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MULTIPLICITY RESULTS FOR CRITICAL FRACTIONAL
AMBROSETTI-PRODI TYPE SYSTEM WITH NONLINEARITIES
INTERACTING WITH THE SPECTRUM

EDUARDO H. CAQUI, SANDRA M. DE S. LIMA, FABIO R. PEREIRA

ABSTRACT. We study the existence of solutions for Ambrosetti-Prodi type
systems involving the fractional Laplace operator, and having nonlinearities
reaching critical growth and interacting in some sense with the spectrum of
the operator. The resonant case in Ay ; for k > 1 is also studied.

1. INTRODUCTION

Let s € (0,1), N > 25 and Q2 C RY be a bounded smooth domain. In this paper
we study the existence of solutions for the critical fractional system

(—A)Y’u=au+bv+ OKOKTBU—FOHIU—%B +&u P 4 inQ,

(—A)*v = bu+ cv + uy v P F o etPT L g i Q, (1.1)

B
a+p
u=v=0 inRV\Q,

where

: u(z) — u(y) N
A)u(x) := C(N,s) lim dy, xe€RY,
(=A)°u(z) ( )s\o RN\B. (a) |& — y[N+25 Yy

is the fractional Laplace operator with

C(N,s) = (ANde)_l

a positive dimensional constant, a, 5 > 1 are real constants such that the sum
o + B is the fractional critical Sobolev exponent 2% := %’ 1,6 2 0, wy =
max{w(x),0}, and the forcing terms f and g are of the form f = t¢1 , + f1 and
g = r¢1s + g1, in such a way that the pair (t,7) € R?, f1,g91 € L9(f2) for some
q > % and [, figrsdx = [, 9141 sdx = 0 with ¢1 s the positive eigenfunction
associated with the first eigenvalue \; s of the operator (—A)® with homogeneous
Dirichlet boundary condition.
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With the above decomposition, to state and compare our results to the scalar

case, it is convenient to rewrite system (1.1) as
(—R)*U = AU + VF(U) + Tr, + F in , )
U=0 inRV\Q '

where

v=(1) cBro=(CT" A) 4= (6 0 e,

where V is the gradient operator,

1 o « (0% t
F(U):a+ﬂ(u+ v’ + Guy P 4 & o) T = <T)7 By = (2)7

Let pq,pe be real eigenvalues of the symmetric matrix A, which will assume
p1 < pe. Thus, it is satisfied that py|U|? < (AU, U)re < po|U|? for all U =
(u,v) € R2. The interaction of these eigenvalues with the spectrum of (—A)* will
play an important role in the study of existence of the solutions.

We recall that Ambrosetti and Prodi [2] in 1972, studied the boundary value
problem

—Au = f(u)+ @) inQ,
u=0 on J9,

where g € C%%(Q) with a € (0,1), f € C?(R) such that f(0) =0, f”(¢) > 0 for all
t € R and

(1.3)

. / . /
0< t_l}r_noof )<< t—liToof (t) < Ao,

where 0 < A\ < Ay < -+ < ... denote the eigenvalues of (—A, H}(Q)). The
authors showed that there exists in C%%(Q), a closed connected C* manifold M; of
codimension 1 which splits the space into two connected components My and My
such that, if g € My, the problem (1.3) has no solution; if g € Mj, the problem
(1.3) has exactly one solution and if ¢ € Ms, the problem (1.3) has exactly two solu-
tions. After the pioneering work by Ambrosetti and Prodi [2], many existence and
multiplicity results have been investigated in different directions. In particular, Ruf
and Srikanth [30] established a multiplicity result for the local subcritical problem
—Au = Xu+uf + f(z) in Q, v = 0 on IQ provided that the non-homogeneous term
f has the form f(z) = h(x)+te1(z) (h € L™(2) with r > N), A is not an eigenvalue
of (=A, H}(Q)) and t > T, for some sufficiently large number 7' = T'(h). Still in
the local scalar case, but with nonlinearity in the critical growth (p = 2* — 1), the
problem above mentioned has been studied by De Figueiredio and Yang [I7]. They
proved the existence of two solutions when N > 6. This result was extended by
Calanchi and Ruf [I0] using the technique developed in [2I]. Works related to this
subject in the local scalar case, we recommend [4] and in the nonlocal operators
situation, [3] and [20] (see references therein). For the critical system in the local
operators situation, problem (1.1) was studied, for instance, in [I8] and [27] when
to < A1 and by [25] in the uncoupled case. For the fractional subcritical system,
(1.1) was studied, for instance in [24].

The purpose of this work is to prove the existence of solutions nonlocal gradient
systems of elliptic equations (1.1) involving critical nonlinearities on the hypothesis
of an interaction of the eigenvalues p1, o of the matrix A with eigenvalues of the
fractional Laplace operator (—A)®. When ps < A1, this system belongs to the
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class of the so called Ambrosetti-Prodi type problems [2] which have been studied
by several authors in the last decades with different approaches.

Problem (1.1) is an extension to systems involving fractional Laplace operator
of the equation considered in [30], [I7] and [I0], in which (1.1) was studied in the
local operators case (s = 1) and nonlocal operators (0 < s < 1) in [3] (see [20] also)
and with the particular matrix

A= (3 2) € Moo (R).

In this article, we complement the results achieved in [24], proving that the system
(1.1) (or (1.2)) has at least two solutions for sufficiently large values of parameters
(t,r), the first solution is negative and obtained explicitly depending on the non-
homogeneous terms f and g. The second solution is obtained via the Mountain
Pass Theorem when ps < Ay s, or applying the Linking Theorem in the case A s <
1 < p2 < Agy1,s if £ > 1. The resonant case Ag s = pq for & > 1 is also treated
here. Finally, we should point out that the corresponding local problem governed
by the standard Laplacian operator can be recovered by letting s — 1.

To show the existence of solutions, difficulties arise when we consider fractional
operators. As we know, in [I0], the approximate eigenfunctions technique was
used to facilitate the estimates of the energy functional associated with the lo-
cal scalar problem in the space H{(Q2) (for local critical systems, also see [27]).
However, as noted in [23], in the nonlocal case, it is not possible to employ any
more the same idea as in [I0] or [27], since w and v are not orthogonal in the
fractional space X§3(€2) even though they have disjoint supports. On the other
hand, further complications arise due to the presence of the mathematical term
F(u,v) = T}rﬁ [y v P + &uyp TP + & “TF] that includes either an uncoupled
or a coupled nonlinearity.

Because of these obstacles, we develop similar techniques to these known for the
Laplacian operator.

It is important to point out that, with the aid of [I9], our results are still valid
for the general case VF(u,v) when F is a (a4 )—homogeneous nonlinearity, which
includes a larger class of functions.

The proof of the Theorem below follows arguments as in [24], so we will omit it.

Theorem 1.1 (Existence of a negative solution). Let A € May2(R) be a symmetric
matriz such that

det(N\; I —A)#0, forj=1,2,.... (1.4)
Assume that Fy = (f1,g1) € LY(Q) x LI(Q) for some q > & and consider
R={(t,r) e R? :br + (A1 — o)t < ndet(\ s — A) and
(AM,s —a)r + bt < Idet(Ay I — A)}.

Then there exist 1,9 < 0 such that system (1.2) has a solution (ur,vr) (with
ur <0 and vp <0 in Q) for every T € R.

