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EXISTENCE AND MULTIPLICITY OF SOLUTIONS TO
QUASILINEAR DIRAC-POISSON SYSTEMS

MINBO YANG, FAN ZHOU

ABSTRACT. In this article, we study the existence and multiplicity of solutions
of the quasilinear Dirac-Poisson system
3
7 Z apOku — afu — wu — ¢pu = h(z, |u))u, € R3,
k=1
—A¢p—e*Ayp=u?, zeR3

where 0, = 0/0xk, k=1,2,3; a > 0 is a constant; a1, a2, a3 and 3 are 4 x 4
Pauli-Dirac matrices; the operator A4 is the 4-Laplacian operator, defined as
Ag¢ = div(|V9|?V¢); and h(z, |u|)u describes the self-interaction. We prove
the existence of the least energy solutions for the critical case and obtained that
there exist finitely many critical points under certain conditions by variational
methods. Additionally, we demonstrate the convergence behavior of solutions
as € tends to zero.

1. INTRODUCTION AND RESULTS

This study considers the Dirac system

3
O IhY 0wt —meB) — @By = fla i), e B
k=1 .

—div(|Ve| = b|Vol) V| = (b)), = €R’,

where ¢ denotes the wave function of the state of an electron, ¢ is the gauge
potential of the electromagnetic field, & symbolizes Planck’s constant, m > 0 means
the mass of the electron, c is the speed of light, 0y = 9/0xx, k = 1,2, 3, b is a modify
parameter, a1, as, a3 and (3 are 4 x 4 Pauli-Dirac matrices:

o I 0 o 0 Ok o .
6(0 _I>7 ak(o_k 0>7 k*172737
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It is simple to verify that 3, a1, as and ag satisfy the following anticommutative
relation

/8:5*7 ak:aZa

apB+ o =0, arog + apag = 20k,

for k,1=1,2,3.

The Dirac-Poisson system is fundamental to relativistic quantum electrodynam-
ics. Tt describes the complex interaction of a spin-1/2 particle with its electro-
magnetic field. It plays a crucial role in quantum electrodynamics and is applied
in various scientific fields, including quantum cosmology, nuclear physics, atomic
physics, and gravitational physics (|29, [31]). This system plays a vital role in
comprehending the quantum interactions between particles and their associated
electromagnetic fields. It provides a theoretical foundation that has significantly
advanced our comprehension of these phenomena. It has also been adapted to tackle
specific issues in classical electrodynamics, especially those involving the infinities
associated with point particles.

In this regard, the Born-Infeld electromagnetic theory [10, 22] provides a non-
linear alternative to Maxwell’s theory to address these infinities. A quasi-linear
Dirac-Poisson system is derived by replacing the standard Maxwell’s Lagrangian
density with that of Born-Infeld [23]. Born-Infeld’s theory, parameterized by b,
presents a Lagrangian density in square root form. It extends classical Maxwell’s
theory nonlinearly and ensures the finiteness of electric fields, thus avoiding the in-
finite field issues around point particles in classical electrodynamics. Additionally,
the Dirac-Born-Infeld action is used to describe D-brane dynamics in superstring
theory [I], demonstrating the system’s adaptability and significance in modern the-
oretical physics, bridging quantum electrodynamics with advanced string theory
concepts.

Many researchers have explored the solutions of Dirac equations and systems
since Gross’ groundbreaking study [25] on the local existence and uniqueness of
solutions for autonomous systems. Over the following decades, the nonlinear Dirac
equation has garnered significant attention due to its importance in theory and
application. Researchers have used variational methods to explore solutions’ ex-
istence, multiplicity, and other properties based on different assumptions about
potential and nonlinearity, [7, 19} [16].

