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NODAL SETS AND CONTINUITY OF EIGENFUNCTIONS OF
KREIN-FELLER OPERATORS

SZE-MAN NGAI, MENG-KE ZHANG, WEN-QUAN ZHAO

ABSTRACT. Let p be a compactly supported positive finite Borel measure on
RY. Let 0 < M\ < A2 < --- be eigenvalues of the Krein-Feller operator
A,. We prove that, on a bounded domain, the nodal set of a continuous
An-eigenfunction of a Krein-Feller operator divides the domain into at least 2
and at most n + r, — 1 subdomains, where 7, is the multiplicity of A,,. This
work generalizes the nodal set theorem of the classical Laplace operator to
Krein-Feller operators on bounded domains. We also prove that on bounded
domains on which the classical Green function exists, the eigenfunctions of a
Krein-Feller operator are continuous.

1. INTRODUCTION

For a bounded domain (i.e., an open and connected set) Q C R?, consider the

Dirichlet problem
—Au = Au, in Q,

u=0, in 09,
with eigenvalue A and eigenfunction u. The nodal set of u is defined as
Z(u) :={x € Q:u(x) =0}
It is known that the eigenvalues can be ordered as
0<A <A<

with lim, . A, = 0o0. Properties of nodal set of the eigenfunctions have been
studied extensively (see [2, B, 10, 22 31 B2l B6, 44l (45, [48], (0] and references
therein). Let Q@ C R? be a bounded domain. By a A-eigenfunction we mean
an eigenfunction corresponding to the eigenvalue A. The Courant nodal domain
theorem says that the nodal set of a \,-eigenfunction of divides 2 into at
most n subdomains (see e.g. [10]). Gladwell and Zhu [22] studied the nodal sets of
eigenfunctions of the following Helmholtz equation on a bounded domain Q C R

Au+ Mpu =0,

(1.1)

where p(x) is positive and bounded. They proved that the nodal set of a A,-
eigenfunction divides () into at most n + r, — 1 subdomains, where 7, is the
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multiplicity of A,,. One goal of this paper is to generalize the above theorem to
Laplace operators defined by measures (see definition in Section 2) on a domain
Q) C R%. Such operators are also called Krein-Feller operators and are introduced
in [I7, 27, [30]. These operators are used to describe physical phenomena, such
as wave propagation or heat conduction, in media with an inhomogeneous mass
distribution modeled by a measure p, such as a fractal measure.

Krein-Feller operators have been studied extensively. McKean and Ray [33]
studied spectral asymptotics of Krein-Feller operator defined by the Cantor mea-
sure. Freiberg [18] studied analytic properties of the operators defined on the line.
Hu et al [25] studied spectral properties of Krein-Feller operators defined on a
bounded domain of R?. Deng and Ngai [[3], Pinasco and Scarola [46] studied
the eigenvalue estimates of such operators. Kessebohmer and Niemann [28] [29]
studied the relation between the L7-spectrum and spectral dimension of such an
operator. For additional work associated with these operators, including eigen-
values, eigenfunctions, spectral asymptotics, spectral gaps, spectral dimension,
wave equation, heat equation and heat kernel estimates, the reader is referred to
[, 8, O, 3], 14l 18] 19} 20, 24, 25 28, 29], 37, B8, 39} [0, 41l [42] 46, 47, 52] and
references therein.

We will summarize the definition of a Krein-Feller operator in Section 2. We
denote by A, the Krein-Feller operator defined by a measure ;1 (see Section 2). In
this article, we consider eigenvalues and eigenfunctions associated with the Dirichlet
problem

—Aju=Au, inQ,
u=0, in 0.

Let dim_, (1) be defined as in (2.I). It is shown in [25, Theorem 1.2] that, under
the assumption dim_(p) > d — 2, there exists an orthonormal basis {¢,}52, of
L?(Q, p) consisting of (Dirichlet) eigenfunctions of A,. The eigenvalues {\,}5,
satisfy 0 < Ay < Ay < --- and lim,_,o Ay, = 00. We let

Z,(u) = {x € Q:u(x) =0} (1.3)

be the nodal set of an eigenfunction v of A,,. Under the assumption of the continuity
of eigenfunctions, we have the following theorem.

(1.2)

Theorem 1.1. Let Q C R (d > 1) be a bounded domain and i be a positive finite
Borel measure on R? with supp(p) C Q and p(Q) > 0. Assume dim__(u) > d — 2.
Let the eigenvalues {\,}22, of (1.2)) be arranged in an increasing order and let u,

be a A\, -eigenfunction. Suppose u, € C(Q2). Then

(a) w1 is nonzero on €.
(b) For n > 2, if A, has multiplicity v, > 1, then Z,(u,) divides Q into at

least 2 and at most n + 1, — 1 subdomains.

To prove this result, we need the maximum principle of continuous p-subharmonic
functions (Definition which we will prove in Section 3.

Note that the definition of a nodal set Z,(u) in makes sense only if u is
defined everywhere and not just almost everywhere. As the domain of A, consists
of Sobolev functions, we need to study the continuity of the eigenfunctions of A,,.
It is known that for the classical Laplacian, the eigenfunctions are continuous and
differentiable. If the measure p is absolutely continuous with respect to Lebesgue
measure, then the eigenfunctions of A, are continuous (see e.g. [16]). On R, the
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eigenfunctions of A, are continuous, since Sobolev functions are continuous. To
the best of our knowledge, the continuity of eigenfunctions in higher dimensions is
unknown in general. Motivated by the requirement of the continuity of eigenfunc-
tions in the definition of Z,(u) and in Theorem [1.1} we prove the following main
theorem. The definition of the regularity of the boundary of a bounded domain is
given in Definition

Theorem 1.2. Let Q be a bounded domain in R on which the classical Green
function G(x,y) exists and let i be a finite positive Borel measure with supp(u) C Q
and p(Q) > 0. Assume dim_ (n) > d — 2. Then the eigenfunctions of A, are
continuous on ). Moreover, if the boundary of Q) is regular, then the eigenfunctions
of A, are continuous on Q.

