Electronic Journal of Differential Equations, Vol. 2025 (2025), No. 17, pp. 1-30.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2025.17

EIGENVALUE PROBLEMS FOR KIRCHHOFF-TYPE
EQUATIONS IN VARIABLE EXPONENT SOBOLEV SPACES

JUNICHI ARAMAKI

ABSTRACT. In this article, we consider an eigenvalue problem for the Kirchhoff-
type equation containing p(-)-Laplacian and the mean curvature operator with
mixed boundary conditions. More precisely, we are concerned with the problem
with the Dirichlet condition on a part of the boundary and the Steklov bound-
ary condition on an another part of the boundary. We show that the eigenvalue
problem has infinitely many eigenpairs by using the celebrated Ljusternik-
Schnirelmann principle in the calculus of variation. Moreover, we derive that
in a variable exponent Sobolev space, there are two cases where the infimum
of all eigenvalues is equal to zero and is positive.

1. INTRODUCTION

In this article, we consider the following eigenvalue problem with mixed boundary
conditions

1 /Q Al Vu(2)dr) divfa(z, Vu())] =0 in €,
u(z) =0 on Ty, (1.1)
M( /S Az, Vu(z) dx)n(m) -a(z, Vu(z)) = Ag(z,u(z)) on Ta.

Here € is a bounded domain of RY (N > 2) with a Lipschitz-continuous (C%* for
short) boundary T satisfying that

I'; and Ty are disjoint non-empty open subsets of I' such that Ty UTy =T, (1.2)

and the vector field n denotes the unit, outer, normal vector to I". Furthermore,
a(r,£) is a Carathéodory function on Q x RY satisfying some structure condi-
tions associated with an anisotropic exponent function p(z) and A(z, &) is a func-
tion satisfying VeA(z,§) = a(x,§). Here we say that a(z,§) is a Carathéodory
function on Q x RN, if for a.e. z € Q, the map RY > ¢ — a(x,€) is con-
tinuous and for every & € RY, the map Q > z ~ a(z,£) is measurable on
Q. The operator u — div[a(z, Vu(x))] is more general than the p(-)-Laplacian
Apyu(z) = div[|Vu(z)[P®~2Vu(z)] and the mean curvature operator div[(1 +
|Vu(z)|?)P#)=2/29y(z)]. This generality brings about difficulties and requires
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some conditions. The function M = M (s) defined in [0, c0) satisfies the following
condition

(A1) M :[0,00) — [0, 00) is continuous and monotone non-decreasing, and there
exist 0 <mg <my < oo and k > 1 > 1 such that

mos' ™1 < M(s) <my(1+s*71) for s> 0. (1.3)

We impose the mixed boundary conditions, that is, the Dirichlet condition on I'y
and the Steklov condition on I'y. The given data g : I's Xx R — R is a Carathéodory
function of special type and A is a real number.

The study of differential equations with p(-)-growth conditions is a very interest-
ing topic recently. Studying such problem stimulated its application in mathemat-
ical physics, in particular, in elastic mechanics (Zhikov [36]), in electrorheological
fluids (Diening [12], Halsey [21], Mih&ilescu and Radulescu [28], Ruzicka [31]). As
recent works, we can find some interesting related articles. See Alves et al. [2],
Alves and Tavares [3].

However, in even the case M = 1, as we only find a few papers associate with the
problem with the mixed boundary condition in variable exponent Sobolev space as
in (for example, Aramaki [5] 6] ), we are convinced of the reason for existence
of this article.

When p(z) = p (a constant), there are many articles for the p-Laplacian. For
example, see Lé [24], Anane [4], Friedlander [20]. For the p-Laplacian Dirichlet
eigenvalue problem:

—Apu(z) = Nu(z)|P2u(z) in Q,
u(z) =0 onT,

we can see that the following properties hold.

(1) There exists a nondecreasing sequence of positive eigenvalues {\,,} tending
to oo as n — oo.

(2) The first eigenvalue A is simple and only eigenfunctions associated with
A1 do not change sign.

(3) The set of eigenvalues is closed.

(4) The first eigenvalue A; is isolated.

On the contrary, recently many authors study the p(-)-Laplacian. In particular,
Fan [I5] has studied the eigenvalue problem for the p(-)-Laplacian with zero Neu-
mann boundary condition in a bounded domain, and Fan et al. [I9] has studied
the eigenvalue problem for the p(-)-Laplacian Dirichlet problem. Mihailescu and
Radulescu [29] have studied nonhomogeneous quasilinear eigenvalue problem with
variable exponent. In Deng [I1], the author treats only the p(-)-Laplacian in the
case I'y = (0, that is,

—Apyu(e) + u(@)[P " 2u(z) =0 in Q,
(1.4)
|Vu(x)|?<w>—2627f) = Mu(z)[P®~2u(z) onT.

As the author takes the variable exponent Sobolev space W1P()(Q) as the base
space, the second term in the left-hand side of the first equation of takes
the essential role. However, if we assume that I'; # (), we can delete such a term
according to the Poincaré type inequality due to Ciarlet and Dinca [10].
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For physical motivation to the problem (1.1)), we consider the case where I' = T’y
and p(z) = 2. Then the equation

M(|Vuliao)Au(e) = f(z, u(z)) (1.5)
is the Kirchhoff equation which arises in nonlinear vibration, namely
ure — M([|Vullgeo)Au = f(z,u) nQx(0,T),
u=0 onT x(0,7T), (1.6)
w(x,0) = ug(x), ui(z,0) =wui(x) in Q.

Equation (1.5)) is the stationary counterpart of (1.6). Such a hyperbolic equation
is a general version of the Kirchhoff equation
0, ou 2 )
_ -0
Pzt ( 2L ‘ ‘ Ox?

presented by Kirchhoff [22]. This equatlon extends the classical d’Alembert wave
equation by considering the effect of the changes in the length of the strings during
the vibrations, where L, h, E, p and py are constants. In Afrouzu and Mirzapour
[1], the authors studied the p(-)-Kirchhoff type eigenvalue problem

— b w(z)[P@) dg w(z) = Mu(z)]9®) 24z in
M( [ S IVu@l ) de) Ayyula) = Au@) ) 2uta) - in g
u(x) =0 onT.

(1.7)

They derived the existence of a nontrivial weak solution under some conditions on
the functions M, p(-), ¢(-) and a real number A. Mendéz [27] considered the problem

- u( /Q V(@) ") d ) divip(e)| V(@) P2 Vu(a)
= Ap(@) [u(@) PO~ 2u(z) i Q, (18)

u(z)=0 onT.

The author showed that for any > 0, there exists a elgenpalr (u, )\) E W 1( )( ) x
R of (1.8) satisfying M(fQ |Vu(z)[P® dz) = r, where Mt fo

In this article, we extend these results to a class of operators Contamlng p(+)-
Laplacian and the mean curvature operator. The purpose of this article is to solve
eigenvalue problem . According to some assumptions on the given function g,
we use the Ljusternik-Schnirelmann principle in the constrained variational method.
See Ljusternik and Schnirelmann [25] and Szulkin [32]. We will deal with the mixed
boundary value eigenvalue problem for a class of operators involving the p(-)-
Laplacian and the mean curvature operator which seems to be a new topic. We
will show that there exist infinitely many eigenvalues {A(, o)} tending to oo as
n — oo for any fixed a > 0. Moreover, we will derive that under some condition,
the infimum A, of the set of all eigenvalues of is equal to zero, so there does
not exist a principal eigenvalue and the set of eigenvalues is not closed. We also
show that under some condition on the function g and variable exponent function
p in 7 there is a case where ), is positive.

This article is organized as follows. In Section 2, we recall some results on
variable exponent Lebesgue-Sobolev spaces. In Section 3, we give the setting of

problem (1.1)) rigorously and a main theorem (Theorems [3.20) on the eigenvalue
problem (L.1)) in which we show the existence of infinitely many eigenpairs of (1.1).
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In Section 4, we present some sufficient conditions for the cases A, = 0 and A, > 0,
respectively.

2. PRELIMINARIES

Throughout this article,  is a bounded domain in RY (N > 2) with a C%!-
boundary T and 2 is locally on the same side of I'. Moreover, we assume that I’

satisfies (1.2).

We only consider real vector spaces of real valued functions over R. For any space
B, we denote BN by the boldface character B. Hereafter, we use this character
to denote vectors and vector-valued functions, and we denote the standard inner
product of vectors a = (ay,...,ax)and b = (by,...,by)in RN by a-b = Zf\il a;b;
and |a] = (a-a)'/2. Furthermore, we denote the dual space of B by B* and the
duality bracket by (-,-) = B.

