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EXISTENCE OF SOLUTIONS TO FRACTIONAL P-LAPLACIAN
PROBLEMS WITH ROBIN BOUNDARY CONDITIONS

JUNHUI XIE, PENGFEI LI

ABSTRACT. This article studies the existence of solutions for the fractional
p-Laplacian problem

r—2
(~A)pu = Ml +

u .
, in Q,

||

Ny pu(e) + B@)ulP~2u =0, in R"\Q,
where €2 is a smooth bounded domain in R™ containing 0 with smooth bound-
ary, (7A); denotes the fractional p-Laplace operator and A > 0,1 < ¢ <p <
r < pk, pl is the fractional critical Hardy-Sobolev exponent for 0 < a < ps <
n and 0 < s < 1. By using fibering maps and Nehari manifold, we obtain the
existence of solution for Hardy-Sobolev subcritical and critical cases.

1. INTRODUCTION

Let Q be a smooth bounded domain in R™ containing 0 with smooth boundary.
We consider the fractional p-Laplacian Robin problem
|u|r72u

(—A)Su = Mu|??u +

» in €,

x> (1.1)
N pu(x) + B(2)|ufP~2u =0, in R™\Q,

where A is a positive parameter, 0 < s < 1,0 < a<ps<n, 1 <qg<p<r<p}

and p7, is the fractional critical Hardy-Sobolev exponent. The fractional p-Laplace

operator (—A)s is defined by

(_A>su($> _ Cn,s,pP-V-/ |u(y) — u(x)|p—2(u(y) B u(x)) dy

' . o =y

b

where ¢, s, is a suitable positive normalization constant only depending on n, s
and p, while

|uy) — w(@) P~ (u(y) — u(z))
Ns,pu(x) == C’n,,,s,p/Q |l' — y|n+p5 dy
is the nonlocal normal derivative associated to (—A);, see [0, [14] and [§] for its
introduction in the case p = 2. Besides, () is a given nonnegative function. We
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would like to point out that the Neumann operator Ny ou(z) recovers the classical
Neumann condition as a limit case, and has a clear probabilistic and variational
interpretation a well, see [8] for the details.

Recently, partial differential equations involving the fractional Laplacian oper-
ator (—A)® with s € (0,1) has received a special attention, because its arises in
a quite natural way in many different contexts, such as, among the others, the
thin obstacle problem, optimization, anomalous diffusion, ultra-relativistic limits
of quantum mechanics, quasi-geostrophic flows, minimal surfaces, materials science
and water waves, for more detail see [7]. In the framework of nonlocal problems, the
following Brezis-Nirenberg type problem for the fractional p-Laplacian is considered

(—A)yu = AP~ 2w + [ulP:"2u, in Q, (1.2)

u=0, inR™\Q, )
where s € (0,1), n > sp, A > 0 and p¥ = nfip is the fractional critical Sobolev
exponent. In [12] the authors proved, among other results, that the above problem
has a nontrivial weak solution for all A > 0 provided that % > sp? and ) is

the domain of class C1:!.
The fractional p-Laplace elliptic problems with Hardy term have also been stud-
ied by many researchers. Chen-Mosconi-Squassina [5] studied the problem

( PSS (U
(_A);u = Alul? u+ T in 0, (1.3)
u=0, inR™\Q,
where p < ¢ < n’i—i’)s. By finding the minimizer of the corresponding energy func-

tional on positive Nehari and sigh-changing Nehari sets, the existence of positive
and sigh-changing least energy solutions for the above problem were established in
[5].
Chen-Gui [4] studied the existence of multiple solutions for the fractional p-
Kirchhoff problem

— p r—2
M(/ |U(fﬂ) Us_y)‘ dx dy) (—A);u _ /\|u|q72u + ‘U| 7.1,, in Q.
R T —y[rree ]

(1.4)
u=0, inR™\Q.

It is worth pointing out that Mugnai-Pinamonti-Vecchi [I3] considered the bound-
ary value problem driven by the p-fractional Laplacian with nonlocal Robin bound-
ary conditions

(7A)Su = f(xa U), in €,

P
N pu(x) + B(2)|ufP~2u =0, in R™\Q,
they provided necessary and sufficient conditions which ensure the existence of a
unique positive solution for this problem.
Recently, a wide interest arised in p-fractional Laplacian with nonlocal Robin
boundary value problem, see [3] B, [0 [T1] and the references therein.
In this article, we mainly focus on the existence of solution for fractional p-
Laplacian Robin problem . To show our main result, we first give some nota-
tion. For any couple of functions (u,v) and CQ = R™\Q, we denote

= Cus Ju(e) — wly) P> (u(e) — ) (o) ~ o)
Hop =g [ [ | e dy.