To prove Theorem [1.2] we apply the inverse operator of —A,,, called the Green
operator (see Section 5), which is defined by the classical Green function. By
expressing the eigenfunctions of A, in terms of the Green operator and using the
continuity of the Green function, we prove Theorem[I.2} details are given in Section
5. This theorem shows that the Dirichlet problem has continuous solutions
on a bounded domain Q C R? on which the Green function exists.

This article is organized as follows. In Section 2, we summarize the definition of
A, in [25]. In Section 3, we study the properties of A, and prove the maximum
principle of continuous p-subharmonic functions. Sections 4 and 5 are devoted
to the proofs of Theorems and respectively. In Section 6, we construct
examples of continuous eigenfunctions corresponding to singular measures on R2.

2. PRELIMINARIES

In this section, we summarize the definition of Krein-Feller operators; details can
be found in [25, 14]. Let @ C R? be a bounded domain and y be a finite positive
Borel measure with supp(u) C Q and u(Q2) > 0, where Q is the closure of 2. Let
0Q := O\Q be the boundary of Q. Let dx be the Lebesgue measure on R?, and let
H'(Q) be the Sobolev space equipped with the inner product

(u,v) g1(0) ::/uvdx—l—/Vu-Vvdx.
Q Q

Let H}(2) be the completion of C°(Q2) under the above inner product, where
C2°(9) is the space of all smooth functions with compact support in Q. Let L?(£, p)
be the space of all square integrable functions with respect to u. The norm in

L?(Q, p) is defined by
1/2
Jull oy = [ Jul?au) "
Q

Throughout this paper, we write L?(Q) := L?(Q, dx). It follows from the Poincaré
inequality (see e.g., [25]), that is, there exists a constant C' > 0 such that

lull 222y < Cl|VullL2(q) -

The space Hj(£2) admits the equivalent inner product defined by

(W) (o) = / Vu - Vv dx.
Q
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The lower L*°-dimension of u is defined as

. e In(supy p(Bs(x)))
dim,, () := lim inf 3 ;

(2.1)

where Bjs(x) is the ball with center x and radius §, and the supremum is taken over
all x € supp(u) (see [51] for details). To define Krein-Feller operators, we need the
following assumption, which is called the Poincaré inequality for measures (MPI):
there exists a constant C' > 0 such that

/ lu? du < C’/ |Vu|?dx, for all u € C°(9Q).
Q Q

We know that if dim__(p) > d — 2, then p satisfies (MPI) (see [25] Theorem 1.1]).
(MPT) implies that each equivalence class u € H}(£2) contains a unique (in L%(Q, 1)
sense) member @ € L?((2, p) that satisfies the following two conditions:

(a) there exists a sequence {u,} in C(2) such that u, — @ in H(Q) and

Up — 0 in L2(S2, p);

(b) @ satisfies the (MPT).
We call 4 the L2(€2, u)-representative of u. Under the assumption (MPI), we define
amap Z: H}(Q) — L*(Q,u) by

I(u) = 4. (2.2)
The mapping Z is in general not injective. We define the following closed subset of
H(Q):
N = {ue Hy(Q) : |Z(u)| r2(0,.) = 0}
Let Nt be the orthogonal complement of A in H}(2). Then Z : N+ — L2(Q, p)
is injective. We denote @ simply by w if there is no confusion possible.
Consider a nonnegative bilinear form £(,-) in L?(€2, u) defined as

E(u,v) = | Vu-Vodx, (2.3)
Q
with dom(€) = N+, (MPI) implies that (£,dom(€)) is a closed quadratic form on
L2(2, 1) (see [25, Proposition 2.1]). Hence, there exists a nonnegative self-adjoint
operator —A,, such that

dom (&) = dom((—A,,)"3),

E(u,v) = <(—A#)1/2u, (—A“)1/2v> for all u,v € dom(€)

L2(Q,p)’

(see [12]), where the (-, ) 12(q ) is the inner product on L?(Q2, u). We call the above
A, the (Dirichlet) Laplacian with respect to p or the Krein-Feller operator defined
by u. It follows from [25] Proposition 2.2] that v € dom(A,,) and —A,u = f if and
only if —Awu = fdu in the sense of distribution, i.e.,

/Vu'Vgadx:/fcpdu, for all ¢ € C°(2).
Q Q

3. MAXIMUM PRINCIPLE

In this section, we prove the maximum principle for a continuous p-subharmonic
function. We first define p-subharmonic functions.

Definition 3.1. We call u € dom(A,) a p-subharmonic function if Aj,u > 0
(p-a.e.). Call u € dom(A,) a p-superharmonic function if A u <0 (p-a.e.).
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Note that the class of p-subharmonic (resp. p-superharmonic) functions and
the class of classical subharmonic (resp. superharmonic) functions are in general
not equal. In fact, the function u in Example is p-superharmonic but not
superharmonic. Nevertheless, we will prove that the maximum principle still holds
for continuous p-subharmonic (resp. p-superharmonic) functions. To prove this,
we use mollifiers.

Let Q C R be a bounded domain and let u € H}(2). Let u be the zero-extension

of u, i.e.,
fi(x) = u(x) ?fx €qQ,
0 if x e R™\ Q.

It is known that u € H'(R?) (see [1, Lemma 3.27]). Let ¢ > 0. Define
U = e *x 1, (3.1)

where 7. > 0 are mollifiers. It is known that for each ¢ > 0, 7. is smooth and
satisfies [, 7e(x) dx = 1. Moreover, supp(7¢(x)) € B(0) and

supp(ne(x — +)) € Be(x) (3.2)
(see [16, [ for details). The following proposition follows from [I, Theorem 2.29].

Proposition 3.2. Let u¢ be defined in (3.1). Then
(a) uc € Coo@d).
(b) Ifu e C(82), then u¢ — u uniformly on 2.
(c) u€ — u in HY(Q) as e — 0.