We recall some well-known results on variable exponent Lebesgue and Sobolev
spaces. See Fan and Zhang [17], Kovécik and Récosnik [23], Diening et al. [I3] and
references therein for more details. We consider some new properties on variable
exponent Lebesgue space. We define C(Q) = {p is a continuous function on Q},
and for any p € C(Q), put

p" =p"(Q) =supp(z) = maxp(z), p~ =p (Q) = inf p(z) = minp(x).
zeQ e z€eN e

For any p € C(Q) with p~ > 1 and for any measurable function u on €, a modular
(for this notation, see [I3, Definition 2.1.1]) p,.y = pp(.),o is defined by

(@) = [ futa) .
The variable exponent Lebesgue space is defined by
LPO(Q) = {u; u : Q — R is a measurable function satisfying Pp((u) < oo}

equipped with the (Luxemburg) norm

. u
ull o) (@) = inf {7 > O;pp(.)(;) <1}
Then LPO)(Q) is a Banach space. We also define the Sobolev space
WHO(©) = {u e 10(@):]Vul € 170 @)},
where V is a gradient operator, that is, Vu = (01u, ...,dnyu), 9; = 8/0x;, endowed
with the norm
”u”Wl’P(‘)(Q) = ||uHLP<->(Q) + ”VUHLP(*)(Q)»
and [[VullLeo) o) = [I[Vulll e )
The following three propositions are well known (see [19], Fan and Zhao [1§],
Zhao et al. [39]).
Proposition 2.1. Let p € C(Q) with p~ > 1, and let u,u, € LPO(Q) (n =
1,2,...). Then we have the following properties.
@) NullLeer) < L(=1,>1) & ppy(u) < L(=1,>1).
(if) [fee] > 1= [[ull} 0y < Poeoy (@) < ull?,
LrO)(Q) LrO) (@) = Pp()\W) = Lo ()
see 1 p+ < < p_
(i) Jlull ooy @) <1= Hu||Lp(~)(Q) < pp(y(u) < ”u”LP(-)(Q)'
) limy, o0 [Jupn — uHLp(.)(Q) =0 < limy o0 pp(y (Un —u) = 0.

(iv
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(V) NunllLoe) (@) = 00 as n = 00 & pp(y(un) — 00 as n — oo.
The following proposition is a generalized Holder inequality.
Proposition 2.2. Let p € C..(Q), where C1(Q) := {p € C(Q);p~ > 1}. For any
we LPO(Q) and v € LV (), we have
1 1
/Q uCe)e(@)de < (5= + o Yl o @ el @) < 2l o,
Here and from now on, for any p € C(Q), p'(-) denotes the conjugate exponent of
p(+), that is, p'(z) = p(z)/(p(z) — 1) for z € Q.
For p € C4(9), we define, for z € Q,
p*(x) _ N_pp(x) if p(x) < N,
00 if p(z) > N.

Proposition 2.3. Let 2 be a bounded domain of RN with C%'-boundary and let
p € C(Q). Then we have the following properties.

(i) The spaces LPO) () and WPC)(Q) are separable, reflexive and uniformly
convex Banach spaces.

(ii) If q(-) € C(Q) with ¢= > 1 satisfies q(z) < p(x) for all x € Q, then
WrO)(Q) «— Whal)(Q), where < means that the embedding map is con-
tinuous.

(iii) If q(z) € C(Q) with ¢~ > 1 satisfies that q(x) < p*(z) for all x € Q, then
the embedding map WP (Q) < LIC)(Q) is compact.

Next we consider the trace (cf. Fan [16]). Let © be a bounded domain of RY
with a C%'-boundary T' and p € C(Q) with p~ > 1. Since W'?()(Q) c Wh1(Q),
the trace u|F to I' of any function u in WHP()(Q) is well defined as a function in
LY(T). We define

T(7O(@)) = (TeWHO))
= {f; f is the trace to I of a function F € Wl’p(')(Q)}
equipped with the norm
£l e wrroy oy = E{ [ Fllwise ) F € WHPO(Q) satisfying F|.= f}

for f € (Tr WHP(O))(T), where the infimum can be achieved. Then we can see that
(Tr WHPO)(T) is a Banach space. In the later, we also write F‘Fz gby F=gon
I". Moreover, for i = 1,2, we denote

(Te WP (Ty) = {f].; f € (TeWHPO)(T)}
equipped with the norm
9l (rewrpOy(r;) =10 (T W1p())(T) ha satisfying f|. = g},
9]l {1171 f e (ewhPO)(T) satisfying f|,. = g}

where the infimum can also be achieved, so for any g € (Tr W1P0))(T), there exists
F e Wl’p(')(Q) such that F|Fi: g and ||F||W1,p(-)(Q) = ||g||(TrW1,p<.>)(Fi).

Let ¢ € C4(I") := {q € C(I");¢~ > 1} and denote the surface measure on I
induced from the Lebesgue measure dz on 2 by do,. We define

LIO() = {u:T — R is a measurable function with respect to do,
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satisfying /F|u(ac)\q(z) doy < o0}
and the norm is defined by
[l Loty (ry = inf {T > OQ/F ‘@’qw) do, < 1}7
and we also define a modular on L90)(T") by

puew) = [ fule) " do.
r
Similarly as Proposition [2.1] we have the following proposition.

Proposition 2.4. Let ¢ € C(T) with ¢~ > 1, and let u,u, € LIO(T). Then we
have the following properties.

@) Nullpeorry < 1(=1,>1) © pgyr(u) <1(=1,>1).
.. - +
(ii Hu||Lq(‘>(1") >1= ||U||qu<->(p) < Pq(~),F(U) < ||UHqu<-)(r)'

)
+ —
(i) [l ocr oy < 1= [l focs ) < Pacy.r (@) < JlulFacyry-
(iv) [[unllpac) @y = 0 € pgy,r(un) — 0.

(v) llunllpacrry = 00 < pg(.r(un) — 0.

The Hoélder inequality also holds for functions on T'.

Proposition 2.5. Let g € C(T") with ¢~ > 1. Then the following inequality holds.
/F f(@)g(@)ldow < 20|f || paer o) llgll porcr vy for all | € LIOT), g € LS OT).

Proposition 2.6. Let Q be a bounded domain of RN with a C%'-boundary T and
letpe CL(Q). If f € (Tt WHPOYT), then f € LPO(T) and there exists a constant
C > 0 such that

£l ey < Clflere wreeryry-
In particular, If f € (Tr WPOY(T), then f € LPO(T;) and
1 £l iy < ClF Nl ere wr ey
fori=1,2.
For p € C(Q), we define, for z € ,
D) = (1}/\;173(;;()90) if p(x) < N,
00 if p(x) > N.
The next proposition follows from Yao [33, Proposition 2.6].

Proposition 2.7. Let p € C(Q). Then if ¢ € Cy(T) satisfies q(x) < p?(z) for all
x €T, then the trace mapping WP (Q) — LICN(T) is well-defined and compact.
In particular, the trace mapping WP (Q) — LPO(T) is compact and there exists
a constant C > 0 such that

[ull ooy < Cllullwroe @y for u e WHPO(Q).
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Now we consider the weighted variable exponent Lebesgue space. Let p € C(Q)
with p~ > 1 and let a(x) be a measurable function on Q with a(z) > 0 a.e. z € Q.
We define a modular

P ) = [ al@u(@)P da

for any measurable function w in 2. Then the weighted Lebesgue space is defined
by
Lsgi(Q) = {u is a measurable function on € satisfying p(,(.).a(.))(v) < oo}

equipped with the norm
. u() p(=)
HUHLZE‘_;(Q) = inf {’T > 0;/Qa(x)| - ’p dx < 1}.

Then LPE ;(Q) is a Banach space.
We have the following proposition (cf. Fan [I4, Proposition 2.5]).

Proposition 2.8. Let p € C(Q) with p~ > 1. For u,u, € LiE ;(Q), we have the
following.
(i) Foru #0, Hu||Lp<> ) =TS P a(y (%) =

(11) HUHI‘Zgi Q) < 1(— 1 > 1) = p(p(i)ya(.))(u) 1(= 1,> 1).

~—

- +
() Wl 30y > 1= Nl ) < Pt 1) < Il o

() Tellg 3y < 1= 10l ) < Pl (0) < il
(v) limp oo ||tn — UHLZ(('_;(Q) =0« lim, 00 p(p(.)ya(.))(un —u)=0.
(vi) ”u"”LZ%(Q) —» 00 a8 N —+ 00 & P(p(.),a(-)) (Un) — 00 as n — .
The author of [14] also derived the following proposition (cf. [I4, Theorem 2.1]).

Proposition 2.9. Let Q be a bounded domain of RN with a C%'-boundary and
p € CL(Q). Moreover, let a € L*)(Q) satisfy a(x) >0 a.e. x € Q and o € C4(Q).
If ¢ € C(Q) satisfies

a(z) -1

1<q(x) < ()

p*(x) for all x € Q,

then the embedding map W'P()(Q) < LZ(&(Q) is compact.

Similarly, let ¢ € C'(T') with ¢~ > 1 and let b(x) be a measurable function with
respect to do, on I' with b(z) > 0 g-a.e. z € I'. We define a modular

Pla(),b()),T(u /b u(@)|*®do,.

Then the weighted Lebesgue space on I' is defined by
Lgé ;( ) = {u is a o-measurable function on T' satisfying p(4(.),p(.)),r(u) < 0o}

equipped with the norm
i . u() q(2)
lull a3y = inf {7 > 0’/Fb($)|T’ do, < 1}.

Then ng ;(F) is a Banach space.
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Proposition 2.10. Let g € C(T") with ¢~ > 1. For u,u, € ng:)) (T"), we have the
following.

) lull g oy < 1= 1> 1) & pigeyar(@) < L= 1,> 1)
- +
ii : 1= |ull? < P(q(-).0(- < Jul? .
) ol g3y > 1= Tl gy < Ptar00 () < il
. L
o 1= [ul| < Pla()b(- < Jlull? .
) ey < 1= Il 0, < Ptacrae o) < Bl
(iv) limy,—eo ||un — uHLg((:;(F) =0 < limy o0 P(q(-),b(-)),0 (Un —u) = 0.
(v) Hu"”Lg((j;(F) — 00 a8 M — 00 > P(g(-),b(-)),T (Un) = 00 as n — oo.
The following proposition plays an important role in the present paper.