o=y

(1.5)
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Next, we define the fractional Sobolev space, which can be suitably modeled to deal
with fractional Robin boundary conditions. Precisely, given (z) € L (R™\Q), we
define the function space

X5 = {u:R" — R measurable: ||u||X§,p < +oo},

where

z) —u(y)?
U|rsp = u”daz—l—// 7dxd +/ x)||ulPdz
o= [ 1 e o ot et [ 1@

||“||LP(Q + [ulf, + HUHL”(,B;R"\Q) ’

Observe that
— p 1/p
([ e,
R2n\(cQ)2  |T —y[" TP

is strictly related to the Gagliardo seminorm

) = ( /Q . '“fi;ﬁ“il'p drdy) "

We denote the fractional Hardy-Sobolev constant S, by

[ef”

Sy = in 5
wew = »(@\{0} [|lul” . (2]~ da)

and LPa(Q, |z|~“dz) is the weighted LP~ space with norm

B |u|p3 1/p},
HUHLPZ(Q,mwdz) - ’

o |z
where pf = (Z:Zip . When a = 0, Sp is the best fractional Sobolev constant.
Moreover, p}, = % arises from the general fractional Hardy-Sobolev inequality

ufPe \1/P% / [u(z) — u(y)[P\ /P
d < L) = UWy)1I” £ W3P(Q).
(/Rn e :v) < C(n,p,a)( o |z — g ) , forue WyP(Q)

Definition We say that u € X3 is a weak solution of (L.IJ) if

Hepluo)+ [

R7\Q

r—2
B(ac)|u\p_2ugpda?:)\/ |u\q_2uapdac+/ de (1.6)
Q o |z

for all p € X7
Formally, weak solutions of (1.1)) coincide with the critical points of the functional

1 1 u|”
B = Sl b [ @2 [ e [ e )

We can see that
u’l‘
(B 0) = ullo + [ Baluprds = [ fupeas — [ g s
s R7\Q Q a ||

Now we state our main results.

Theorem 1.1. Let 0 < a<ps<nand 1l < qg<p<r <pk. Then there exists A
such that problem (L.1) has at least two solutions for A € (0, IA).
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Theorem 1.2. Let 0 < a<ps<mn,r=p., qg> "757)77;?, then there exists \* > 0

such that problem (L.1)) has at least two solutions for A € (0, \*).

This article organized as follows: we give some preliminary results in Section 2.
In Section 3, we prove Theorem [I.1] by variational approach. Section 4 gives the
proof of Theorem 1.2

2. PRELIMINARIES

We want to collect several technical results needed in the upcoming sections and
we will give some notations and properties of the Nehari manifold, which will be
used to prove our main results. We define the manifold

Ny = {u € Xo\{0} : (I{(u),u) = 0}.

It is clear that all critical points of I, must lie on N). We can see that u € N, if
and only if u # 0 and

|ul”

u
s+ [ s =2 [ fuiraz s [
? R™\Q Q Q |zl

U (u) = (I3 (u), u).

Set

Then for u € N, we have
W) = plulless 9 [ ptupde =g [ fultde—r [ as
B R™\Q Q Q

||

Jul”

[

= (p—CJ)IIU\\i;m +(P—Q)/ dax

R7\Q

Bolulrde—(r—a) [
— (o= )ulfze + 01 [

B@lulds — (o= A [ Julvd.
R™\Q Q
Then N, can be divided into the following three parts
Ny = {u € Ni[(T)(u), ¢) > 0},
Ny = {u € Nx(T)(u), ) <0},
N3 = {u € N\|(¥4(u), p) = 0}.
Lemma 2.1. The space Xg’p s a reflexive Banach space for every 1 < p < oo.

Lemma 2.2. The embedding X;’p — L1(Q2) is compact for every q € [1,p*), where

p* = "L if n <ps, p* =00 if n > ps.

The proofs of Lemmas and are the same as that [I3, Lemmas 2.1 and
2.2] respectively.

Lemma 2.3. Suppose ug is a local minimizer of the functional Iy on Ny and
ug & Ng. Then ug is a critical point of I.