When coupled with some other theories, nonlinear Dirac systems always become
a nonlocal challenge. Early on, Balabane et al. [6] paved the way by transforming
the Dirac equation into a planar differential system and proving the existence of a
sequence of solutions. Ding and Xu [20] further analyzed stationary semi-classical
solutions with general subcritical self-coupling nonlinearity. Ding and Ruf [I§] also
studied the multiplicity of semi-classical solutions of a nonlinear Maxwell-Dirac sys-
tem, with the number of solutions described by the ratio of maximum and behaviour
at infinity of the potentials. Chen et al. [II] imposed local conditions on the po-
tential V, assuming it is locally Hélder continuous, ||V~ < a, and there exists a
bounded domain A € R3 such that w := miny V' < minga V. Moreover, they showed
that a massive Dirac equation with critical growth has at least cat s, (M) solutions.
[16] researched a nonlinear Dirac equation in space-dimension n, obtaining the ex-
istence of m pairs of solutions for any € < &,,. In [2I], the authors studied the
multiplicity of nonlinear Dirac-Klein-Gordon systems, also describing the number
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of solutions by the ratio of maximum and behaviour at infinity of the potentials.
Benhassine [8] demonstrated the existence and multiplicity of stationary solutions
in the asymptotically quadratic and super-quadratic cases using variational meth-
ods. Recently, Alves et al. [3] complemented the results found in [I7], proving that
the number of global minimum points of V' is directly related to the number of
solutions when ¢ is small.
The stationary wave solution of system is a solution of the form
—igt

U(t, ) = u(x)e ™,
p(x) = ¢(x),

where ¢ and t are real numbers, w : R® — C*. It is clear that (1, ¢) solves (I.1) if
and only if (u, ¢) solves the system

3
iZakaku—aﬁu—wu—qﬁu: h(zx, |lu))u, z€R3, (1.9)
k=1 :

—A¢p —e*Ayp=u?, xeR3,

where, for simplicity, we take b = ¢*, h =1, a = mc > 0, w = % to be con-
stants, functional h satisfied f(z,e|u|) = e?h(z, |u|), and the operator A is the
4-Laplacian operator, defined as Ay¢ := div(|V$|?V ).

As a modified version of the Dirac-Maxwell system, the existence and concen-
tration of minimum energy solutions for subcritical nonlinearities were recently
discussed in [32]. It is a logical next step to inquire whether similar results can be
achieved for quasilinear Dirac-Poisson systems. We also note several research results
concerning the multiplicity and concentration phenomena of solutions for quasilin-
ear problems (see [5, 4]). These works prompt us to investigate whether analogous
results can be established regarding the multiplicity of solutions for quasilinear
Dirac-Poisson systems.

Consequently, we aim to explore the existence of minimum energy solutions and
the multiplicity of solutions in quasilinear Dirac systems with critical nonlinear-
ities. Here the critical exponent is 3, given by the relevant Sobolev embedding
H'Y?(R3 C*) — L3(R3,C*). To be specific, we consider the critical case:

h(x, [u)u = K ()g(|ul)u + Ka(x)|u|u. (1.3)

Let Aing, Asup denote the infimum and suprermum on the whole space, respec-
tively, for any function A defined in R3. Writing G(s) = fos g(t)tdt, we assume the
nonlinear potentials satisfy the following:

(A1) g(0) =0, g € C'(0,00), ¢'(s) > 0 for s > 0, and there exist p € (2,3),
c1 > 0 such that g(s) < ¢1(1 + sP~2) for s > 0;

(A2) There exist ¢ > 2, § > 2, and ¢y > 0 such that cos? < G(s) < 3g(s)s? for
all s > 0;

(A3) K; € CH(R?) with Kj;(z) > lim|y 00 Kj(2) := kjoo > 0, for all z € R3,
j=1,2,and

K
1< ko= —22 < R(co,q, K1,infs K2,int),
2,inf
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where
S(a® = (")) \ /2 ( (cogK1,ine) T2 \ 1/3
R(co,q, K1inf, K2,in :(7) (—> ’
(cos @, K1,int, Ko int) P 67 K3 i

w* = max{w,0}, S is the best Sobolev constant such that S|u|? < |Vul3,
and 7, is the least energy (which is attained [I7]) of the equation

3
ZZ apOpu — afu — wu = |u|? 2u.
k=1
Our first result concerns the existence and concentration behaviour of the least
energy solutions for quasilinear Dirac-Poisson systems with critical growth. We
also established the existence of the limit problem and the decay properties of the
solutions.

Theorem 1.1. Assume w € (—a,a), h is of the form (1.3)), and conditions (A1)—
(A3) are satisfied. Then the following Dirac-Poisson system admits at least one
least energy solution (g, do) in Ne>2.r>2WT(R3, CY) x W15 (R3,R),

c loc
ia - Vu — afu —wu — ¢pu = Ky (x)g(|u|)u + Ko (x)|ulu, = €R3,
~A¢p=u?, xcR53

If additionally VK; ,j = 1,2 are bounded, there exist C,c > 0 such that |ug(x)| <
C exp(—c|z|) for all x € R3.