Proposition 2.11. Let Q be a bounded domain of RY with a C%'-boundary T' and
let p € C(Q). Assume that 0 < b€ L)), B € C(T). Ifr € C(T) satisfies

1<r(z) < Mpa(z) forallz €T,

then the embedding map W'P()(Q) < LZE)) (T") is compact.

Proof. Let u € W' (Q). Set h(z) = f'(z)r(x). From the hypothesis, we have
h(z) < p?(x) for all z € T'. By Proposition the embedding map W1P()(Q) —
L"O)(T) is compact. Since |u(x)|"®) e L )(T), it follows from the Holder inequal-
ity (Proposition that

/Fb(x)lu(x)l’”(x) dog < 2|1bll ooy llul ™l o py < o0

Hence WP (Q) LZE;(F) We show that the embedding W' P()(Q) — LZEI;(F)

is compact. Let u,, — 0 weakly in W?()(Q). Then u, — 0 strongly in L")(T).
Since

porr(lun|"0) = / Jun ()" Do, = / ()" dor, — 0,

we have |||un|’”(')||Lﬁ/(.)(F) — 0 from Proposition m (iv). Therefore,

/rb(x)lun(x)l’”(z) dog < 20b] pros oy [l "l v () = 0-

— 0,50 WHPO(Q) —

Thus it also follows from Proposition|2.10[(iv) that ||u,,|

(()) (T") is compact. O

r(-)
Ly 5 (@)

L,

Now we consider the Nemytskii operator.

Proposition 2.12. Let ¢ € C(Q) with ¢~ > 1 and a be a measurable function with
a(xz) > 0 for a.e. x € Q. Assume that

(1) A function F(x,t) is a Carathéodory function on Q x R.
(2) The growth condition holds: there exist ¢ € LeO)(Q) with c(z) > 0 a.e.
x€Q, 1 € C(N) with g > 1 and a constant ¢ > 0 such that

|F(z,1)] < e(z) + cra(z)/ 0@ |¢a@/ 0@ for ge. 2 € Q and all t € R.
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Then the Nemytskii operator N : LZ(())(Q) Surs F(z,u(z)) € L2O(Q) is contin-
uwous and there exists a constant C' > 0 such that

Par () (NF (W) < Clpg, ()(0) + Pla(a( (W) for all u e LI (Q).

In particular, if ¢1(z) =1, then Np : LZ(&(Q) — LY(Q) is continuous.

For a proof of the above proposition, see Aramaki [9, Proposition 7]. The propo-
sition is an extension of [0, Proposition 2.12]. Similarly we have the following
proposition.

Proposition 2.13. Let r € C(T'g) with r~ > 1 and b be a o-measurable function
with b(z) > 0 o-a.e. x € Ty. Assume that

(1) The function H(z,t) is a Carathéodory function on I'y x R.
(2) The growth condition holds: there exist d € L™ () (I'y) with d(x) > 0 o-a.e.
x € Ty, r1 € O(Ty) with vy > 1, and a constant dy > 0 such that

|H (2, 1) < d(z) 4 dib(z)/ 1@ )¢7@/m@) - for o-g.e. € Ty and all t € R.
Then the Nemytskii operator Npg : LZ((_g(I‘g) > v H(z,vu(x)) € LO(Ty) is
continuous and there exists a constant C' > 0 such that

Pri(-),I2 (NH(U)) < C(pTl(')7F2 (d) + P(r(-),b(-)),T2 (’U)) fOT all v € ng))(I‘Q)

In particular, if r1(z) = 1, then Ny : LZE:;(FQ) — LY(T'y) is continuous.

Now we define the space
X ={vew'O(Q);0=0o0nT}. (2.1)

Then it is clear that X is a closed subspace of W'?()(Q), so X is a reflexive and
separable Banach space. We can see the following Poincaré-type inequality (cf.

[1a]).

Proposition 2.14. Let Q be a bounded domain of RN with a C%'-boundary and

let p € C(Q). Then there exists a constant C = C(Q, N,p) > 0 such that
[ullLrr @) < ClIVUllroy o) for all u € X.

In particular, |[Vullpsc) (o) is equivalent to [[ully1.p0)(q) for u € X.

For a proof of the above proposition see [5, Lemma 2.5].
Thus we can define the norm on X so that

lvllx = ||Vv||Lp(.>(Q) for v € X, (2.2)
which is equivalent to [|v[|y1.p() () from Proposition m

3. ASSUMPTIONS AND MAIN THEOREM

Let p € C+(2) be fixed. Assume that the following:
(A2) A:Q xRN — R is a function satisfying that for a.e. z € €, the function
Az,-) : RN 3 & — A(x, €) is of Cl-class, and for all £ € RY, the function
A(,€) : Q> z— Az, €) is measurable. Moreover, suppose that A(z,0) =
0 and put a(x, &) = VeA(z,€). Then a(x, £) is a Carathéodory function.
For items (A3)—(A5), ¢, ko, k1 > 0 denote constants, hg € L ()(Q) is a non-negative
function, and h; € L () with hy(z) > 1 for a.e. x € Q.
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(A3) |a(z,&)| < clho(z) 4 hy(z)|€PE) 1) for all € € RN and a.e. z € Q.
(A4) A is p(-)-uniformly convex, that is,

A E57) + B @l€ - 1P < 34 €) + pAGen)

for all £,7 € RY and a.e. z € Q.
(A5) kohy(x)€|P™) < a(x, &) - & < p(x)A(x,§) for all £ € RN and a.e. x € Q.
(A6) (a(x,&) —a(z,n)) (€ —mn) >0 forall £,n € RN with £ # 7 and a.e. x € Q.
(A7) A(x,—€) = A(x,€) for all £ € RY and a.e. z € Q.

Remark 3.1. (i) The condition (A3) is more general than that of Mashiyev et al.
[26] who considered the case hq(z) = 1. In our case, to overcome this we have to
consider the space Y defined by (3.2]) later as a basic space rather than the space

X defined by (2.1)).
(ii) (Ab) implies that A is p(:)-sub-homogeneous, that is,

Az, s&) < Az, €)sP™  for each £ e RY, ae. z € Qand s > 1. (3.1)
For a proof, see Aramaki [7], (4.14)].

Example 3.2. Let
(i) Az, = Lﬂ3§|£|p(ﬂ”) with p~ > 2, h € L] _(Q) satisfying h(z) > 1 a.e.

p(z
x €.
(i) A(z,€) = Zgg((l + 1&2)P®)/2 — 1) with p~ > 2, h € LP'()(Q) satisfying

h(z) > 1 ae. x €.
Then A(z,€) and a(x,§) = VeA(x, &) of (i) and (ii) satisfy (A2)—(AT).

Remark 3.3. In Example[3.2] when h(z) = 1, (i) corresponds to the p(-)-Laplacian
and (ii) corresponds to the prescribed mean curvature operator for nonparametric
surface.

For the function hy € L, () with hy(z) > 1 for a.e. z € Q, we define a modular
on X by

P () = [ m@IVo@P® ds for v e X
where the space X is defined by (2.1)). We define our basic space
Y =Y(Q) ={v e X;pp)n ) <oo} (3.2)
equipped with the norm

: ~ v
lolly = inf {7 > 0: o) na () (=) < 1}
Proposition 3.4. The space (Y, |- |ly) is a separable and reflexive Banach space.

For a proof of the above propositon see Aramaki [8, Proposition 3.4]. We note
that C§°(2) C Y. Since hi(z) > 1 a.e. z € Q, it follows that

Pip(),ha () (V) = pp(.)(h}/p(')|Vv|) > pp(y([V]) forv e Y

and
lolly = 1m0V olliso o) 2 1V0llo @) = lollx forv ey, (33)
From ([3.3) and Proposition we have the following proposition.
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Proposition 3.5. Let p € C(Q) and let u,u, € Y (n = 1,2,...). Then the
following properties hold:

(i) V= X and |jul|x < ||u~||y
(i) [lully > (=1, <1) & Pip(),n () (w) > 1(=+17< 1).
(i) flully > 1= [lully < pepe) e () < Jlulfs -
() [ully <1 = Jully < Pee),n ) w) < llully -
(v) limp, o0 [[un — ully =0 limp 00 Pip(-),h () (Un —u) = 0.
(vi) [|un|ly — 00 asn — 00 & Prp(),h () (Un) = 00 as n — oco.
We assume that the function g in (|1.1)) satisfies
(A8) The function g(x,t) is of the form g(z,t) = b(z)|t|"(*)~2t, where b satisfies
0 < be LPO(Ty) with 8 € C4(Ty), and r € C, (T) satisfies

r(z) < ﬂ(g()x;lpa(x) for all x € Ty.

If we define .
Gla.t) = [ g(w.5)ds,
0
then G(z,t) = %MT(’:), so we have

r(z)G(x, t) = b(z)[t|"® = g(z,t)t > 0 (3.4)

for o-a.e. x € I'; and all 0 £t € R.
Now we introduce the notion of a weak solution and an eigenfunction for the

problem (1.1).
Definition 3.6. (i) We say that a pair (u,A) € ¥ x R is a weak solution of

(), it
M( /Q Az, Vu(m))dx) /Q a(z, Vau(z))- Vo(z) dz = A / g(a, u(z))v(z)do, (3.5)

s
forallveY.
(ii) Such a pair (u,\) € Y x R with u # 0 is called an eigenpair, A is called an
eigenvalue and u is called an associated eigenfunction.