The proof of the above lemma is the same as that in Brown-Zhang [2, Theorem
2.3] and Chen-Gui [4, Theorem 2.1].
Let o
/P (p—q)/(r—
A= (%)@ o/ p)m‘*l/v‘gg/p’

r—q
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where || denotes the measure of © and

5
TP,

* Y 1 %
V= *p ’ C:(/ ) B
P —q <

ap;;
2 |:L.‘ r—pk

Lemma 2.4. If ug € X;,’p\{O}, then there exists unique to > 0 such that for any
A € (0,A), then there exist t+ > 0 and t~ > 0 satisfying ttu € Ny, t"u € Ny .
Moreover,

Ly(ttu) = inf I(¢ I (t~w) = sup I (tu).
A(tTu) onf Atu), It u) sup A(tu)

Proof. Fix ug € X3"\{0}, we consider the map ¢ : R" — R defined by
o(t) = tP~ 9 ul/%s0 + t”_q/ B(x)|ulPdx — tT_q/

s R™\Q ol

Obviously, ¢(0) = 0, lim;_,, ¢(t) = —oc0, ¢'(t) = tP~9 1 g(t), where

o0) == Dl + ¢ -0) [ p@lards~ e -g) [

R7\Q Q lz|®

T
[u] dr.
x|

|ul”

dx.

Hence i,
[ dr < 0.
«

g0 =~ =)= [

Then, we have g(t) is strictly decreasing on [0, +00) and ¢(0) > 0, lim;_, o g(t) =
—00, so there exists a unique ¢o such that g(tp) = 0. Then ¢(t) is strictly increasing
on [0,t] and strictly decreasing on (tg, +00), which reaches the maximum at t.
Now

_ : ul|”
ot0) = 1" (Wl + 8 [ plupan 5 [ ),
B R™\Q Q |‘T|

where

® = Dlluler + (0= @) Jgmrg B@)ulPdz 1/(r—p)
to = ( : ) :

(r—q) Jo {ofda
Using Holder and Hardy-Sobolev inequalities, we obtain

[ fultds < 1017557 (2.1)
" 4 < SO fulh (2.2)
o Joj7 7 =% X;m |

Combining the definition of ¢y and (2.2)), we have

(p— Q)||U||§(§vp )1/(7'—;0) y ( p—g )1/(7‘—p)
(T — q) fQ %dw (7’ — q)é\'flsgr/P
which implies that

to> ( lullzs = ¢ 20,

d(to) = ¢(t') > 77 Jull% _t’“q/ o g
8 Q |z|®
(p— q)CSHP\ =0/ =p) 2
e - 3
=) Jull (2.3

> )\/ |u|?dx
Q
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for A € (0,A) by (2.1). Consequently, there exist t* > 0 and t~ > 0 with t+ < g <
t~ such that ¢(t7) = ¢(t~) = A [, [u(x)|?dz, which means t*u € Ny, t~u € Nj.
If tu € Ny, then (¥ (tu) tu) = t91¢/(t). According to tTu € Ny, t~u € Ny
and ¢ (tt) >0, ¢/(t7) <0, then t*u € Ny and t~u € Ny . Since (I}(tu),tu) =
— Jo lu(z)|%dz), we can see that I\(t~u) > I(tu) > Ix(ttu) for t € [tT,¢7],
and I,\(tu) > I\(tTu) for t € [0,tT]. Thus

ILy(ttu) = inf I,(¢ I(t"u) = sup I (tu).
A7) = By, B, ) = sup (i)

3. PROOF OF THEOREM [I.1]

Definition We say that {u} is a (PS). sequence in X" for Iy, if I\ (ux) — ¢ and
I{(ug) = 0in X5 as k — oo. We say that I satisfies the (PS). condition if any

(PS). sequence {uy} in Xg’p has a strongly convergent subsequence.
Next, we prove some technical lemmas which will be very useful hereinafter.

Lemma 3.1. If {uy} C X3" is a (PS). sequence for Iy, then {uy} is bounded in
X3P
B

Proof. If {uy} C X;’p is a (PS). sequence for Iy, then

In(ug) = ¢, I(ur) =0 in X;° as k — oo.

Namely,

1 p 1/ 1 / 1/ ug|”

—|luk s + = B(x)|ug|Pde — =X | |ug|dz — — dx = c+o(1),

plustlgr 5 [ @l =3 [ fuar [ T )
(3.1)

U '
||uk||§(s,p+/ ﬂ(x)|uk\pdxf)\/ |uk|qu7/ | kL dz = o(||uk|| x=»). (3.2)
s R7\Q Q o |zl s

By (3.1), (3.2)), Holder inequality and Sobolev inequality, we obtain

¢+ ollurllxgr) = In(ur) — *(A(uk) ug)
1 1 r
o= /|uk\Qda:+ —7)/ uel”
p q ||
> <1 Sy
P q
Hence {uy} is bounded in X3". O

Lemma 3.2. For any X € (0,A), we have NY =

Proof. On the contrary, if NY # (), then there exists u € NY, this implies (V' (u), u) =
0, we can deduce that

- Dl < 0= Dl + 0 —0) [ Ba)lulde

M Re\Q (3.3)
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and

(r =p)llullysr < (r = p)llullxsr +(r —p) / p(@)ul’dx

Rm\Q
=(r— q))\/ |u|?dz.
Q
By , we obtain
(r—q)/ [l dr < (r—q)S; r/pC- 1||u||Xap
|zl
From (3.3)) and (3.5)), we have

lullxg > (

(p— q)sz/”é) /(=)
r—gq '

By (2.1), we have

(r— A /WWM<v—mMmWwQWwMW

Combining (3.4) and (B.6), it follows that

_ (r — Q) A|Q|Y/ 7Sy VP 1/ (-a)
lullxgr < (2 2—)
Hence, by (3.6) and (3.8)), we obtain A > A, which is a contradiction.