Remark 1.2. Suppose that det(A; I — A) > 0 and
A1s > max{a, c}. (1.5)

Then the set R is a region between lines satisfying;:
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(i) fb=0,
)\1 s — C Al s— a 2
R=(— _ — 00, ———— R-.
(oo i T =) (= o0, det()\l’SI—A)) <
(ii) If b > 0,
J—A . —
R={(tr)eR*:r< ndet()\l’z ) _ (Al’bb C)t and
det(Ayol — A) b
r<v >\1,s —a >\1,s - at}.
(iii) If b < 0,
R = {(t,r) €ER?:r> ndEt()\l’ZI —4) - (Al’sb_ C)t and
det(AroT — A) b
’ — tr.
r<? )\l,s_a )\115—(1}
On the other hand, if det(A; I — A) > 0 and
A1,s < min{a, c}, (1.6)
then the set R satisfies:
(i) fb=0,
Ms—cC Al,s — @ 2
R=n——~—— Y R-.
O et T4y T Vg r—ay T ©
(ii) If b > 0,
J—A , —
R={(tr)eR*:r< ndet()\l’z ) _ (Al’&b C)t and
det(Ay ol — A) b
> : — tt.
(>\1,s - a) (>\1,s - a) }
(iii) If b < 0,
R={(tr)eR*:r> ndEt()\l’SI —A) s = C)t and

b b
det(A1 s — A) b t}
()\l,s - (l) ()\l,s - a) '
Note that, since det(A; I — A) # 0, the lines that define the region R are not

parallel. Moreover, if det(A1 s I — A) < 0 a similar result can be obtained as in the
Remark 1.2.

>4

The following are the main results of this article.

Theorem 1.3. Assume that N > 6s, £1,& > 0, a+ 3 = 2% and that one of the
following 2 conditions hold:

0< M1 < p2 < )\1787 (17)
Aiys < p1 < po < Agy1s, for some integer k > 0. (1.8)
Then, system (1.2) has a second solution.

Remark 1.4. Hypothesis (1.7) implies that the conditions (1.4) and (1.5) are sat-
isfied and the hypothesis (1.8) implies in (1.4) and (1.6). In both cases, det(Ay oI —
A) > 0.
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Theorem 1.5. Suppose N > 6s and
1,6 > 0 and A s = p1 < p2 < Agy1,s,  for some k> 1.
In addition assume that
Fy = (f1,01) € (Kex((— K)* — Ap.oD))*. (1.9)

Then system (1.2) has a second solution.

2. PRELIMINARIES

For each measurable function u : RV — R the Gagliardo seminorm is defined by
_ 2 1/2 1/2
[u]s := (C(N7 s)/ dedy) = (/ |(—A)s/2u\2dx) .
ren |o —y|NE2s RN
The second equality follows from [I3, Proposition 3.6] when the above integrals are
finite. Then, we consider the fractional Sobolev space

H*RY) = {ue L*®RY) : [uls < oo}, ullm= = (JullZe + [u]3)!/,

S

which is a Hilbert space. We use the closed subspace
X5(Q) :={uec H¥RY): u=0 ae. inRY\Q}.

By Theorems 6.5 and 7.1 in [13], the imbedding X§(Q?) — L"() is continuous
for r € [1,2%] and compact for r € [1,2¥). Fractional Sobolev embeddings with
radial potentials have recently been explored in [16], offering further insights into
the behavior of solutions in these functions spaces. Because the fractional Sobolev
inequality, X§(€?) is a Hilbert space with inner product

<’LL, 'U>X§ — C(N, 8)/ (’U,(CL') — u(y))(v(m) — U(y)) dr dy7

ey oyl
which induces the norm | - [|xs = [-]s. Observe that by [L3| Proposition 3.6], we
have the identity
2 S S
s = gy -8 2l w e X5(©).

Then it is proved that for u,v € X§(£2),
2 vt [ (@)~ @) @) —ow)
O3] /RNu(x)( A)*v(z)d /RM T gV dx dy,

in particular, (—A)® is self-adjoint in X§().
Now, we consider the Hilbert space given by the product space

Y(€) := X5 () x X5(),
equipped with the inner product
((u,0), (,))y = (u, ) xz + (v, 9) xg

and the norm
1w, 0)ly = (lullig + ol ).
The space L"(€2) x L™(2) (r > 1) is considered with the standard product norm

1w, )llLrxr = (lullZ- + [[ol|F)"2.
Also, we recall that

p|U? < (AU, U)g> < po|U|? for all U := (u,v) € R?, (2.1)
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where p; < po are the eigenvalues of the symmetric matrix A. In this article, we
consider the following notation for product space S x S := S? and

wt(z) := max{w(z),0}, w () := max{—w(z),0}

for positive and negative part of a function w. Consequently we obtain w = w* —

w”.
Since we want to obtain a solution for problem (1.1) with critical growth, we
defined S as the best constant for the Sobolev-Hardy embedding

X5(Q) — L% ().
The constant is

Jull%s
S = Sars(®) = o b

in {—2 >
we XG0} L( [ jy)22 )/
Chen, Li and Ou [II] proved that the best Sobolev constant S,+p = S is achieved
by w, where w is the unique positive solution (up to translations and dilations) of
(-APw=w®"1, inRY, weL*(Q).
For the case of problems involving systems, we need the definition

2

S.= S0, B)(@) = inf I, o)y
€N ( [ [ula[o]® + Exful + Exfo]2+8 do)

The following result establishes a relationship between S and S;. In local case,
it was proved in [I], which the proof in our case follows arguing as was done there
combined with the arguments in [I4] and [I5] for the nonlocal case.

2/2¢°

Lemma 2.1. Let Q be a domain (not necessarily bounded), then there exists a pos-
itive constant m such that Sy = mS. Moreover, if wg achieves S then (sowg, towo)
achieves Ss for some positive constants sg and tg.

Remark 2.2. The constant m in the previous lemma is given by m = M ~!, where
M = max J(s,t) is attained in some (B,C) (with B,C > 0) of the compact set
{(s,t) € R% : |s|? + |t|> = 1} with
I(s,8) = (5]t +&als] ™7 + Ealt]*+7) 755
Therefore,
B* 4+ C? _
(BeCP + & Bo+B 4 g,CotB)ats

2.1. An eigenvalue problem. For A € R, we consider the problem with homoge-
neous Dirichlet boundary condition

(=A)’u=Au in Q,

u=0 inRY\Q.

If (2.2) admits a weak solution u € X§(2) \ {0}, then X is called an eigenvalue and
u a A-eigenfunction. The set of all eigenvalues is referred as the spectrum of (—A)*
in X§(Q) and denoted by o((—A)?%). Since K = [(—A)®]~! is a compact operator,

the problem (2.2) can be written as u = AKu with u € L?(Q), hence the following
results are true (see [33], [35]).

(2.2)
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(i) problem (2.2) admits an eigenvalue A\; s = mino((—A)®) > 0 that can be

characterized as follows
s/2 2
Moz min Jev|CA)Pu@)Pdr (2.3)
T uwexg\{o} Jon |u(x)]? dx

(ii) there exists a non-negative function ¢ s € X§(£2), which is an eigenfunction
corresponding to Aq s, attaining the minimum in (2.3);

(iii) all \q s-eigenfunctions are proportional, and if u is a A\ s-eigenfunction, then
either u(z) > 0 a.e. in Q or u(x) < 0 a.e. in €

(iv) the set of the eigenvalues of problem (2.2) consists of a sequence {Ay s}
satisfying

O<)\175<)\2,S§)\3,8§-~-§)\j75S)\j+1,s<...,)\k’s—>oo, as k — oo,

which is characterized by
u(r)—u 2
o BB 4,

min
u€Pk1\{0} fRN lu(z)|? dz

Akt1,s = (2.4)

where
Prpr={ue X5(Q): (u,pjs)x =0, j=1,2,...,k};
(v) if X € o((—A)*) \ {\1,s} and u is a A-eigenfunction, then w changes sign in
Q.
(vi) Denote by ¢y, s the eigenfunction associated to the eigenvalue Ay ,, for each
k € N. The sequence {py s} is an orthonormal basis either of L?(Q) or of X§(Q).

Remark 2.3. Every eigenfunction of (—A)* is in C%7(Q2) for some o € (0,1) (see
[33, Theorem 1] or [31l Proposition 2.4]).

3. PROOF OF THEOREM 1.1
The proof of the Theorem 1.1 needs the following lemma (see details in [24]).
Lemma 3.1. If (1.4) hold and Fy € L*(2) x L?(2), then the system
(“R)°U =AU+ F, inQ,

o (3.1)
U=0 nR"\Q,

has a unique solution Uy = (ug,vo) € Y ().