If we define a function associated with the function M by
J/\/[\(t) = /OtM(s)ds for t > 0,
then we see that M € C1([0,0)) and satisfies
?tl <M(t)<m (t + ;t’“> for t > 0. (3.6)

Moreover, since M’ (t) = M (t) is monotone non-decreasing and satisfies (|1.3)), M (t)
is convex and strictly monotone increasing on [0, 00).
We define functionals on Y by

‘b(u):/ﬂA(:c,Vu(:L’))dz, U(u) = M(P(u)), K(u):/F G(z,u(x))do,

(3.7)
for w € Y. It follows from (A7) and (A8) that ®, ¥ and K are even functionals,
that is, ®(—u) = ®(u), ¥(—u) = ¥(u) and K(—u) = K(u) for all u € Y.
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Lemma 3.7. (i) We have

ko - ~
Ep(p(-),fn())(u) < @(u) < c2)lholl Loy (o) I Vullror @) + Py, () (1)

foru €Y, where ¢ and ko are the constants in (A.1) and (A5).
(ii) We have
1

U+ v - 1
(I)( 5 ) + k1p(p(.)7h1(.))(u —v) < 5‘1’(’&) + 5(13(1})

for all u,v €'Y, where ky is the constant in (A4). In particular, ® is convez, that
is, 2((1 —1u+7v) < (1 —7)®(u) + 7®(v) for all u,v €Y and 7 € [0,1].

Proof. (i) easily follows from (A5) and the Holder inequality (Proposition [2.2). (ii)
easily follows from (A4) and the continuity of A(x, &) with respect to €. O

The functional ¥ defined by (3.7) is a continuous modular on a real Banach space
Y in the sense of [13, Definition 2.1.11], that is, ¥ has the following properties:

(a) ¥(0) = 0. This easily follows from A(x,0) =0 and the definition of M.

(b) ¥(—u) = ¥(u) for every u € Y. This follows from (A7).

(c) ¥ is convex. Indeed, since M is convex and strictly monotone increasing
and ® is convex, for any u,v € Y and 7 € [0, 1] we have

U(1-7)u+7v) = Z\/Z((I)((l — T)u+ 7v))
< M((1—7)®(u) + 7®(v))
<A =7)P(u)+7P(v).
(d) The function [0,00) 3 A — ¥(Au) is continuous for every u € Y. Indeed,

let [0,00) A, = A\ as n — co. Here we can assume that 0 < A, < A\g+1
for large n € N. From (A.0) and (A5), we have

|A(xz, A\, Vu(z))| < c(No + Dho(z)|Vu(x)| + c(Ao + 1)p+h1(a:)|Vu(x)|p(I).

Since hy € LP' )(Q) and |Vu(-)| € LPO)(Q) and u € Y, the right-hand side
in the above inequality is an integrable function independent of n. Clearly,
we see that A(xz, A\, Vu(z)) = A(z, \oVu(z)) as n — oo for a.e. z € Q. By
the Lebesgue dominated convergent theorem, we see that ®(A\,u) — ®(Agu)
as n — 00, 80 U(A,u) = ¥(Aou).

(e) U(u) = 0 implies v = 0. Indeed, if ¥(u) = 0, then ®(u) = 0. Hence it
follows from (A5) and the Poincaré-type inequality (Proposition that
u=0..

Thus we can define a modular space
Yo ={ue Y;;ii% U(ru) =0} ={u e Y;¥(ru) < oo for some 7 > 0}
with the Luxemburg norm
|ullg = inf {7 > 0; \I/(g) <1} for u € Yo.

Then (Yy, || - ||w) is a normed linear space over R from [I3, Theorem 2.1.7]. Clearly
we see that Yy =Y, and the norms || - ||¢ and || - ||y are equivalent (cf. [§, Lemma

4.3).
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From now on, we denote a V b = max{a,b} and a A b = min{a,b} for any real
numbers a and b. Since

k() x /€0 + -
®MZEAMWWWW“MZEWWAM@L
it follows from (3.6|) that

- mo k?o + -0/
W(w) = M(@() > 52 (2l Alluly)) (3.8)
Lemma 3.8. If u, — u weakly in Y and ¥(u,) = ¥(u) as n — oo, then we have
v (%) — 0 as n — 00. In particular, u, — u strongly in Y as n — oo.

Proof. Let u,, — u weakly in Y and ¥(u,) — ¥(u) as n — oco. Then, if we use [13]
Lemma 2.4.17] (cf. Aramaki [9, Lemma 20]), then we can show that ¥ (*2-%) — 0

as n — 00, 80 U, — u strongly in Y using (3.8). O
First we list the properties of V.

Proposition 3.9. (i) W is coercive, that is, U(u) — oo as ||lul]ly — oo.
(ii) W is sequentially weakly lower-semicontinuous on'Y .
(iii) ¥ € CY(Y,R) and the Fréchet derivative ¥’ of U satisfies

(U (u),v)y~y = M(®(u)) /Q a(z, Vu(z)) - Vo(z)dx  foru,v €Y. (3.9)

(iv) © € Wy, that is, if u, — w weakly in' Y and liminf,, o ¥(u,) < ¥(u),
then the sequence {u,} has a strongly convergent subsequence.
(v) W is bounded on every bounded subset of Y.

Proof. (i) follows from (3.8). (ii) follows from Aramaki [7, Proposition 4.4] and the
fact that M is monotone increasing and continuous. (iii) follows from [7, Proposition
4.1] and M e C1([0, 00)).

(iv) Let u,, — u weakly in Y and liminf,, o ¥(uy) < ¥(u). Since ¥ is sequen-
tially weakly lower semi-continuous, ¥(u) < liminf,, o ¥(u,), so that
liminf, oo U(u,) = ¥(u). Hence there exists a subsequence {u, } of {u,} such

that lim,/ 0o ¥(un) = ¥(u). By Lemma we see that u,, — u strongly in Y.
(v) follows from Lemma (i) and (3.6). O

Next we derive the properties of W¥’.

Proposition 3.10. (i) W’ is strictly monotone in'Y, that is,
(U'(u) = 9'(v),u —v)y=y >0 forallu,v €Y with u # v.

Moreover, ¥’ is bounded on every bounded subset of Y and coercive in the
sense that
(W), w)y-y _
lully oo lully
(il) W’ is of (S4)-type, that is, if u, — u weakly in' Y and

lim sup(¥’ (uy,), up, — u)y=y <0,
n—oo

then u, — u strongly in Y.
(iii) The mapping V' :' Y — Y* is a homeomorphism.
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Proof. (i) In general, when a functional f : Y — R is of Cl-class, f is strictly
convex if and only if f: Y — Y* is strictly monotone (cf. Zeidler [34, Proposition
25.10]), that is,

(f'(u) = f'(v),u —v)y«y >0 forall u,v €Y with u # v.
From (A6),

(@' (u) =D (v), u—v)y«y = /Q(a(a:,Vu(a:)—a(m, Vu(z))) (Vu(z)—Vu(z))dz > 0

for all u,v € Y with u # v, so ®’ is strictly monotone in Y, so ® is strictly convex.
The function M is strictly monotone increasing and convex. Hence for u,v € YV
with u # v and 7 € (0, 1), since ®((1 — 7)u+ 7v) < (1 — 7)®(u) + 7®(v), we have

M(®(1—Tu+70)) < M((1 = 7)®(w) + 7®(0)) < (1 — 7)M(®(w)) + 7M(D(v)),

so¥((1—7)u+71v) < (1 =7)¥(u)+ 7¥(v). Thus ¥ is strictly convex, so ¥'(-) =
M(®(-))®'(+) is strictly monotone in Y.

It follows from the Holder inequality (Proposition and Proposition (i)
that

(2 (u), v)y+ v]
= M(®(u))] /Qa(ac7 Vu(z)) - Vu(z) dz|
< eM(P(u)) /Q (ho(@)| Vo ()| + ha ()| V(@) PO~} Vo(2)]) do
= cM(®(u)) /Q (ho(@)|Vo(@)]| + ha ()7 )| Fu() [P by ()P | Vo (z)]) da
< 2emy (1+ @(w)* ) (|[holl oo oy IVl
+ R OO o 137010 o 0
= 2emy (1 + @(u)* ) (|[holl ooy + 151 O IFuPO s o)) 0y
for all v € Y. Hence we have
1 (w)ly+ < 2emi (1 +®(w) ) (lholl Lo @ + 18177 O 19O s ().
Here we note that
() < R ol oo g lully + Iy V Jullf )FY,
Py (/7O | WO~y = /Qhuw)\Vu(xW dz < Jullf V [lully.

If ||u|| < M, then it is clear that there exists a constant C(A1) > 0 such that
19’ (u) ||y« < C(A1), so ¥ is bounded on every bounded subset of Y.
Let |lully > 1. Then from (A1) and (A5),

(U (u),u)y«y = M(®(u)) /Q a(z, Vu(z) - Vu(z) dx

> koM (®(u)) /Q iy (2)|Vu(z)|P@®) da

k¢ I—1)p~ -
0| VP [l

= (pT)!
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mokl In~—
= WIIUW :
Since Ip~ > 1, this implies the coerciveness of ¥'.
(ii) Let uy, — u weakly in Y and limsup,,_, o (' (un), un — u)y=y < 0. Since ¥’
is monotone from (i), (¥'(u,) — ' (u), uy, — u)y~,y > 0. Hence
0< liniinf(\ll’(un) — U (u), up — u)y=y
= lin_1>inf<\I/’(un), Uy — Wy y
< limsup(¥’(uy), up — uyy~y < 0.
n—oo
Therefore, lim,, oo M (P(upn)) (P (up), un — u)y~y = 0. Since u,, — u weakly in Y,
the sequence {||uy||y } is bounded. Hence since M (®(uy,)) is bounded from Lemma
(1), we have lim,,_, oo M(®(uy))(P'(v), up, — w)y~y = 0. Therefore,

Jim M (P (un) (2 (un) = ' (u), un — u)y=y =0.