Lemma 3.3. The energy functional I is coercive and bounded from below on Ny

for all A > 0.

Proof. According to (2.1)), for any A > 0 and u € N, we can see that
Iy (u)

1 1 |ul”

= —||lul|%er + — / |updx—f/| Iy — = dx
p” X7 p Jama | | a |zl
1 1 1 1

== Dllully: + (= - f/ xupdq:—f—f)\/uqu
(p 7O)H [ (p -) oo Bx)lul (q -) Q| |
1 1 1

1 1 1 _
> (p =l or t (=—-) /]Rn\Q (2)|ulPdz — (g - ;))\|Q|1/750 q/p||UHg(;vP~

<

p T

Then I is coercive and bounded from below on Ny for g < p < r.

O

From Lemmasand for each A € (0, A), we know that Ny = Ny UN, and
I, is coercive and bounded from below on N ; and N, . Therefore we can define

cy = inf Iy, c;\“ =inf I\, ¢, =infl,.
Nx Ny Ny
We have the following Lemma.
Lemma 3.4. (1) If A € (0,A), then cy < ¢l <0,
(2) If X € (0, ZA), then cy > 0.
Proof. (1) Let u € N;r, then <\I/’/\(u),u> > 0, which means that

|ul”

mmwm>/“
— ¢ Jrm\Q a lz|*

dx.
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p Y pJrma ||
1 1 1 1 1 1 u|”
= (= Pl + = [ swmpar - -0 [
<G el + (=) [ @ (39
+ (é - %)(f%guuug’(g,p L /RH\Q Ba)ulPdr

p—q,1 1 /
=—(-— U sp—&— B(x updx><0.
. (- p)(ll I% e (@) ul

Thus ¢y < c}\" < 0 follows from the definition of ¢y and cj\'.

(2) Similarly, we assume that u € N, , then we can deduce that (¥ (u),u) < 0,
which implies that

—P (:v)|u|pdx>)\/ |u|9dz,
— 4 Jrm\Q Q
and
— u?"
L Hu|| b,,<L|| 1% sp+p q/ B(x)|u|pdx</ | |ad:c.
= =4 Jrr\Q |7l
By (2.2)), we obtain
r/p A _
(p—q)Sa/"C\1/(r=p)
g > (=S 0,
B r q
From (2.1)), we find that
I)\(u)
1 1/ / /\ur
= —|ul|sp + — ulPdr — — Idx dz
pIIHXB p Jeme a)|ul |u 2]
11 11 / 11
=(=—)||lu sp+f - B(x updmffff)\/uqd:v
(p Il (p o) e (@) ul (q ) Q| |
> (= = e = (= NOPMIST
“'p r xg* qg
1 11 _
= - _Z P—q _ (Z _ 1/vq—a/p
= el (G = Dlulizt = = 2l 75,/7)
11 (pq)S;/”6>(p—q)/<r—p> 11 amal
Conl( (= =) ———— —(Z =200 /75‘11’> 0
>l (= D (s (= e s >
for A € (0, ZA), which implies that ¢y > 0. O

Lemma 3.5. Assume that X\ € (0,A). Then for each u € Ny, there exist € > 0 and
a differentiable map h : B(0,e) C X3* — RY, with h =1 such that h(w)(u —w) €
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Ny and
(W (0),w)
_ pA(u, w) —I—prn\Q B()|uP~2uw dx — qfﬂ |u|?2uw dx — T’fQ \UIl’;Iiuwdx
(0= @)llullizr + (0~ 0) femg B@)|ulp~2uwde — (r —q) fo M7 de
(3.10)
where
[u(z) — u(y) P (u(z) — u(y))(v(z) —v(y))
A = dx d
() //RZ"\(CQ)’Z |z —y|mtep o

for each w € X3P
Proof. For u € Ny, we define the map f : R* x X3* — R as follows
F(&w) = (I (E(u — w)),&(u — w))
—&lu- ol +& [ Bl upds