Remark 3.2. If (1.9) holds, using the Fredholm alternative, we have that (3.1)
has a unique solution.

Remark 3.3. If F} € LY(Q) x L9(Q) with ¢ > 2%, by [6, Theorem 3.13], we know
that the solution Uy = (ug,vp) € C°(2) x C°(Q).

If i € L>®(Q) x L*>(Q), by |29, Proposition 4.6], the solution Uy = (ug,vy) €
C%3(Q) x C%3(Q).

If s =1/2 and F; € Cy°(Q) x Cy°(Q), with 0 < ¢ < 1 and N > 2s, then
Uy € CH7(Q) x CH7(Q) and |[Upll (1.0 @yyz < €llFill (oo (ay)z (see [9 Proposition
3.1] and

if s > 1/2, arguing as in [5], we have that Uy € C12571(Q) x C125-1(Q). Moreover,
a bootstrap argument ensures that if the function F; € C%(Q2) x C°(Q) and N > 2s,
then the solution Uy given by Lemma 3.1 satisfies ||Uo||(co.o )2 < cl|F1ll(za(0))2s
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where o = min{s,2s — %}, for some constant depending only on N, s, ¢ and Q (see
[28, Proposition 1.4].

We are ready to prove the existence of a negative solution for system (1.2).

Proof of Theorem 1.1. We will prove the theorem when the conditions (1.4) and
(1.6) hold (other cases (1.4) and (1.5) or (1.9)) are analogous to this and left for
the reader).

By Lemma 3.1 and Remark 3.3, the system

(-R)U=AU+F, inQ
U=0 inRV\Q,
has a unique solution Uy = (ug,vg) € C°(Q) x C(Q). Also

(s =)t +br bt + (A1,s —a)r
““@*(daumI—A)L“dmuMI—Afm@

is the unique solution of the system
_>
(AU =AU+T¢1,s inQQ,
U=0 inRY\Q.

Consequently, if
(As—c)t+br
" det(A\ L — A)
bt + (A1s —a)r
T det(M\ T — A)
then Ur = (ur,vr) is a solution of the system
(~R)*U = AU + Téy, + Fy in Q

U=0 inRY\Q.

Clearly if up and vy are negative in 2, we deduce also that Ur is a solution of
(1.2). Therefore, to conclude the proof under the conditions (1.4) and (1.6) (see
Remark 1.2), it suffices to show the existence of an unbounded region R C R?
where ur and vy are negative in 2 for every T = (t,7) € R. using (1.2), (1.5),
positivity and regularity of ¢; s (see [33]) and regularity of the functions ug R C R?
such that (up,vr) is a negative solution in .

Indeed, since ¢1,, € C%7(Q) is strictly positive in Q (see corollary 4.8 in [22])
and ug, vy € C°(Q), there exists 1,9 < 0 such that

ur ®1,s + Uo,

vp ¢1,s + o,

Ne1,s +up <0 in €,
P15 +v9 <0 in Q.

O
4. PROOF OF THEOREM 1.3
Let Ur := (ur,vr) be the negative solution with up,vy < 0 in Q given by
Theorem 1.1 for T € R. Notice that if U # (0,0) is a solution of
(~R)*U = AU + VF(U + Uy) in Q, w

U=0 inRV\Q,
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then U = U + Ur is a (second) solution of system (1.2) with U + Up # Urp.
Therefore, to prove the Theorem 1.3, we only have to show that the system (4.1)
has a nonzero solution for every T € R.

Observe that the weak solutions of (4.1) are the critical points of the functional
Iys : Y(2) = R given by

S ul\r) —u 2 v\r)—v 2
) = S0 [ ble) o k) s

1
7*/(AU,U)R2dx7/F(U+UT)d£E,
2 Ja Q

where
FU):=

B a+pB a+p
uSv, + &u + & ,
OL+B|: + V4 51 + 52 +

for every U = (u,v) € R?, and U = 0 is a critical point for Z, 5 with Z, 4(0) = 0.
Remark 4.1. The nonlinearity F is (« + §)-homogeneous, i.e.
FO\U) = \*YPE(U), VYU € R? VA>0.
In particular:
() (VEU),U)ge = uF,(U) +vF,(U) = (a+ B)F(U) for all U = (u,v) € R

(ii) F, and F, are (a+ 8 — 1)-homogeneous.
(iii) There exists K > 0 such that

Fu(U) < K(Jul 771 + o]0,
Fy(U) < K (Ju]* 70 4 Jo| P,
for all U = (u,v) € R%
Since F(U) = F(uy,vy) for all U = (u,v) € R?, we deduce that
IVEU)] < K (™7 + o7
for some constant K > 0.

4.1. Geometry of the functional 7, ;. In this subsection, we demonstrate that
the functional 7 , satisfies the geometric structure required by the Linking The-
orem (see [20] Theorem 5.3]) when A\, s < pu1 < p2 < Agg1s, for some k£ > 1. In
particular, if ps < Ay s holds, then the functional satisfies the conditions of the
Mountain Pass Theorem.

Since Y () is a Hilbert space, we consider the orthogonal decomposition Y () =
E @ E,j, where

EI; = Span{(o, 4,01,5)7 (901,87 0)’ (Oa 90275)’ (902,57 0), ERRE (07 ka,s)a (@k,sa 0)}

and E;" = (E;)t, for 1 < k € N. Note that Ef = (P)? and U € Y(12), then
U=U"+U" with U~ € E, and Ut € E}f.

Therefore, from the variational characterization (2.4), we have the following
estimates:

IUI3 > Aes1,sUN 72502, forall U € B},
NUI3 < MesllUlNFey e, forallU e E; .
Let
S, =0B,N E,‘:,
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Q:={UeY(Q):U=W+(E, WeE,, |[W|y<r 0<¢<R},

where E € E,j, 0 < p < R and r > 0 will be chosen later so that the following
conditions hold:
f Ths >o0>0,
Jof, et 20

max 7y s(U) < ag, with ag < o,
Uedo A,s( )_ 0 0

¥

<
pay Tl < yS*

Proposition 4.2. Suppose Q is a smooth bounded domain of RY, a+ 8 = 2% and
Aks < p1 < o < Agyi,s, for some k € N. Then there exists pg > 0 and a function
a: [0, po] = RY such that

Ths(U) > a(p) forallU € S, :=0B,(0)NE}.

Explicitly the maximum value of «(p) is

N‘Z

N S ; j25) 1
— 2 gN/2s(1 _ s — 4.2
( )\k+1,s (1 N 6) N252. ( )
and it is assumed that
_2s 1
f— g1 _ P N2
p ( )\k+17s) (1 +£) N42

where S is the best constant for the embedding of X§ in L% and & =: max{{;,&}.

Proof. Using that (A(U),U)g> < po|u|?, we obtain
1
TouU) > U] /|U|2

+&(v+ vrt) + (w4 ur)g (v + vm)i]dx.

5

[+ up)
Q

Note that
sotP < g8 Lot for all s,t > 0, (4.3)
/Q(u F ) do < /Q % < §7Ejully, = $7 ||ul % (4.4)
Similarly,
/Q(v + )Y do < ST o] % (4.5)

Then, by (4.3), (4.4) and (4.5), we have

1 K2 2
T s(U) > = U
w0 2 5 (1= 52 ) Il

(1+&1) 2 (1+&) o~ o0
(OH-BSN st Oz—|—ﬂSN ||vX5).
Since £ =: max{{1, &} > &1, &2, we obtain
1 H2 2 (1+5) 27
Iys > —1—-— I )2 = ,
ns(U) 2 2( /\kﬂ’s)p o p* =: alp)
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where p = ||U||y. Using a standart calculus argument, we obtain that the maximum
of a(p) is attained at

1 M2 N4—25
— 75]\[/43 (1 _ s s
Po (1 N 5) N4—S2s /\k—i-l,s)
So, the function « : [0, po] — R* is such that Z) s(U) > «a(p) for all U € S, and

the maximum value is

N
_ 5 oNy2s ( fh2 ) 25 1
a(py) = =95 1— —. 4.6
( ) N )\k+1’5 (1 +§) N252 ( )
Therefore, Z) s(U) > a(p) for all U € S,. The proof of the proposition is complete.