Proposition 3.3. Let Q@ C R? (d > 1) be a bounded domain and p be a positive
finite Borel measure on RY with supp(u) € Q and p(2) > 0. Assume that (MPI)
holds. Let v € dom(A,,) be a p-subharmonic function and U be defined as in .
Let z € Q. Then for any 0 < r < dist(z, 09),

lim A(ulq)dx = / Ayudp.
B, (z)

e—0 B, (Z)

Proof. Let z € Q and ¢ > 0 be sufficiently small so that ¢ < dist(z, 92)/4. Let
€ (e, dist(z, 09) — 3¢). Then by Proposition a), we have

/ A(uflg) dx = / A((ne*ﬂ)b) dx
B, (z) B, (z)

= / (Ane xu)|q dx
Br(z)

:/ / An.(x —y)u(y) dydx. by.
B (z) J Be (x)

Using (3.2) and the fact that n.(x — y) = 0 on 0B(x) (see [I} [16]), we have

/ Au / / Vne(x —y) - Vu(y) dydx
BT(Z) B, (z)
- / / Vne(x — y) - Vuly) dydx
By(2) J B.(x)
= / / ne(x — y)Ayu(y) duly)dx,
(2) JB.(x)
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where the second inequality holds as @ = w in B¢(x), and the last equality follows

from [25, Proposition 2.2] and (3.2)). Therefore, if we let x g_(x) be the characteristic
function on B.(x), then

/| [ Al

/ - / xBe<x)(Y)m(xfy)AMU(Y) du(y)dx

J

&

>}

/ XB.(x)(¥)ne(x — y)Ayu(y) dxdu(y)  (Fubini)
r+2¢(2) / Br(z)

(3.3)
L X () Aty )
BT+25(Z Z)ﬁB
< / / Te (X— y) dX) Apuly) dp(y)
Bir12¢(2) Be(y)
:/ Ajudp
Bry2c(2)
(see Figure[2(a)). On the other hand, since ne > 0 and Ayu > 0 pra.e., by (3.3) we
have
/ A(ulq) dx
B, (z)
-/ 5. (1% — ¥)Ayuly) dxd(y)
By t2c(2z) J Br(z2)NBe(y)
= X509 (0%~ Y)Auly) dxdply) (3.4
BT—E(Z) BT(Z)mBe(Y)
= / ( / ne(x —y) dX) Apuly) du(y)
B, c(z) B(y)
:/ Ajudp
B (2z)
(see Figure |2 l(b
Combining (3.3]) and ( ., we have
/ Ayudp < / A(T|q) dx < / Ajudp.
Br—e(z) BT‘(Z) Br+2e (z)
Letting € — 0 completes the proof. (I

Remark 3.4. We know that A u € L2(Q, u) C LY(Q, ) for u € dom(A,) (see
[25, Proposition 2.2]). Therefore, if u is a p-subharmonic function, then for any
B,(z) C , the limit

lim A(uf|q)dx = / Ajudp
Br(z) B.(z)

e—0
is nonnegative and finite.

In [52] Theorem 3.3], it is shown that if u € C?(Q) N C(f) is a y-subharmonic
function, then the maximum principle holds. The following theorem generalizes
this theorem to u € C(Q).
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(a) (b)

FIGURE 1. Sets B, (z), By42¢(2), Br—c(2), Bc(y) and the positions
of the points x, y, z.

Theorem 3.5. Let Q C R4 (d > 1) be a bounded domain and u be a positive finite
Borel measure on R? with supp(u) C Q and u(Q) > 0. Assume that (MPI) holds.
If u € C(Q) is a nonconstant p-subharmonic function, then u cannot attain its
maximum value in .

Proof. Some basic derivations are similar to the proof of the mean-value formula
(see e.g., [16, §2.2.2 Theorem 2]); we will omit some details. Let u be a nonconstant
continuous p-subharmonic function. For any fixed x € Q, let u¢ be defined as in
(3.1) and let » > 0 be sufficiently small such that B,(x) C €. Define

pe(r) = ]2 o o) a5 = ]{3 . Flabc ) dsta)

where
1

ds := 7/ ds 3.5
]QB;(x)f na(n)rn=! 6Br(x)f (3:5)

is the average of f over the sphere 0B, (x) and a(n) = n"/2/I'(n/2 + 1) is the
volume of the unit ball B1(0) in R™. Let

1
dy = ———— d .
]{Br(x)f y () /Br(x)f y (3.6)

be the average of f over B,.(x) (see [16, Appendix A]). By the calculation as in the
proof of [16] §2.2.2 Theorem 2], we have

oL(r) :][ Duflq(x +rz) - zdS(z)
9B1(0)

1
= — A(u’ dy.
ot f, L A dy
By Remark lime_,0 @L(r) > 0. It follows that for each ¢t > 0, there exists d; > 0
such that for all € € (0,0;), ¢.(r) +t > 0. This implies that for each € € (0,d:),
@e(r) + tr is an increasing function of r. For each ¢ > 0, we choose €¢; > 0 so that
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the function ¢; is decreasing and tends to 0 as ¢t — 0. Moreover, ¢, (1) + tr is an
increasing function of r. Letting ¢ — 0™ and using Proposition b), we have

lim (e, () + tr) = lim @ |o(y) dS(y) = f u(y) dS(y) =: o(r).
t=0% €=0/9B,(x) 8B, (x)

Observe that ¢(r) is an increasing function of r. Hence, by using this and the
continuity of u, we have that for all s > 0,

o(s) > 5113(1) o(§) = glg(l) - u(y) dS(y) = u(x). (3.7)

Using ([3.6) and the equation

/B,.(x) u(y)dy = /O (/835(x)u(y) ds(y)) ds,

which can be derived by using [16, §C3]. Then by (3.5)) and (3.7) we have

]{ar(x> Hdy = a(nl)r" /0 (/aBs(x) uly) dS(y)) ds

_ ﬁ /O na(n)s™ ! (][8 ) a5(y)) ds
/07' u(x)na(n)s™
= uﬁ:)/o ns"lds

= u(x).

Suppose there exists a point xg € €2 such that u(xg) = M := maxq u(x). Then for
0 < r < dist(x0, 092), it follows from (3.8) that

M = u(xo) S][ udy < M.
BT(XO)

Hence,

][ udy = M.
By (x0)

Thus u(y) = M for all y € B,.(x¢). Since €2 is a domain, and hence is connected, it
follows that u(x) = M for all x € Q. O

Remark 3.6. (a) By replacing « in the proof of Theorem with —u, one can
prove that a nonconstant continuous p-superharmonic function attains its minimum
only on 0.