Theorem 1.2. Assume w € (—a,a), h is of the form , and conditions (Al)—
(A3) are satisfied. Then admits at least one least energy solution (ue, de) in
N2, W7 (R3,C*) x W05 (R3,R) for any e > 0. If additionally VK, j = 1,2
are bounded, these solutions have the following properties:

ere exist C,c > 0 such that |u:(x)| < Cexp(—c|z|) for any x € R°;
1) Th st C' 0 h th C f R3
(2) The solutions (ue, d:) — (ug, ¢o) in H' x D2 ase — 0.

(1.4)

Regarding the existence of multiple solutions, we have the following results.

Theorem 1.3. Assume w € (—a,a), h is of the form (L.3), and (A1)—(A3) are
satisfied. For any positive integer N, there erist koo and m(co,q, N, K1 inf, K2 inf),
if

koo < k2 < m(COa q, Nv Kl,infa KQ,inf)v

system (1.2) has at least N pairs of solutions (Ue n, e n) in ﬂszgngl/lfl})’g(R?’, C*) x
Wli’cs(Rg,R) for any € > 0. If additionally VK, j = 1,2 are bounded, there exist
C,c > 0 such that |uc ,(z)] < Cexp(—c|z|) for any = € R3.

The mathematical challenges in quasi-linear Dirac-Poisson Systems are multifac-
eted. Firstly, the quasi-linearity of the second equation regarding ¢ adds another
layer of difficulty, as its solution lacks an explicit formula and homogeneity. Sec-
ondly, the system’s strong indefiniteness means the Dirac operator’s spectrum is
unbounded and contains essential spectrums, leading to a lack of a positive qua-
dratic term in the energy functional of equation . Additionally, the Morse
index and co-index are infinite at any critical point of this functional. Further-
more, critical growth and a lack of compactness further intensify the complexity of
the problem. To overcome these challenges, we will employ the reduction method
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introduced by Ackermann within an appropriate variational framework. By us-
ing Ding’s critical point theorems in [7], we consider the solutions of the equation
as critical points of the energy functional ®. associated with system , finally
proving the existence and multiplicity of solutions.

The remainder part of this paper is organized as follows. In Section 2, we
establish the variational framework, define the energy functionals, and recall the
critical point theorems that are pivotal to our analysis. Subsequently, in Section 3,
we demonstrate some preliminary results. Ultimately, in Section 4, we finish the
proofs of our main results.

2. VARIATIONAL FRAMEWORK

This section aims to establish an appropriate variational setting, introduce the
energy functionals, and remind the reader of the critical point theorems. We will
study the ground state solutions obtained as critical points of an energy functional

. associated with problem (|1.2)).

Let D'? := DVP(R3 R) denote the Banach space defined as the completion of
the test functions C§°(R3, R) with respect to the LP-norm of the gradient provided
by

[olfe = | IVolPd,
R3
for p > 2.

Remembering the Sobolev inequality S|v|2 < |Vwv|3, and considering the em-
beddings of D¥2(R3) and D14(R?) into L6(R3) and C§°(R?) respectively, we can
provide equivalent characterizations as follows:

DY2(R?) = {v € L(R?) : |Vv| € L*(R?)},
DY4(R?) = {v € C°(R?) : |Vv| € LY(R?)}.
We define
D(R?) := DY2(R3) N DM (R?),
which is a Banach space equipped with the norm
lelp = Velz + [Vels.
For symbolic simplicity, let a := (a1, g, a3) and a-V := 22:1 a0y. Then system
(1.2) can be written as
i - Vu — afu — wu — ¢u = h(z, ju))u, =€ R3,
—A¢p —e*Ayp=u?, 1z eR3

We will write Ag :=ia-V —af, A, := Ayg — w denote the self-adjoint operator
on L? := L*(R3,C*) with domain D(A,) C H! := H'(R3,C*). Let 0(A,) and
o.(A,) signify the spectrum and continuous spectrum of A, respectively. Fourier
analysis implies that (A4y) = 0.(4y) = R\(—(a + w),a — w).