U
It is well know (see [12] Theorem 1.1]) that S = S,+4 is achieved by

—2s

U(x) = k(u? + |z — )" 7 (4.7)

with k € R\ {0}, > 0 and z¢ € RY fixed constants.
Equivalently, we see that

. |u(z) — u(y)? / [a(z) —u(y)?
in = 2 dedy = 2 2 e d
weX5\{0}, [lull o+ =1 /sz |z — y|N+2s Y7 Joon o — gV Y

where u(z) = u(x)/||ul|;2:. By translation, suppose xo = 0 in (4.7). Then, the

X

function u*(z) = u ), z € R, is a solution for the problem

S2%
(=A)u=|u>72, inRY (4.8)
satisfying
135 gy = S

As in [32], for every € > 0 we define the family of functions

- N—2s E N
Uz) =€ 7 u (6), xr e RY,
then U, is a solution of (4.8) and satisfies for all € > 0,

|Ue(‘r) - Ue(y)|2 /
——2 dxdy = Uz
L S pon |00

Now, take a fixed § > 0 such that Bys C Q. Let n € C=°(RY) be a cut-off function
such that 0 <7 < 1in RY, =11in Bs and n = 0 in RN \ Bys, where B, = B,.(0)
is the ball centered at the origin and with radius r > 0.

We define the family of nonnegative truncated functions

ue(x) == n(x)U(z) = eRY, (4.9)

2 dydy = S~

and note that u. € X§.
The following Brezis-Nirenberg estimates for nonlocal setting was proved in [32]
(also see [34]), which are similar to those proved for the local case in [§].

Lemma 4.3. Suppose s € (0,1) and N > 2s, then for ¢ > 0 small enough, the
following estimates hold:

|’U/€((E) B uﬁ(y)|2 N/2s N—2s
A2Nwd$dygs / +O(€ ),
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Cse? + O(eVN %) if N > 4s,
/ lue(2)|? dz > { Cye®s|loge| + O(e2%)  if N = 4s,
N
. CoeN =25 1 O(e2%) if 2s < N < 4s,

[, o)

N
l[tel| 2 vy = O(e77),

2: d.’,U _ SN/2S +O(€N)7

2* 1 N—2s
HUGHL‘Z;_I(RN) :O(E 2 )

We denote by P_ the orthogonal projection of X in B, = span{¢1, ¢2,...,dr}
and P, the orthogonal projection of X§ in A} := (B )*.
Depending on € > 0 we choose the vetorial function
e =¢é. = (B(Pu.),C(Pyu.)) € B},

where u, is given in (4.9) and B and C' are given by Remark 2.2. We will denote
Pyue by e. and consequently €. = (Be,, Ce,).

Remark 4.4. (i) e € 4}
(ii) ((Bee,Cee),(0,05))r2xr2 = 0= ((Bee,Cec), (¢5,0)) r2xr2, for all j =1,... k.
Then e =€, € E,‘;

The following results was proved in [3], which are similar to those proved for the
local case in [17].

Lemma 4.5. For s € (0,1), N > 2s, and € > 0 small enough, the following

estimates hold:
1Prucliy < uci < SN2 4+ 0(eN ),
27 N—2s
L% (Q) < Ce ’
N—2s

\|P+u6||L1(Q) < (Ce 2 s (410)
[Py e

[Py e

23
leg Q) - ||’LL€

2* 1 N—2s
LS2§*1(JRN)§C6 * o

N—2s

|P_ue(z)| < Ce =, forxel

Fix K > 0 and define Q. g = {z € Q : e.(z) = (Pyue)(z) > K}. By (4.10) we
deduce that

O —2s —2s
ec(0) = (Prud)(0) = ue(0) — Pouc(0) > — 0 =557 _ 0™F,
[l 2 (RN)
which implies that Pu.(0) — co as € — 0. By the continuity of Py u., there exists
v > 0 such that B, C Q¢ k. Therefore, we have the result below.

Lemma 4.6. For s € (0,1) and N > 2s, we have

27 2% —
||‘P“1'7‘I’GHLS2.;k (QE,K) - ||u€||Ls2§ (Q) + O(GN 28)'
27 —1 2F—1 Ni2s
||P+U€ Lbzz_l(ﬂg %) = ||’LL5||L32;_1(Q) + O(ﬁ 2 )

IPrucllno. ) = lluell i) + O(N).

To prove the geometric conditions of the Linking Theorem, we need two results
that can be found in [I7] and [18] for the case when s = 1. The proof is similar for
s€(0,1).
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Lemma 4.7. Given u,v € LP(Q) with 2 < p < 2* and u+v > 0 a.e. on a
measurable subset 3 C €1, it holds

| [wropdo [qurdo— [ ords<c [ (quptiel+ ulor) o
b > > b

with a constant C > 0 depending only on p.

Lemma 4.8. Given (a,b), (u,v) € LP(Q) x LY(Q) with p,q > 2 and p+ q < 2%. If
a+b, u+v>0 a.e on a measurable subset ¥ C Q and H(x,y) = |z|P|y|?, then

|/H(a—|—u,b+v)dm—/H(u,v)dx—/H(a,b)dx|
b b 5
< C[/(|a|p71|b|q|u\ +alP " ol + qlul + [uP~Hb|al + [ulP~ ol al) da
b
+/(|a\p71|7f|q71|b\|u| +[ul?b] + g + [ul?|v]*7b]) d (4.11)
b
+/(|a\p|b\q71|v| +lalPlv] + g + [uP~Hb] 7 al|v]) da
b

4 Bl o]+ ol aP ) da],
b
where the constant C' > 0 depends only on p + q.
Proof. Let us define

h(C) = /2 [H(a + Cu,b+ Cv) — H(Cu, Cv)] da.

Using the Fundamental Theorem of the Calculus, |h(1) — h(0)| = fol h'(¢)d¢, and
consequently

/[H(a+u,b+v) — H(a,b)] dz

S (4.12)

< [ [T+ Cub o)~ THGuGo). (o))l .
0 >

Applying the Mean Value Theorem to the function VH (z,y), there exist 01,605 €
(0,1) such that

VH(a+ Cu,b+ C(v) — VH(Cu, (v)

= (pla+ Cul™2(a+ Cu)lb + Col* = plCul”2(Cu) Col",

la+ Cul?[b -+ Col =26+ Co) = glCul?ICel*2(C))

= (p(p = 1)I(1 = 02)a+ Cul 21 = 61)b+ (o] + ga
+pal(1 = 01)a + Cu)|* (1 = B1)a+ Cu) (1 = 02)b + Col" (1 = 02)b + Co)b,
pal(1 = O2)a + Cu)[P72((1 = fa)a + Cu)|(1 = 02)b + (o[ 3(1 — b2)b + Cv)a

+alg = DI(1 = 62)b + Col (1 = B2)a+ Culd).
(4.13)
Inequality (4.11) follows by substituting (4.13) in (4.12) and making some additional
estimations. g
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The following inequality which is a direct consequence of Young Inequality, is
essential for the proof of Theorem 1.3.

Lemma 4.9. Ifa,8>1, a+ 3 =2
for each € > 0, the followmg inequality holds

|s1°18]° < Celsl* ~* + Ce|| P

where C¢ and C' are positive constants.

, then there is p > 2 such that,

Lemma 4.10. Suppose A, B,C and 6 positive numbers. Consider the function
1

D(s) = 1524 — 2 s% B + s%C with s > 0. Then s, = (ﬁ;eec)z?* is the

mazimum point 0f<I> and '

s AN N\ 0

~ (5vz) " +0@).