(b) From the proof of Theorem one can see that the reason for introducing
the function @|q is that Au may exist as a distribution but need not exist as a
function (see Example [6.4)).

Let Q be a bounded domain. For a continuous p-harmonic function u, i.e.,
A,u = 0, we have the following proposition.

Proposition 3.7. Let Q be a bounded domain. If u € C(Q) is a p-harmonic
function on Q and vanishes on 0X), then u = 0.
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To prove Proposition|[3.7] we need the following Weyl’s Lemma (see [26], Corollary
2.2.1] or [53] [6, 21] and references therein).

Lemma 3.8 (Weyl’s Lemma). Let u: Q — R be measurable and locally integrable
on Q. Suppose that for any v € C° (),

/ u(x)Av(x) dx = 0.
Q
Then u is harmonic and, in particular, smooth.

Proof of Proposition[3.7 Let u be p-harmonic, i.e., A,u = 0. Then for all v €

Ceo (),
O:/vAuudu:—/Vv~Vudx:/uAvdx.
Q Q Q

Moreover, u is locally integrable as u € dom(A,) C H}(2). It follows from Lemma
that v is harmonic and smooth on §2. Therefore, by the classical maximum
principle (see [16) §6.4]) and the fact that u vanish on 99, we have u = 0. O

4. COURANT NODAL DOMAIN THEOREM

Let © C R? be a bounded domain and y be a positive finite Borel measure on R?
with supp(p) € Q and p(€2) > 0. Let £(u, u) be defined as in (2.3). We define the
Rayleigh quotient of u, an important and useful quantity in studying eigenvalues.
For related applications, see [3, 22, [50, [14] [@].

Definition 4.1. Use the above assumption and notation. For any u € dom(€), the
Rayleigh quotient associated with p is defined as

E(u,u) o IVul?dx
(’LL, u)L2(Q,,u) fQ |U|2 d:u .
The following lemma is inspired by [14] 43]. It can be proved by using similar

methods as in the proofs of [14], Theorem 1.3] and [43, Corollary 4.3]; we omit the
proof.

Lemma 4.2. Let Aj,...,\, be eigenvalues of and let uy(x),...,u,(x) be
corresponding eigenfunctions. Then

(a) A\ =min{R,(u) : v € dom(€)} and R, (u1) = Ay. Moreover, if there exists
some u € dom(E) such that R, (u) = A\, then u is a A\ -eigenfunction.

(b) For n > 2, A\, = min{R,(u) : u € dom(&), (u,w;)r20,, = 0,1 =
1,...,n—1} and R, (u,) = An. Moreover, if there exists some u € dom(E)
such that (u,u;)r20,) =0 fori=1,...,n—1, and R, (u) = A\, then u is
a A -eigenfunction.

R, (u) :=

For each f € H{(f2), under the assumption dim_ (x) > d — 2, it is known that
there exists a unique L?(§, p)-representative f of f. Let

Hu() = {f € Hy(Q) - Ifllz2 > O}
For each f € H, (), we define

~ Jo |V f|? dx
R f = - = .
M( ) fQ|f|2d:u
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Lemma 4.3. Assume the hypotheses of Lemmal[f.4 Forn > 1, let
Q ifn=1
HZ(Q) — HM( ) . . an )
{f et (Q): (fiu)r2u =0,i=1,...,n—1} ifn>2
Then A\, = min{éu(f) : f € ’HZ(Q)} Moreover, for each n > 1, if ﬁu(f) = An
holds for some f € H;(Q), then f is a A\, -eigenfunction.

Proof. For any fixed n > 1, we first prove that if éﬂ (f) attains minimum at f in
H,(Q2), then f € dom(E). In fact, for any f € H[}(Q2), let f = fe+ far be the direct
sum of f, where fe¢ € dom(£) = N+ and fyr € N. Then

er Iy = /Q Ve Vi dx =0, (4.1)

Moreover, || fe|l 2o = I1Fll 22 as || fall L2 = 0. Thus,
Bf) = fQ|VAf|2dx _ Jo|Vfe+ Vinl? dx
) Jo 1f? dp Jo lfel? dp
Jo [V fel? + |V fnr]? dx

Since fe € H1(), it follows by ([E.2) that R,(f) attains minimum in #,(Q) if and
only if | fxllzp) =0, i-e., f = fe € dom(€). Moreover, we can conclude that

min{ R, (f)|f € H,} = min{R,(u)|u € dom(£)} = A\, (4.3)

(4.2)

and for n > 2,
min{R, (f)|f € H}1}
= min{ R, (u)|u € dom(E), (u,u;)r2(q,u) =0, =1,...,n — 1} (4.4)
=\

Therefore, the last assertion of the lemma follows from Lemma 4.2 O

Proof of theorem[I.1. We follow [50] for the proof of (a). We use some methods
and techniques in [22] to prove (b).
(a) We divide the proof into two steps as follows: Step 1. Suppose on the contrary

that the A\i-eigenfunction u; has a node. i.e., there exists xg € {2 such that
u1(xg) = 0. (4.5)
Let
O ={xeQ|u(x) >0} and Q :={x€ Q|ui(x)<0}.
We claim that QT and Q~ are nonempty. In fact, if QT = (), then for any x € €,
up(x) <0. (4.6)
Since —Aju; = Aug and A; > 0, we have —A,u1(x) = Adjui(x) < 0. Thus
Ajui(x) >0 forall x € Q.

Hence u; is a p-subharmonic function. Combining this with Theorem we see
that w1 cannot attain 0 in . Thus, by (4.6),

u(x) <0 forall x € Q,
which contradicts (4.5). Hence QF # (). By the same argument, Q™ # 0.
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Step 2. Let
wH(x) = ui(x), x€QT,
0, xe N\ Ot
and let v~ (x) = u1(x) — u™(x). Note that |uj(x)| = u™(x) — u~(x) and
Qr O\Q~
Vurt (x) = Vui(x), xec O, VU (x) = 0, x € E ,
0, x € Q\QT, Vui(x) xe€Q.

