtion 3.1, ’
curl C(t) x H(t) € L*(0,T; L5 (Q)),
and taking into account (4.122), we have
/OT {cwrl O(t) x H(t),ve,) — /OT {cwlC(t) x H(t),v)dt asep — 0. (4.134)

Using (4.131)-(4.134) and (4.76), from the second equation of (4.1) we obtain the second one of
(3.16).

We will obtain the third equation of (3.16). Let ¢ € C'([0,T];C}_ (€2)). We have from the
third equation of (4.1)

t aeek t t
/0 < 5 ,g0>ds+/0 (n(@sk)VQEk,Vgo)ds+/O (B(x)0e,,)ry ds

N ) - t 1 | cwrl (A, (s) + H(s))|” s
/0 < €k05k7v§0>d /0 <pChU(9€k) 1 +5| CuI‘l (Hgk(s) +I—o[(5))|2’so>d

t 2
) 18]
/0 { pCh, 1+s|5(u5k)|2’*”> s
t
:/ (g1,0)ds Vte0,T].
0
As (4.123), we obtain

/0 <ag?"p>dt_>/0 <_9(t)=%>df—<907s0(w70)>- (4.135)

By [20, Corollary 1.1] we have

¢ ¢
/ (k(0:,)V0., ,V)ds — / (k(O)VO, V) ds aser — 0. (4.136)
0 0
It is easy to prove that
¢ ¢
/ (B(x)be,, @)1y ds — / (B(x)8,p)r,ds aser — 0. (4.137)
0 0

Since vz, — v in L2(0, T; W10°2(Q)) and W192(Q) C L3() (cf. [20, Theorem 1.20]), we have
v, — v in L*(0,T;L5(Q)). (4.138)
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Since {0} C (L%/5(0,T; WL6/5(Q)) N L*>(0,T; L(Q))) and W15/5(Q) C L?(Q), by complex
interpolation with exponent % we have

{6:,} C L*(0,T: L7 (Q)) € L*(0, T5 LF ()
(cf. |20, Theorems 1.34 and 1.12]). Taking into account (4.138) and the above, we have
t t
/ (Ve Oe,, Vo) ds — / (v0,Vo)ds as e, — 0. (4.139)
0 0

Since when ¢ > 0,

/t< 1 | curl (H., ( +H(s))|2 >ds

0 \PChO(0e) 1+ | curl (Ae, () + H(s) )|

/t< 1 ‘curl( (s) + H(s) )|\f | curl (A, (s) + ’\f >ds,
o \pCro(e,) \/1+s|cur1 (H.,(s)+H \/1+5|Cur1 H, +H( ))}2

fne,)  [E(ve)? _ n(9 ) €(ve) V@ Ié’(vak)lﬂ .
/0 < pCh 1+sk|€(vsk)l2’@>ds_/o < PCr /1 + ex|E(ve,)? \/1+Ek|€(vsk)|2>d7

by [20, Lemma 1.4 and Corollary 1.2] we have

t 1 |curl (Hgk(s) +H(5))’2 S
/0 ( PO (00) 1 1 & curl (i, () + H(s)) o)

lim inf
€k —0

b1 . () 12 4.140
2/0 <m‘cuﬂ (H(s)+ H(s)) ,g0>ds, ( )

llTi%f/ﬂ<nf()9cfZ) 1+|§,EU2’21)@)|2"?> s 2/ <Z(CZ|‘S( i) ds

Therefore, taking into account (4.135)-(4.137), (4.139), (4.140) and (4.76), we have

(00 ¢0) + [ [(-6.52) + (K078, 99) + (58, o)y — (06.V)] ds

= /Ot [<pC'h10 ’curl( (s )—|—H(3)) 27¢> + <Z(gz|5(v)|2,<p> + (gl(s),go)] ds

+ (6o, (x,0)> for a.a. t € [0,7] Vo € C'([0,T];CF, (), ¢ > 0.

(4.141)

Now, following [24] we can prove that 6 satisfies the third formula of (3.16) with “defect
measure”. For convenience of readers we give here proof.

By (4.103), 17£9ce:) |E(ve,))? € LY(Q), and these give continuous linear functionals on C(Q).

Since @ is compact, every a0 E’“)|E(v5k)|2 is identified with a Radon measure(cf. [8, Theorem

7.10.4, pp.1]). Since {WPTE:)W (ve, )2 } is bounded in L'(Q) and C(Q) is separable, there exists a
weak” convergent subsequence (cf. Corollary, 1. Polar Sets, Appendix to Chap. V of [29]) and a
positive Radon measure figp € .# () such that

/OT<77[()O )Ig(vsk)l ,s0> dt—>/Q<Pduo Vo € C(Q). (4.142)

By the same argument, there exists a weak™ convergent subsequence and a positive Radon measure
i1 € A (Q) such that

/OT [<p0h+w€k)| curl (H,, (t) + fol(s))|2’<p> dt — /Qcpdul Vo € 0(Q). (4.143)
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Therefore, taking into account (4.135)-(4.137), (4.139), (4.142) and (4.143), we have

T
| [0.52) + s0)98.9) + (800, e — (0. 96)]
0 (4.144)

T
= /QSOd(ﬂl + fio) + (6o, ¢(z,0)) +/ (g1, ) dt
0
for all ¢ € C'([0,T];C}, (), @(-,T) = 0. From (4.142) and (4.144) we have

/sz(m lig) > /OT ( pchlg | curl (E(t) + B (8)[* + ’;(0925(1))2, o)) a

for all o € C*([0,T];CE_ (), ¢ >0, and ¢(-,T) = 0. We define

= -+ o)~ (et () 07l

( pC’ ol
where )\, is the Lebesgue measure in R* and %(Q) is the o-algebra of Borel subsets of Q. Then,
the third formula of (3.16) is valid with a “defect measure” f.

To get estimate (?7?), we use (4.103) and (4.109). Let us prove that

[Vo|? . V6., |2
— < _ Vel . '
/Q TENEE dx dt < hgr]fl_%f o (T 100, T dedt 0<d<1 (4.145)
We put
0., /0x;

z = a.e. in 1=1,2,3).
0, 7 @ty

By (4.122), {z., } is bounded in L"(Q), and by passing to a subsequence if necessary, we have
Zewi — 2 in L"(Q). (4.146)
To obtain (4.145), it is sufficient to prove that
00/0x;

= 4.147
= T oo (4 147)
By (4.122),
5
00., [0x; — 00/0x; in L™(Q), 1 <r< T
and by Lebesgue Theorem,
1 1 -
A+ oz oo Q)
Then
1+ 0., |)T+0)/2 - (1+0)+9)/2 in L7(Q),
from which we obtain
0 i 0 i .
99, /0x 99/0x a.e. in Q (4.148)

%
(16,7 [+ [0+

for a subsequence if necessary. By (4.146) and (4.148), we obtain (4.147) (cf. [23] Lemma 1.3,
Ch.1]), which yields (4.145). By (4.109), we obtain

/ |VO|" dzdt < liminf [ |V6.,|" dzdt < cC(As,,c*)? + 2R(C(As,y, c*)),
Q er—0 Q

(4.149)
5 5 —4r
1<r<1, 0<dy < .

Taking into account (4.91), (4.145), and (4.149), from (4.103), we obtain (??). O
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