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QUANTITATIVE ESTIMATES OF L?» MAXIMAL REGULARITY
FOR NONAUTONOMOUS OPERATORS AND GLOBAL
EXISTENCE FOR QUASILINEAR EQUATIONS

THEO BELIN, PAULINE LAFITTE

ABSTRACT. In this work, we obtain quantitative estimates of the continuity
constant for the LP maximal regularity of relatively continuous nonautonomous
operators A : I — L(D,X), where D — X densely and compactly. They
allow in particular to establish a new general growth condition for the global
existence of strong solutions of Cauchy problems for nonlocal quasilinear equa-
tions for a certain class of nonlinearities u — A(u). The estimates obtained
rely on the precise asymptotic analysis of the continuity constant with respect
to perturbations of the operator of the form A(-) + AId as A — too. A
complementary work in preparation supplements this abstract inquiry with an
application of these results to nonlocal parabolic equations in noncylindrical
domains depending on the time variable.
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1. INTRODUCTION

The LP maximal regularity theory deals with the well-posedness in the strong
sense of the abstract nonautonomous Cauchy problem

Lot) + AWl = F(1), teT=(ab),

dt (1.1)
u(a) = 0.

The problem is set on a time interval I = (a,b) C R bounded from below, the
source term f lies in LP(I; X) and A : I — L(D(A); X) is a nonautonomous linear
operator with a uniform-in-time domain D(A) C X.

For a generic source term f € LP([; X), a strong solution of , i.e. a solution
u such that t — [%u](t),A(t)u(t) are elements of LP(I;X), lies in the Banach
space MRP(I) := WYP(I; X) N LP(I; D(A)) called the mazimal regularity space.
Given the regularity of the source term f € LP(I; X), this is the best regularity one
can possibly obtain for u, giving a precise semantic meaning to the terminology
of LP mazimal regularity. More precisely if there exists K > 0 such that for any
f € LP(I; X) there exists a unique solution u € MRP(I) to and

lullvre () < K[ fllze(r,x) (1.2)

then we say that A is mazimally reqular in LP.

It is of interest to study the following questions which have numerous applica-
tions, e.g. to the study of the well-posedness and regularity of solutions of Cauchy
problems for general parabolic equations:

(Q1) Under which conditions on A is well-posed with respect to the source
term f € LP(I; X)?

(Q2) Can we identify quantities related to the operator A which give fine esti-
mates and precise asymptotic behaviors of the constant K in ?

(Q3) In which topologies on the set of nonautonomous operators is the set of

maximally regular operators closed? In these topologies, does the continuity
of strong solutions in MR?(I) hold?

(Q4) Can answering and allow to infer well-posedness criteria of the

Cauchy problem for nonlocal quasilinear equations of the form

d
&u(t) + A(u, t)u =F(u,t), u(0)==x7?

Logically, answers to questions |(Q2)} |[(Q3)[ and |(Q4)| must rely on the already
existing answers to question |(Q1)} and we hereby give a short summary of the
standard results found for LP maximal regularity regarding for autonomous
and nonautonomous operators.
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These results were applied to the study of boundary value parabolic problems,
e.g. for Dirichlet and Neumann conditions (see [24] and references therein) and
more recently for Robin conditions (see [10]).

For autonomous operators A(t) = A, has received a lot of attention. Since
de Simon [I4] it is known that if X is a Hilbert space, the maximal regularity on
the unbounded interval (0, +00) is equivalent to the sectoriality of the operator —A
which is also equivalent to the analyticity of the semi-group generated by —A on a
sector of the complex plane. In the setting where X is merely a Banach space, the
sectoriality of —A is necessary (see e.g. [24]) but not sufficient in general. Besides,
it is known that, in this autonomous case, the LP maximal regularity is independent
of p € (1,+00) [24, Proposition 2.4].

More recently, in [21], it has been proved that the R-boundedness of the resolvent
operator of A yields maximal regularity in Banach spaces X of the UMD class,
that is, the Banach spaces for which the Hilbert transform is a bounded operator
in LY(R; X), for some 1 < ¢ < +o0.

For a thorough introduction on maximal regularity for autonomous operators we
refer the reader to the lecture notes of Kunstmann and Weis [21].

The study of the autonomous case relies on a Fourier transform in the time
variable and the study of the regularizing properties of the subsequent kernel. Such
a technique logically leads to difficulties in the nonautonomous case. Sufficient
conditions known in the literature for maximal regularity usually require a certain
degree of regularity in time of A(-) as well as the maximal regularity of each A(¢),
t € I. Therefore in general nonautonomous operators ¢ — A(t) satisying such
sufficient conditions will have L™ maximal regularity for any m € (1,4+00). Note
however that in general, it is not straightforward that a nonautonomous operator
with LP maximal regularity for some p € (1,400) is also L™ maximally regular for
a different m € (1, +00).

The first notable results were obtained by Acquistapace and Terreni [I] who
have uncovered a Hoélder-type condition in time of the operator, which may have a
time-dependent domain D(A(¢)). In the case of a constant domain D(A), which is
our interest here, Priiss and Schnaubelt [26] showed that the strong continuity in
time along with the maximal regularity of each A(t) is sufficient to guarantee the
maximal regularity of the nonautonomous operator. These inquiries were further
refined and developed by Amann [3], Yagi [28, Chapter 3], Gallarati and Veraar [16].
In this direction, Arendt and coauthors [§] gave a weaker sufficient time-regularity
condition called relative continuity.

Overall, on the subject of autonomous and nonautonomous maximal regularity,
we refer to Monniaux’s work, and especially her review [24], or more recently by
Pyatkov [27].

We rely on relative continuity assumptions to provide new answers to questions
[(Q2)} [(Q3)] and [(Q4)] We introduce the space RC(I; (D, X)) of relatively contin-
uous operators and isolate meaningful quantities through which one can estimate
the constant K.

The LP maximal regularity has shown its wide uses in various settings for the
study of strong solutions of very wide classes of parabolic-type equations. Again
we refer the reader to the monograph [24] and references therein. The framework
of maximal regularity is a crucial tool to study the strong solutions of nonlinear
equations. Let us mention the recent work of Danchin and coauthors [13] who
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explore the critical setting p = 1. It turns out that this L' setting is natural to
study the equivalence of Lagrangian and Eulerian formulations globally in time.
Their inquiries lead to well-posedness results in free boundary problems of fluid
mechanics.

Answers to |(Q4)| can rely on answers to [(Q2)l To fix some ideas, we focus our

interest on a class of nonlocal quasilinear equations of the form

d
au(t) + A(u, t)u(t) = F(u,t), tel, (1.3)

u(a) =z

on a bounded time interval I = (a,b) C R, b < +00. The nonlinearities u — A(u)
and u — F(u) are assumed to be defined on X' (1), a functional space on I for which
the following chain of embeddings hold:

MRP(I) —. X(I) — LP(I; X),

where the first embedding is compact. As such these nonlinear operators may in-
clude nonlocal effects in time. They are sometimes assumed to satisfy a certain
causality principle translated by the Volterra property (see Amann [2]): the re-
striction of A(u) and F(u) to any subinterval of the form (a,t), ¢ < b only depends
on ulr,.

These equations appear in various models of elasticity and solid mechanics with
memory and nonlocal effects (see [12, 4] [T5] and references therein) or population
dynamics [20]. They generally model phenomena which have a memory of their
past states. Their interest is both found in applications and in theoretical studies
since they also appear when regularizing certain singular equations, for instance in
the Perona-Malik model of anisotropic diffusion [5] 18] [19].

The well-posedness of these Cauchy problems in an abstract framework has been
studied by Amann (see [6, B, 2, 4]). His most important result in [2] shows that if
X(I) = MRP(I) and under the Lipschitz continuity of « — A(u) in L*°(I; £L(D, X))
and u + F(u) in LP(I; X) then the local well-posedness of holds. Amann
further shows existence of a Lipschitz semi-flow associated to the equation. These
results rely on a Banach fixed point theorem which inherently requires the Lipschitz
continuity of the operators.

Since the embedding D — X is compact, we rely here on Schauder’s fixed
point theorem to obtain existence results. No Lipschitz continuity is required,
thereby permitting lower regularity assumptions on the nonlinearities A and a mere
weak continuity condition for F (see e.g. Arendt [9]). The existence is guaranteed
through growth conditions on the regularity constant K, in the regime ||| x;) —
+00. We use our answers to in the setting of relatively continuous operators
of Holder-type to obtain quantitative growth conditions on A(u) and F(u). An
interesting interplay between the pointwise maximal regularity constant of each
operator A(u) and their Holder semi-norm is observed.

In Section [2] we introduce the notion of LP maximal regularity on bounded and
unbounded intervals as well as the maximal regularity constant. We describe the
maximal regularity space MRP(I) and a special discussion is dedicated to scale-
invariant norms. Then relatively continuous operators and their ranges of relative
continuity are introduced. Related preliminary results pertaining to relatively con-
tinuous operators are further presented. This context allows the exposition of our
main result: we first present the quantitative behavior of the regularity constant



EJDE-2025/18 QUANTITATIVE ESTIMATES IN L? MAXIMAL REGULARITY 5

with respect to perturbations of the form A(-)+AId, in particular in the asymptotic
regime A — oo (Theorem , we then show our main quantitative estimates of
the regularity constant for relatively continuous operators (Theorem m Theorem
. As an application to the estimate in Theorem we present various con-
ditions giving positive answers to |(Q3)| (Proposition Theorem Theorem
2.22)). The growth condition for the global existence for quasilinear equations is
then presented for a Holder-type class of relatively continuous operators Theorem
Theorem [2.24

In Sectionwe describe the operators L, := % + A related to the Cauchy prob-
lem on I C R and recall known properties in the autonomous case. We then prove
precise perturbation results with asymptotic behavior through fine manipulations
of the chosen norm of the maximal regularity space. Section []is dedicated to the
proof of intermediate results, in particular Theorem which provides the frame
of the quantitative estimate Theorem [2.16| proved in Section Lastly Section [0]
treats the global existence of nonlocal quasilinear equations for a class of relatively
continuous operators. Some proofs, which are classical or standard, were omitted
here, but can be found in [I1].

2. MAIN RESULTS

In the quantitative study of LP maximal regularity, the choice of the norm in
the maximal regularity space MRP(I) can have a noticeable impact and should be
chosen with care. Hence in Section we set basic notations for operators and
norms and we motivate our choices for the norm of the maximal regularity space
via time-scaling invariance. We further introduce in Section basic notations of
LP maximal regularity and elementary results. Section [2:3] contains an introduction
to the class of relatively continuous operators and we describe topological properties
of this space of operators. Section finally showcases our main results.

2.1. Operators, spaces and measurability.
Graph norms and domains of operators. If two norms Ny and Ny are equivalent in
a given Banach space, meaning there exist ¢, C > 0 such that

cNy < N; < CNs,
1 1
we write NV; g Ny or equivalently No Re Nj. If the constants are universal or
not of interest for further development we may simply write N1 ~ Ns.

A linear operator A : D(A) — X on a Banach space X, defined on a linear
subspace D(A) C X, is said to be closed if its graph T'(A) := {(z, Az);z € D(A)}
is closed. In such a case, we can equip D(A) with the p-graph norm induced by A,
p € [1,+00), and defined by

1
I llap = (- % + 14~ [5) .

The domain D(A) is then a Banach space. It is straightforward to see that for

1
any two p,q € (1,400), || - [lap ~ || - |la,q. Since the constants of equivalence are
universal, we denote without ambiguity ||.||4 for any p-graph norm of A.

d
Let (X,| - |lx) be a Banach space and let D — X be a Banach space with
norm denoted || - ||p, which injects densely and compactly in X. We denote by
L(D; X) the space of bounded linear operators from D to X. For the rest of our
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developments X and D are fixed, as well as p, g € (1, +00) two conjugate exponents
satisfying % + % =1.
Functional spaces for LP maximal regularity. Let I C R be any open interval
bounded from below i.e. I = (a,b), with —co < @ < b < 400 and Y be a Ba-
nach space.