Thereby, since M(®(uy,)) > 0 and (®'(uy,) — ®'(u),u, — w)y-y > 0, we obtain
that lim,,—oo M(®(uy,)) = 0 or lim, oo (P’ (up) — @' (u), up — w)y+y = 0. Indeed,
if we put a, = M(®(uy)) and b, = (®'(upn) — (), ur, — u)y+y, then it suffices
to derive that a,, > 0, b, > 0 and lim, . a,b, = 0 implies that lim, ,., a, = 0
or lim,_, b, = 0. For any subsequence {n'} of N, we have lim,/ oo ap/b, = 0.
If lim,, .o a,y does not exist or exists and is equal to a positive number, then
there exist g > 0 and a subsequence {a,~} of {a,/} such that a,» > g for any
an. Hence we have a,b,» > 9b,» > 0. Since lim,»_, o anrbyr = 0, we see that
limy, 7 _yo0 by = 0, so according to the convergent principal we have lim,,_,~ b, = 0.
If limy/ o0 @ = 0 for any subsequence {a,-}, then we clearly have lim,,_, . a, = 0.
When M(®(uy)) = 0 as n — oo, we have ®(u,) — 0 = ®(0). By Lemma 3.8
with M =1, u, — 0 strongly in Y (in this case we necessarily have u = 0). When
nler;Q(@'(un) — D' (u),up — Uy~ y = nan;Q(@'(un),un —u)y~y =0,
since @’ is of (S4)-type (cf. [9, Proposition 21 (ii)]), we have u,, — u strongly in Y.
(iii) Since ¥’ is strictly monotone from (i), ¥’ is injective. We show that ¥’ :
Y — Y™ is surjective. Let w € Y*. Define a functional on Y by

w(u) == ¥(u) — (w,u)y~y for u € Y.
From (A1) and Lemma [3.7 (i), for |lul|y > 1, we see that

o(w) = M(®(w) = (w,u)y-y > (]’j—i)lnun?‘ = lwllyfuly-

Since Ip~ > 1, ¢ is coercive. Since V¥ is sequentially weakly lower semi-continuous,
@ is so. If we put v = inf,ecy ¢(u)(< 00), then there exists a sequence {u,} CY
such that v = lim,,—» ¢(uy,). Since ¢ is coercive, the sequence {u,} is bounded.
Since Y is a reflexive Banach space, there exist a subsequence {u,} of {u,} and
ug € Y such that u, — ug weakly in Y, so p(ug) < liminf, o @(uy) = . This
implies that v > —oo and wg is a minimizer of ¢, so ¢'(ug) = 0, i.e., ¥'(ug) = w.
Therefore, ¥’ has an inverse operator (¥/)~% : Y* — Y. We show that (¥/)~!
is continuous. Let f,, — f in Y* as n — oo. Then there exist u,,u € Y such
that ¥/ (u,) = f, and ¥'(u) = f. Then {u,} is bounded in Y. Indeed, if {u,} is
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unbounded, then there exists a subsequence {u,} of {u,} such that ||u, |y — oo
as n’ — oco. Hence

<\Ill(un’)aun’>Y*,Y = <fn’7un'>Y*,Y < ||fn'|

for some constant C' > 0. This contradict the coerciveness of W’.
Since Y is a reflexive Banach space, there exist a subsequence (still denoted by
{un'}) and uy € Y such that u, — uy weakly in Y. Hence

yellunlly < Cllunlly

lim <\Il’(un/),un/ — ’U,0>y*’y = lim <\Ill(un/) — \II’(u), Up' — ’U,0>y*’y
n’/—oco n’ —o00

= lim (far = founw —ug)y=y =0.
n’'— oo

Since U’ is of (S )-type, we see that u, — wug strongly in Y. According to the
continuity of ¥/, ¥'(u,) = for — f = ¥ (ug) = ¥'(u), so we have ug = u from
the injectiveness of W'. By the convergent principle (cf. [34, Theorem 10.13 (i)]),
for full sequence {u,}, u, — u strongly in Y, that is, (U/)71(f,) — (¥/)71(f) as
n — oo. (]

For the functional K defined by (3.7)), we have the following proposition.

Proposition 3.11. Under hypotheses (A8), we have the following.
(i) K € CY{(Y,R) and
(/) o)yey = [ glou@)o(@)do, foruvey. (3.10)
s

(ii) K is sequentially weakly continuous in'Y .
(iii) K':Y — Y™ is weakly-strongly continuous, that is, if u, — u weakly in' Y
as n — oo, then K'(u,) — K'(u) strongly in Y* as n — oo.

Proof. (i) and (ii) follows from Aramaki [7, Proposition 4.2, Proposition 4.4]. So
we only verify (iii). Let w,, — u weakly in Y. Then
(K'(up) — K'(u),v)y~y = / (9(z,up(z)) — g(x,u(x)))v(x)do, forveY.
1)
From Proposition and (A8), the embedding W1P()(Q) LZE; (T'2) is compact.
Since Y < X — WHP()(Q), there exists a constant C' > 0 such that

lv < C|v|ly foralwvel.

HL;(F‘;(FQ)
By the Hoélder inequality (Proposition , for any v € Y, we have
(K (un) = K'(u), v)y~y|

=/ b(a) " g (2, un (@) — g(e, ul@))[b(x) " |o()|do

< 20b() 79 (un () = gCul ) oo 18O OO 2 () -
Since
6O 0O s = ol < Clelly
we have

1K (un) = K (w)ly+ < 2C)6()"Y"Olg(,un () = g u())]]

L"/(‘)(FQ) .
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We want to show that ||K'(u,) — K'(u)|y~ — 0 as n — oo. By Proposition
(iv), it suffices to show that

Pr(+),Ty (b(.)—l/T(')g(.,un(.)) — b()—l/r()g(’u())) —0 asn — oo. (3_11)
We can see that
prryrs (BT g un()) = () Og (- u() )
= [ b0 (o) = gl @) o

Since u,, — u weakly in Y and the embedding map ¥ — LZ((_g(Fg) is compact,

we can see that w, — w strongly in Lb((;( 2). From [0 Theorem A.1], there
exist a subsequence {u,/} of {u,} and f € L"()(T;) such that b(x)"/" @y, (z) —
b(x)Y/ " y(z) o-a.e. x € Ty and |b(z)/" @, (z)| < f(x) for o-a.e. € T'y. Since
b(x) > 0 g-a.e. © € Dg, up/ () = u(x) o-a.e. x € Iy, so we see that g(x, u, (x)) —
g(z,u(x)) o-a.e. v € T'a. From (A8), we have

b(x) ™" @@ g, () — gl u(z))|” @
< b(a) " O () g (2)] 7 4 b(a) |u(z)7) 7))
< b(a)” )= ’"W“% (@) + fu)|" )

< b(@) (fun ()@ + Ju(z)]"@)

< 2f(2)"@.

The last term is an integrable function in §2 independent of n’. Thus by the Lebesgue
dominated convergence theorem, we have

oo, (BT g () = ()T Og( () >0 as ! oo,

From the convergent principle [34, Proposition 10.13], we see that (3.11]) holds, so
1K (uy) — K'(u)||y~ — 0 as n — oo. O

Remark 3.12. From (3.9), (3.10)) and Definition we can see that (u, \) € Y xR
is a weak solution of (|1.1] 1f and only if

U (u) = MK (u). (3.12)

In particular, we have (U'(u), uyy~y = MK'(u),u)y-y. If (u, A) is an eigenpair of
(1.1)), then from (A5), (A1) and (AB)it follows that

(W' (u), u)y=y

— M(D(w) /Q a(z, V() - Vu(z) de

> mo /Q A(at,Vu(m))dx)Fl /Q a(e, Va(z)) - V() de

> o /Q ﬁa(m,Vu(x))-Vu(m) dx)H /Q a(z, Vu(z)) - Vu(z) de
mo

> 7_1(/921(96, Vu(z)) - Vu(z) dm)l

(pT)!
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mo k‘é

> W( /Q hy(2)| Vu(z)[P@) da:)l

moké
~ (ph)t

and from (3.12)) and (3.4),

(K (u), )y y = / oo, u(@))u(z)dos > 0,

+ Y
(Nl A flull§ )" >0

so we have ,
<\I’ (U),’U,>Y*7Y

(K'(u), u)y=y
This means that any eigenvalue of problem (L.1)) is positive.

A= > 0. (3.13)

To solve the eigenvalue problem (3.12)), we apply the constrained variational
method. We take ¥ as an objective functional and K as a constraint functional.
For any fixed « > 0, put

M, ={ueY;K(u)=a}. (3.14)
If u € M, then from (AS),
(K (w) )y = [ (o u@)u(e)don

I

T z,u(x))do (3.15)
> [ G ute)io.

=r Ku)=r" a>0,

so K'(u) # 0. Hence M, is a C'-submanifold of Y with codimension one. Moreover,
M, is weakly closed subset of Y. Indeed, let u; € M, and u; — u weakly in Y
as j — oo. Since K is sequentially weakly continuous from Proposition (ii),
a = K(u;) = K(u), so u € M,.
It is well known that when u € M,, a pair (u,A) € ¥ x R solves if and
only if w is a critical point of ¥ with respect to M, that is,
(U'(u),hyy~y =0 forall h € T,M,,

(see for example [34, Proposition 43.21]). Here T,, M, is the tangent space of M,
at u € M, and we can see that
TuM, =Ker(K'(u)) = {v € Y;(K'(u),v)y«y = 0}.