Lemma 4.11. If Ay s < p1 < po < Ap4a,s, there are constants ro, Ry > 0 and

€0 > 0 such that, for r > rg, R > Ry and 0 < € < ¢y, we have

(I)e(s) < (I)e(se) =

Inslog < &,
with & > 0 as in Proposition 4.2.
Proof. Let 0Q =Ty UT3 UT's, where
Iy =BrNE,,
Fo={UecY:U=W+se with W e E_, W[y =r 0<s<R},

I's={UeY :U=W+ Rée. withW e E_ NB,(0)}.

We will show that for each I'; we have T, s|r, < &, for all i = 1,2, 3.
(i) For all U € Fl(C Ex), using (2 1), we infer that

1
Ta(U) < 5101 - G50 = 5 (1- 25 )i <o

(ii) Let U € Ty, then U = W + sé; with W = (wi,w2) € E, and € :=
(B(Pyue),C(Pyu.)) = (Be., Ce.), where the positive constants B and C are cho-
sen as in Remark 2.2.

Therefore,

Ixs(U)

< (- LYW + S8+ e
2 e v =l Xe

a B
- 3 /Q(wl + sBec 4 upy) G (wo + sCec + vyy)| d

_ B Tori-Bd _572/ C TOH_Bd.
a+5/ﬂ(w1+s €5+’U/t)+ X ot D Q(wz—i—s eg—i—v,g)Jr T

Consider the maximum value & of the function a(p) like in (4.6), and define
s s 2 N
\/2NSN/2 (1— )‘kil,s)% L

14€) 25 26
50 1= o a . (4.14)

\/SUPo<e<1 ||5e||%/ \/SUPo<e<1 H€E||§/

To comply the condition 7y s|r, < &, we distinguish two cases.
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Case 1: 0 < s < s9. The expression of Z, ; provides the estimate

2
s° A
T0) < el < 2 sup Il =
which concludes this case.

Case 2: s > sg. We define

{H W+ (Ur,t> Ur,t)

K = sup ey

:80<s<R, |[W|y=r WEE,;}7
with K > 0 independent of R. Then, by (4.9) and (4.10) we have

ec(0) = (Prue)(0) = ue(0) — Puc(0)

Co _(N-—25) N-—2s
€ 2 —ce 2 — +00,

B ||ﬂHL2§(]RN)
as € — 0 because N > 2s. By the continuity of e., we have
Qe={r€Q:e(x) = (Pruc)(z) > K} #0

for e > 0 small enough. Therefore, by Lemmas 4.7 and 4.8, for j = 1 and 2, = u,;
or j =2 and z,; = v, we have

. a+f
/ (366+M) dr
Q. S
Z/ 2 d:c—i—/ |M|a+ﬂdx (4.15)
Q. c §
70/ (1Becfi |t 2 ) da
Q.
and

a B
[ (e 2t (e ety
Q. S + S +

2/ B‘“Cﬁ|ee|o‘+6d$+/ W1 + Up ¢
Q Q

S
€ €

—K/ w1+um|a 1|w2+vm

w] +Zrt

|+ |Be|

dx

a‘w2+vr,t‘5
S

P Be + [ ot

. \Cee|ﬂ|Be€|

+w|“WWtWWﬂM+WW+wqaWuwﬂﬁyﬂgm

K (’w1+u7~t|a 1|w2+vrt||c E|5 1|Be€|—|—|B E| |’LU2+’U7“t|5

Q. 5 (4.16)
+ |Be.|*|Ce.|P~ wﬂEﬂlﬂiw)dx
—K/ ’w1tur,trx’wz+vr,t’ﬁ—1|066|+|w1 +um’ Ce.

+|Be
w2 +vr,t B—1 o
_K/(F———||&JWM
Q. $

|371|w1 éur,t |a|w2 tvr,t |) de.

o 1|w2":UTt|,3 1’w1 +urt||C )

+|Ce.
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Then using the estimates (4.15) and (4.16), we can see that, for ¢ > 0 small
enough,

1 52
Do) < 5 (1= 32 IWIE + (8% + el
af 27 27
25 S (BCP +&B% + 607 edlfis
2 —1
RS (| lleclzan + leel 2 o + lecl 2t g,y

+llecligzty, )+||ee||m vy FleelZaqy + leclFaa, )-

Now, for each j € {a, 8,c — 1,3 — 1}, there exists C; > 0 such that

-1
2* 1(Q )

and by lemma 4.9, for each j € {a + 1,5 + 1}, there exists K; > 0 such that

< Cj ||e6

||ee||ij(Q

2r -1

2* 1( 5)
with p > 2. Therefore, using the above estimate and the Lemmas 4.3, 4.5 and 4.6,
we obtain

leellZs o, < Killlee +€),

1

T)s(U) < 5

(1= 5T+ @),

2 2; . . "
O (s) = %(192 +C?)§% — %<Bacﬁ +&B% +&C%)SE + Ks 0(e)

S

with ¢ = min{ Ngzs ,p}. Then, applying Lemma 4.10, we obtain
2 2\ o N
L) < 5 (1 22 )r + WS ) o)
2 Ak,s N\[(BaCB + & B2 4 £,C%:) S 2 |N—2s
1 B2 + C%)%s
:7(1_ K1 )r2+i( ( +*C)2 : N,25>S%+O(€q)'
2 Ak,s (BoCB + €, B% + £02%)°%

Since Ai,s < p1 and € > 0 can be made arbitrarily small, we can choose r > 0 to be
arbitrarily large in the inequality above such that Z) s(U) < 0. This leads to the
conclusion stated in the proposition for U € I's.

(iii). Let U € I's. It can be expressed by I's definition as U = W + Re. with
W € E,NB,(0). Analogously to the case (ii), we obtain

1 R?
Tas(U) < 5 (1= 32 IWIR + (B + ) el
_B‘XCBR?/ ( L witu )a( w2+vm>ﬁ e
2: Q BR + +
QB o [ (eow )
_ R*s _ d
2% Q( BR J+

)
—5226;2:R2:/Q<66+ QJPz}T’t)i: dx.
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Because of the boundedness of the functions W € E,” N B,.(0), u,; and v,4, there
exists k > 0 such that ||wi + ¢y ]lpe < k and ||wa + vpt|lze < k. Again, since
ec(0) = Piu(0) — oo as € — 0, there exists ¢y > 0 such that for all 0 < € < ¢,
we have e.(0) > 2k. Then, by the continuity of e, we can find Ry = R1(e) > 0 and
1n =n(e) > 0 such that |x| > n for all R > R;, where

w1 () + up () wa () + vy (2)

xi={zeQ:e(z)+ BR > 1 and ec(x) + R > 1}
Then, we find €y, Ry > 0 such that for 0 < € < ¢y and R > Ry, we have
I)s(U) <0, foralU eTs.
Let Ry > max{R1, Ra}, where Ry is such that aR3 — RSZ < 0, with
B (B? + C?)2; TR
Q= 2(30‘0’84-6132: _’_5202:)(77 ”ee”Xg)
Then, for € > 0 above, and R > Ry we find that
1 2
Ta(0) < 5 (1= 2 ) IWIR + (82 + €) el
R2: R2: . R2: .
— —B*CP|x| - B2 x| — C?
> X =& % IX| — &2 % x|
2 N 2 o B 2% N
< (B +C’)?||ee||X§(Q)f(B CP + & B 4 £&C%) o n < 0.
This completes the proof. ([

Lemma 4.12. Let s € (0,1), Ags < p1 < po < Agy1,s and N > 6s. Then we have
the estimate
maxZy s < 35%
o A,8 N

Proof. Let € < ¢ fixed that the linking theorem geometry holds. For W + sé,. € @,
we have

o 1 > 1Y
Tao(W 452 < 5 (1= X)W1 + 5 el — B2

—/F(w—i—sé’—i—UT) dx.
Q

Let so be defined as in (4.14).
Case 1: 0 < s < sg. Arguing as in the proof of Lemma 4.11 and bearing in mind
(4.2), we can see that