We define the vector valued Lebesgue space LP(I;Y) as the space of Bochner-
measurable functions u : I — Y such that

p 1/p
lullerirry = ([ Tu(@)ar) ™ < +oo.

We denote by W1P(I;Y) the Y-valued Sobolev space. It is the space of functions
u € LP(I;Y) which admit a weak derivative Su € LP (I ;Y) which satisfies

- [gelome= [ool

for all ¢ € C°(I;R). It is endowed with the semi-norm

o, = (G0 e

As usual in the spaces LP(I;Y) and Wl’p(I; Y') we identify two elements u and v
if they agree £'-almost everywhere on I for the Lebesgue measure £!. Throughout
we endow the equality relation = with this meaning when we identify elements of
such spaces.

Hereafter we define the maximal regularity space on I along with its norm.

T

Definition 2.1. Define MRP(I), the LP mazimal regularity space as
MRP(I) := LP(I; D) N WP (I; X).

If b < +00 we choose the norm

1/p
lullmre (1) = (||U\|I£p(1;x) +lullfo .y + |I|p[u]ww(1;x)) : (22)
Otherwise if b = +o00 then

1/p
HUHMRP(I) = (HUH LP(I;X) + ||uHLZD(I D) + [U]leP(I;X)) . (23)

The norm is more classical: it allows for a unified treatment of maximal
regularity on bounded and unbounded intervals. However in our work, we mostly
study maximal regularity in the bounded setting b < 4+o00. The norm is well
behaved under time rescalings thanks to the weight |I|P in front of the W1 semi-
norm. In fact, for any A # 0 a natural isometry from MRP(I) to MRP(AI) can be
defined as ¢y : u +— /\_1/pu(/\_1-). This rescaling property will prove useful in the
development of the arguments throughout.

For further use, let us also define the closed subspace MR} (1) C MRP(I) defined
as follows

MR (1) := {u € MRP(I) : u(a) = 0}. (2.4)

Remark 2.2. It makes sense to evaluate u € MRP(I) at any point of I (e.g.
u(a)) as the following continuous embedding MRP(I) < C (I;Tr”?) holds, where

Tr? == (D, X):

1, is a real interpolation between D and X of parameters <%,p)
o
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(see e.g. 23] Theorem 3.12.2]). Equivalently Tr? can be interpreted as a trace space
of MR?(I) meaning Tr? = {u(a) : v € MRP(I)} equipped with the norm

[#/lmee,r = nf{[|ullmpre(r) : w € MRP(I), u(a) = x}.
In the case of a bounded interval b < +o0, under the isometry ¢y : MR?(I) —

MRP(AI) the norm of the trace space is scaled accordingly. More precisely we have
for any x € TrP,

]| ter,r = inf{||u|lmre(r) - w € MRP(I), u(a) = x}
= inf{|[e" (v) |mre (1) : v € MRP(AD), ¢ (v)(a) = 2}
= inf{[|v||pre(ar) 1 © € MRP(AI), AYPu(Xa) = x}
= A7V ([l -

Using the time-reversing rescaling ¢_; we see that the trace can either be taken
on the left or on the right of the interval in the definition i.e. Tr? = {u(b) : u €
MR?(a,b)}.

Strong measurability of nonautonomous operators. Let I = (a,b) C R be an open
interval, bounded from below. For nonautonomous operators A : I +— £(D; X), the
notion of strong measurability is necessary to allow the definition of the associated
multiplication operators A defined in the next paragraph. We want to give meaning
to the quantity

1/p
vl = ([ 1A@Ear) "

which requires the measurability of the map ¢ — ||A(¢)v(¢)||x. And if ¢t — A(2) is
strongly measurable as defined below, the measurability of this map will hold for
any v € LP(I; D).

Definition 2.3. A nonautonomous operator A : I — £(D; X) is said to be strongly
measurable if for any x € D, the map A(-)x : I — X is Bochner-measurable in X.

The following remarks motivate the use of this notion of strong measurability
for applications.

Remark 2.4. (1) The notion of strong measurability for operators is a weaker type
of measurability than the measurability of ¢ — A(t) in £(D; X). Even with D and
X separable, these two notions of measurability are not equivalent in general.

(2) By Pettis’ theorem [25], since X is separable, if ¢t — A(t)x is weakly contin-
uous in X for any x € D, then A is strongly measurable. Pettis’ theorem allows
to show the strong measurability of differential operators with continuous coeffi-
cients. For example fix ¢ € Cy(I x R), let X = L*(R), D = H'(R) and define for
each t € T the operator A(t)u := {2 — c(t,z)Lu(z)} € L(D,X). We see that
t = [A(W)]u = c(t,z) L u(z) is weakly continuous in L*(R) if u € H'(R). Since
L?(R) is separable, Pettis’ theorem applies and we obtain the strong measurability
of A.

We can then equip this notion of strong measurability to Lebesgue spaces of
nonautonomous operators.

Definition 2.5. We define the Lebesgue space
L>*(I; L(D; X)) := {A : I — L(D; X) : A is strongly measurable and
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for any z € D, ||A(-)z| x € L*(I;R)}.

The separability of D and the uniform boundedness principle ensure that the
map ¢t — [|A(t)| z(p;x) is essentially bounded in I for any A € L* (I; £(D; X)).
As usual, the identification in L (I; £(D; X)) is performed almost everywhere in
I (for the one-dimensional Lebesgue measure) and the norm [[A|| g (r,c(p;x)) =
IAC) | 2(p:x)ll Lo (1) gives it the structure of a Banach space. When there is no
ambiguity, we shall often write || Al|o for this norm.

2.2. LP maximal regularity. Let I = (a,b) C R be an open interval bounded
from below, i.e. —00 < a < b < 400. We define the maximal regularity property
and the maximal regularity constant for autonomous and nonautonomous opera-
tors on I. We then derive elementary properties of the classes defined below, in
particular the stability of the maximal regularity property under restriction of the
time interval.

Autonomous operators: mir, ().

Definition 2.6. An operator A € L(D; X) has the LP maximal regularity property
on [ if

(aut.d) |- f[a ~ b
(aut.ii) For each f € LP(I; X) there exists a unique solution v;? € MRP(I) of the
abstract Cauchy problem

gv(t) + Av(t) = f(¢), tel,

dt (2.5)
v(a) =0
and there exists K > 0, independent of f such that
lof re () < KN fllLerx)- (2.6)

We denote mi,(I) this family of maximally regular autonomous operators and for
each A € mr,(I), the infimum K in (2.6) is denoted by [A],,,1)- It is called the
mazimal reqularity constant of A on I.

Nonautonomous operators: MR, (I).
Definition 2.7. A nonautonomous operator A € L*°(I; £(D; X)) has the L? maz-
imal regularity property on I if

(nonaut-i) For any t € I, || - [laqy ~ || - |-

(nonaut-ii) For any f € LP(I; X) there exists a unique solution v? € MRP(I) of the
abstract nonautonomous Cauchy problem

d
o)+ AW = f(1), tel,

(2.7)
v(a) =0.
And there exists K > 0, independent of f such that
o7 Inre 1y < K| Fllocrx)- (2.8)

We denote MR, (I) this family of nonautonomous and maximally regular operators
and for each A € MR, (I) the infimum K in (2.8) is denoted by [A]pr, (). It is
also called the maximal regularity constant of A.

Following these definitions several clarifying remarks are in order.
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Remark 2.8. (i) The condition || - ||a ~ || - ||p is equivalent to asking that
A be a closed unbounded operator on X with domain D, provided D C
X. If D = X, then maximal regularity will hold for all A € L£(X) by
the abstract Cauchy-Lipschitz theorem. In the case X = LP(Q) with 99
smooth, D = W2P(Q)NW, (), it is known that autonomous second order
and uniformly elliptic operators with continuous coefficients are maximally
regular, condition being given by the theory of elliptic regularity
(see e.g. [1I7]).

(ii) See that mr,(I) (resp. MR, (I)) is not stable by finite sum because require-
ment |(aut.i)| (resp. fails in general for the sum of two operators.

(iii) When the time interval [ is clear by context, we shall write mr, and MR,
instead of mr,(I) or MR,(I) respectively. Moreover we easily see that
mry(I) C MR, (I).

(iv) For autonomous operators, mr,(I) = mry(J) for any two bounded inter-
vals I, J C R, in other words, in the case of bounded intervals, maximal LP
regularity is independent of the interval. However we remark that, accord-
ing to Theorem mrp(0,1) # mr,(Ry) in general. Fix an open bounded
space interval 2 C R and consider the diagonally perturbed Dirichlet Lapla-
cian operator A := —Ap — A1d defined on D = H2(Q) N H}(Q) C L*(Q),
where A > 0 is some eigenvalue of —Ap. We have A € mr,(0,1) while
A & mry(Ry). Indeed, if uy € C*°(Q) is an eigenvector of —Ap associated
to A, then t € Ry +— wy, is the unique solution of the homogeneous Cauchy
problem with initial condition w(0) = uy € Tr’. Hence u € MR?(0, 1) while
u ¢ MRP(R% ). Another way to see that A & mr,(R?%) is to remark that it
is not a sectorial operator.

If we are given a nonautonomous operator A : I — L£(D, X), a source term
f € LP(I; X) and an initial condition « € Tr” we can consider the Cauchy problem

d
VO + A = (1), tel,

v(a) =z,

(2.9)

where recall that I = (a,b) C R is bounded from below. We use the notation
3{37 7 to refer to the above Cauchy problem: we explicitly specify the initial
datum z, the source term f and the time interval I under consideration. It turns
out that condition F is equivalent to the well-posedness of the general
Cauchy problem i‘,f for any x € TYP, f € LP(I; X). We omit the proof of this
result which relies on standard lifting techniques.

Proposition 2.9. Let A € L>®(I; L(D; X)) be a nonautonomous operators satis-
fying|(nonaut-i) Then A € MR,(I) if and only if for any x € TrP, f € LP(I; X)
there exists a unique solution to i’f and there exists K > 0, independent of f
and x such that

ol serery < K ([fllLecrix) + 1zl 1) -

It is quite natural to want to be able to restrict an operator A € MR, (I) to any
subinterval J C I while keeping the maximal regularity property of the restricted
operator A|;. This property amounts to the existence of a regular evolution oper-
ator for the equation. In our case, the compactness of the embedding D — X is a
key ingredient that allows to derive this property. The proof of the result can be
found in [I1, Appendix D].
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Proposition 2.10. Let I C R be an open interval bounded from below and let
A € MR,(I). Then for any subinterval J C I, Al; € MRy(J). Moreover, if
either |J| = |I| = 00 or |J| < |I| < +oo then

(Al mr, () < [Almr, (1)- (2.10)
Otherwise if |J| < |I| = 400, then
(Al v, < (V1) [A]pmr,1)- (2.11)

2.3. Relatively continuous operators. Regarding nonautonomous operators,
relative continuity is a weaker type of continuity than strong continuity. Rela-
tive continuity incorporates the idea of perturbing continuous operators and as
such allows to treat with generality various kinds of such perturbations. The def-
inition, which we reformulate here, was first given by Arendt and coauthors in [8]
Definition 2.5]. We state elementary topological properties of RC(I), the space of
relatively continuous operators on I. In particular RC(I) is a closed linear sub-
space of L*°(I; L(D; X)). Then we exhibit a theorem, analogous in shape, to the
Arzela-Ascoli theorem for continuous maps.