R7\Q
_gq/ |u—w\qu—§r/ de
Q o |z
(3.11)

for § € R*, w € X3P, Then we know f(1,0) = (I}(u),u). In addition combining
with Lemma we obtain

df (1,0) p / |ul”
=p|lullser +p B(x updx—/\q/uqu—r dx
=Pl e [ s [Julrao = [ £
u"‘
= =Dl +o-0) [ P (-0 [ 2o
s R7\Q a |7

(3.12)
Using the Implicit Function Theorem, there exist € > 0 and a C* map h : B(0,¢) C
X5 — R with € = h(w) and h(0) = 1 such that
(W' (0),w)
u|" " 2w
pA(u, w) +prn\Q B()|ulP~2uw dx — qu |u|T2uw dx — er ‘ ||3:|°‘ dx

(0 = Dllullyzr + 0 = 0) famg Bl@)ulrde = (r = g) J, e da

and f(h(w),w) =0 for all w € B(0,¢). Hence,
(I\(h(w) (v = w)), h(w)(u — w)) = 0.

It implies that h(w)(u —w) € Ny. O

In Lemma we replace u € Ny by v € Ny and § by £, then the conclusion
still holds. Moreover, the proof is similar to that in Lemma [3.5
Proposition 3.6.

(1) If X € (0,A), then there exists a (PS)., sequence {uy} C Nx for I.
(2) If A€ (0, 1A), then there exists a (PS)C; sequence {up} C Ny for I.
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Proof. (1) By Ekeland’s Variational Principle, there exists a minimizing sequence
{ur} C Ny such that

1 1
I)\(Uk) <C)\+E, I)\(’u,k) <IA(U)+E||U7’U,]€”X2P, Yu € N,. (313)
Using that c) < 0, we obtain
1 » 11 » .
Ii(ur) = (= = ke r + (== -) (@)|ug|Pde— (= = =)A [ Jug|"de < —
p T Jrm\Q Q
This yields
Caqr | /
) < )\/ lug|9dz < NS, P||uk||X§,,, (3.14)
1 1 1 1
G = Dllullegs < (=1 [ fulrda
L (3.15)
< (G = NS

By (3.14) and (3.15]), we have

Sq/p

c\qT
lusllxzr > (502050

1/a (r — q)pA|Q|Y/ 7\ 1/ (r—9)
Q‘gi:;gquﬂfz;) v lukllxgr < (4444444444447) . (3.16)

(r—p)aSy’”
Next we claim that
||I$\(uk‘)||XESP _> 0 as k _> Q.
The proof of this claim is similar to [4, Proposition 3.1], hence we omit it here.

From Lemma (u € Ny ), using the same arguments, we obtain (2) of Proposition
0

Theorem 3.7. If A € (0,A), 1 < g <p <r <p, then there exists u1 € Ny and
satisfies

(1) In(w1) =cxy =cf <0,

(2) uy is a solution of the problem (1.1).

Proof. (1) First, we prove I(u1) = ¢x. Since

1 1 |ua|"
Ly(up) = =||u ps,p—&—f/ updas—f/ Idy — = dx
) =l + 3 [ Aol e — 1 [ Lad
T 11 L1 /
—(c-= Y dr — (= — 2)A ad
Gl + G =) [ AP (q DA [ s
1 1 1
<1 'f(f—f P 7—7/ rq
m ot (3 = Dl + G =3 [ s@hps

/\/ |uk|qdz

= hm inf I (ug) = ca.
k—o00

It follows that Iy(u1) = cx.

Then we claim that ¢y = ¢ for u; € Ny. By I{(u1) = 0 and Lemma we
have u; € N;r U N, . Assume that u; € N, , and combining with Lemma
there exist t~ > 0 and ¢t* > 0 with ¢~ > ¢ such that t u; € Ny, tTuy € N;'. In
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+ 2 +
particular tT < ¢t~ = 1. Since dl*(;t w) — o, 4 I*d(; u1) - (), there exists ¢ € (t+,1]

such that

cy < I)\(t+u1) < I)\(tu1> = C),

which is a contradiction, so u; € Nj. Then ¢y = Ix(u1) > c:\*', this together

with the definitions of ¢, and we have ¢\, = c;\r. Hence we finish the proof of

I(u) = ¢y = cj\'.