2
S0 S 1 zﬂ
s

2

s
T 7)< ez < el2 =< —— -
e +2) < el < F sup el = a < go—n

20 4.17
2 g<e<1 (4.17)

Now, by Lemma 2.1 and Remark 2.2, we obtain

S = (B*CP + &1B* + &C%) "% S+
(B2 +C2)% ’
2% N
<+ BT E o
- (B2 +c2)¥

= (14755,
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and consequently by the estimate (4.17), we conclude that
N
LAW+%Q<%%S

Case 2: s > sg. As in the proof of Lemma 4.11, from (4.15), Lemma 4.3 and
Lemma 4.6, we obtain

. 1 . . .
LW+ 52) < 55 (| = mllass) — [ Flw+ 52+ Ur)da.
Q
On the other hand,

F(w+sé+Ur) = 21—* [(5B)°‘<eE + %)i(sc)ﬁ (Ge 4 %)i

S

. wi + Up g\ 2 . Wy + Uy g\ 2
B (e + ZF) |+ (e =) ]
QB (et T T 4 gy (50)% (e + ML)
Using the previous arguments, we obtain
Iy s(W 4+ sé) < D(s),
where
1 o o
c(s) = 55 (l€Cls — plleellzaxr2)
9
STs * * Qf *
— 5 (BYCP 4+ 6B* 4 &0%)|lec| s, ) + K57 O(c).
S

Applying Lemma 4.10 to the function ®., by Lemmas 4.3, 4.5 and 4.6 and by the
choice of B and C, we have

D (s5) < Py(se)

2 2)G3s N—-2sy _ 2s N-2s\] 35
< % [(B? 4+ C?)S2 4 O(e ]3 p1Ce?s + O(e )]u L0
[(BaCP + £,B% + £,C2%)S2 + O(eN) + O(eN—2)] =
32 2 %
< i|: ( fc ) —— S] _ &0(625) +O(€q)
N (B"‘C’5+§1B25 +£2025) N N
N—2s

Since p > 2 and N > 6s we garantee ¢ := min{
sufficiently small, we obtain

5, p} > 2s. Than, taking € > 0

N
Tns(W +s€,.) < %S . 0

4.2. Palais-Smale condition for the functional 7, ;. In this subsection we
discuss a compactness property for the functional Z) ,, given by the Palais-Smale
condition.

Lemma 4.13. If k>0 and A s < p1 < po < Agg1,s- Then every (PS). sequence
of Ix,s is bounded.

Proof. The Fréchet derivative of the functional Z) s is

1 0) (6 %) = {(u,0), (9,9))y — / (A ), (6,1))ze de

- / (VF(u+up,v+vr), (6 4))g da,

for every (u,v), (¢,9) € Y(Q).
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Let (U,) C Y(2) be a (PS).-sequence, i.e. satistying 7, 4(U,) = ¢+ o(1) and
(T4 (Un), ) = o(1)[| ¥y for all ¥ = (1,£) € Y(€2). Therefore,

1
IA7S(U"> - 5 S\,S(U”)U’IL
1
=5 / (VF(U, + Ur),Up)rz do — / F(U, +Ur) dzx (4.18)
@ Q

< c+o(1) +o()[[Unlly-

Then

1
= / (VE(U, + Ur), Uy )as dz — / F(U, + Ur) do
Q Q

1 (07 a— QTP
= 2/ (mmﬁur,m H0n + Or) i+ €1 (un + ur) T
Q

+
Jri(u F ) (On 4 Urt) T 0 + Eo (v 4 vy) ST )d:c
04+5 n rt)4+\Un rt)+ n 2\Yn rt)+ n (419>
1

o + B A ((un + ur,t)i(vn + vr,t)i + gl(un + U'r,t)iJrﬁ
+ 52 (vn + Ur,t)i+ﬁ) dl’
<c+o(1) 4+ o(1)||Un]ly-

Now note that

/ ((un + urvt)i_l(vn + vrvt)f_un) dx
Q
_ / (Cun + )3t + )+ (0 + 0002 ) (4.20)
Q
— / ((un ) (g + Ur,t)f.“r,t) dx
Q

and

/ ((un —|—ur,t)i+’871un) dx
Q

B / (un + Ur,t)frﬂ dz — / (un + ur,t)fﬁ_lum dx.
Q Q

(4.21)

Substituting (4.20), (4.21) and expressions similar to these in (4.19), yields

fQ(un + u’ﬂt)i(vn + Ur,t)ﬁdx’

Jo(un + 1) THPdz, < c4o0(1) + o(1)[|Unly- (4.22)
Jo (vn + vr’t)f‘fﬁdx
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Now, using (2.1) and that ¥ = U} = (u;},v,") € E}f, we obtain

H2
(1= )i
k+1,s

<1~ [ (AU U e e

@ (4.23)

— [(VEU+ Un), U o di = (25, 0), (0)
Q

< | Pun+Unltldo + [ P, + Unlulde+ CIUE -
Hence, by Remark 4.1 (iii), there exists a constant K > 0 such that
F(U) <K ((u)frﬁ—l +(v)3‘fﬁ*1)
F(U) < K ()77 + @777,
Then

/FMMA4hW¢Mx+/FM%A%%W$Mw
Q Q
<K [ ((n +un) o w0)2 ) o
Q
+ K/ ((un + uT)T_ﬁ_l + (v + UT)T_ﬁ_l) vy |d.
Q

a+p
a+p-1

and using Holder’s inequality with p =
we deduce that

/Fu(Un+UT)|u;t|dx+/Fv(Un+UT)|v;Hd:r
Q Q

and ¢ = o + 3, Young’s inequality,

2(2F—1 2(2x -1
< K{ el 12 + el + ur) ¢ [5% 7 + I (wa + vr)4 257V}

2(27 -1 2(27 -1
+ K {ellof 12; + Ccllun +ur) 4135 + 1 @a +or)4l5e ]}

Using (4.22), in view of the embedding X (Q2) — L™(f2) for r < 2%, we obtain
/ F, (U, + Ur)ut|dz + / F,(U, + Ur)|v}| dz
Q Q

9 N+42s
< C1||U |5 + CoCc + den|Unlly ™

By (4.23), taking € > 0 small enough, we conclude that

N+42s

IU1S < Cs + CallUnlly ™+ C5]|US Ny (4.24)
Analogously, the following estimate is valid
N+42s
1UL 13 < Cs + Co|Unlly ™ + Csl|US Ny (4.25)

Using the estimates (4.24) and (4.25), we obtain

N+2s
1Uallf < C + CllUlly™  + CllUnlly-
Since Y22 < 2, we conclude that (U,) is bounded in Y (). O
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Lemma 4.14. If £ > 0 and A\ s < p1 < po < Agy1,s, then the functional Ty 4
satisfies the (PS) condition at level ¢ with ¢ < %S;ﬁ
Proof. Let (Uy) C Y(£2) be a sequence satistying

I\s(Un) = ¢ and T, (U,) = 0 in the dual space Y (2),

as n — o0o. By Lemma 4.13 we have that (U,) is bounded. Hence passing to a
subsequence, we may suppose that

U,—=U inY(Q),
U,—U inLP(Q) x LP(Q), for all p € [1,2}), (4.26)
U, U ae inRY.