Definition 2.11. Let I = (a,b) be a bounded open interval.

e We say that a strongly measurable nonautonomous operator A : I —
L(D; X) is relatively continuous if for any € > 0, there exists § > 0 and
7n > 0 such that

Ve e D,Vt,sel, [t—s| <5 = ||A{t)z — A(s)x||x < €llz]lp +nlz]x. (2.12)

We denote by RC(I;(D;X)) the nonautonomous operators of L(D;X)
which are relatively continuous.

e For A € RC(I;(D; X)), we call the ranges of relative continuity the follow-
ing set-valued function, which is nondecreasing with respect to set inclusion

- { (0,+0) — P ((0,4+0) x [0,+00))
A € — {(4,n): holds }.

e We say that r4 = (d,7) : (0,+00) = (0,4+00) X [0,+00) is a specific range
of relative continuity of A if
(x) ra(e) € r4(e) for any € € (0, +00).
(%) €+ d(e) is nondecreasing.
(%) €+ n(e) is nonincreasing.

Here D and X are fixed, so we write RC(I) unambiguously for RC(I; (D; X)).
Furthermore, when we wish to select a specific range of relative continuity 74, with
a slight abuse of notation, we may simply write r4 € r%. If A € RC(I), then it is
always possible to select a specific range of relative continuity for A.

We now state some topological facts about relatively continuous operators which
are proved in [I1, Appendix BJ.

Proposition 2.12. RC(I) is a closed, proper linear subspace of L™ (I; L(D; X)).

Before stating our Arzela-Ascoli type result, let us define the notion of relative
equicontinuity.

Definition 2.13. We say that a family 7 C RC(I) is relatively equicontinuous, if
for any € > 0, there exists 6 > 0 and 7 > 0 such that (2.12) holds for any A € F.
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Equivalently, this means that
Nacrry # 0.

For the statement of the Arzela-Ascoli-type theorem, we describe several topolo-
gies one may put on the space L>°(I; L(D; X)), here translated in terms of conver-
gence. Given a family {Ax}rea C L£(D; X)! of nonautonomous operators, where A
is some unspecified metric space, we can describe the following convergences:

(t, z)-pointwise convergence in X. In this topology Ay — Axifforall (¢,z) €
A=A
I x D, A\(t)x /\—% Ax(t)z strongly in X. It is generated by the product topology
—

of XIxD,
t-pointwise convergence in £(D; X). In this topology Ay —_ Ay ifforallt e I,
A=

—
A\(t) —_ Ax(t) for the norm topology in £(D; X). It is generated by the product
A=A

topology of L(D; X)?.
Uniform convergence. This is the topology generated by | - || as defined in
Theorem 2.5

There is an obvious hierarchy of these three topologies, the former being the
weakest and the latter being the strongest.

Proposition 2.14. Let F C RC(I) be a family of relatively continuous operators
on I. The following properties hold:
(i) If F is relatively compact in L>=°(I; L(D, X)) then F is relatively equicon-
tinuous.
(i1) If F is relatively equicontinuous and for each t € I, {A(t) : A € F} is
bounded in L(D,X) then F is bounded in L (I; L(D,X)).
(iii) If F is relatively equicontinuous then F C RC(I) and is also relatively
equicontinuous, where F is the sequential closure of F for the (t, x)-pointwise
convergence.

Note that, contrary to the standard Arzela-Ascoli theorem for continuous maps,
if we replace the two occurrences of “bounded” by the expression “relatively com-
pact” in then the conclusion may fail. A counter-example is provided by the
sequence of nonautonomous operators, n > 2, t € [0,1], A,(¢) := A+ 1[%7%](75)B
where A € £(D, X) and B € L(D, X) satisfies an interpolation inequality i.e. there
exists L > 0 and 6 € (0, 1) such that for any x € D,

0 —0
1Bz x < Llall% (5"

By Young’s inequality, it is straightforward to check that the family {4, }nen C
RC(0,1) is relatively equicontinuous and that A, (t)x — A in X as n — +oo for
all t € [0,1], z € D. However

vneN, |4, — Al = Bllzmp,x) > 0.

2.4. Main results and scheme of the proof. In our main result, we derive
quantitative estimates of the maximal regularity constant for relatively continuous
operators which satisfy pointwise maximal regularity up to a small perturbation.
This result is proved through a combination of intermediate results which have
their own interest. In Section [2.4.1] we describe the asymptotic behavior of the
regularity constant under diagonal perturbations (i.e. taking the form A + AId).
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In Section [2:4.2) we describe the main quantitative estimate as a result of a gluing-
up of operators defined on subintervals. Section discusses limiting behavior
of operators in MR, in particular its persistence in the limit. Finally in Section
a general result on the global existence of a solution to the Cauchy problem
for abstract quasilinear equations on bounded intervals and a corollary concerning
relatively continuous operators in this context are presented.

2.4.1. Asymptotic behavior of diagonal perturbations. For our quantitative inquiry
it becomes important to evaluate quite precisely the behavior of the maximal reg-
ularity constant with respect to diagonal perturbations. Indeed, the proof of the
main result relies on a perturbation argument. It is stated in the following.

Theorem 2.15. Let I C R be a bounded open interval and let A € L (I; L(D; X))
be a nonautonomous operator. The following statements are equivalent:
(i) There exists Ao € R such that A+ M\o1d € MR, (I).
(i) Ae MR,y(I).
(t4i) For any A € R, A+ A1Id € MR, (I).
And if one of these statements holds true, we have for any X € R,

[A+ Md]vmr, (1) < pAID[A]pr, (1) (2.13)
where the function ¢, : R — Ry satisfies
ep(v) = (V| + Kp(v)) (1 + P~ — e_p”+)1/p (2.14)

with KTIET) | ‘—> 0 and kp(0) = 1. In particular the following asymptotic behavior
v|——+oo

is observed for c:

and

cp(v) oL

It is not surprising to see the exponential factor e appear in the regime v —

—oo since this exponential behavior is already sharp for autonomous operators (see
later Lemma . It is however still not clear to the authors whether one can
discard the extra factor v appearing. This asymptotic result is shown in Section
We can remark possesses a particular invariance related to the behavior
of [A] with respect to the rescaling A — pA(u-) (see Remark later). This is a
direct consequence of structure of the time-homogeneous nor for MRP(I).
In fact any estimate in the form

[A+ Md]pmr, (1) < CO D [Almr, )

can be reduced to an estimate with C'(\, |I]) := inf,,~0 C(u), %) thereby forcing
the invariance of the inequality with respect to these transformations.

2.4.2. Maximal reqularity constant of relatively continuous operators. We introduce
here several auxiliary quantities which are involved in the estimate of the maximal
regularity constant of nonautonomous operators. Let I C R be a bounded open
interval and let Ay : I — L(D,X) satisfy the pointwise autonomous maximal
regularity on the unbounded interval R, :

Vtel, Ao(t) e mrp(Ry). (2.15)
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Then it is well-known that for each ¢t € I, —Ap(¢t) is the generator of a bounded
analytic semi-group {e_TAO(t)}TZO on X and from Proposition we infer that
[A(t)] i, (1) < +00. Hence we can define the following nonnegative maps:

Kot e [A®)] e 1y, Mot sup|le ™00« (2.16)
7>0

1
2(Ko(t) + 1)(Mo(t) +1)°

Now let us describe the main assumption on A : I — £(D, X) which guarantees
nonautonomous maximal regularity of A.
(A1) (a) Relative continuity: A € RC(I;(D; X)).
(b) Decomposition: There exist Ag : I — L(D,X) and B : I x I —
L(D, X) such that
(b.1) For all t,s € I, A(s) = Ao(t) + B(t, s).
(b.2) For all t € I, Ao(t) € mr,(Ry).
(b.3) There exists a range 74 = (04,714) € r¥ such that for all z € D,

€0t (2.17)

Vi, sel, |t—s| <pal(t)
= [IB(t, s)zllx < eo(t)]zllp + pa(®)l]x

where pa := 04 0 €g, pia = na 0 €y and €g is defined by —
(12.17)).
Assumption @ says that we can decompose A into the sum of a pointwise maxi-
mally regular operator Ay and a perturbation B, the meaning of this perturbation
being expressed by Note that we may have B : (t,s) — Ag(s) — Ao(t) in
which case amounts to the assumptions of relative continuity and pointwise
maximal regularity of A given in [8, Theorem 2.11] of Arendt and coauthors.

Theorem 2.16. Assume that A satisfies|(A1) on the bounded open interval I C R.
Then A € MR,(I) and there exists a subdivision T := {7, }o<i<n of I and center
points C := {t;}1<i<n such that

(2.18)

a=Tp<ti<T < - <ty<TN=0b (2.19)
pa(ty) <7 —1i1 <2pa(t;), Vie{l,...,N} (2.20)

and there exists K .= K(p,T,C, Ko, Mo, ||Al|cc) > 0 such that
[Almr, (1) < K. (2.21)

Quantitative description of K. To obtain quantitative growth conditions for the
global existence for quasilinear evolution equations, it is of interest to describe the
form of K found in (2.21)). Define for (7, u, My, Ko) € Ri, the function

G(Ta H MO? KO) = 4(M0 + 1)CP(74MT:U‘)K07

where ¢, is given in Theorem Given T, C as in Theorem for1<i< N
denote

Gi = G(ri = Tim1, pa(ts), Mo(t:), Ko(t:)).
We show that K in (2.21) is written as

N N
T: — T0
K::;w( II Hj(vavHAHooan))Gia (2.22)

j=it1
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where for fixed p, T, C, the functions H’ (p, 7,C,-) : R, — R, j € {2,..., N} have
linear growth at most. Observe in particular that K only depends on the evaluation
of the maps Ky, My : I — R, at the center points C C I, and remark that this
dependence is not invariant under permutation of the values (Ko(t1), ..., Ko(tn)):
this is due to the intrinsic direction of time imposed in the Cauchy problem. The
proof of the estimate is found in Section

We obtain an even more explicit estimate in the particular class of relatively
continuous operators which satisfy a Holder-type regularity and when an additional
integrability condition holds for the maps Ky and M.

For a € [1,+00) and B € [0,+00), let us introduce the subspace RC*#(I) C
RC(I).

Definition 2.17. We say that A € RC*P(I) if there exists a range of relative
continuity r4 = (d4,m4) € 74 for A and ms € (0,1}, m,, > 0 such that

Ve >0, da(e) = mese?,
Ve >0, nale) < mye P

RC*P(I) is a closed linear subspace of RC(I) equipped with the topology in-
duced by L>*(I; L(D, X)). In many applications the differential operators encoun-
tered fall in the class RC*#(I), since it amounts to a Holder regularity of or-
der l in the higher order coefficients and bounded lower-order coefficients. Let
A I — L(D, X) satisfy assumption [(Al)| with the decomposition Ay and B, for
the explicit estimate we ask the addltlonal assumptions:

(A2) (a) (a,pB)-Hélder regularity: A € RC*A(I;(D; X)) for some o > 1,

B> 0.
(b) Lo"(I) Integrability condition: There exists r > 1 such that

I =T(a, 7, My, Ko) := (/I(Ko(t) + 1) (Mo(t) + 1)°”"dt)1/r < fo0.