(2) By (1) of Proposition[3.6] there exists a bounded minimizing sequence {uy,} C
N such that

klim I(ug) = cx < cf <0, Ii(ug) = ox(1).
—00

From Lemma we know that {u} is bounded in X3*. Then there exists u; €
X" such that, up to a subsequence, uj, — uy weakly in X3” and uj, — u; strongly
in L9(Q,|X|~%) for any 0 € [1,p%) and 0 < a < ps. In particular, we have

)\/|u;€|qdq:—>)\/|u1|qu, /|uk| dx—>/ ] dx as k — oc.
Q ) o |z o |z

Moreover, for all ¢ € X3P,

o(1) = (I\(ur), ¢) = (I\(u1), ¢) + o(1).
Thus, u; € N, is a nonzero solution of the problem (1.1) and Ix(u1) > cy. O

Theorem 3.8. If A € (0, %A), 1< qg<p<r<pl, then the functional I\ has a

minimizer uz € N, and satisfies

(1) In(ug) = ¢y,
(2) uq is a solution of the problem (1.1)).

Proof. By Proposition (2), there exists a bounded minimizing sequence {uy} C
N, such that

lim Iy (ug) =cy, I\(uk) =ok(1).
k—o0

As in the proof of Theorem there exists up € N, such that I(uz) = ¢; and
ug is a solution of the problem (1.1). O

Proof of Theorem[I.1 By Theorems and we know that for 0 < A < LA,
then problem (L.1I) has two solutions w1 € Ny and uz € N, in X3”. Since
NF NNy =0, these two solutions are distinct. O

4. PROOF OF THEOREM

This section we consider the multiplicity of solutions for the critical case. We
need the following lemmas.

Lemma 4.1. Let r = p},, {ux} C X" be a sequence such that Iy(ug) — c. with

L1 - —p\4/(g—7) — A\ 7/(r=q)
co<en=(c— s/ -4 (20 (M)
p T 7 pq g

and I§ (ux) — 0 in ng’p. Then there exists a strongly convergent subsequence.
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Proof. By Lemma we know that {uy} is bounder in X3”, up to a subsequence,
denote by itself, there exists u € X" such that uy — ug weakly in X* and
up — ug strongly in L7(, |z|~*dz) for any v € [1,p%) and 0 < a < ps < n. Now
from [9, Theorem 1.1], we can assume that there exist two positive measure p, v
on R™ and at most countable set {z;},;cs C € such that

lu(z) —u(y)” lu(z) —
[ =z [ e S, @)
JjeJ
ULk Pa .
||x||a ’ V:W’/j%’ (4.2)
> Sal/;'?/p;7 Vj e J. (4.3)

Next we claim that J = (). By contradiction, suppose that J # (), then there
exists j € J, for this z;, define ps j(z) = (== x’) where z € R”, ¢ € C°(R") is
a smooth cut off function, that is ¢ =1 in B(0,1) and ¢ = 0 in R\ B(0,2). Since
ukps,j is bounded in X;*, we have that (I} (uy), urps j) — 0 as k — co. Then

/ g () — ur(y)|P > (ur () — ur(y) (us () @55 (x) — ur(Y)s.;(y)) dr dy
R2n

o — gl

:/ () [ () — ()2 (k) — (W) (55(2) = 265 0)) 5. g

. — P ’
R2n \x — |n+ps R™
—)\/|Uk )| %05 5 (x dl,Jr/ lug (z @6]( )d +o(1).
\xl"‘
Now using Holder inequality and that uy is bounded in X3, we obtain
[ ) ) 000) ) 055) 1)
— y|n+ps Yy
P . _ . P 1/ ’
<of [ o) e 4, 4)"
[ — gl
where C'is a positive constant. From [I5, Lemma 2.3], it holds that
Plos (22) — os . (u)]P
lim lim @) Ploss (@) — 2ss W 4 0 — (4.6)
50 k=00 Jgpan |x — y|ntPs
From and . we have
. _ P
lim lim s W)lur(@) —ux W 4 0 i, (4.7)
50 k00 Jpan |z — y|ntps
pa
lim lim / e (@) 05, (% )dZL‘:Vj7 (4.8)
§—0 k—o0 |x|°‘
lim lim )\/ |uk ()]s, (x)dx = 0. (4.9)
§—0 k—o00 Q

From (4.4)-(4.9), we have

v > . (4.10)
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Combining (4.3)) with (4.10])), we obtain