Hence, U is s weak solution to

(—R)*U = AU + VF(U + Uz) in Q,

U=0 inRV\Q, (4.27)
that is, for any ¥ € Y'(Q) it holds
(M%y—/M&WMwi/WFW+Uﬂ&MMw (4.28)
In particular, taking ¥ = ;in (4.28), we ogl;)tain
HW@fAMMUWdﬁiéWHU+M%mWM (4.29)
Note that by (4.27) ((I;\ﬁs(U),U> = 0) and (4.29) we obtain
Ty (U) = %/Q(VF(U + Up), U)gadz — /Q F(U + Uy)dz > 0. (4.30)
By applying the Brezis-Lieb Lemma [7], it follows that
I(Un + Ur) 4255 o = U0 = D)4l por + U+ Ur) 4] ox +0(1)

1Un = Ul = Ul = U1 +o(1)

(4.31)
and by applying the Brezis-Lieb Lemma for homogeneous functions [19], we con-
clude that

/FWmﬂﬂM:/HUHmm+/HM—mm+M) (4.32)
Q Q Q
Also, we have

/(VF(Un +Ur),U, + Ur)gz dz — / (VF(U +Ur),U + Ur)ge dx
Q Q

(4.33)
= (a—i—ﬁ)/ FU, —U)dz.
Q
Then, by using (4.26), (4.31) and (4.33), we deduce that
1
I/\,S(Un) = §||Un - UH%/ +I)\,S(U) - F(Un - U) dx + 0(1) (434)
Q

On the other hand, by using (4.26), (4.29) and (4.31) and (4.32), we have
(Z5,5(Un), Un)
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— Ul = [ (AU Ungda = [ (VF(U, + Ur). U)so da
= [0 = U + U112 +0(1)] - | /Q (AU, U}z dz +o(1)]
- /Q(VF(Un +Ur),U, + Ur)gzde + /Q(VF(Un +Ur),Ur)g: dz
~ 0~ U+ 101} ~ [ (A0 e] - [ta+5) [ (0 -0y

+ / (VF(U + UT), U+ UT)]R2 d$:| + / (VF(Un + UT), UT)]R2 dz + 0(1)
Q Q

= U, —U|% + _/Q(VF(U U, U)ge d:c] — [(a +ﬂ)/QF(Un —U)dx
n /Q(VF(U + Up), U)ge da + /Q(VF(U + Ur), Up)ge d:z:]
-+ /Q(VF(Un -+ UT), UT)Rz dx + 0(1)

= |Un — U2 — (a+ ) /Q F(Uy — U) da + /Q (VE(U + Ur), Up)ge da

+ / (VF(Up + Ur),Ur)ge dz + o(1).
Q

Taking into account that (Z} (U,),Un) — 0 and [ (VF (U, + Ur),Ur)gz dz —
Jo(VF(U 4 Ur),Ur)g2 dx as n — oo, we deduce that

U — U2 = (a+ /3)/ F(U, — U)da + o(1). (4.35)
Q
Let
T U2 >
L: nh_}rr;oHUn Ulsy > 0.
If L =0, then U, - U in Y(Q) as n — 0.
Let L > 0. Then, by the definition of S,

U115 _
Ss < — forall U = (u,v) # (0,0).

(fﬂ |ul*[v]? + &1 |ul* P + §2|v\a+l3d$) otp

and (4.35), we can infer

U, U} > Ss(/ (tn — ) (vn = 0) ] + &1 (= )T + o (v — U)Tﬁdx) o
Q

.
=S, ((a + 6)/ F(U, —U) dx) -
Q
which gives
L>SLF, e L>S5. (4.36)
Now, from (4.30), (4.34), (4.35), (4.36) we obtain

2s L s N
< < 7‘5‘523 ,
) ‘SN

S Sﬂ
=82 < -
N - (N—2s 25—

which is a contradiction. O
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Proof of Theorem 1.5. In the case where A\ s < p1 < 12 < Ap41,s occurs, Proposi-
tion 4.2 and Lemma 4.11 with € > 0 small enough, ensure that the functional Z) ,
satisfies the geometric structure required by the Linking Theorem. Therefore, from
the Linking Theorem without the Palais-Smale condition, there exists a sequence
(Un) C Y(Q) satisfying Z), s(Upn) — c and Z} ((U,) — 0 in Y(2)". By Lemma 4.12,
the critical level satisfies

0<ec: irelnglé%I)\s( ~(O)) < 7
where T' = {y € C%Q,Y(Q)) : v = Idon Q}. By Lemma 4.13, (U,) is
bounded in Y (2) and consequently Lemma 4.14 ensures that U, — U in Y(Q).
IfO = Ao < 1 < p2 < Ay, to show that the functional 7  satisfies the ge-
ometrical conditions of the Mountain Pass Theorem, it is sufficient to take the
finite dimensional subspace E~ = {(0,0)} and to apply the Proposition 4.2 with
Ef = Y(Q) such that R||€]y > p with R > 0 sufficient large to ensure that
Zys(Ré.) < 0. The (PS). condition is guaranteed by making k¥ = 0 in Lemmas
4.13 and 4.14. Thus, in both cases, there exists a non-trivial solution U for problem
(4.1). By [24, Remark 4.1], it follows that U, # 0 and therefore, Ur and U + U
are distinct solutions for problem (1.2). O

° gz

N
2s
s

5. RESONANT CASE

5.1. Proof of Theorem 1.5. In this subsection we discuss a compactness property
for the functional 7 s, given by the Palais-Smale condition for this case.

Lemma 5.1. If N > 65 and A\, s = 11 < po < Ap41,s for k > 1, the functional Zg
satisfies the (PS) condition.

Proof. We follow the notation in the previous proof. Let U, € Y (Q) such that
Z,(Up) — c and Z(U,) — 0 in the dual space Y (Q2)’. Writing Y/(Q2) = E,_, &
E;‘ @ Zy, consequently we have

where U, € E,_,, U € Eif = (E,)* and Y,, € Z; = span{(px,s,0), (0, ¢r,s)}
with ||Y,|ly = 1. Using similar arguments as in (4.24) and (4.25), we obtain

IWally < C+ ClIULIT + ClWally, (5.1)

where 7 = 2425 We can assume ||U, |y > 1 (if Uy |y < 1, the sequence (U,) is
bounded in Y'(€2)). Then, since |Uy|ly < [Whlly + |8nl, from (5.1), we have

Wl < CLllWally + 18a)™ + ClIWally- (5:2)

If B, is bounded, since 7 < 2, by (5.2) we conclude that (U,,) is bounded in Y (Q).
Otherwise, we may assume 3,, — 400, therefore, from (5.2), it follows that

W, Wally + [Ba])7/212 1, W,
19 < o (Ul H DTN o L Wy

B Bl B B 53
/2 1 2 1 W,
< -
fcl{m = T/Qn MY+ gy O 15
Using again that 7/2 < 1, the above estimate yields
W W,

Hflly<02|| ||y+03|| ||Y+C4 (5:4)
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and consequently the sequence {Vg: } is bounded in Y (£2) and by (5.3), || % ly — 0.
Therefore, possibly up to a subsequence, W, /8, — 0 a.e. in Q and strongly in
L1() x L1(Q), 1 < ¢ <25 Y, - Y, € Z; ae. in Q and strongly in Y () and
L1(Q) x LI(Q), 1 < g < 2%,

Now, taking 3,Y,, € Zj as test function, we obtain
Q Q

Since (Uy,) is a (PS)-sequence and

1 2
W(Hyny - /Q(Ayn,Yn)Rz dx) 0,
as n — 0o, we obtain that
1 1
0(1) = T Nt3s Ié(Un)(Yn) = T T Nt3s / (VF(Un + UT)7Yn)R2 dx.
(ﬂn)me (ﬁn)z\uzs Q

Now, from Remark 4.1 (ii),

U, +U 1

/(VF(L),YHRQ dr = — / (VE(U, 4+ Ur), Yy )ge dz — 0. (5.5)
Q Bn (ﬂn) N-2s JQ

On the other hand, since U,, = W,, + 3,Y,,, we have that g—: — Yo in L9(Q2) x L1(Q)

for all 1 < g < 2% and a.e. in Q. So, by the Dominated Convergence Theorem and

by (5.5), it follows that

/(VF(M),YH)W dz — /(VF(YO), Yo)ge dz = 0
Q ﬂn Q
and from Remark 4.1 (i), we concluded that [, F(Yy) dx = 0.