Theorem 2.18. Assume that A satisfies |(A1)| and [(A2) Then there exists a
constant C = C(|I], || Allco, p, 7, @0, B) such that

log ([Almr, (1))

T\ . . r 2.23
<o((Z) {1+ mpmzernrnesn s siog (L)) 1, +1), 52
ms ms
where
1
51(017ﬂ,7") :r*(ﬂ% _1)a
6+1 a+ 1
SQ(O{,B,T) = OL+1 - (a+1)81(a76a )
and r* .= =L

r—1°

Estimate is only suitable to evaluate [A] vz, (1) near +oc with some pre-
cision. Indeed by definition I' > 0 therefore, the left-hand side cannot be made
smaller than a given positive constant. However the estimate allows the derivation
of asymptotic behavior of the constant in terms of the three quantities ms, m,, and
I'. We will see that the asymptotic behaviors have practical uses in existence results
for quasilinear equations.
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2.4.3. Topologies for the persistence of mazimal regularity in limits. Consider a
map of strongly measurable and nonautonomous operators,

A = (LD, X))
A {)\ A (2.24)
and a corresponding map of source terms in LP(I; X),
A - LI X)
F {)\ - F(\). (2.25)

where (A, d,) is a metric space, we exhibit topologies in the set £(D, X)! of nonau-
tonomous operators in which continuity of the maps A, allows the persistence of
maximal regularity upon taking limits; second to understand in which cases the
solution map,

U.{ A = MRY(I; X) (2.26)

A= LG FO)
when well-defined, is continuous in either the strong topology or the weak topology
of MRP(I).

Consider now a subset ¥ C A such that
vaexs, A\ e MR,(I). (2.27)

To study [(Q2), we rely on the following proposition whose proof is rather ele-
mentary and is given in the long version of this work [11].

Proposition 2.19. Assume that K := supycs[A(N)]ymr, (1) < +00 and consider

the following continuity hypothesis for A at a point X € A:

(CVr) A is continuous at E for the uniform convergence in L™ (I; L(D, X)).
(CVir) A is continuous at \ for the strong pointwise convergence in L(D,X).

The following conclusions hold:
(i) If|(CV1 ) holds at a point X € ¥, then A(X) € MR,(I).
(ii) If|(CVy) holds at a point X € 3, supyey [|All Lo (r.2(p,x)) < +00 and F is
continuous at X\ in the weak topology of LP(I; X) then

U\ )\:X U(X)  weakly in MRP(I). (2.28)

(iii) If holds at a point X € ¥ and F is continuous at X € ¥ in the strong
topology of LP(I; X) then
U(\) — U\)  strongly in MRP(I). (2.29)
A=A

As an almost direct consequence of the Arzela-Ascoli-type result Proposition

and Theorem we find
(Hs) (a) Foreach A e X, t €I, A(N)(t) € MR,(R,) and
sup Ko(M)(t) < +o0. (2.30)
AEX

(b) {A(A)}rex is relatively equicontinuous and {A(X)(t)}aex is bounded
in £(D, X) for each t € I.

These assumptions can be used straightforwardly along with Theorem [2.16] to infer
the following uniform boundedness of the maximal regularity constant on X:
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Proposition 2.20. If A satisfies then {A(X\)}rex C MR, (I) and
sup[A(N)]mr, (1) < +00.
AEX

In conjunction with the second part of Proposition Proposition yields
two interesting corollaries pertaining to The rather elementary proofs of
these results rely on Proposition for the convenience of the reader we chose
to collect them in [11, Appendix C].

Corollary 2.21. If A satisfies (Hsx \(a) and that there exists X € A such that
holds, then A(X) € MR, (I) and of Proposition holds.

Corollary 2.22. If A satisfies and that there exists X € A such tha,t

holds, then A(X) € MR,(I) and of Proposition holds.

2.4.4. Global existence for a quasilinear equation. We state a global existence result
for a class of abstract quasilinear equations. Assume that X' (I) — LP(I; X) is a
functional space on I, and we make the further assumption that the injection

MRP(I) < X(I) is continuous and compact.

Since the injection D — X is compact, we already know that MRP(I) injects in
LP(I; X) compactly. Hence there exist such spaces X (I), take for example any
real interpolation between LP(I; X') and MRP(I). We consider the nonlocal-in-time
Cauchy problem for a quasilinear equation

d
T u(®) + Alw)(t)u(t)

F(u)(t) tel 2.5

u(a) = x,

where the initial condition x € TrP.

To ensure existence of global strong solutions to , i.e. solutions u € MRP(T)
which satisfy the equation for a.e. ¢t € I, we introduce the following assumptions
on the maps Ay : X(I) = £(D; X)" and F : X(I) — L*(I; X):

(Er) For all R > 0, define the quantities:

V(R) = Wi R[A(U)]MR,,u), (2.32)
Ullx ()=
K(R) = Wi R{I\A(u)lloo + IF )l e ix) + 1} (2.33)
Ullx ()=

and assume that for any L > 0 the following sublinear growth condition
holds,
sup V(R1)k(R2)

0. 2.34
Ri,R2€[R—L,R+L| R R—+o0 ( )

(Err) We ask for the following continuity properties:

D(T.
(1) ]F:{ XD = LN X) is weakly continuous.

u = F(u)
[ x0) = L=(IL(D, X)) . .
(i) A: { w o A is continuous.

The sublinear growth condition stated in does not allow local singularities
or degeneracies to develop in the operator A and imposes a quite restrictive growth
condition on the source term F. Indeed, in the case of a constant operator A(u) = A,
it is required that F have a strictly sublinear growth.
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The statement of the growth condition involves the supremum over the two
variables Ry and R in the interval [R — L, R 4+ L]. This allows to treat any initial
condition x € Tr?. One can restrict the range of L > 0 if one has a smallness
assumption on the initial data . In the case of a homogeneous initial data z = 0, we
can in fact reduce the assumption to L = 0 and take £(R) := sup,j=r{[|A(w)]/oc +
1T (u)||zr(1,x)} instead.

Compared to Amann’s results [2], the existence of strong solutions does not
require the Lipschitz continuity of the nonlinearities A and F. The method of
proof uses Schauder’s fixed-point theorem contrary to the proof in [2] which uses
Banach’s fixed point. The uniqueness of the solution is thus not guaranteed with
this method.

Theorem 2.23. Assume that A and F satisfy conditions \(Er1 ). Then for
257,

any x € TrP there exists a global solution uw € MRP(I) of (

This framework is then used to infer quantitative growth conditions on the regu-

larity constant for relatively continuous operators in RC®?(I) which satisfy
((A2)| Denote by Ag : u — Ag(u) the operator given by the decomposition [(AL)(b)

and the subsequent u +— Ko(u), Mo(u) given in (2.16]). Naturally this gives rise to
the following maps:

(i) ms = X(I) = (0,1],

(i) my : X(I) = Ry,

(i) T': { xX(I) — Ry

)T e (Ko + 1)(Mo(w) + Dlfger -
Our existence criterion reads as follows.
(E}) For any R > 0, define the following quantities:

wa(R)i= s (G (1 it T)*

I'(u)
log (mg(u))) + 1 (w)],
Flog(R) == sup  {log (|A(u)llec + [F(w) + 1l o(r:x)) }

lullx (=R

and assume that there exists hg > 0, such that for any L > 0, there exists
Ry > 0 such that for all R > Ry we have

TYog (R1) + Klog (Ra2)

sup <1 — hy, 2.35

Ri,Rz€[R—L,R+1I) log (R) 0 (2.35)
atld

where s1(a, 8,71) = r*(% — 1) and ss(a, B,7) == % - (ai{ )51(0475>7")~

Theorem 2.24. Assume that for each u € X(I), A(u) satisfies (A1) and|(A2)
Moreover assume that A,F satisfy[(E}) and [(Er1) Then for any x € TrP, there

exists a global solution u to (2.31)).

3. PERTURBATION AND ASYMPTOTIC BEHAVIOR

We here study the influence of well-chosen perturbations on the maximal regular-
ity constant. First we recall useful notions of LP? maximal regularity for autonomous
operators on unbounded intervals. For such operators, we describe the asymp-
totic behavior of their maximal regularity constant under diagonal perturbations
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on bounded intervals. The same prospect is then carried out for nonautonomous
operators, even though much less is known about. Lastly we exhibit the influence
of suitable nonautonomous perturbations on the regularity constant.

3.1. The operator L4 := 3 + A. We assume throughout that A : T — £(D; X)
is a strongly measurable operator. Before our asymptotic study, let us describe the
operators of interest in the Cauchy problem (2.9)):

e Al is the multiplication operator associated to A on LP(I; X); it is defined
on the domain
D(A") :={u € LP(I; X) : t = A(t)u(t) € LP(I; X)}.
By definition, (A’u) : t — A(t)u(t) for any u € D(A’);

e 4 is the time-derivative operator defined on the domain of LP(I; X)

dt
d
D (dt) =Wy P(I; X) = {u € WHP(I; X) : v(a) = 0}.
Their sum is an unbounded operator on LP(I; X) denoted by
d
A I
A= +A

and defined on the domain D(L’,) > D(A’) N D(&) = MRJ(I) where MRE(I) is
defined in (2.4).

Lemma 3.1. A € MR,(I) if and only if L', is closed on D(LY)) = MR5(I) and
LY is invertible in L(MRE(I); LP(I; X)). In such a case we have

[A]M’Rp(l) = H (Lﬁl)71 ||L(LP([;X);MR€([))' (3‘1)

The proof of the above lemma can be found in [I1].
We can concisely describe

MRP(I) ={A:I— L(D;X), |- ||A(t) ~ | |p forall t eI, [A]MRP(I) < 4o0}.

As before, we shall often write A and L4 instead of A! and qu when the time
interval is clear by context.

3.2. Diagonal perturbations by constants in mr,(I) and MR,(I). Let us
show that the maximal regularity property of the operator on a bounded interval
I is not affected by a constant diagonal perturbation of the form AId. We first
show it for autonomous operators in mr,(R) (Lemma [3.3) with associated decays
and then for nonautonomous operators (Proposition ; in each case we give
asymptotic bounds of [A + A1d] -, (1), MR, (1) When [A| — +oo0.

The autonomous case. Let A € mr,(R;). Recall (see e.g. [24, Proposition 2.2])
that —A is the generator of an analytic semi-group (e7*4),_ . It means that the
semi-group (e7*4);>( can be analytically extended to a sector

Yop:={z€C:arg(z)] <0}uU{0},

6 € (0,7/2] of the complex plane and sup,y, [le™**| z(x) < +oc.

These facts will prove useful in the study of the resolvent operator R) :=
(Md+L4)~! of —L4 for real values of A, since this operator can be represented
by a Laplace transformation of the semi-group generated by —L 4, as stated in the
following result.
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Lemma 3.2. If A € mr,(Ry), then for any bounded open interval I C R and
A € R, NId +L is invertible in L (LP(I; X)) and we can express

RA:/ e Me mladr, (3.2)
0

The proof of the above lemma can be found in [I1I]. The main argument that
allows to consider any value of \ is that the semi-group generated by L 4 is nilpotent.

Using representation , we further refine our study of Ry by obtaining bounds
and asymptotic behaviors when A\ — +oo.

Lemma 3.3. Assume that A € mr,(Ry.), then for any bounded interval I C R and
any A € R,
1—e M

| Rallcinerx)y) < M \

(3.3)

and
[A + Md]r, (1) = 1Bl 2(ze1:x):mR0 (1)) < (1 + M1 — €_W‘|) (Al (1), (3:4)
where M := sup; > le 4| x.

Proof. From the uniform boundedness of [|e=*4||z(x) on Zg, we obtain the following
uniform boundedness (see e.g. [24, Proposition 2.2]),

sup [le ™| ceze(rx)) < suplle” ™ £ox) =t M < 4o0. (3.5)
>0 >0

From (3.2, since S; is a contraction semi-group and vanishes for 7 > |I|, we have
for any A # 0 and v € LP(I; X), using the triangle inequality and (3.5)),

1
Rl Lo (2:) S/ e lle 0 Lo (1)) d7
0

]
< M(/ e*’\TdT)HvHLp(I;X)
0

1—e M
< MfHUHLP(I;X)

and the above inequality also holds for A = 0 if we extend A\ — Feffwl by conti-
nuity. This yields estimate (3.3). Observe that R, = (L4 + pld)™' = L;_lmld for
any p € R. Now use the resolvent identity Ry = Ry — ARgR) = Ro(Id —AR)) and
to find (3.4)). O

The nonautonomous case. Similarly we show that a constant diagonal perturbation
A1d does not change the maximal regularity property of a nonautonomous opera-
tor on a bounded interval. Moreover we describe the asymptotic behavior of the
maximal regularity constant as the diagonal perturbation goes to +co. Parts of the
proof techniques are inspired by the proof of [22 Proposition 2.2].