Let P : Y — T,M, be the natural projection. Note that the bounded linear
map K'(u) : Y — R is surjective. We denote the restriction of ¥ to M, by
v = \I/|M and the derivative d¥(u) € Y* of ¥ at u € M, can be defined by
(d¥(u), v)y-y = (V' (u), Pv)y-y forveY.

For u € M,, put w = (¥')"}(K’(u)). Then since we have (3.15)), we see that
K'(u) # 0. From (A7), the functional W is even, so ¥’ is odd and so ¥/(0) = 0. Since

(U/)~! is injective, we have w # 0. From strict monotonicity of ¥’ (Proposition
3.11] (1)),

(K (u),w)y-y = (K'(w), (¥) 7 (K (0)y-y = (¥'(w),w)y-y > 0. (3.16)
Hence since w = (¥') "} (K'(u)) € Ty M,, we can see that
Y =T, M, @ {B(¥) " (K'(u)); B € R}.
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For every v € Y, there exists a unique 3 € R such that v = Pv + (V') 1 (K'(u)).
Since Pv € T,,M,, = Ker(K’(u)), we have

(K" (u), )y~ y = B{K' (u), (W) (K (u))y=y-
Thus from , we can write

= (K'(u), v)y~y

(K (u), (U) 1 (K (u))y=y

Now we have

(AP (u), v)y-y
= <\Il’(u), P’U>y*7y

= (V' (u),v)y-y — <‘I’/(

<K/(u)7U>Y*’Y n—1 ’
) (W’)‘l(K’(u)»Y*,Y () E W)y

K’( );v

£

forall v eY.

Uy y

Thus we have

where
(W (u), () 1K' (w))y=y
(K" (), (9) 1K (w))y=y

Proposition 3.13. For each o > 0, the functional U M, — R satisfies (PS),-
condition for any ¢ € R, that is, if any sequence {u,} C My such that ¥(u,) — ¢
and ||d¥ (uy )|y~ = 0 as n — oo, then {u,} contains a convergent subsequence.

Mu) =

Proof. Let {u,} C M, satisfy that ¥(u,) — ¢ and d¥(u,) — 0 in Y* as n — oo.
Then since from (3.6) and (A5),

U(u,) = M(®(uy))
> ?(;ii /Q o (2) |Vt ()P d:c)l

mo ]{30 pt p- !
> T (Sl A Junl)
{un} is bounded in Y. Since Y is a reflexive Banach space from Proposition
there exist a subsequence {u,} of {u,} and ug € Y such that u,, — uo weakly in Y.
By Proposition (ii) and (iil), K'(un) = K'(up) in Y* and K (un) = K(ug)
as n — oo. Thereby, ug € My. Put w, = () (K (un)). Since K’'(un) —
K'(ug) # 0 in Y* from (3.15)), we see that w, — wg # 0 in Y, where wy =
(U)"Y(K'(up)). Thus
(K" (un), (O)7HE (un))y,y
= <\I//(wn/),wn/>y*7y — <\I//(w0),w0>y*’y > 0.
On the other hand,

(P (), (1) (K (e )y v | = (8 (), wnr )y v | <N () [y flwne [y

(3.17)
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Since u, — ug weakly in Y, we see that {u, } is bounded in Y, so by Proposition
(1), || (upn )|y~ is bounded. Hence, there exists a constant ¢o > 0 such that

‘<\Ij/(un’)’ (\Il/)il(K,(un’))>Y*,Y| S C2. (318)

From (3.17) and (3.18)), {A(un/)} is bounded in R. Passing to a subsequence, we
may assume that A\(u,) — Ag for some A\g € R. Since d¥(u,/) — 0 in Y*, we see

that @' (un ) — AM(un ) K/ (uyn) — 0 as ' — oo. Hence, since K'(u,) — K'(up) in
Y*,

U (Upr) = (U () — M ) K () + Mup ) K () = MoK (ug)
in Y* as n’ — oo. Therefore, we see that u, — (¥')"1(A\gK'(ug)) strongly in Y as
n' — 0. O

Here we recall the notion of “genus” which wass introduced in Rabinowitz [30,
Chapter 7] or [34, Section 44.3]. Let E be a real Banach space and let £ denote
the family of subsets A C E \ {0} such that A is closed in E and symmetric with
respect to 0, that is, z € A implies —x € A. For § # A € &, define the genus of A
to be n > 1 (denoted by v(A) = n) if there is a map ¢ € C(A,R™\ {0}) with ¢
odd and n is the smallest integer with this property. When there does not exist a
finite such n, set y(A) = co. Finally set v(f)) = 0. The main properties of genus
will be listed in the next proposition.

Proposition 3.14. Let A,B € £. Then the following properties hold.
(i) If there exits an odd map f € C(A, B), then v(A) < v(B).

(ii) If A C B, then v(A) < ~(B).

(iii) (AU B) <~(A) +7(B).

(iv) If A is compact, then v(A) < oo and there exists § > 0 such that if we put
Ns(A) = {z € E; |z — Al| := inf{||lz — yl;y € A} <6}, then N5(A) € €
and y(Ns(A)) = y(A).

(v) If Q is a bounded neighborhood of 0 in R™, and there exists a mapping
h: A — 0Q with h an odd homeomorphism, then v(A) = n.

For a proof of the above proposition, see [30, Lemma 7.5 and Proposition 7.7] or
[32, Proposition 2.3]. We note that it can be easily seen that when A € £, A # () if
and only if v(A) > 1.

We apply the notion with F =Y. Let ¥, = {H C M, : H is compact and
symmetric}, v(H) be the genus of H € X, and define

— inf U =1,2....). 3.19
) = g lnf, Sup ) (n=12) (3.19)

The following proposition is due to [32, Corollary 4.3].

Proposition 3.15 (Ljusternik-Schnirelmann principle). Assume that M is a closed
symmetric C-submanifold of a real Banach space B and 0 ¢ M. Let f € C*(M,R)
be an even functional and bounded from below. Define
;= inf s =1,2,...
¢ = jof sw f (w) forj=1.2,...,
where
I'y={H C M : H is compact, symmetric and v(H) > j}.
If Ty # 0 for some k > 1 and f satisfies (PS),-condition for ¢ := ¢y, = Cmy1 =
- =c with 1 < m < k, then f has at least k — m + 1 distinct pairs of critical
points.
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Since Y is a separable reflexive Banach space, it is well known that there exist
{en}re, C Y and {f,}02, C Y™ such that (f,,em)y+y = dnm, Where 0y, is the
Kronecker delta and

Y =span{ej,eq,...} and Y™ =span{fi, fo,...}.
We define the spaces

Yy =span{e;},  Zn = @)Y, Wa=@,Y.

If we apply Proposition with B=Y, M = M, and f = ‘I/, then we obtain
the following lemma. We note that ¥ is bounded from below on M, and satisfies
(PS).-condition with respect ot M, for any ¢ € R by Proposition

Lemma 3.16. For any m € N, we have Ty, # (. Thus we see that all C(m,a)
defined by (3.19) are critical values oflfl with respect to M, and

=00 < C(m,a) < Clmsl,a) <00 for every m € N.
Proof. For each fixed m € N, we claim that
e(m) :=inf{K(u) : u € Zp,, |Jully =1} > 0. (3.20)

Indeed, assume that ¢(m) = 0. Then there exists a sequence {u;} C Z,, such that
[lujlly =1 and

0< K(u;) < % (3.21)

Since the sequence {u;} is bounded in Y, there exist a subsequence {u; } of {u;}
and up € Y such that uj; — ug weakly in ¥ as j° — oo. Since (fx, uj)y+y = 0 for
any k > m, we have (fx,uo)y+y = 0 for all k& > m, so we see that uy € Z,,. Since
dim Z,,, = m < 00, ujy — ug strongly in Z,,, so in Y. Thereby |Jug|ly = 1, so we
can see that K(ug) > 0. On the other hand, letting j' — oo in , we see that
K (up) = 0. This is a contradiction.