Obviously, u* and u~ belong to H}(Q2). It follows by the linearity of HE(Q) that
lui| € HE ().
Step 3. Since |u1| € Hy(Q) and |||us]|| £2(q,) > 0, we have |ui| € H,, and thus

_ Jo |V|“1||2dX _ Jor |V“1|2dX Jo- ]Vu1|2dx

R, (|u =
A N P 7 W PN CF PR W P
o |Vuq |? dx ~ Jo (A - urdp
Jo lual? du Jo lua|? du
A [, u? dp
= Tz, =
fQ luy | dp

It follows from Lemma [4.2(a) that A\; = min{R,(u) : v € dom(£)}. Combining this
and (4.3]), we have
Ry(ua]) = A
Hence, by Lemma |ui| is a Aj-eigenfunction, i.e., —A,|u1| = A1|u1|. Combining
this with A\; > 0, we have
Aylui(x)] <0 for all x € Q.

Hence |u;| is a p-superharmonic function. By Remark u; cannot attain 0 in
Q. Thus,

lui(x)| >0 forall x € Q,
i.e., |u1| does not have nodes in €. This contradicts Step 1 and completes the proof
of the first part of the theorem.
(b) By the proof of (a), ui(x) # 0, for any x € 2. Without loss of generality, we
assume u1(x) > 0. Since w,, is orthogonal to u4, i.e.,

/ Upuy dp = 0,
Q

U, must change sign in 2. Thus w,, must be positive on some subdomians of {2 and
negative on some other subdomains of €). By the continuity of u,,, these subdomains
must be separated by the nodal set of u,. Hence, for n > 2, the nodal set of u,
divides 2 into at least two subdomains.

For the second part of (b), let Z,, be defined as in (1.3). Then Q\ Z,,(u,) = {x €
Q| un(x) # 0}. Assume Z,(uy,) divides © into m (m > 2) subdomains: Qy,...,Qy,
where the €2; are pairwise disjoint and separated by a subset of Z,(uy,). Moreover,

Q \ Zu(un) == U;nzlﬂj.
Let

,w‘(x)_ U,n(X), XEij
o, x € O\Q;.
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Then
n ) Q j 5
Yy (x) = Vu,(x), x€Q;
0, x € O\ Q.
Let .
w= chwj, (4.7)
=1
where c1,..., ¢, are arbitrary constants. Note that w € H,, and
O 1\ oo 9\ 0
w) = = ™
. fQ lw|? dp Z; 1 ij |un|2d,u
s w2 (4.8)
py 1ng Ajun) und/‘ > 1JfQ ndp _
Z;ﬂ 165 fQ [un|? dp Z;ﬂ 165 fQ |un|? dp "
Since the system (4.9) below has m—1 equations in m unknowns cj7 it has a nonzero
solution {cy,.. cm} Hence, we can choose the coefficients {c;}JL; of w in
so that
<w’ui)L2(Q,u) =0, i=1,...,m—1, (4.9)

where {u;}7"7" are the first m — 1 eigenfunctions. For this choice of {ei}y,
w € H'. By (4.4), we have B

Ry(w) = Ay
Combining this and (4.8)), we have \,, < A,. Since A\, < A,4,,, we have A\, <

Antr, - Thus m <n+r, —1. Therefore, the nodal set of u,, divides 2 into at most
n -+ r, — 1 subdomains. O

From Theorem a), we can immediately derive the following corollary.
Corollary 4.4. The multiplicity of the first eigenvalue A1 is 1.

Proof. Suppose, on the contrary, that the multiplicity of A\; is not 1. Then there ex-
ists another \;-eigenfunction v so that u; and v are linearly independent in L?($, p1).
Write v = cjuy +w in L2(§, i), where ¢; is a constant and w € (span(u;))*. Thus

/ uwjwdp = 0. (4.10)
Q

As in the proof of Theorem w does not change sign in Q. Combining this and
(4.10), we have w(x) = 0 (p-a.e.) in Q. Thus v = cju; in L*(Q, p), contradicting
the fact that u; and v are linearly independent in L2(£2, ). This completes the
proof. O

5. CONTINUITY OF EIGENFUNCTIONS

In this section, we prove Theorem Let Q C R? be a bounded domain. We
recall the Green function of the classical Laplacian A. For u € C?(Q),

0%u

Au: 87:17?.

i=1

Ax—y| ifd=2
g(x,y>={ g Infx —y| ifd =2, (5.1)

Let

—|x—y|>~? ifd>3.
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The following definition of Green’s function follows from [I5].

Definition 5.1. Let d > 2, Q C R? be a bounded domain. If there exists a real
valued function hq(-,-) on © x  such that for each x € €2, hq(x,-) is the harmonic
minorant of g(x,-) on £, i.e., ho(x,-) is the greatest harmonic function satisfying

ha(x,-) < g(x;,-) (5:2)
on 2, then the function

G(x,y) = g(x,y) — ha(x,y) (5.3)
is called the Green function of ).

It is known that hqo(x,y), if it exists, is a symmetric continuous function on
Q x Q [25]. Hence the Green function G(x,y) is symmetric on Q x Q [15]. Some
basic properties of the Green function are summarized below. Fix any point x € €.

(a) G(x,-) is defined on © x Q and G(x,x) = 400 [15, Chapter VIL.4].
(b) G(x,-) is continuous and harmonic on  — {x} [I5, Chapter VII.4].
(c) G(x,y) >0 for any y € Q (by (5.2)).
For a bounded domain on which the Green function exists, we provide an equivalent

definition of a regular boundary (see [15, VIII 14] or [35]).

Definition 5.2. A bounded domain Q C R? (d > 2) on which the Green function
exists is said to have a regular boundary if for any z € 9Q and y € €,

lim G(x,y) = 0.

X—2Z
Remark 5.3. For any open set Q C RY, the Green function always exists when
d > 3. When d = 2, the Green function exists if R? \ 9Q is not connected (see [4}

Theorm 4.1.2] and [35] [5]). Examples of domains with regular boundary include
those with smooth or Lipschitz boundaries (see [35, Section 4]).

For f € C1(Q), the unique solution of the equation in C?(Q):
—Au=f
u|aQ =0

can be represented through the Green function G(x,y) by

u(x) = / G(x, )/ () dy.

More details about the Green function can be found in, for example, [4} 16 35, 10}
11, [15].