Theorem 3.4. Let A: 1 — L(D;X) be a nonautonomous operator on the bounded
open interval I. The following statements are equivalent:

(i) There exists Ao € R such that A+ AoId € MR, (I).
(i) Ae MR,(I).
(tii) For any A € R, A+ AId € MR, (I).
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And if one of these statements holds true, we have for any A € R,

[A+Md]pr, 1) < pADA] MR, 1) (3.6)

where the function c, : R — R satisfies

ep(v) 1= (0] + kp(v)) (1 + PV= — empva) P (3.7)

with k,(V) = oxco(|V]) and k,(0) = 1. In particular the following asymptotic
behavior is observed for cp:

_ et %4
CP(V) Y —00 ve )
cp(v) S
Remark 3.5. Note that the bounds in the autonomous case (3.4) and nonau-
tonomous case (3.6) do not have the same asymptotic behaviors in v — +oo as
they differ by a factor v. However note that ¢, (v) is sharp around 0 since ¢,(0) = 1.
It is not yet known to the authors whether or not this asymptotic at £oo for the
nonautonomous case is sharp or not.

Proof of Proposition[3.]) First see that implies implies |(¢)| obviously. Also
for t € [a, b, since || [[act)+a1d ~ ||| a(t)+n for any A, p € R, we obtain ||| a)4r1a ~
I [lp if and only if [ [[a¢ty4p ~ [ - [ D-
There only remains to show that |(¢)| implies

Existence and estimate. Possibly renaming A+ X Id as A, let us assume without
loss of generality that A\g = 0. Also upon performing a time translation, we can
further assume that I = (0,T), with T' = |I|. Let A € R, f € L?(0,T; X). Define
gt eMf(t) € LP(0,T; X), because A € MR, there exists v € MR?(0,T) such
that

d
S ot) + A = g(0)
v(0) = 0.
And further for any ¢t € (0,7, using Proposition and ([2.10)), we find that

(3.8)

[vllvre0,8) < [Almr, 0,1) 191 Lo ((0,8):) - (3.9)

Now let u : ¢t — e Muv(t) € LP((0,T); X) and for all ¢ € [0, 7] the integrand of the
norm of MR”(a, b) defined in (2.2) is

S|’ € 1 (0. T)Ry).

[ (t) = lu@®)I% + @l + 17| 3

Note that by convexity of r — P, for any u € (0, 1),

Luol” < (el + e Lo 1)
dt X dt
_ <N|A|||vlit>||x Cow '%“fﬁ'xfe—m

- 1 d PN
< (KPP + (0= 7| o) )e ™.

X
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Therefore we have the bound

[ul? (1)
< (" PTPAR) 0@l + (@) + (1 - ' -rT?
< Ry(u, NT)e ™ [o]? (1),

g @l)e @

where Ry, (p,v) := (1+ p*7P|v|P) V (1 — p)'~P. Performing an integration by parts,
we obtain the following if A # 0,

T
/ e PM]P(t)dt
0

= e_p’\T/ t)dt +p/\/ _pkt/ t)drdt
0

<0 if A<0

T t
( _MTHgH’ip«omxx)+pA+/o e_pM/o Hg(T)Hg{drdt)

T T
N9l o) PG / 1FI% / e PN dtdr )

Rp
PA —pM(T—r
(TN om0 + 5 / 170 (1 — e =7)ar)

Az, (ew 110y (1 = e ) £ om0 )
> [A]M‘Rp( +erPT — _/\erT)HfHLp( (0,7):X)>

where A := AV0and A_ := (—X) V0. Note that this final inequality also obviously
holds if A = 0. Now combining with (3.10)) we find that for any u € (0,1),

_ 1/
||U||MRP(0,T) < Rp(.ua /\T)l/p (1 +eMPT e AWT) ? [A]MRpr||L7’(I;X)~ (3.11)
From (3.11)) we infer that v € MRP(I) and solves

u(t) + Alt)u(t) + Au(t) = f(t), tel,
u(0) = 0.

Uniqueness. If & € MRP(I) also solves then © : t — e Mi(t) € MRP(I) must
also solve and by unique solvability, v = © hence u = .

Optimization of R,(p,v) For any v # 0, there exists a unique minimum g, :=
argmin R,(u,v). Indeed any minimizer p, of Rp(-,v) is the unique zero of the
ne(0,1)
continuous and strictly decreasing function p — 1+ p!=P|y|P — (1 — p)! =P which
diverges to +o00 and —oo at u = 0 and p = 1 respectively. Moreover v — p, is
increasing on v € R;..

Since (,),>0 is bounded from below, by monotonicity, there exists g € [0, 1)
such that V:)() to- Assume by contradiction that pug > 0 then we see that upon

dt (3.12)

taking the limit  — 0, in the identity 0 = 1 + pul=PvP — (1 — p,)* P, we obtain
0=1-(1- )7,
1= (1 - Mo)l_p7
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po = 0.

We find a contradiction, meaning po = 0. Hence ay,(v) := Ry(,,v)"/? = (1 —
1-p

W) P —>O 1. Since ()0 is bounded from above, again by monotonicity, there
v—r

exists fioo € (0,1] such that p, YT Hoos And observe that

(1= ) 7P =14, PP,
(1—w )7 — oo

v——+oo

1-p
Meaning poo = 1. We then infer that a,(v) = (1 —|—M11/—Pl/p) p T

v—+o00

V. O

We will use this result later to estimate the effect of well-suited nonautonomous
perturbations on the maximal regularity constant.

3.3. Nonautonomous perturbations of autonomous operators in mr,. Let
us state the following perturbation result, also found in [8, Proposition 2.7]. The
novelty being that a quantitative estimate of the maximal regularity constant is
given.

Theorem 3.6. Let Ay € mrp(Ry) and B : I — L(D; X) be strongly measurable on
the bounded interval I. Assume there exists n > 0, such that for anyt € I, x € D,

[1B®)z]|x < eollzllp + nllzllx,

where € = and My = sup, > le="4°||x. Then Ay + B €

1
2([‘40]7”7'}7(1)+1)(M0+1)
MR, (I) and we have the bound

[Ao + Blamr, ) < G(|1],1, Mo, [Ao]mr, 1)), (3.13)

where G(1,n, M, K) := 4(1 + M)c,(—4Mn7)K for (1,1, M,K) € (Ry)* and ¢, is
given by (3.7)).

In such a case we call B a regular perturbation of Ag.

Proof. First see that for any ¢t € I, || - [|ag+50) ~ || - [la0 ~ || - |, since ey < 3.
As before, denote for A € R, Ry := (AId+L4)~! and observe that A\Id +L4,+p =
(Id +BRy)(AId +L 4) where B is the multiplication operator on LP(I; X) associated
with B, this operator is well-defined by strong measurability of ¢t — B(t). Now for

A > 0 and using the bounds (3.3) and (3.4) of Lemma compute the following,
IBRfl|Lr(1;x) < €ol|BafllLer;0) + Ml BASllLe(r:x)

1
- Rofllvire (1) + 1l BAS | o,
2([A0]mrp(1) + 1) (Mo +1) I [Ivirer (1) | Lr(I;X)
1 1— eI
= §||f||L”(I;X) + anHf”LP(I;X)
L nMy
< (5 52 lecrin-

Fix Ag := 4nM for which we then have

3
IBRx, fllrr;x) < 1 ler;x)-
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Hence Id +BR), is an invertible operator of LP(I; X), and so
Lag+B+ro1a = (Id+BRx)(Ao1d +La4,)

is invertible as an operator of L(MR?(I), LP(I; X)). By (3.4) in Lemma[3.1] we infer
that Ag + B+ X\ 1d € MRP(I) with

3 —1
[AO + B+ X Id]MRp(I) <(1-- (]. + M)[A()]mrp(l) = 4(1 + M)[A(]]mrp(j).
4

Apply Proposition [3.4] with —\g to obtain that A9+ B = (Ag+ B+ o Id) —\gId €
MR, (I) with the desired bound (3.13]). O

This perturbation result is key to the analysis of the maximal regularity property
of nonautonomous operators which are relatively continuous.

4. GLUING MAXIMALLY REGULAR OPERATORS

As a tool for the quantitative study of regularity constant of relatively continuous
operators, let us derive an estimate concerning the gluing of finite family (A4;)1<i<n
of maximally regular operators defined on a subdivision of the bounded time interval
I=(a,b).

4.1. Behavior of [|\r, (1) under a change of variable in time. To refine the
bounds on the maximal regularity constants obtained in the next section, it is useful
to study the behavior of [] s, (1) With respect to a change of variables in time. An
invariance stemming from the choice of the norm of MR (1) is observed when
the change of variables is linear (see Remark later).

Lemma 4.1. Let I,J C R be two bounded open intervals and ¢ : I — J be a C*-
diffeomorphism and denote ¢ := ¢~'. Let A: J — L(D,X) € MR,(J), then the
nonautonomous operator Ay defined by

Ay =¢'(:)(A0¢) () : I — L(D,X)
belongs to MR,(I) and we have,
! I /
[Ag]pmr, (1) < [¢)'|oo max (1» ||J||¢ |oo)[A]MRp(J)~ (4.1)

Proof. Before proving inequality (4.1) we first estimate the continuity constant of
the isomorphism ¢y : © — u o ¢ from MR”(J) to MRP(I) induced by ¢.

Let u € MRP(J) and let us estimate [[c¢(u)||vRe(1)-
Estimation of the LP(I; X) and L?(I; D) norms. We compute

10 0l01x) = [ ot e
- /J ()% (5)]ds (4.2)

< W’|<>0HU||12p(J;X)'

Applying the previous computations with the Banach space D, we obtain the similar
result

a0 @12 1.y < ¥/ loclltl o (4.3)
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Estimation of the W'?(I; X) semi-norm.

d d
TP o 0) gy = 1P [ 160 () Ol

=111 [ 1w

I d
<|w’|oo(|J||¢|oo) Sl

perator norm of 4. By combining inequalities (4.2]), (4.3]) and (4.4 we obtain a
bound on the operator norm ||ty || £(mre (), MR2 (1)) Of Lo

—u H W (s)|ds  (4.4)

el < 1o/ ma (1, 1) (45)

Inequality (4.5)) becomes an identity in the case of affine homomorphisms (i.e. ¢ of
the form ¢(t) = At + o), since inequalities (4.2) - (4.4)) saturate and %M)’LX) =1
Remark that if ¢’ > 0, then ¢4 also induces an isomorphism of MRE(.J) onto MR} (1)
with the same operator norm.

Maximal regularity of Ag. Denote a; :=infI, ay :=inf J and let f € LP(I; X).
By the isomorphism ¢4, the unique solvability in MR} (I) of the nonautonomous
Cauchy problem

d
—v+ Ayv = in [
T +Apv=f, inl, (4.6)
v(ar) =0
is equivalent to the unique solvability in MRY(.J) of
d 1
—u+ Au = o, in J,
ds ¢ o wf v (4.7)
u(ay) =0.