For 0 # u € Z,,, since ||u/||ully ||y =1, it follows from and that

u 1 1
(Hully) ry a3 [l A [lull3

Thus we have K (u) > c(m)||u||§,+ A lully for all w € Z,,. Therefore, Z,,, N M, is
a bounded and closed subset of Z,,, so is compact by dim Z,,, < co. Since K is an
even functional, Z,, N M, is clearly symmetric. Let G = {u = uje; + -+ umen, €
Zm; K(u) < a}. Then G can be identified with an open neighborhood of 0 in R™
by a trivial odd homeomorphism. Since the identity map: Z,, N M, — 9G is an
odd homeomorphism, using Proposition (v), we have v(Z,, N M,) = m, so
Iy, # 0. Since T'yyy1 C Ty, we can see that —oo < Clmya) < Clmtl,a) < 00 O

Lemma 3.17. Assume that a functional x : Y — R is sequentially weakly contin-
uous and satisfies x(0) = 0. Then for any fized r > 0,
lim sup Ix(u)| = 0. (3.22)
N0 UeW,, |lully <r
Proof. Put dy, = sup,cw, jully <r |X(w)|- Then there exists u; € W, with [[u;|[y <7
such that lim;_,  [x(u;)] = dy. Since Y is a reflexive Banach space, there exist a
subsequence {uj} of {u;} and «(™ € Y such that u; — u(™ weakly in V. Hence
||u(")||y < liminfj o [Juy|ly < r. Since W, is a closed subspace of Y, we see
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that W, is weakly closed, so u(™ € W,,. Since x is sequentially weakly continuous,
Ix(u;)| = |x(u'™)| as 5 — oo. Thereby |x(u(™)| = d,. Since d,41 < d,, for all
n €N, lim, o d,, = dy > 0 exists. Since {u(™} satisfies ||u™ |y < r, there exists
a subsequence {u(")} of {u(™} and ug € Y such that u(™) — uy weakly in Y, so
|uolly < 7. Since again y is sequentially weakly continuous, |x(u(™))| = d,y —
Ix(ug)| = dop. Since Y is reflexive, we can look upon ug € Y** =Y. Therefore, for
any f; € Y, since u(™) € W/, we have

(uo, fi)y==y==(fj,u0)y=y = n}igloo<fjau("l)>w,y =0.
Thus we have ug = 0. Since x(0) = 0, we have dy = 0, that is, (3.22]) holds. O

Proposition 3.18. We have lim,_,o infyew, nar, ||u]ly = oc.

Proof. Suppose that the conclusion is false. Then there exist ¢; > 0 and u, C
W, N M, such that ||u,|ly < ¢ for large n € N. Then

sup  |K(u)] = [K(un)| = a.
uEW,.,Jully <ex

Therefore,
lim sup |K(u)| > lim |K(u,)| =a>0.
N0 U eW,, |lully <1 n— o0
If we apply Lemma [3.17] with x = K, this is a contradiction. ([

Proposition 3.19. We have
lim ¢, q) = 0. (3.23)

n—oo
Proof. By Proposition for any ¢ > 1, there exists ng € N such that for
any n > ng and u € W, N M,, we have |u|ly > ¢. For any H € X, we have
Yy(HN Z,-1) < n—1. On the other hand, we have codimW,, = n — 1. Hence
for any H € ¥, with v(H) > n, HN W, is non-empty. Indeed, since H =
(HNZ,—1) U (HNW,), it follows from Proposition (iil) that

n<y(H) <y(HN Zna) +y(HNOWn) <n—1+45(HNOW,),
so y(HNW,) > 1. Hence HNW,, # 0. For n > ng, using (3.19), we have

= inf sup U
“(n.) Hezﬂ(mznigg (u)

inf max{ sup U(u), sup \I/(u)}

HES 0 y(H)>n wEHN(Y\Zp_1) u€HNZpn

> inf sup  U(u)
HeXa,y(H)Zn ye HN(Y\Zn_1)

- inf max{ sup U(u), sup ‘T’(“)}
HeSa v (H)>n wEHN((Y\Zn—1)\Wy) uEHNWn

> inf sup W (u)

T HeSa(H)2nywe HOW,
. mo (ko -\ Mo ko -\
Z lnf sup T(THUHY ) Z T(Tcp ) .
HeXay(H)Zn uc HOW,, p p

Since ¢ > 1 is arbitrary, we thus get (3.23)). O
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Theorem 3.20. Assume that (A2)~(A8) hold and fix oo > 0. Then for everyn € N,

C(n,a) defined by (3.19) is a critical value of W with respect to the submanifold M,
such that

0 <cmya) < Cntl,a) <00 and  Cpa) —> 00 SN — 0O0.
Moreover, (L.1)) has infinitely many eigenpair sequence {(u(n,a), A(n,a))} such that
K(fu(n,a)) = o, Y (E£U(n,a)) = Cn,a) and 0 < A(pq) — 00 asn — 0.

Proof. Taking Proposition [3.15 (3.12)), (3.13]), Lemma [3.16] and Proposition
into consideration, it suffices to show that A(, o) — 00 as n — oo. It follows from
(A8) that

(K" (U(n,0))s t(n,o)) vy <TTK(uma) =1"a
Hence

A _ <\Il/(u(n,a))7u(n,a)>Y*,Y N <\Ij/(u(n,a))au(n,a)>Y*,Y
() (K" (U(n,0))s U(n,a)) Y=Y rta
Assume that A, oy < M for alln € N. Then by (3.24), (V' (U(n,a)), U(n,a)) vy <
MrTa =: c3. On the other hand, from (A5), we have

(3.24)

<\Ij/(u("va))’ U(n7a)>Y*’y = M((b(u(n,a)))<q)l(u(n,a))7 u(n,a)>Y*,Y

-1
> mo ((D(u(n,oz))) ‘/Qa(xa Vu(n,oz) (1’)) ' Vu(n,a)(x) dx

1 -1
mo (pj /Q a(:c, Vu(n,oe) (x)) ' Vu(n,a)(x) diL’)

Y

X / a(z, Vi, a)(2)) - Ve (z) de
Q

= #(/ﬂa(x, Vun,a) () Vg o) () dx)l
> #ké( /Q 11 (@) Vg (@) )

mo 1/~ l
= ) R0 (PO, m () (Une))

Therefore, we have poy(.y,n, () (U(n,a)) < c3 for some constant c3. In particular,
l%(n,a)lly < €4 for all n € N with some constant c4. Then from Lemma (1),

P (u(n,a)) < c(2llholl Lo o) () 1tm,ally + Do) hi () (Un,a))) < c5

for some constant c; > 0. Since M is bounded for every bounded subset from
(A1), we see that c(n,q) = Y(U(n,a)) = M(P(t(y,q))) is bounded from above. This
contradicts Proposition [3.19} O

Remark 3.21. We do not know whether problem (1.1) only has eigenvalue se-
quences of the form {A(;, )}

Remark 3.22. We assume the following more restrictive conditions instead of (A1)
and (A5):
(A1’) M :[0,00) — [0, 00) is continuous and monotone non-decreasing, and there
exist 0 < mg < mq < oo and [ > 1 such that

mos! ™! < M(s) < mys'™! for s > 0.
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(A5) kohy(x)|€[P™) < a(x,€) - & = p(x)A(z, €) for ae. z € Q and all £ € RV,
We note that (i) in Example [3.2] satisfies (A5), but (ii) does not satisfy this condi-
tion.

Under assumptions (Al)-(A4), (A6)—(A8), (A1’), and (A5’), we have
— =2
pr-mg

)‘(nJrl,a) > %)\(n,a)- (325)

ptrtm
In particular, if p(z) = p (a constant), r(x) = r ( a constant) and my = my, then
we have A(ni1.0) 2 An,a)-
Proof. Let u, be the eigenfuntion associated with the eigenvalue \(, o) for n =
1,2,.... From assumption(A5’), (A8) and Theorem we have
Aomsta) = (W tunt1), un1)y=y  M(P(uni1)) (P (Uni1), tnir)yey
(K (tn41), Unt1)y=y Jr, K (Ung1), tni1)y =y
M(®(unt1)) Jq al@, Vunii (7)) - Ving (z) da
fr2 9(@, tn41(2))un+1(x)doy
mo® (1)1 fo &) A2, Vit (2)) da
Jr, 7(@)G (2, un i1 (x))doy
mop~

l
7"+C¥ (D(un"rl)

mop~ | —
—M(®(u,
a my (®(un+1))

Y

v

>

_ mop~ | molp™

= ——C(ntl,a) =
rtam, (n+1,0)

c .
rtam, (n,)

The last inequality follows from Theorem [3.20
On the other hand, from (A1), (A5’) and (A8), we have

c =« \Ij(u")
(n,a) = K(un)
M (®(uy))

Y

D(un)) [q ﬁa(m, Vg, () - Vu,(x) de
T%<K/(un)aun>Y*,Y

ame L L N(®(u,) ) (D (un), un )y y

Y

> T mi p
sl 1 7
TT<K (U7L)7U7L>Y*,Y
_ amgr (U (up),un)y*y
Imipt (K'(up), un)y=y
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Thus we obtain the estimate ([3.25). O

4. THE INFIMUM OF ALL THE EIGENVALUES

In this section, we consider the infimum of all the eigenvalues of the problem
. We show that there exist two cases where the infimum is equal to zero, and
positive according to the hypoetheses on the variable exponent.

Put A = {Xis an eigenvalue of problem (L.I)} and A, = inf A. For a subset
AcCQand§ >0, put

B(A,08) = {x € RN;dist(x, A) < 6}, Bq(A,d) = B(4,6)NQ,
Br,(A,d8) = B(A,§)NTy.
Here, for zg € Q, if A = {z0}, then we simply write B({zo},d), Ba({zo},9)
and Br,({zo},d) by B(zo,0), Ba(zo,d) and Br,(z,0), respectively. Assume that
(A1)-(A8), hold.

Lemma 4.1. For §,a > 0, if we define
Bs(u) = / hy ()| Vu(z)|P®) do foru €Y,
Bq(T2,0)

then we have
Bs,a) = ug}\ga Bs(u) > 0.

Proof. First we consider Y (Bq(T2,6)). We extend the function b(x) on Ty in (AS8)
to a function b(z) on T3, where [y := Ty U (0Bq(T3,6) \ T) by a positive constant
outside dBq(T2,6) \ I', and define G and K as in and , respectively.
Since § > 0, we have fvl = 0Bq(T2,0) NTy # 0, so Y(Bq(T',d)) is the same
properties as Y, if we replace I'y in Y with [;. Thus Y < Y (Bq(T2,d)) and Bs is
a modular on Y (Bq(T'2,9)).