According to [25], the Green function G(x,y) for A, if exists, is also the Green
function for A,. It means that for the equation —A,u = f, there exists a Green
operator defined on LP(Q, u) (p > 1) by

(Gof)(x) = / G, y)£(y) duly) (5.4)

such that u = G, f. The operator G, is the inverse of —A,, [25] Theorem 1.3]. To
ensure that G, has good properties, we need the following assumption in [25]:

sup/ G(x,y)du(y) < C < 400 for some constant C' > 0. (5.5)
xeQ JQ

It is proved in [25] that the condition dim__(u) > d — 2 implies (5.5]).
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Proposition 5.4. Let Q C R? be a bounded domain on which the classical Green
function G(x,y) exists and let f € dom(A,). Let p be a finite positive Borel
measure with supp(u) C Q. Assume dim_(p) > d — 2. Then G, f is bounded, i.e.,

there exists a constant C > 0 such that |GLf(x)| < C for all x € Q.

Proof. Since the case d = 1 is clear, we divide the proof into two cases: d = 2 and
d > 3.

Case 1. d = 2. We claim that for each x € Q, G(x,y) € L*(Q,p). By (.3), it
suffices to prove that there exists some constant C > 0 such that

/Q (In[x — y|)? du(y) < & (5.6)

for all x € Q. Using the same method in the proof of [25, Proposition 4.1], one can
prove that (5.6) holds. Hence,

‘Guf(x)‘ = ’/QG(X»Y)J"(Y) dM(Y)‘ < HG(X»')HLQ(Q,M)||fHL2(Q,;L)~ (5.7)
Case 2. d > 3. Since f € dom(A,) C H} () and dim () > d — 2, there exists a

sequence f,, € C>°(2) such that f,, — f in L?(, ). We claim that there exists
some constant C7 > 0 such that

lim |G, (f*— f7,)| < C1. (5.8)

m—o0

To see this, by (5.3)), it suffices to prove that

Jim [ o)l 1) = )] duly) < O,

Note that, by Holder’s inequality,

/ Ie —ffnldu:/ 1 — Fullf 4 Funl
Q Q

(5.9)
< ”f - fm||L2(Q,,u)Hf+ fm”Lz(Q,p) —0
as m — oo. Let diam(§2) = ro. We have
[ 1oy = 7))
= [ ey NP - ) duly)
[x—y|<1
+ b=y~ £2(y) — F2,() | duly).
<lx—yl|<ro
By (5.9), the second integral on the right-hand side tends to 0, since
/ b~ ¥I= 2|2 (y) — £2,0)] diy)
1<|x—y|<ro (5.10)

< / o 1P T )



EJDE-2025/12 NODAL SETS AND CONTINUITY OF EIGENFUNCTIONS 15
Furthermore, we let Vi(x) := {y : 27% < |x —y| < 27 =D}, Then

| IR )l
—Z /ka) %~y (y) — £ duy) (511)

< lim 32 | 170 - By,

N— o0 Vk (x)

By (5.9), for each k € {1,2,..., N}, there exists my sufficiently large such that

/ F2() = fron ()] dpu(y) < 272@72),
Vi (x)

Hence
N N
S22 [ ) - g2 )l duty DI
k=1 Vi (%) =1
Letting N — oo, we have, by (5.11)) and -7
(oo}
/ x =T P (y) = £l dply) <D 27 < foc,
[x—y|<1 k=1

Combining this and completes the proof of the claim in . It follows from
that there exists some sufficiently large integer Ny such that for all m > Ny
and all x € Q,

|Gu(f*(x) = fr(x)| < Cr+ 1.
It follows from Property (c) that for any x,y € Q, G(x,y) > 0. Hence,

|Guf?| < |GufRys| + Co
S/Q\G(x,y)fﬁfoﬂ}dwroz (by (5.4))

<120l / G(x,y) duly) + Ca

< ClfFsillz=@) +Co (by B5))

= 037
where Cy = Cy + 1. This proves that
G| = [ Gy duty) < Ca (5.13)

Now, for d > 3, by Holder’s inequality, (5.5)) and (5.13)), we have
) 2
Gt = [ Gy sty duty)|
2
< ([ 1603219 - Glxoy) 2 )

/ny y) du(y /nydu()
<C G5 (by BT3))
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Therefore |Gu f| is bounded by 4/C - C5. Combining this and (5.7 completes the
proof. ([

We give an outline of the proof of Theorem|[I.2} First, we prove any A-eigenfunction
u can be expressed as AG,u. Second, we use the properties of Green’s function,
Lebesgue’s dominated convergence theorem and ideas from [35, Proposition 1.26.7]
to study the continuity of G,u on .

Proof of Theorem[1.3 Let f € dom(A,), we claim that f is a A-eigenfunction of
A, if and only if f = MG, f. In fact, on the one hand, if f € dom(A,) satisfies
f=AG,f, then by [25] Theorem 1.3], we have

—Auf ==-2\GLf =N,
which implies that f is a A-eigenfunction of A,,. On the other hand, if f € dom(A,,)
is a A-eigenfunction, i.e., —A, f = Af, in view of the fact that G, = (— A#)fl (see
[25, Theorem 1.3]), we have

Gu@‘f) = Gu(_Auf) =f
The linearity of G, implies that f = MG, f. Therefore, to prove Theorem [1.2} it

suffices to prove that for any f € dom(A,,), G, f is continuous. We divide the proof
into three steps.

Step 1. We claim that for any e > 0, there exists some f; € L%(, ) such that
|G f1] < e. In the case d = 2, by (5.0, we see that for each y € Q, G(-,y) belongs
to L*(Q, 1), and ||G(-,y)||r2(02,) has a uniform bound independent of y. Hence,

~

there exists a constant Cy such that for all y € Q, |G(-,y)| L2, < Cy. Since
dim _(p) > d—2 =0, p does not have point masses, i.e., 4 is a continuous measure
[43, Proposition 6.5]. Therefore, for any z € ,

lim |G(x,y)|?du(y) =0 for all x € €.

r—0+ B, (2)

Hence, for any e > 0, there exists 7; > 0 sufficiently small such that for all x € Q,
/ G(x.y)* duly) < €. (5.14)
Br, (2)

Now consider the case d > 3. Let € > 0. Then by (5.5) and the continuity of
again, there exists 7o > 0 sufficiently small such that for all x € Q,

/ G(x,y) duly) < €2, (5.15)
Br, (z)

Let 7 := min{ry,72} and fi := fXp.(s). For the case d = 2, by Hélder’s inequality

and , we have
Gutil =| [ Gy i) dut)

< il ( [, ey auy))"” (5.16)

< ellflleze,m)-
For the case d > 3, by Holder’s inequality and (5.15]), we have

Gl = | [ Gy ity duty)|
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< /B O () / G(x,y) du(x)

=(z) B (z)
<& / G(x,y)/(y) du(y).