Since

1
Hff" follerx) < [0 |oo ”f”LP(I x) < +oo,

the assumption A € MR, (J) shows existence and uniqueness of v € MRE(I)
solution of (.6). Let us then estimate [Ag] pw, ():
lvllmre )y < lealllullvre
< llegll[Almr, (J)H(z), fodllirx)
< leallA w1915 * 17 2o cri)
< 10/ ma (1, 516 o) Ao 1
From which we infer . O

As a direct application of Lemma [{.I] we derive the two following important
remarks for any A € MR, (J):
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Remark 4.2. (1) Note that (Ag), = A, hence using (4.1)) with ¢ we obtain a
lower bound for [Ag] mr, (1) as

ﬁ min (17 ||§|||¢’1|oo) [Almr, (1) < [As) MR, (1)- (4.8)
(2) Let ¢ : I — J be a linear homomorphism, denote ¢’ = X\ := % and
Ay := A,. Using both and we find
i[A]MR ) < A mr, ) < }\[A]MR )
yielding
[AN] mre (1) = %[A]MRP(J)- (4.9)

4.2. Gluing finitely many MR, operators. We here show that finitely many
adjacent maximally regular operators can be glued-up together to form a maximally
regular operator on the joined interval. The results are all stated as quantitatively
as possible with the tools developed before. The estimations here described are
new in the theory of LP maximal regularity.

A first lemma is derived on the gluing of functions in MRP. Working with the
weighted WP semi-norm in yields nonstandard norm behavior with respect
to restriction and extension of functions in MRP.

Lemma 4.3. Let v1 € MRP(a,b), vo € MRP(b,c), with a < b < c € R and assume
that v1(b) = va(b). Then v := vil[ap) 4+ v2lp, € MRP(a,c) and we have

vl mRr(a.e) < Frllvillmre ) + 52llv2]lmre b,e), (4.10)

c—a c—a

b—a’ k2 = c—b"

Proof. Let &€ € C}((a,c);R), note that
¢rd
/a (&f(t))v(t)dt

_ / b (%w))vl(t)dt ¥ /b C (%£<t))vz(t>dt

= /f —vl )dt + [€ /5

= o) — b~ [ C5<t>((%v1< >)1[a,b><t> + (%a(t))l[b,c] (0)ar

=0

= [ e0((5010) o)+ (oo 1y (0)) .
Therefore

where k1 =

%v = (%U1>1[a,b] + (%’l&)l[b,c] € L*((a,c); X).

Since also v € LP((a, ¢); D) we infer that v € MRP(a, ¢). Furthermore observe that

d
||UHMRp(a 0 = = [lvll7, (a,e):x) T ||v‘|ip((a,c);p) +(c— a)pH&U”ip((a,c);x)

= H“l”m((a,w) 02l (0,e)52) + 10110 (0,09 0) F 1021120 (0.01:)
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+ o= (Igoulun + 1ol

14 P
cC—a P cC—a P
< (b—a) HvlnMRP(a,(,) + (c—b) ||’U2||MRP(b7C)'

Now see that (o + ﬂp)l/p < a+ 8 for any «, 8 > 0 to conclude (4.10). O

As a first step, we glue two operators together and then proceed by induction
to show maximal regularity and bound on the regularity constant for finitely many
operators. Some asymptotic behaviors are discussed as well as the sharpness of
obtained estimate.

Lemma 4.4. Assume that Ay € MRp(a,b) and Ay € MR, (b, c) for somea < b <
c € R. Then the glued-up operator A defined by

A(t) = {Al(t), a<t<b,

As(t), b<t<c
belongs to MR, (a,c) and we have
[Almr, (a,0) < FalAr] + Kol Ao] + 51715/ 1Qp (¢ = b, [ As]loo, [A2]) [A1],  (4.11)

where k1 1= ﬁ and Kg := ii‘g. Moreover denoting wy, := 21/‘1(p — 1) we have

142V (CGV &) if w, & <1,
o 7 1 .
(10,0 = | 2k () flwg<dn @1
G

(& v1)P (14219CG) if A <w,S.

Proof. * We remark that A obviously satisfies |(nonaut-i)| by maximal regularity of
A1 and AQ.

* Let f € LP((a,c); X), let us show that there exists a unique v € MRP(a, ¢)
satisfying (2.9 .(a <) and that holds.

Uniqueness. Assume that v is a solution to (“ )Tt implies that vj, ) is a
solution of the Cauchy problem with operator A1 and source term 0, hence v =0

n [a,b]. Now this implies that v|, ) starts at 0 and is a solution of the Cauchy
problem with operator Ay and source term 0, again v = 0 on [b, ¢].
Existence and initial estimate. Denote fi := f[,5 € LP((a,b); X), fo =
flip,e) € LP((b,c); X). For convenience of notations let us set [A1] := [A1] mr, (a,b)
and [Az] := [A2] mr,, (b,0)-

Since A; € MRy(a,b), there exists a (unique) solution v; € MRP(q, b), solution

of the Cauchy problem starting at 0 with source term f; and such that

v1llMmR, (a,p) < [Aa]llf1ll Lo ((ab)ix) - (4.13)
Denote z = vy (b) € TrP. Fix u > 1 and let z € {w € MRP (b, b+p(c—0b)) : w(b) = z},
which is nonempty since € Tr”. By definition, La,2|4,.) € LP((b,c); X), let us
then denote g, := fo — La,2|p,q € LP((b,c); X). Since Ay € MR, (b, c) there exists
v, € MRP(b, ¢) such that

avz(t) + As(t)v,(t) = g.(t), a.e te (o),
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And by linearity vy := v, + 2|p, must be the (unique) solution to

%vg(t) + Ax(t)va(t) = fa(t), ae. te(bo),
vg(b) = .
Now by maximal regularity of Ay we infer that
vz llvre ,e) < [A2]llgll 2o ((,00:3)
< [A2]ll foll Lo (v,e9;3) + [A2 | LAz 2l Lo ((b,e); %) -
Observe that

|‘LA2Z||1£p((b7c);X)
-
SZp_1(/bCH(iZ(t)det+cp/bc IIZ(t)II%dt> (4.14)
< 2?‘1(/bb+u(c_b) H%z(t)det—ka /bbﬂb(c_b) [[2(2) \%df)

1
—1
< 2P (C’p \Y m) ||Z||§/[Rv(b,b+u(c—b))’

%z(t) + as(0)=(0)||

according to (2.2) of Theorem and where C' := ||Az| po((b,c);c(p,x)) < +00.
Therefore we can infer the following bound using (4.14):

lv2llmre(b,e) < [vzllMRr(b,e) + [12]IMR2 (b,c)

1
< [Aa]|| foll Lo ((b,eysx) + 24 (C Vv o= b))[Az]HZ”MRP(b,bw(c—b))

+ | 2|lMRe (6,4 (c—b))

< [A2] I f2ll Lo ((v,e): )
1
1/q s
+ (1 +2 (C Vv (e — b))[AQ]) 12l MRP (6,64 pu(c—b)) -
Passing to the infimum over z € {w € MRP(b,b+ p(c — b)) : w(b) = x}, we find
||U2HMRP(b,c)
1
< (1290 s el el ooy + [Aallfell oo ox-

Using the rescaling of the norms on the trace space described in Remark [2.2]together

with (4.13]), we find

2l ter b6t p(e)) = (5 ) /P |22y (a.0)

< ()" [[01 e a0y
< () LA | 2o o))
where K, = %, therefore we finally obtain

1
(c=0)

el ey < (a7 (14244 (C'y ;

+ [Aa]ll f2ll Lo ((b,e);x) -

Jidal) A ilzeam o
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Define the function v := v1lgp) + v2lp,. Since vi(b) = va(b), we infer from
Lemma [4.3] that v € MRP(a, c). Further we observe that v is in fact a solution to
(2.9) for a.e. t € [a,c]. Moreover recall that

||U||MRv(a o) < K1lvi|lmre (a,p) + H2|\U2||MRp(b ) (4.16)

where k1 = E:Z and ko = . We remark that 1 + .= =1and ks = _— Hence

assembling (4 and -, and the fact that ||f1\|Lp((ab X)» ||f2||LP( b <
£l L ((a,e);:x):
||U||MRp(a,c) < (m[Al} + Ko ((/m*)l/p (1

1 9l/a (c v ﬁ) [AQ]) [A4] + [M)) 11l 2r ((ac:x) -

By remarking that ro(k.)'/? = &, e /Q;/q

[A]MRp(a,c) .

we deduce the following estimate of

[A]M'Rp(a,c)

1

p.1/a 1/p 1/q (4.17)
< k1 [Ar] + ka[As] + H}/ l-ié/ ut! (1 42/ (C\/ m)[z‘lg})[x‘h].

Optimization with p. We denote QP(T, C,G,pn) = ul/p(l + 21/a (C’ \Y% ﬁ)G)

Let G,C, T be given and let us minimize p — P(u) := Q][,(T7 C,G,p) on [1,+00).
Remark that P(u) = a(u) V B(u), where

alp) == pt/? (1 + 21/qCG)

is increasing and

By = /(14 QZ;G).

We note that p +— 3(u) admits a unique global minimum on R attained at p; :=
(p—1)21/95 =: w, % because 3 is decreasing on (0, p11] and increasing on [p1, +00).
Moreover observe that a and 8 both meet at a unique point ps = ﬁ Therefore
the global minimum of P(x) on RY is attained at p. := p1 A pp. We can therefore
infer that the minimum of P on [1, +00) is attained at 1V (g5 A w,$) which yields
our result. ]

Remark 4.5. Note that in , the roles of A; and Ay are not symmetric,
this accounts for the fact that the maximal regularity constant is defined with the
initial condition x = 0. It is worth noting that it is the multiplicative interaction
between [A;] and [As] of the term gr1k2Qp(c — b, C,[A2])[A1] which gives rise to
the asymmetry.

It might seem possible to further refine by exploiting a piecewise linear
change of variable ¢ such that |¢((a,b))| = |¢((b,¢))| so as to obtain optimality on
the factors x1 and xy. Unfortunately the factor in cancels out the optimality.

We remark that for any A > 0, C, T, G € Ry, we have the invariance Q,(C,T,G) =
Qp(XC, f, Q). This invariance is compatible with a linear change of variables in
time (see Remark- - This then implies that - is invariant with respect
to a linear change of variables in time.
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Now we derive the result for the glued-up operator of a finite family of nonau-
tonomous operators. We first define the following geometrical parameters related
to the subdivision.

Definition 4.6. Let N > 2 and Ty = {7 }o<i<ny besuch that a =719 <7 < --- <
Tn = b, define for each j € {2,..., N} the function H;(p,T,-,-) : Ry x Ry — R,
as

Hj(p, T,C, G) = k1 + 5 P 'Qp (1 = 721, C, G) (4.18)
where K14 = T;rjl_TTo ko,j = 7':7—:';31

We now give an estimate of the MR, constant for the glueing of finitely many
operators in terms of these geometrical parameters.

Theorem 4.7. Let T = {7}o<i<n be any finite subdivision of I. Let us be given
a family {Ai}1<i<n of nonautonomous operators such that A; € MR,(1i—1,7;).
Then the operator A defined by

At),  ifro<t<m,
A(t) — AQ(f), ile St<7’2,
An(t), iftno1<t<7TNn
belongs to MRy(a,b) and we have
[A]MR (a,b)
Tj — T N
0
< Z T (T H 0T A s [AD)) (A, -
17T T

j=i+1

(4.19)

Proof. We show the estimate by induction on N. * For N = 1, the result is trivial.

* Fix some N > 2 and assume that the result holds for any subdivision of size
N — 1, let us show that the result holds for any subdivision of size N.

Let a,b € R, a < b, T := {7 }o<i<n be a subdivision of size N and let {A;}1<i<n
be a family of maximally regular nonautonomous operators on each [r;_1, ;] respec-
tively. Denote by A the resulting glued-up operator on [a, b].