Finally, using the notation Yy = (¢9,49), it follows that (y?)+ = 0 = (y9)+,
contradicting ||Yo|ly = 1 and Yy € Z;, with k£ > 1, which ensures that at least one
of the functions is not null and changes sign. Thus (U,,) is bounded and using the
fact that N > 6s, as in the proof of Lemmas 4.12 and 4.14, we have that (Up,)
admits a convergent subsequence. (]

5.2. Geometry in the resonant case. In this subsection, we demonstrate that
the functional 7, , satisfies the geometric structure required by the Linking Theo-
rem in resonant case, that is, we obtain the following result.

Proposition 5.2. Suppose Q is a smooth bounded domain of R™, o+ 8 = 2% and
Ais = 1 < po < Agy1,s for some k> 1. Then
(i) there ezist o, p > 0 such that Zy(U) > o for all U € E; with ||U|ly = p,
(ii) there exists E € E;" and R > 0 such that R||E|ly > p and Zs(U) < 0, for
all U € 0Q, where Q = (BR N E; ) &[0, RE.

Proof. (i) Let U = (u,v) € E;, using the fact that ur,vr < 0, estimate |u|*|v|? <
|u|*F# + |v|**8 and the fractional imbedding X < LY by (2.1), we have

1 /JZ « @
L) > 5IVIE = 20 iy = C [ (™ + o]+ do

1 M2 «
> = (1- L2 )l - clulg,
2 )\k+1,s
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where C' > 0 is a constant. Since ps < Apy1,5 and a + 8 > 2, for ||U|ly = p small
enough, we obtain Z,(U) > o.
(ii) Now consider the decomposition 9Q =I'y UT's UT's, where

Iy ={UeY(Q); U=U, +rE, withU; € E;, |[Ui]]y =R, 0<r <R},
I, ={UeY(Q); U=U, +RE, with U, € E, |Ui|y <R},

I's = BR(O) N EI;
Let us show that on each set I'; we have Z |, < 0,7 =1,2,3.
Fixed Ry > p, we choose E = (e1,e2) € Ejf = (B, )+ (with e; >0, i = 1,2)
satisfying
@) 1B} < (22— —1)42, where § > 0 is a constant to be obtained later.

Ak—1,s
() e > 2(K + “Zlev) and e, > 2(K + 12le2) ae. in some € © Q with
|C| > 0, where K > 0 satisfies ||V|[(coy2 < K||V|ly, forall V € E, .

Note that this choice is possible because (E,; )* has unbounded functions; F; has
finite dimension and

K= sup IVl (coye-
IVlly=1,VEE,

Estimates on I'y: For U = Uy + rE € T'y, we consider Uy = Rﬁl € E, with
|Ui||lg = 1 and we set Uy = 1Y + coE), where Ej, € Zi, = span{(¢x,s,0), (0, vk s)}
and Y € E,_, with [|Y|ly = 1. Then

1 r? Hn1
L) < 510 + SIER — F 10 Py — [ F+Updo
2 2 2 0

1 R?

R? ~ R? ~
< TN + B — 510y — [ U+ Ur)da
2 2 2 o

,L"lR2
2

R2 2 R2 2 2
= Sl + Bl + B} - P e + Bl

— /QF(U—i— Ur)dx

R2 2 2 2 R2 2 2 2
= SAUVIE = Y I2,a00) + - BUERE — | Ekl2000)

Q

Consequently

R 2 M1 2 R? 2
L) < -é(1- WY+ S-NEIS = [ F@+Ur)de.  (56)
2 )\k,l’s 2 (9]
Now using the notation U; = (4, 01) = (c1y1 + c2e¥, crys + c2ek), where Y =
(y1,92) € E,_, N By and Ey = (ef,e5) € Z, N By, we will prove that there exist
6 > 0 and i > 0 such that

max { max{c1y; + coel; |e1] < 6}} >n>0.
=1, Q

Indeed, by contradiction, assume that there exist sequences (c}),(c%) C R and
Y, = (v}, vy%) C Y(Q) with ||Y,|ly = 1 such that ¢} — 0, |c§] = /1 —(c})? = 1
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and

max { max{cPyl + chel } — 0, asn— oo
i=12 L g

Therefore, cy? — 0 and c§ef — eF and consequently

max { max ef(m)} =0.
=12 g

Hence, we conclude that e} < 0 and e§ < 0 in Q, which is a contradiction, because
k>1, By = (e}, e5) € Zi, and ||Eg|ly = 1 imply that at least one of the coordinate
functions must change sign. So, we conclude that there exist 6 > 0, 7 > 0 such that

max{m@xﬂl;mgxﬁl der] < 5} >n>0
Q Q

for all Uy = 1Y + ¢ By € B, with ||Us [y = 1.

Denoting Q4 = {z € Q: (41)(z) > /2 and (01)(z) > n/2}. By equicontinuity
of the functions Uy, we have that Q4| > v > 0, for all U € E, NB; and |c;| < 6.
Moreover

ur(@) o _lurlee  m vr(@) o llvzllee | m

R = R 4 R - R 4’

for all R > Ry sufficiently large. Then, since e, ey > 0 in ,

&1 /A up\at+s
F(U+Up)dx > ———R*t8 —= d
/Q ( +T)33_a+5 Q(u1+R)+ x

&2 / . up\oth
Ra+6 ( - d
+ o 1B . V1 + R )Jr X

> ORo+P [/Q (al _ Z)Q:B dz +/Q (ﬁl - g)Tﬁ dx}
+ +
ome o [ (@) (57

a4+ ~
> CR““’(Z) Q.| = CR8,

for all R sufficiently large. Thus, from (5.6) we can conclude that there exists
R; > 0 such that

R R -
L) < 82 (1- ) + S| Bl - CR™ <,
2 )\kfl,s 2

for all R > R;.
On the other hand, if |¢1| > d > 0, by the choice of E, we obtain

R2 2 M1 R2 2
< - _ -
L) s -Fa(5E- 1)+ SER

—Jf[ﬁ(Ak’“m _ 1) - ||E||§,} <0.

IN
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Estimates on I'y: For U = U; + RE € I's, we have
1 2 H1 R? 2
LW+ RE) < |1} (1= =) + I} - | F(Ui+ RE+Ur)da. (5.7)
k,s Q

Since A, s = f1,
R? 9
Z,(U1 + RE) < ?HEHY— F(U; + RE + Uy) dx. (5.8)
Q

Now, to estimate the last integral, note that, if Uy = (u1, u2),

1 atp
/ F(U1 + RE + UT) de > —— |:€1RO(+,B/ (61 + Uy +’ILT) dr
@ Q

“a+p R +
+ 52RQ+B/Q (62 + 22 ;UT)T—B dx}

for R > Ro, and by (II) each integral on the right can be estimated as follows

] a+f . a+p
/ (ei + Ui + wT) do > / (ei _ [uillco + HwT||CO> da
Q R + Q R +

= [ (o (s ey,

> /C (K + 7|\w]2(|3|00)a+5 dv = (K + 7”10;200)%6‘0',

for i = 1,2 and wr € {ur , vr}. Therefore, by (5.8) and by above estimates,

uy + up\oth
) dx
R +

a+pB
RO / (62+M) da
Q R +

R2
IS(UI + RE) S ?”EH%/ — ClRa+5/ (61 +
Q

R? o
< 1l - ores,
Since a + 8 > 2, for R > Ry we have Z,(U) < 0, for all U € T's.

Estimates on I's: For U € I'3, we have the estimate

1 2 H1 2 1 H1 2 _
L) < 0N = G < 5 (1= 32 ) IV =0 (9

Therefore, for all R > Ry > 0, follows that Z,(U) < 0 for all U € 9Q), concluding
the desired result. (]

Proof of Theorem 1.5. With the previous results, we conclude the proof of Theorem
1.5. We use a direct application of the Linking Theorem and arguing as in the proof
of Theorem 1.3 to obtain two distinct solutions for problem (1.2). O
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