Combining this and (5.13)), we have
|Guf1| S 03 * €. (517)

Therefore, combining (5.16) and (5.17) proves the claim.
Step 2. Let fo := f — f1. We claim that G, f> is continuous at z. In fact, by the
continuity of G(x,y), for any y € Q \ By(z), G(z,y) is continuous at z, i.e.,

)lgnz G(x,y) = G(z,y). (5.18)

Note that by (5.1) and (5.3) there exists 6 € (0,7/2) such that for any x € B;(z)
and all y € Q\ By(z),

GO, y)| < Ca = max {|log 5|+ Cs, (5)° "+ Cs},

where Cs > 0 is a constant. Moreover, fo € LY, 1) as || fallor . < 11,
Therefore, by (5.18) and Lebesgue’s dominated convergence theorem, we have

lim G, fo(x) = lim : G(x,y) f2(y) du(y)

X—Z

= lim G(x,y)f2(y) du(y)
=27 JO\ By (z)

_ / G(z,y) f2(y) duly)
Q\B(z)

== G/LfQ (Z)
Step 3. By Step 2, for any € > 0, there exists 6 > 0 such that for any z € Bs(2),

’Gufg(z) —Gufe (E)| < €. Combining this, Step 1 and the definitions of f; and fs,
we have

Guf(2) = Guf(2)| = |Gufi(2) + Gufo(2) = Gufi(2) = Gufa(2)]
<|Gufi(2)| + G fi(@)] +[Gufa(2) = G fa(2)]
< 36,

which shows that G, f is continuous at z. Since z is arbitrary, G, f is continuous
on (.

Finally, if the boundary of € is regular, then, applying the argument in Steps
1-3 to €2, we can prove that the eigenfunctions of A, are continuous on Q. O

6. EXAMPLES OF CONTINUOUS EIGENFUNCTIONS

In this section, we assume that Q C R2. We will construct some examples of
continuous eigenfunctions of A,. As mentioned in Section 1, we are interested in
the case that the measures are singular with respect to Lebesgue measure.

Let D(Q) := C°(Q) be the vector space of test functions. Recall that a distri-
bution T": D(2) — C is a continuous linear map [23] 49]. For any locally integrable
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function f € L (), define a distribution 7 as

(Ty,v) /fvdx v € D(Q).

The i-th partial distributional derivative 9T/dz; of a distribution 7T is defined by
oT v
<87x2,’l]> ——<T1,87x1>7 ’UED(Q)
We consider the square domain Q = (—1,1) x (=1, 1). To describe the distribu-

tional derivative of functions we construct, we need to define the following specific
distributions in D’(2), where D’(Q) is the dual space of D(Q).

Definition 6.1. Let Q = (—1,1) x (=1,1) and B € (—1,1) be a fized constant.
Define 6% and 6% as distributions in D'(Q) so that the following equations hold
for all v(z,y) € D(Q):

1

<(5I"B,v(x,y)> ::/Qv(x,y)dxdég(y):/ v(x, B) dx, (6.1)

-1
1

(61 v(z,y)) ;:/Qv(:c,y) dég(x)dyZ/ v(8,y) dy, (6.2)

-1
where 63 is the Dirac measure at B defined on R.

Remark 6.2. The superscript 8 in 6%# and 6! represents the point at which
the Dirac measure takes the value 1. The position of 8 indicates the axis on which
the Dirac measure is defined. Hence, dz in is defined on the y-axis, and dz in
is defined on the z-axis. The Roman superscripts I and II represent dz and
dy, respectively.

It can be checked directly that 6%# and ¢! are distributions. Moreover, the
following property holds.

Proposition 6.3. Use the above notations. For any f(x,y) € C(Q), f(x,B)s"P
and f(B,y)6P are distributions in D’(Q).

Proof. For each v(z,y) € D(Q), by (6.2) and ., we have

(F(z, )55 /fzﬂ o(z,y) ddsy dm—/ f(, BYolx, ) da

(F(8.9)5% v(z,y)) /f/a, o(z,y) dbs(a dyf/ F(B,y)0(8,y) dy

The proof can be completed by checking the linearity and continuity. ([l

For the above square domain = (—1,1) x (=1, 1), let gy be the 1-dimensional
Lebesgue measure defined on [—1,1] x {0} and p; be the 1-dimensional Lebesgue
measure defined on {0} x [~1,1], as shown in Figure 2a). We will use o and
to construct a measure on €2, which is singular respect to the Lebesgue measure on
R2.

Example 6.4. Use the above notation. Let u := pg + 1 be defined on 2. Then p

is singular respect to the 2-dimensional Lebesgue measure dx. Let A, be defined
as in Section 2. Then

w(z,y) =1+ [zy| - |2| = [y| (6.3)
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is a 2-eigenfunction of (1.2)). u(z,y) (see Figure [2b)) is continuous and has no
nodal points in 2. Hence, it is a first eigenfunction of —A,, in equation (|1.2]).