We denote By := Al -y_,) and By := Ay. By our induction hypothesis, we
are able to apply Lemma [{.4] on B; and B,. We obtain

[Almr, (ap) < (“1 N K1 Ry N Qp (1 = 7, | B [32}))[BI}MRP(T°’TN’1)
+ K2, N[B2) MR, (rx—1,7x)
=Hyn(P, T, | B2llos [BQD[Bl]MRp(TO,TN—l) + HQ:N[BQ}MRP(TN*“TN)'

Let us then apply our induction hypothesis on the subdivisions 7’ = {7; }o<i<n-1
and the corresponding family of operators {4;}1<;<n—1 glueing-up to B; and each
of size N — 1. For simplicity denote H; := H;(p, T, || Ajllcs [Aj] MR, (r;—r;_1))- We
infer that

(Al MR, (ap) < Hy Z ( H H;) ko[ A MR, (i1 im) + B2, N AN MR, (v 1070)
=1 j=i+1



30 T. BELIN, P. LAFITTE EJDE-2025/18

N-1 N
= Z ( H Hj)ﬁ;z’i[Ai]MRp(Ti—l,Ti) + KZN[AN]MRP(TN_LTN)
i=1  j=i+1l
N N
= Hj) K2,i[Ail MRy (ri_1,70) -
i=1  j=itl
This completes our proof. O

5. PROOFS OF THE MAIN ESTIMATES AND EXAMPLES

In this section we prove our main estimation results. The general estimate
Theorem is derived in Section [B.1l It is then used in Section to show
the quantitative version Theorem for operators in RC®#(I). Finally Section
5.3 contains some examples.

5.1. Estimation for general relatively continuous operators. The idea for
the study of the maximal regularity of relatively continuous operators, is to subdi-
vide the time interval [a, b] and consider the operator on each subinterval I; C [a, b]
as the sum of an autonomous maximal operator A; and a regular perturbation B
arising from the relative continuity.

We start with a somewhat precise version of the Besicovitch covering theorem
in dimension 1 (found e.g. in [7, Theorem 2.18]).

Lemma 5.1. Let p : [a,b] — (0,+00) be a positive function, then there exists
N = N(p) € N, a set of center points C := C(p) = {ti}ri<i<n C [a,b] and a
subdivision of [a,b], T =T (p) = {Tito<i<n such that

a:’TOgtl<Tl<t2<...7—N71<tN§TN:b7 (5]‘)
such that for alli € {1,...,N},
t: — 7il, [ti — Tica| < p(ta), (5.2)

p(ti) < |mi — Tica] < 2p(t:).
Hence we can write
[a,0] = ULy [ri-1, i)

Proof. We have [a,b] C Ui ple, It := (t — p(t),t + p(t)). By compactness there
exists a finite family of intervals F C {I;};c[q,5 covering [a, b].
Claim: there exists a subcover F C F which satisfies both of the following nonover-
lapping properties:

(P1) ForanyI,JGJ},{CJéI:J.

(P2) Forany I,JJ K e F,INJNK#0=I=JorJ=Kor K =1.

We show the claim by induction on the size N of F.
Base. If N =1, the result is trivial.
Induction. Assume the claim holds for some N > 1. Let F be a covering family
of size N + 1. If F already satisfies |(P1)| and [(P2)| we are done. Otherwise, either
(P1)| or [(P2)| fail to be satisfied.

Case 1: Assume that (P1)| fails for F. There exist I,J € F such that I C J and
I # J. Observe then that F \ {I} still covers [a,b] and is of size N.
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Case 2: Assume now that|[(P2)|fails for 7. There exist I, J, K € F, all distinct such
that INJNK # 0. Write I = (ay,bs), J = (as,by) and K = (ax,br) and
assume without loss of generality that a; < ay < ak.

* If b < by or bxg < by then we conclude that K C I or K C J hence
F\{K} covers [a,b] and is of size N.

x Otherwise if bg > by and by > by, then since INK # 0, ax < b;.
Thus we have I U K = (az,bx) and so J C I U K. Therefore F \ {J}
covers [a,b] and is of size N.

In any case we can cover [a, b] with a subfamily F C F of size N. The induction
hypothesis allows to conclude.
* We still denote by F = {I;, }1<;<n some finite subcover of [a, b] satisfying (P1)
and (P2). Let us assume furthermore that (¢;)1<;<n are ordered in an increasing
fashion, ie. a < t;] <ty < --- <ty < b and define 79 = a, 7v = b and 7; :=
ti“;ti + p(ti)fg(ti“) for i € {0,..., N — 1}. From the properties and |(P2)
we infer for any ¢ € {1,..., N — 1} that

pti) — p(tiv1) < tir —t; < p(ts) + p(tita),
tiyr — p(tiv1) > tio1 + p(ti-1).
From these we straightforwardly infer (5.1) and (5.3). O

Let us now state and prove an explicit version of the result of Arendt (found in
[8, Theorem 2.7, Theorem 2.11]). First let us recall the quantities of interest and
the main assumption of the theorem.

(Al) (a) Relative continuity: A € RC(I;(D; X)).

(b) Decomposition: There exist Ag : I — L(D,X) and B : I x [ —
L(D, X) such that
(b.1) For all t,s € I, A(s) = Ao(t) + B(t,s).
(b.2) For all t € I, Ay(t) € mrp(R4).
(b.3) There exists a range r4 = (04,n4) such that for all x € D,

Vi,sel, |t—s[<pa(t) = [IB{s)zllx <eo@)|zllp+pa@®)lz]x, (54)

where p4 1= da 0 €p, A := M4 0 €y and € is defined through

E16)-217).
Recall also the auxiliary quantities Ky and My for Ag defined in (2.16).

Theorem 5.2. Assume that A satisfies . Then A € MR,(I) and there exists
a subdivision T := {7;}o<i<n of I and center points C := {t;}1<i<n such that
a=To<t1 <M <<ty <TN =D, (5.5)
pa(ti) <7 —1ic1 <2pa(t;), Vie{l,...,N}
and there exists K := K(p,T,C, Ko, My, || Al|cc) > 0 such that
[Almr, ) < K. (5.7)

Proof. We apply Lemmawith pa = 040¢€ on [a,b]. This yields the correspond-
ing NeN,C:= (ti)lgigN and 7 := (Ti)OSiSN-

We define A; := A|;,_, 5, for each ¢ € {1,...,N}. By the decomposition as-
sumption we have A;(s) = Ao(t;) + B(t;,s) and by (5.2)), s — B(t;,s) is a
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regular perturbation of Ay(¢;) on the interval [r;,_1,7;]. Hence by Theorem [3.6] we
have A; € MR, (1;-1,7;) and

[Ail MRy (7o) < G(Ti = Tim1, pa(ts), Mo (i), Ko(t:)).
Finally we can apply Theorem to A with the subdivision T to obtain (5.7). O

5.2. Estimation for Holder-type relatively continuous operators. To esti-
mate the LP regularity constant more explicitly, we use an integrability condition
on the maps K and M stated in[(A2)[[(D)} (Ko+1)(Mo+1) € L"(I). This implies
in fact that p%‘ € L"(I). Under this condition, the Besicovitch covering theorem
can be explicited with concrete constants with the use of Chebyshev inequalities.

Proposition 5.3. Let p: I — Ry be measurable and such that % € L"(I) for some

r € (1,400]. Then there exist (N,{t;}1<i<n,{Ti}o<i<n) satisfying (5.1) and such

that . L
il
p L7 (a,b)

where r* is such that % + r% =1.

" )J v, (5.8)

1
<~ <3
pllLr

Proof. Denote for € > 0, E. := {t € I : p(t) > €}. From Markov’s inequality we

have for any € > 0,
ks

1

p
> 0 such that E, # 0 for any 0 < € < ¢*. If €* > |I],

T\ E.|<¢€ . (5.9)

L7 (1)

1
||~

|=

Hence there exists €* := ||

1,
then we may take N = 1, hence (/5.8)) obviously holds. From now on we assume

that e* < |I].
Fix some 0 < o < 1, and note that if there exists some 0 < €y < €* such that
|Eeo| > |I| — aeo, (5.10)
then for any ¢ € I, we have dist(¢, E,) < aeo otherwise we could fit a ball of diam-
eter strictly bigger than aey outside E., which would contradict (5.10). Therefore
IcC UtGEEU B(t, 60).

Compactness of I allows to extract a finite subcover, which we may assume satisfies

(P1){(P2)} yielding (5.1) with g < |7 — 71| < 2¢q for all 1 < i < N. Therefore

we can bound N from above and below:

I I
[ << (). (5.11)
260 €0
Now from (j5.9)), condition ([5.10) is satisfied for €g satisfying
T 1 "
Ol T
After some rearranging we find that ¢y := ?*7;1 < €" because we assumed
HF L7 (I)
1
¢* > |I]. Denoting 8 = (1) € (1,+00), we find from (5.11))
B 1, 1,
L R E [ (512

Letting 8 be close to 1 in (5.12]), we obtain (5.8). a
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Assume that A satisfies and Recall that then A € RC*(I): it has
a specific range of relative continuity r4 = (64,714) such that there exists ms > 0,

ms € (0,1] and
Ve >0, da(e) = mse®,
Ve >0, na(e) <mye
The integrability condition lets us define " := ||(Ko + 1)(Mo + 1)||%M(I).

Theorem 5.4. Assume that A satisfies|(A1) and |(A2)} Then there exists a con-
stant C = C(|1|, ||Allcos 2,7 oz,/a’) such that

tog ((AlLwer.1) <C(( ) {1+m m (@ BrIpsi(esn) | o0 (Trl:é)} (5.13)

+mn+1),

where

si(a, B,1) == (%—1) sa(a, B,r) = iii (Zii)sl(a,ﬂ,r).

The proof of the above theorem is quite technical, can be found in [I1]. This re-
sult is useful for applications, it allows to express an explicit bound of the regularity
constant in terms of the parameters of relative continuity of the nonautonomous op-
erator A. This estimate is then used to infer a global existence result for quasilinear
equations, stated in the next section.

5.3. Examples. Here we give two simple but useful examples of operators in the
class RC*#(I) for which we can apply our explicit estimate in Theorem m

Throughout the development of these examples we fix A € mr,(R;) a given
maximally regular operator on Ry and an additional operator B € £(D’; X) where
D — D’ — X is an intermediate space between D and X, that is we assume
there exists L > 0, 6 € (0,1) such that for any € D the following interpolation
inequality holds:

|Ballx < Llall% ]zl .

The reader may think of A as a well-known, autonomous and maximally regu-
lar operator (e.g. A = —A on L*R"), A = — =, (a(z)V,) with a,a™! €
L*>®(R™;STT(R))) and B as representing an operator with “low-order coefficients”
(e.g. Gagliardo-Nirenberg interpolation inequalities).

Example 5.5. Fix some \ € C’O%(T; R, ) such that {3 € L*"(I) for some r > 1
and define for ¢t € I,
A(t) == At)A

Then A € C%%(I;£(D; X)) ¢ ROF(I) with ms = (1+||A||£(D;X)[/\}é) °

where [A]1 :=sup, ./ W is the 1 Holder semi-norm of .