Notice that the space L?(R3, C*) has an orthogonal decomposition:

PR3 CH=LT®L", u=u"4u",
where Ag is positive definite on LT and negative definite on L=. Let E :=

D(|Au|'/?) = HY2. Then E constitutes a Hilbert space equipped with a norm
and inner product. For u,v € E, the inner product is defined as

(u,v) == R(|Au|*?u, | Au|?0),,

(2.1)
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and the induced norm is ||u| = (u,u)'/?, where |A,| and |A,|'/? represent the
absolute value of A, and the square root of |A,| respectively.
Since 0(Ay) = R\(—(a + w), a — w), we infer the inequality

(a+w)|uT3 < |[uT|? for all u* € B,
The space E can be decomposed as
E=E" ®FE" with B*=FEnL*.
These subspaces are orthogonal with respect to both the (-, ) and (-, )2 inner prod-

ucts. This decomposition further induces a natural decomposition of L? for every
p € (1,00) [19, Proposition 2.1}, thus there exists d, > 0 satisfying

dp|ui|g <|ulfp forallue ENLP. (2.2)
For a proof of the next lemma we refer to [7, Lemma 3.4].

Lemma 2.1. For any q € [2, 3], the space E is continuously embedded in L4(R3, C*).
For any s € [1,3), E is compactly embedded in L, (R3 C*). Namely, there exists
constant sq > 0 such that

lulg < sqllull, forallu e E.

It is easy to see that system (2.1) is variational, and its solutions are critical
points of the C2 functional J.(u, ¢) on E x D, defined by

To(wsd) = 5P = o) = 5 [ nlda = Pl
(2.3)

1 1
+7/ |Vq{>|2dx+754/ |Vo|*da,
4 R3 8 R3

where u = ut +u~,

|l
F(u) ::/ H(|u|)dz, H(|u]) :/ h(x,t)tdt.
R3 0
Observe that, for every u € E, there exists a unique ¢¥ € D, which satisfies
—Agt — et Ayt = u®. (2.4)

For the rest of this article, ¢¥ will denote the unique solution of equation (2.4),
which satisfies the equation

/ |v¢g|2dx+s4/ |v¢g|4dx:/ ol ud. (2.5)
R3 R3 R3

For convenience, we define the operator ¢. : E — D(R?) by ¢.(u) = ¢ for any
€ > 0 fixed. By Hélder inequality and Sobolev inequality, for every u € E, we have

V()3 + 4| Voo (u)|} = / guPde < 57| Vo|alulta,
R3 5

which implies that
[Voela < 572 ul3,.

Thus,
Vo (u)l3 + €'V (u)|3 < S™Hulls < 57185 [lul™. (2.6)

For ease of representation, we define the functional

1 3
[.:u€Ew~ 7/ |V e (u)|*dx + 754/ |V (u)|*dr € R,
4 Jps 8 Jrs
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we have
1 3 4
Le(u )< S |U|12/5 > SS 312/5”“” .
By inserting equation (2 mto the functional (| -, We can express
1 _
c(u) = Je(u, ¢ (u) = 5 ([u™|I* = [[u”[]*) = Te(w) = F(u).

In particular, we have

(@2) (wv = OuJe (u, ¢ (u))v + O, $= (W)L ()0 = D= (u, P (u))v.
We also deduced that

(@) (uw)v = (ut —u",v) =R qSE uvdm—%/ x, |u|)uv dz.

We collect some valuable properties for the nonlocal term ¢. and I'. blew. Their
proofs can be found in [32].

Lemma 2.2. For each € > 0, ¢. and I'c we have the following properties:

(1) ¢e maps bounded sets into bounded sets;
(2) The map u s Tc(u) is of class C? in E, and its derivative satisfies
I (u)v = / ¢-(w)uvdx, for all u,v € E;
R3

(3) T'. is non-negative, weakly sequentially lower semi-continuous, I'L is weakly
sequentially continuous;
(4) Ifun, — uin E, then, for every fitede > 0, T'c(u,) — To(u) and TL(up)u, —

It is easy to see that ®. € C?(E,R) and critical points of ®. are weak solutions
of system . To study the asymptotic behaviour of the solutions, similarly, for
the limit system

ia - Vu — afu — wu — du = h(z, |u])u,

2.7
—A¢p = u?, 27)
we define functional ®( as
1 _
Po(u) := §(HU+H2 — [lu”|1?) = To(u) — F(u),
where To(u) 1= 1 [os do(u)u?dr, and ¢o(u) = [gs 1 Ix y‘ = 1‘ * u? is the unique

solution in D1 2 such that

/|V¢o|2d$=/ pou’dz
R3 R3

Regarding the non-local term in the limit system (2.7)), there are also the follow-
ing properties, and their proofs can be referred to in [20].