Vj Z Sga/(p;_p). (411)
and
. 1
ce = lim (Ix(uk) — = (I3 (ur), ur))
k—o0 p
. 1 1 1 1 u pa
— lim ((,_,)A/ jur () + (= 7) lux (@) )
k=oo \'p g7 Jg o |z
11 1 Ju( |P 11 (4.12)
u «@
> (== A [ Ju(z)|¥de + (- — i P
(= [ e+ e+ G
1 1 _ r—gq Q/(q r) @)\ "/ (r= q)
> (2 _ 2\qr/(r—p) _ 5
_(p T)SO‘ “ (pq) ( )
where
1 1
(=2 [ ful)lrds
q Q
11 w(@)|7 0 T SN Y
< (,_,))\</(%) /qd (/ || a/rr/( q)d$)
q p a |zl Q
ol TN lu(z)|" , N/m/r 1 1 \—r
_(q(p_r)) ( Q lz|¢ dx) (q(p_r)) (4.13)
(r—q)/r
X (lfl)/\</ |I|aq/(rfq)dx> !
qa P Q
1 1 u(x)|” r—q/rr—p\4/@-")/(p—qg)A\/(r—9)
<Al |(i|dx+c (7 ) (( ))
p o |zl ro\q pr Pq

by Holder inequality, Young inequality, and ¢ = [, |z|*9/("=9)dz. According to the
definition of ¢y, we have ¢, > ca, which is a contradiction. Hence J = (), which

implies 2% — U2 Therefore, (I} (ur) — I (u), uy — u) — 0 as k — co. By the

] ]
well-known Simon inequalities:
la — g™
Cr(la™2a = B[ 28) (e = B), for m > 2,

< m/2
O ((alm=20~ 187-28)(@ — 8) ™ (o™ + 182, for 1 <m <2,

where o, 8 € R™, C!,, C/ are positive constants depending only on m. Then, we
obtain uy — u strongly in X3* as k — oo. O

In [I] the existence and properties of solutions for the minimization problem
(1.6) when a = 0, were investigated. For 0 < a < ps < n, from [10, Theorem 1.1],
there exists a minimizer for S, for every minimizer U,, there exist o € R™ and a
non-increasing u : RT™ — R such that U, (z) = u(Jz — zo]). Next we fix a radially
symmetric decreasing minimizer U, = U,(r) for S,, multiplying U, by a positive
constant if necessary, we may assume that

n—1
(-A)00 = =2

P 83 |I‘a ?

in R™.
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Lemma 4.2 ([I0]). There exist c1,c2 > 0 and k > 1 such that

Co UO((K/T) < 1 for all r 2 1.

C1
Ul = T T S 2

r(n=ps)/(p=1) —

For each § > ¢ > 0. Let

Us,- (6)
"0 T Uac(8) = Une(r0)’
and
0, if0<t< Ua’g(n;é),
ges(t) = Al 5(t = U e(r0)),  if Une(r6) <t < Uye(0), (4.14)

t—|—UaE((5)(m L1, ift > Uae(6).

The functions ge s and G, s are nondecreasing and absolutely continuous. Consider
now the radially symmetric nonincreasing function uq.e 5(r) = Ge,5(Ua (1)), which

satisfies
) <
U, e 5(7’) = Ua,a(r)’ ,Lf’r <9 (415)
” 0, if r > KO.

Lemma 4.3 ([10]). There exists C > 0 such that for any 0 < 2e < § < k™ 10q, it
holds

— p
/]R2 |ua,5,5(37) Ua,6,5(y)| de dy < Sén—a)/(ps—a) +C(6)(n ps)/(p— 1)7

|z —y|*
up" ~
/ cedl o s gn-a)/(s—e) _ G(E)ma)/(p-1),
s 5
Moreover, for each 1 < q < p},, there exists Cy > 0 such that
- (p—1)
e Sl ifg =t
/ ua’e’é(ir)q 2 Cq gn(pifi)qén_%qa qu < ﬂ(,p pi)v (416)
n __ n—ps
" if ¢ > "éppi).

Lemma 4.4. Assume that 0 < a < ps <n and q¢ > ?(p pg. Then there exist A > 0

and ug € X3P\{0} such that sup,q Ix(tug) < ca for all 0 < A < X, where cy is the
constant given in Lemma . In particular, ¢, < cp for all X satisfying 0 < A < .

Proof. Let uy = uq 5, which is defined in Lemma we consider the function
F(t) = Ix(tuo)

1 1 A 1 "
= ~tP||ugl[%sr + ftp/ B(x)|ug|Pdx — ftq/ |uo|9dz — =t “‘OL d
p A P Jrm\Q q Q rJo |zl

with
1 |uol"

~ 1 1 .
f(t) = ];tpHUng(Z,p + ];tp/ B(z)|uo|Pdz — ;t

R™\Q

dx,

||

for all ¢ > 0, then there exists

<||u0||§(s‘p + Jpmva B@)|uoPdz . 1/¢—p)
o 5 b ) >0
fQ ‘|:co\‘|1 dx
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such that f/(t,) = 0 and f(t.) > f(t).
Next we have

sup £(1)

t>0

f

1 1 1 r

= —tllluolls» + ftZZ/ B(x)|uol”dx — fti/ |u0|a dz
p P Jrm\Q r " Ja lzl

r/(r—p)
[uol%sr + Jpnrg B(@)uolPdz
Ao 1)( Xp" T TR\ ) (4.17)

p T wir - \P/(=P)
(IQ ||930|‘L‘ )

n—o S—Q ~ r/(rip)
(s& Vws=e) | G(g)mp/ =) g [ B(w)Iro’dw)

11
=G (n—a)/(ps—) _ &5 »/r—p)
(Sa - C(%)(n_a>/(p_1>)
<e )gr/<r » 4 aE )<n ps)/(p=1).
p

Then, we prove that sup;>g I\ (tug) < cp in two cases 0 <t < 71 and t > 7y for
71 € (0,1). First, we have
sup Iy(tug) < ca.