Assume that B(;4) = 0. Then there exist {u,} C M, such that Bs(u,) —
0 as n — oo. Hence |lunlly(p,m,5) — 0 as n — oo, where |[ully 5,75 =
inf {7 > 0; 85 (¥) < 1}.

On the other hand, we have

K(uy) = / Gz, un(z))doy > | G(z,un(z))doy = K(up) = o > 0.
9Bq(T2,6)) Ty

Since K is continuous on Y (Bq (T, 4)), we can see that K (u,) — K (0) = 0. This
is a contradiction. ]

Lemma 4.2. For a >0, let ug be an eigenfunction associated with A1 o). Then

U(up) = c1,0) = inf{¥(u);u € My}.

Proof. Put by, = inf{W(u);u € My}. Since c(1,) = infyes, (a)>15UPueH \fl(u),
if ue Hand H € X, C M, with v(H) > 1, then W(u) = ¥(u) > by. Thus
C(1,a) > ba~

By the definition of b,, there exists a sequence {u,} C M, such that b, =
limy o0 U(uy). For large n, bo + 1 > U(u,) = M(®(u,)) > %(;—Qﬂunng A

|wn]% ). Thus {u,} is bounded in Y. So there exist a subsequence {u,} of {u,}
and u, € Y such that u,, — u, weakly in Y. Then ¥(u,) < liminf,/ oo U(u,) =
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bo. Since M, is a weakly closed subset of Y, u, € My, so U(u,) > by. Thus we
have ¥(u.) = by. By (A7), U(fu,) = b,. Let Hy = {Fu.}, then clearly v(Hp) = 1.
Therefore, c(1,4) < sup,ecpg, ¥(u) = bs. Thus we have c(; o) = bq. O

From now on, we suppose that the following more restrictive assumption than
(A8) on the given function ¢ hold.
(A8’) (A8) holds with r(z) = Ip(z), where [ is a constant in (A1), that is, g(x,t) =
b(x)|t|"P®) =2t with a function b(x) satisfying the condition in (A8) with
r(z) = Ip(z).
Theorem 4.3. Assume that (A1)—(A7), (A8’) hold, moreover, suppose that there

exists 6 > 0 such that p(z) = p (a constant) for all x € Bq(T'2,0). Then we have
A > 0.

Proof. Let u be the eigenfunction of problem (|1.1)), associated with A\. Then K (u) >
0. In fact, let K(u) = 0. Since (U'(u),u)y~y = MK’ (u),u)y~y, it follows from
(A8) that

M(®(u)) /Q a(z, Vu(z)) - Vu(z) dx
= )\/Fz g(z,u(z))u(x)do,

= )\lp/ G(z,u(x))doy
T2
= MpK(u) =0.
Hence from (A5) and M (®(u)) > 0, we have

0= /Qa(sc, Vu(z)) - Vu(z)dx > ko /Q hy(x)| Vu(z)|P®) d.

Thus we have Vu(z) = 0 a.e. € Q. From Proposition we have u = 0 a.e. in
Q. This is a contradiction.

We show that there exists tg > 0 such that u; := %u € M. Indeed, since
g(z,t)t = IpG(x,t) for o-a.e. x € T'y and all ¢ € R, it follows from that
K(%) = t7'PK(u) for t > 0. Here we can see that K(%) — 0 as ¢t — oo and

K(%) — oo ast — 40. Since K(%) is continuous with respect to ¢ € (0,00),

it follows from the intermediate value theorem that there exists ¢y > 0 such that
K(#)=1,s0uy = £ € M.

to

Now since K (uq) = 1, it follows from (A1), (A5), (A8’), and Lemmathat
(K'(u), w)y~y
_ M(®(u)) [, alz, Vu(z)) - Vu(z) dx
fr2 9(z,u(r))u(x)do,
mo( [y, siale, Vu(@) - Vu(z)dz) ™ [, a(z, Vu(z)) - Vu() de
Jr, (@, u(z))u(z)do,

Mo ( stz(i,é) a(x, VU(.’E)) : V’u’(m) dx)l

~(ph)t Ip [, Gz, u(x))do,

)\:

Vv
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l
mok(l) (fBQ(E75) hl(x)|Vu(x)|Pd$)
~ Ip(pt)i-t fF2 G(z,u(r))do,
l
_ mokb (fBQ(E,é) hy(2)|to Vuy (z)[Pdz)
lp(p+)l_1 ff‘z G(xat()ul(x))dam
l
mok £ S50 11 (@) VUi (2)Pdz)
lp(pt)i—t 1 Jr, Gz, u1(2))do,
mok(l)
~p(pt)!

m l
Thus we have A\, =inf A > %555,1) > 0. O

Blsay > 0.

Next we will treat the case A, = 0. From the absolute continuity of integral, we
obtain the following lemma which is needed later.

Lemma 4.4. Let uw € Y be given. Then for any € > 0, there exists og > 0 such
that for any 0 < § < dg,

Bu(0) 1:/ Az, Vu(z))dz <e.
Ba(T3,5)

Theorem 4.5. Assume that (A2)—(AT), (A1), (A8’) hold. Moreover, suppose that
there exist § > 0 and x¢ € I'y such that the following hold:

(i) p(z) =p (a constant) for all x € Br,(zo,9).
(i) p(x) < p for all x € Bq(xo,9).
(iii) hy € LY(Bq(wo,d)), where hy is the function of (A3)—(Ab).
Then we have limy 00 A(1,0) = 0, 50 A = 0.
Proof. Replacing § > 0 with smaller one, if necessary, we may assume that B(zo, d)N
I' € T'y. Choose 0 < u € C*°(0Q) such that u(x) = 1 for x € Bq(xo,d/4) and

u(z) =0 for z € Q\ Ba(zg, d/2). We note that from (iii) it follows that v € Y. By
Lemma [1.4] for any ¢ > 0, there exists &y € (0,5/4) such that for each &, € (0,dp),

( fBg(F?,él) A(z, Vu(z)) d:z:)l
K(u)

Since p € C(Q), it follows from (ii) that for any = € Bq(z0,/2) \ B(I',d0), we
have

2+
mip ol—1

<e/(2¢), where c= Imop-

p(x) —p < p"(Ba(0,0/2) \ B(I'2,00)) —p := —&9 < 0.
We note that p(z) = p on suppu N Ty. If we define h(t) = K (tu) = P K (u), then
h is differentiable in (0,00) and h/(t) = Ipt'"? " K (u) > 0, so h is strictly monotone
increasing and clearly h(t) — 0 as t — +0 and h(t) — oo as t — oco. Hence for
any a > 0, there exists unique ¢(«) > 0 such that t(a)u € M,. Clearly t(a) = 0
as @« = +0 and #(a) = 00 as @ — o0o. So there exists «g > 1 such that for

any a € (ag,00), max{l, (25’16%)1/(150)} < t(a). Let ug be the eigenfunction

associated with (1 o). Then from (A1’) we have
M(®(ug)) [ alz, Vug(x)) - Vug(z) de
Jr, 9(z,uo(x))uo () do

Aa) =
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m1®(ug)' ! [, p(x) Az, Vug(z)) d
- = Jp, Ga,uo(w))dos
mypt®(up)!

IN

Ip~a
< mipT W (ug)
- mepa
By Lemma since V(ug) = c(1,o) = inf{¥(u);u € My}, we have ¥(ug) <
U (¢t(a)u). Hence

mipTU(t(a)u)  mipT V(t(a)u)

A < = .
(o) = mop~— mop~ K (t(a)u)
Thus using (3.1]), we have
mipT V(t(a)u)
A1) < -
mop~ K (t(a)u)
-+ 1

< mp Z( [, A(m,t(a)Vu(ac))daz)l
“mopm [, Gz, t(@)u(x))do,

. (0029 B (st Al (@) V() d)’
- Jbe, (w0.6/2) G(@ Ha)ul(x))do
(JBa(eo.6/2)nBa (.00 Al@, H@)V (x))dif)l
JBe, (00,672 G Ha)u(w))do

l
(IBQ($075/2)\BQ(F2,51) t(a)p(w)A(fL‘, Vu(x)) dCL‘)
G(z,u(z))do,

+c

a)lp fBrz(iUo,é/Q)

. l
(fBQ(xO,a/z)nBQ(m,al) t(a)P @ Az, Vu()) dm)
G(z,u(x))do,

+c
a)lp fBr2(90075/2)

N !
C(fsg(xu,a/z)\BQ(rz,él) t()P P Az, Vu(z)) dr)
G(z,u(z))doy

prz(xo,é/Q)
) l
(fBQ(xU,a/z)mBQ(rz,al) t(a)P@) =P A, Vu(w))d:v)

+c
fBF2(“‘075/2) G(z, u(z))do,
l S Az, Vu(z)) da;)l
S Ct(a) leg (D(u) +e ( BQ(F2$51)
K(u) K
< < + € _
2 ) = E&.

Therefore, 0 < A(1,4) < € for all & > ag. Since ¢ > 0 is arbitrary, we have
limaﬁoo )\(La) =0. (Il

Remark 4.6. (1) If p(z) = p (a constant) in €2, then it is well known that A, =
A(1,a) = A1 and so A, is a principal eigenvalue.
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(2) For a variable exponent p(z), under some assumptions, A, = 0. This means

that under some assumptions, there does not exist a principal eigenvalue and the

set

(1]
(2]
(3]

(4]

(5]

6

(7]

(8]

9
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

(22]
23]

of eigenvalues is not closed.
(3) For a variable exponent p(x), under some assumptions, we have A, > 0.
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