Lemma 2.3. ¢¢ and I'g have the following properties:

(1) ¢o maps bounded sets into bounded sets;
(2) The map u — To(u) is of class C? in E, and its derivative satisfies

I MDES /]1@3 ¢o(u)uvdz,  for all u,v € E; (2.8)
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(3) Ty is non-negative, weakly sequentially lower semi-continuous, T}y is weakly
sequentially continuous;
(4) If up, — uwin E, then To(un) — To(u) and T'y(up)un — Th(u)u.

To establish our results, we recall some abstract critical point theorems, see
[7, [15]. Assume X, Y are Banach Spaces with X being separable and reflexive and
set E=X@Y. Let S C X* be a countable dense subset. Let P be the family of
semi-norms on E consisting of all semi-norms

ps: E=X8Y =R, piz+y)=[s@)]+][yl, s€S.

Denote by Tp the topology on E induced by P. Let T« be the weak*-topology of
E*.

For a functional ® : E — R and numbers a,b € R we write ®* := {u € E :

®(u) <a}, D, :={uec E:®(u) >a}, and &% := &*U ®,. Assume

(A4) ® € CYE,R), ® : (E,Tp) — R is upper semi-continuous, and @' :
(Po, Tp) — (E*, Ty~ ) is continuous for every a € R;

(A5) For any ¢ > 0, there exists v > 0, such that [Ju|| < v|u™| for all u € ®;

(A6) There exists r > 0 with p := inf &(S,.Y) > ®(0) = 0 where S, Y := {y €
Yoyl =rk

(AT) For any e € Y\{0}, there exists R with R > r > 0, such that sup ®(9Q) <
p, where Q :={y=xz+te:xz € X,t>0,|y|]| < R};

(A8) There exist a finite dimensional subspace Yy C Y and R > r such that, for
Ey:=X xYy and By := {u € Ey : ||u|| < R}, we have sup ®(Ep) < oo and
sup ®(Ey\By) < inf ®(B,Y).

We say sequence {u,} C E is a (C). sequence for ® € C*(E, R), if ®(u,) — ¢ and
(T4 ]|un|)®'(un) € 0. We say ® satisfies the (C'). condition if any (C'). sequence for
® has a convergent subsequence. A sequence {u,} is considered a (P.S).-sequence
of functional @ if ®(u,) tends to ¢ and P’(u,) tends to 0. We say P satisfies the
(PS). condition if any (PS).-sequence has a convergent subsequence.

To prove the existence of the ground state solution, we will use the following

critical point theorem.

Lemma 2.4 ([I5] Theorem 4.5]). Assume that conditions (A4)—(A7) are satisfied,
then the functional ® possesses a (C)c-sequence with p < ¢ < sup ®(Q).

Now we consider the set M(®¢) of maps g : ¢ — E with the properties:

(1) g is P-continuous and odd;

(2) g(®%) C @ for all a € [p,b];

(3) each u € ®¢ has a P-open neighborhood O C E such that the set (id —
9)(O N @°) is contained in a finite dimensional linear subspace.

We define the pseudo-index of ®¢ by
P(c) == min{genn(g(®°)N S, Y): g € M(®)} € Ny U {0},
where gen(-) denotes the usual symmetric index. Additionally, set for d > 0 fixed
Mo(®?) := {g € M(®?) : g is a homeomorphism from &% to g(®%)}.

We define for ¢ € [0,d], ¥4(c) := min{gen(®° N S,Y) : g € My(®?)}. Then, by
definition, we have ¥ (c) < ¥4(c) for all ¢ € [0,d].