FIGURE 2. Measures and eigenfunctions in Example [6.4]

Proof. According to [25] Proposition 2.2] and (1.2)), we have, for any v(z,y) € D(),

—/ Au(z,y)v(x,y) dxdyz)\/ u(z, y)v(z,y) du. (6.4)
Q Q

We first calculate the second-order distributional derivative of w(z,y). For any
v(z,y) € D(Q), we have

<8;z|;|’v(x,y)> - _<5§rl7vw(x,y)> = (T4}, Vo (7))

= / |2|vee (2, y) da dy
Q

1 1 1 0
=/ dy/ xvm(xvy)dx—/ dy/ TVge (2, y) da
—1 0 —1 -1
1

:2/_1v(0,y)dy

=2(6%" v(z,y)).
Hence, Alxz| = 26%! in the sense of distribution. By the same argument, we have
Aly| = 26"

and
Alzy| = 2 (|2]6"° + |y[a™")
in the sense of distribution. In summary,
Au(a,y) = AL+ |zy| — |z = [y]) = 2(|2[8"° + [y[s®1 — 680 = 6%M),  (6.5)

in the sense of distribution. By direct calculation, we have

- /Q A, y)o(a,y) de dy = — /Q AL+ [zy| — [z] - y])o(z,y) dz dy
1

= 2(/11 (1 — |x|)v(az,0) dx + /_1 (1 - |y|)v(0,y) dy)
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—o /Q (1= J2| - lyl)o(z. ) d(uo + )

= /Q (1 Ja| — [yl)olz, ) di.
On the other hand,

A /Q u(z, y)o(e,y) dp = A /Q (1+ [ay] — || — [y]) v, y) d(uo + u2)
—) /Q (1~ o] — [l) v, y) d(po + )

= [ (1=lel = l)o(o. ) i

Combining the above two equalities and (6.4)), we obtain A = 2. Therefore, if
u(z,y) € dom(A,), it is a 2-eigenfunction. Next, we prove that u(z,y) € dom(A,,).
We divide the proof into three steps.

Step 1. We claim that u(z,y) € Hg(2). To see this, let
sgn(z)(y—1), y=>0,
O o
—sgn(z)(y+1) y <0,

_Jsen(y)(x—1), x>0,
&a(vy) = —sgn(y)(x+1), z=<0.

By direct calculation, (&1 (x,y), &2 (x, y)) is the weak derivative of u(x,y). Moreover,
both & (z,y) and &(x,y) are in L2(2). Thus, u(z,y) € HY(Q). Note that the
square domain 2 is a Lipschitz domain. According to [34, Theorem 3.33], we have
u(z,y) € HY ().
Step 2. We prove that u(z,y) € dom(&). Let Z be defined as in and

T(x) EN = {u € H}(Q): 1Z(u)||22(,0) = O}.

Write Q = U}, Q;, where Q1 = [0,1) x [0,1), Q2 = (—1,0) x [0,1), Q25 = (—1,0] x
(—1,0], and 4 = (0,1) x (—1,0). By Step 1, we have

4
(u,T)Hé(Q):/Qvu-wdx:/ﬂ(ghgz)-dex=Z/Q (&,&) - VT dx.
i=1 g

Since 7 € N/, we have

1 p1
(&) Vrdx = 1z —1)- (rs,7,) dzd
/91(5152) r /O/Ow 12— 1) - (1, 7,) dz dy

1 1
:/ / (y— D71y + (& — 1)1, dedy
o Jo
1

1 1 1
:/ (y—l)dy/ del‘—l—/ (x—l)dx/ Ty dy
0 0 0 0

1

=/01<y—1>T<x,y>[dy+/ol<x—1>T<x,y>\ da

0

1 1
= */ (y—1)7(0,y)dy — / (x — 1)7(z,0)dz = 0.
0 0
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The last equality holds because 7 = 0 dz-a.e. on {0} x (—1,1) and (—1,1) x {0}.
Similarly, we obtain

/ (£1,&) - Vrdx =0, fori=1,2,3,4.
Q;

Hence, (u, 7)1 (q) = 0, for 7 € N. Thus u(z,y) € N+ = dom(€).

Step 3. We prove that u(z,y) € dom(A,). Combining [25, Proposition 2.2] and
(6.5), we have

/QVU~Vvdx:—/QlAu~vdx 1
2[[1 (1- |x|)u(x,0)dx+11 (1= [y])v(0, ) dy]
2 [ (1= lal = lol) o) i + 1)

—o / (1+ ay] — [z] — y])v(z, v) dp.

Moreover, f(z,y) := 2(1+ |zy| — |z| — |y|) = 2u(z,y) € L*(Q, n). Therefore, by [25]
Proposition 2.2] again, u(x,y) € dom(A,). O

Using the method of Example [6.4] we can construct the following two examples.

FIGURE 3. Measures and eigenfunctions in Example

Example 6.5. Let Q = (-2,2) x (—=1,1). Write O = (-2,0] x (=1,1) and
Qy = [0,2) x (=1,1). Let measure u = po + p1 + p2 be defined on Q, po, w1
and po are 1-dimensional Lebesgue measures on [—2,2] x {0}, {—1} x [-1,1] and
{1} x [—1, 1], respectively, as shown in Figure a). Then

wong) = {1FI@ D —le 1 =gl () € O,
’ 1=z =Dyl +le=1+yl, (z,y) €
is a 2-eigenfunction that satisfies equation (1.2)). wu(z,y) is continuous, and the

nodal line of u divides the domain €2 into 2 subdomains (see Figure b)) We omit
the proof as it can be obtained by the argument in Example

Example 6.6. Let Q = (0,2n)x (—1,1), Q; = (2(i—1),2i]x(=1,1),i =1,...,n—1,

Q, = [2(n—1),2n) x (—1,1), and Q@ = U ,Q;. Let u = po + 1 + -+ + pn be
defined on Q, where pj is the 1-dimensional Lebesgue measure on [0, 2n] x {0}, and
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i is the 1-dimensional Lebesgue measure on {2i — 1} x [—1, 1], as shown in Figure
(a). Fori=1,...,n, let
bileny) = 1) A+|(e— 20 =)y = o= (20 =D = y]), (z,9) € Q,
N 0, (x,y) € Q\Q,.
We define .
i=1

Then u(x,y) is a 2-eigenfunction satisfying equation (1.2). u(x,y) is continuous,
and the nodal lines of the function divide Q into n subdomains (see Figure [d|b).
The method is the same as that in the proof of Example we omit it.

A
y
S
=L -l -l - Ly
ot |t 2 |3 4 [5 6 |7 X
Hp
I R B e T
(a)

FIGURE 4. Measures and eigenfunctions in Example [6.6]
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