0>t<7
Then, from (4.17)) and Lemma we obtain
sup I (tug) = sup - ftq)\/ |u0|qd:v
t>711 t>711 (4 18)
<(1—7)ST P CO(= )p T —le)\/\u(ﬂqu. |
Tp 6 q 0
Hence, we cam compute that
_ e"” n;psq|log%|, if g = nrgp pi),
T ~ & n—ps ~ n—ps n—ps
sup I (tug) < (= — =)Sa™" + C(S)”f1 — CA{ entrDI§" 5T if g < 7”(”;1),
t>T P T e ps n—is
2T1 " q, ifq > ”Tglipi)
Let € = (Aﬁ)"?:;-* € (0,2); Then we have
sup I (tug)
tZTl
_p . n(p=1) _p_ | p=1 . n(p—
o (NP5 B g (A7) 55, if g = 22D,
<(==2)Sa" = +CA7a — CA b 1 \n—DZPig
b (i S )

If g > nyg’ii;?, then

-1 —

1+ b P ( n p3q>< D ’
p—qn—ps p b—q

hence, we can find d5 > 0 such that for 0 < A < do,

ps

Chrma — 5A((Aﬁ)::;s)"—"l T ; q (rp_qp)mq_r)(%)T/(H)'
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If g = 22=Y  we can find 63 > 0 such that for 0 < A < ds,

n—ps
CAF5T — CAAPST) 995 | log(A727 ) #9e
r—gq (r —p)Q/(q*T)((p - q)/\)r/(T*Q)
T\ pg pq '

< —cC

D p— p n(p—1) p
Since |log(/\ﬁ)rp15| — 00 as A — 0, and A(AP=¢)™=»97 ~ Ap—a. Then taking

n—

6 = min{é;, &2, 0s, (g) 11> 0,

we derive that

-~

sup I (tup) < cp, for A € (0,9).
>0

From the above inequality and Lemma there exists t~ > 0 such that t7ug € Ny
and

¢y < In(t"up) < sup Iy(tug) < ca,
>0

-~

for all A € (0,9). O
Theorem 4.5. There exists A1 > 0 such that for 0 < A\ < Ay and r = p%, the

functional Iy has a minimizer uz € N;\" and satisfies

(1) I)\(Ug) =cC) = C;\’_ <0,

(2) ug is a solution of the problem (1.1).
Proof. Set Ay = min{%A,g}. Then ¢y > 0. From Lemma we obtain ¢y < cj\' <
0, then ¢y < cp. By Proposition (1), for all 0 < X < Ay, there exists a bounded
minimizing sequence {uy} C Ny such that

Hm Iy (ug) = ex < e, Iy (ug) = o(1) in X5°P.
k—o0

Then there exists ug € Xg’p such that, up to a subsequence, up — uz weakly in
X;’p. By Lemma and cy < cp, we obtain u, — ug strongly in Xg’p.

As in the proof of Theorem we can obtain ug € N;r, In(ug) =c\ = c;\r and
u3 is a solution of the problem (1.1) O

Theorem 4.6. There exists Ao > 0 such that for 0 < A < Ay and r = p¥, the
functional I has a minimizer uy € Ny and satisfies

(1) In(uq) = cy,

(2) uyq is a solution of the problem (1.1).
Proof. Set Ay = min{%mg}. By Lemma it is easy to get ¢, < ca. By
Proposition (2), for all 0 < A < Ag, there exists a bounded minimizing sequence
{urp} C Ny such that

lim I (ug) = C,(,If\(uk) =o(1) in ng’p‘
—00

By the same argument as in the proof of Theorem there exists uy € N, such
that I(u4) = ¢, and uy is a solution of problem ([L.1). O

Proof of Theorem[I.3. Taking A* = As, by Theorems|[4.5]and[4.6] for all X € (0, A*),
problem (L.I) has two solutions uz € Ny and us € N in Xg’p . In addition

N;’ (N, =0, then the two solutions u3 and u4 are distinct. ]
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