The following theorem plays a crucial role in proving the existence of multiple
solutions.
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Theorem 2.5 ([I5, Theorem 4.6]). Let the assumptions (A4)—(A6), (A8) be satis-
fied, and assume that @ is even and satisfy the (C).-condition for ¢ € [p,sup ®(Ep)].
Then ® has at least n := dim Yy pairs of critical points with critical values given by

¢i=inf{e >0:9¢(c) >i} €[p,b], i=1,...,n

If ® has only finitely many critical points in qupé(E")

cn < sup ®(Ep).

then p < c; <cy < -+ <

We are going to use these theorems. For our purposes, we set P = X*, thereby
making 7p the product topology on £ = X & Y, which is defined by the weak
topology on X and the strong topology on Y.

3. PRELIMINARIES

Throughout this section, we always let the hypotheses of Theorem be satis-
fied. Next, we only prove these lemmas for the problem for critical case (L.3)),
the proof of the limit problem is similar, and most of these can be checked
easily in [32].

Note that (Al) and (A2) imply that for each ¢ > 0, there is C5 > 0 such that

g(s) <o+ CystP~2, G(s) < 8s? + CssP, for all s > 0.

Moreover, we deduce that

A 1

G(s) == 59(5)52 —G(s) >0, foralls>0.
Then, we will check the assumptions in the critical theorems before.

Lemma 3.1. Under assumption (A5), there exists v > 0, satisfying ||u| < v|lu™]|
for all u € (P;). with ¢ > 0.

Proof. We argue by contradiction. Assume that there is a positive constant ¢
and a sequence {u,} C (®.). such that ||unH2 > nllut]|?, for any j € N. Then
0> (2—n)lu,|I> > (n—1)(||luf||* = ||u, ||*), for n > 2. Hence

1
o) = (P = o) = Tolwn) = [ Ka(@Gualdo = 5 [ Kalo)funfPda
1 -
< Sl = llue %) < 0.
But we know that ®.(u,) > ¢ > 0, which is a contradiction. O

Lemma 3.2. Let @, satisfy (A6) and (A7), that is, . possess the linking structure.
Then

(1) there exist r > 0, p > 0 (independent of ¢), such that ®c[z+ > 0 and
Pc|yp+ > p where BY = B,NEY ={u€ E*: |ul| <r};
(2) for each e € ET\{0}, there exist R = R, > 0, C = C, > 0 (both indepen-
dent of €), such that ®.(u) <0 for any u € E.\Bpr, and sup ®.(E.) < C.
Proof. (1) For all u € E* and any € > 0, we know that I'c(u) < %S‘ls’iHuH‘l, we
5
have

1
®.(0) = gl ~Tow) = [ Ka@)G(ul)de = [ Ka(w)lul* da

v

1 _ Kqu :
Sllull® = gS 1S |ull* = Kasup (0lul + Cslulf) — TPIUQ



10 M. YANG, F. ZHOU EJDE-2025/22

—

L2 75—154 4 _ 0 sPK p_SgK%up 3
[l * — 1z [|ull” = Cssp Kasup||ull 5l

S

(2) For any e € E+\{O} by virtue of (2.2)), for u = se + v, we obtain
1
®.(0) = g (lselF = ol) ~Telw) = [ Ka@)Glu)do =5 [ Ka(@)ulds

1 Ko in
s§<52||e|\2—Hvu?)—m,inf / G<|u|>dx——2?; SRR
R3 R3

d3s3 K2 int |
3 5
The proof is complete. O

2
< el -

Next, we turn to study the (C). sequence of ®..
Lemma 3.3. For all ¢ > 0, the (C). sequences ®. is bounded in E uniformly in €.

Proof. Given {u,} satisfies ®.(u,) — ¢ and (1 + [Jun||)PL(un) — 0 as n — oo.
Without loss of generality, assume that |u,| > 1. When n is sufficiently large, we
have

cH1> . (u )-%(@ ) (un

/|V¢>E\ d:v+f/ |V<z>5\4dx+/ Ky (2)C(Jun) da
/Kg V|| da

1 K. in
Kl mf( )900|un|q 2 f|u‘§
2 6

The sequence {u,} is bounded in the spaces L?, L9 and L? with an upper bound
denoted by C'y, where C; depends only on ¢, K7 inf, K2 inf and ¢. Further deductions
lead to

12> Jup|* = To(un) (uy —ug) =R [ Ki(2)g(un)unun — un do
R3
A (3.1)
- §R/ Ko(x)|un [2ush — up de.

Set v, = ‘ snd recall that ¢2~ satisfies

e
—A@Ur — et Aypln = u.