The operator A satisfies assumption [[AT)] with A9 = A and B : (t,s) — Ag(s) —
Ap(t). Now observe that
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1]+ A1)
< S Ane)
< (A1), ||A||m>ﬁ,

first by time rescaling invariance (see (4.9)) then by Proposition Also My(t) ==
sup, g [le”#||x, therefore

— 1
L < CA I M) 35

Lor(I)

From Theorem we find that there exists C'(A, |1, | Al|oo, p, @, 7) > 0 such
that
ar® 1 art 1
log ([A]vir, ) < C (14N 5515 (1-+10g ((1+1X]2) HpHLm)) (5.14)
We observe from estimate that the behavior of the regularity constant of A
can be expressed in terms of the strength of the oscillations of A represented by [A] 1

representing a measure of the degeneracy of the operator.

and of the term |,\% I

Example 5.6. We now consider a more general operator of the form
Alt) = At)A+~(t)B,

where as before A € C%a (I;Ry) and v € L®(I;R). As above we show how to
obtain a log-estimate of [A] ysx,, () using Theorem m

Relative continuity. A € RCQ’%(I ). Let us compute a range of relative conti-
nuity for A(-). Let t,s € I, t # s and = € D, we have

JA®z — A@s)ellx < A = XAl ll2llp + () = ()l Ballx
< Wz llewiolt = s lello + 2L locllel b 2115

Now for any h > 0, from Young’s inequality with p = %, q = ﬁ, we have
a®b'=% < 0h/% + (1 — 0)h~ 77 b. Therefore,

lA@® = Als)ellx < (I LI Allesxlt = 5 +20L11y0h"?) 12l o

+2(1 = )Ll lloch™ =7 2] x

Fix r > 0 and take h = (r|t — s\)% to find that

JA®)z = A)lx < (N2 Al e + 6L r™/) |t = s/ o]l

+2(1 = ) Lllloc (rlt — s)) 770D [lz]|x.
[N 1 |4l
20L[[7¥]l o
1A(t)z — As)z||x
<2 L[ Al 2ot = sz o

20L|7Y|| 00 \ 7257 __ o
# 20 =)Ll () 7 o o

Now choose 7 := ( )a to find that

g

—Calt = sl elalp + @05 1= 0)C, ()" le- sl Tl
A
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where C) := 2[A] 1 || A||z(p;x) and Cy := 2L||y|| 0. Observe then that for any e > 0,
if [t — s| < C\ “€e*, then we find that

2]
CNTT o o
40 — A(s)elx < elelp +Cocy () €Tl

< dllellp + CoCT 7 e ™7 Jz x.
A range of relative continuity of A can be
0(e) == (Cr+1)" "€,
7(e) = C(;Cyl%gcfﬁ

and therefore A € RC“’%(I).

Maximal regularity. A € MR,(I). Here A satisfies assumption with
Ao it At)A and B : (t,8) — (A(s) — A(t)) A+ ~(s)B. Now we have for z € D,
e >0,

1B(t, s)allx <[ A(s)e — A(t)z]x + Iyl B]lx
< [[A(s)x = AWylx + 5ll2llp + CoCre ™7 |l x.

Hence upon choosing 6.4 () := 6(§) and na(e) :=7(5) + C(;Cve_% we find that
(04,m4) is still a range of relative continuity for A, compatible in RC* 15 (I) and

that B satisfies |[(A1)(b.3)

Logarithmic estimate. log ([A]MRP(I)). As in the continuous case, we find that

1

L' < CCA 1 Moo 5z Far

< +00.

Hence A satisfies [(A2)| for o and S = %9' We also observe from the definitions of
04 and n4 that
ms o< (14 [A1)7%

_1
my o< [|yllss”,

1
a

where the proportionality factors only depend on 6, L and || 4| £(p,x)- Also see
that s1(a, 125) = r*(ﬁ —1) and
(77%) = T ) (g )
2\*170) T 10+ " \ari/\a-0a )

Hence we can apply Theorem [2.18] to find that

[e2-D}

tog (A L, ) < O (14 02 ) ™" gl (14 IE™ (14 2)™ [l
+1og (14 D2 Igllees ) 3+ IHIE7 +1).

where C := C(|1, || A]|cos P, @, 0, 7).
As for the continuous case described in Theorem [5.5] the behavior of the regular-
ity constant of A in (5.15) is expressed in terms of [A] 1 representing the oscillations

of the diffusion coefficient A and in terms of ||3=

(5.15)

L~ representing a measure of
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degeneracy of \. Extra terms in ||v|/s appear which account for the perturba-
tion v(t)B. Remark that if 6 is close to 0, then the log-estimate becomes linear
with respect to [7]/oc which matches the asymptotic behavior of [A + 4] mr, (1) as
v — +00, 7 € R (see Proposition . If v = 0 we exactly find back.

A regime of interest happens when «(1 — ) < 1, in this case we have s1, 53 < 0.
Therefore the above bound can be simplified as follows:

log ([A()mr, (1)) < C<(1 + Wé)M*H%)QHﬁ{l +IET

+1og (14 [A]é)nﬁum)} 1),

6. GLOBAL EXISTENCE FOR QUASILINEAR EQUATION

6.1. A general existence result. Let us recall here the criterion for the existence
of global solutions on the bounded interval I of the quasilinear problem

gu + A(u)u = F(u),

dt (6.1)
u(a) = x,
where x € TrP.
(Er) For all R > 0, we define the quantities:
v(R) :== sup [A(u)]MRp(I), (6.2)
lullx (=R
#(R) = sup  {[[A(u)]loc + IF(w)l[Lrix) + 1} (6.3)

lullx =R

and assume that for any L > 0 the following sublinear growth condition
holds,

R R
sup Y (F)r(Rz) — 0. (6.4)
Ri,Ra€[R—L,R+L] R R—+o00
(E;r) We ask for the following continuity properties:
L[ X)) = LA(LX) .
(i) F: { u - F) is weakly continuous.

(ii) A("): { X(IZ : KZSI;L(D’X)) is continuous.

Let us now prove the existence theorem.

Theorem 6.1. Assume that A and F satisfy conditions and|(E;r ). Then for
any x € TrP there exists a unique global strong solution uw € MRP(I) of (6.1).

Proof. Reduction to x = 0. Fix a function w € MRP(I) such that w(a) = z, and
consider the quasilinear problem

d d
av—i—A(v—kw)v =Flv+w) - T — A(v+ w)w,

v(a) = 0.

If v € MRP(I) is a solution of (6.5), then u := v + w is a solution to the original
problem (6.1]) starting from x. Let us show that

(6.5)
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Fo() = F(- + w) — %w — A

satisfy assumptions and |(Ej)|-|(Er;)} It is straightforward to see that they satisfy
(E;;)l There only needs to show that they satisfy |(E;)]

We define as required

Y2(R) == sup  [As(u)|mr, (1),
llullx(I)=R
kz(R) == sup  {[|Agz(u)]loo + |Fa(u)llLrrx)}-
lullx =R

For a given u € X'(I), from the triangle inequality we have ||u-+w|| x5y — |w|lx 1) <
llull vy < lu4wllxy + |wllxry. We infer that if Ly, := [|w||x (1), we have for any
R > Ly,

R1E€[R—Ly,R+Ly)

In a similar fashion, since there exists C,, > 0 such that
IFs (u)ll e (r:x) < Cuw (IIF(u+w) | Lo (1.x) + 1A (u + w)|loo + 1),

we find that

kz(R) < sup Cwk(R2).
Ry €[R—Ly,R+ L)

Let L >0 and let R >0 and Ry,Rs € [R— L, R+ L] we have

Yo (Ri1)kz(R2) < sup v(RY) sup Cuk(R3)
R{€[R1—Luw,R1+Ly] Ry€[Ry—Luy,Ra+Ly|
< Cy sup V(R)K(RY).

R|,R,e[R—L—Ly,R+L+L,]
Now taking the supremum over R; and Rs, we find from with L 4+ L,, that

sup Yz (R1)kz(R2) — 0.
R1,Ry€[R—L,R+1L] R—+o0
Existence. The existence of the solution is shown through Schauder’s fixed point
theorem. Define the map

LX) - Xx(D),
T'{ U Lg(lu)IE"(u)

and note that any fixed point of T must be solution of .

*x|The map T is continuous from X(I) equipped with the strong topology to
MRP(I) equipped with the weak topology as a consequence of of Proposition
and the continuity properties of F and A in Now since the embed-
ding MRP(I) < X(I) is compact, this implies the continuity of T onto the strong
topology of X(I).

* T is compact, again by the compact embedding MR (I) — X'(I).

x Let u € X(I), and denote R := |u||x(r). We have

< [AW)]mr, () IF ()| Lo 1;:x)
<Y (R)K(R)

(AR

|1 Tw||nre (1)

AN
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Denote by C' > 0 the continuity constant of the embedding MRP(I) — X(I), to

find that (R)n(R)
Y(R)k
R> . (6.6)

For any 7 > 0, we denote B, = Bx()(0,r) the closed ball of X(I) of radius
r € R4 and centered at 0.

By [(Ef)| there exists Ry > 0 large enough such that for any R > Ry we have
CA/(R)N R
R

I Tl < CR (

< % By continuity of the map T there exists R; > 0 large enough such
that T(Bry) C Br,. We denote R* := Ry V R; and define the quantity
2

V(R)K(R)

Q= sup C< 7

> < +o00.
Bo < R<R*

* We claim that T(Bygr+) C Bagr-- Indeed, if @ < 1 then it is obvious because
from that T(Bag+) C T(Br+) C Bag+. Otherwise if o > 1 let us write Byp« =
Bry US1USy where S7 := Bg+ \ Brq, S2 := Byg+ \ Bg+. We already know that
T(Bry) C Br, C Br- C Bag-. Now from (6.6) we find that T(S;) C Bag-, and
from 2;he definition of Ry and again from we find that T'(S2) C Bar+ C Bag+-

Finally since B, g~ is a closed and convex subset of the Banach space X (I), we
can apply Schauder’s fixed point theorem which yields the existence of a solution

to . O

6.2. Existence of strong solutions for relatively continuous operators. We
assume throughout this subsection that the map A : X(I) — RC(I) maps to
the space of relatively continuous operators and that A(w) is globally bounded in
L>(I; L(D, X)).

Let a > 1, 8 > 0,7 > 1 be fixed and assume that for each v € X(I), A(u) satisfies

(A1)} [(A2)l Denote by Ag : u +— Ap(u) the operator given by the decomposition
(Al)(b)| and the subsequent u — Kq(u), Mp(u) given in (2.16]).

Naturally this gives rise to the following maps:
(i) mgs : X(I) — (0,1],

(ii) my: X(I) = Ry,

X(I) — Ry,

I: @ olla

(iii) { u = (Ko + 1) (Mo + 1) arpy-

(E}) For any R > 0, define the following quantities:

= su LR my (u)ms(uw)®2 I (u)
mos(B) = s { (2] (14 madms(u) T
+ log (756(22))) +mn(u)},
Rlog(R) = s R{log(llA(U)lloo W)l e (rix) + 1)}
Ullx ()=

and assume that there exists A > 0, such that for any L > 0, there exists
Ry > 0 such that for all R > Ry we have

sup 710g(R1) + "flog(R2) <1-h,
Ri,Rs€[R—L,R+L] log (R)

(6.7)
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where s1(a, 8,7) :=1* (% - 1) and so(a, B,71) := g—ﬁ—(z—;?) s1(ay B, r).

Theorem 6.2. Assume that for each v € X(I), A(u) satisfies |(A1) and |(A2)
Moreover assume that AT satisfy and [(Err ) Then for any x € TrP, there

exists a unique solution u to (6.1)).

Proof. The growth condition (6.7)) straightforwardly implies the growth condition
(E;7)|is fulfilled by assumption. We simply apply Theorem [6.1 O

7. CONCLUSION AND PERSPECTIVES

This work gives new estimates of the maximal regularity constants of nonau-
tonomous relatively continuous operators and describes the weak topologies of op-
erators in L>(I; £(D, X)) for which the maximal regularity is persistent.

These inquiries are used to derive a new well-posedness criterion for a general
class of Cauchy problems for nonlocal in time and quasilinear equations. This
criterion allows to bypass the standard Lipschitz continuity of the nonlinearities and
instead requires growth conditions on the pointwise constant of maximal regularity.

We hope that these inquiries will help the study of nonlinear parabolic equations
arising in various models involving time-delays or memory effects with moderately
low-regularity coefficients in time. A first inquiry pursued by the authors is to find
concrete applications of the result.

Remaining inquiries would involve the existence and regularity of the semi-flow
associated to and better asymptotic estimates of the maximal regularity
constant to possibly improve the criterion .
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