Hence, for each ¢ € D(R3?),

V2 Gy 4 e / Vo2

Vual

For ||vnH =1, choose s = 55—76 such that % + 14+ 1 =1. Then, since 2 < s < 3, it
follows that

| / (144 Vg 2)V
R3

Vw dr = PUp Uy, dT.
[[u n|| R®

P
[[n |

< {/]R3 unvnwdm‘

< unlqlvnlsl¥ls
< 571/2|un|q|vn|5|vw|2~
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Then
o

[[n|

v o

[[n|

|, < |1+t Ve )V

|, <5754 ung

Therefore U |g < = ||uy,||, where S is the best Sobolev constant mentioned
earlier, and s, is the constant in Lemma[2.1] Note that, by Holder inequality, when
2 < s<q< 3, we have

3(qf25) q<5722) 3(g—s) q(5722)
[unls < |unle ™™ funleg®™ < Crm o uplg®™

and when 2 < ¢ < s < 3, we have

3((1—35) <1(S—33) 3(q—s) q(s—33)
|un|:§|un|3q7 [unlg "™ < C1 a7 Juplg "™ .

By Lemma we obtain that

Coun) = )| = [R [ dcumd — i da]
RB

< |¢e|6|un|5‘u;r - umq

S C(2||un||1+t7

(3.2)

where t = ZE;:;; when s < ¢, and t = gg;:g; when s > ¢q. It is easy to see that
0<t<l.
Notice that by (A1), there exists ry,73 > 0 such that g(s) < ;};‘i‘p, for every
207‘30_1

s <71, and g(s) < resP=2, for s > r1. By (A2), set §p := p% and r3 1= =525
all s > 7, we have g% (s) < r5°7'g(s)s®> < r3G(s). Then, for | := 724> such that
é + % + % = 1, we can estimate

, for

D Y VIO W s v P
]RS

a— |w 1 _
= 2| ||un|§+Klsup(/ 950(|un|)dx)80 |Un|q|uifun|l (3.3)

[ul>r:

a— |w
< 2 4 g,
where C3 is independent of €. Moreover, we have
}?R/ Ko (2) [tp |unud — ufldas‘ < Kogup|un|3 < Cy. (3.4)
R3

Then, the combination of estimates (3.1))-(3.4])) shows that

a—|w
Il 2 < 14 Colfsa 74+ il + €
Consequently, there exists a constant A > 1 such that ||u,|| < A as desired. The
value of A is independent of e. O

Let K. :={u € E: ®.(u) = 0} be the critical set of ®.. Due to the presence of
critical terms in system , the standard bootstrap argument fails to establish
the regularity of finite action weak solutions. We obtain the following regularity
result using the similar argument in [26].
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Lemma 3.4. Suppose u € K. is a critical point of ®.. Then the pair (u, de) is in
the space Ny>o,,52Wh(R3,C4) x W,NT(R3,R). Besides this, (u, ¢.) also belongs to

loc loc

the space L= (R3,C*) x L>°(R3,R).
Proof. Set z € R? fixed, let p € C5°(Ba(x)) be arbitrary. Choose 7 € C§°(Ba(x))
such that 7 =1 on supp p. Define the operator D to be D =i« -V, we deduce
D(pu) = pDu+ Dp-u=1-pDu+ Dp- 1.
Noting that
Du = afu + wu+ deu+ Kr (@)g[ul)u + Ko () ulu

we have

Dp-u = Au(pu) — Te.u(pu), (3.5)
where A, := Ag —w. For 1 <t < 3, T., : WH{(By(x)) — L!(Bz(z)) is defined by

w = 7 - [ + Ky (2)g(|u]) + Ka(z)|ulJw.

By applying the Gagliardo-Nirenberg inequality, it follows that

|6eloo < Cloels®|Voe|>.

Through Sobolev embedding and the inequality (2.6]), we can conclude that ¢. €
L>°(R3,C4). By ¢. € D', in value of [14], it follows that ¢. € CL® for 0 < a < 1.

loc
Hence, we derive that
lim |V¢.| =0.

|| =00

Note that a(|Vu|) := 1 4 |Vu|? belongs to the class C'1(0, 00) and satisfies the

inequalities
! /
ta'(t) < sup ta'(t)

—1 < inf <

120 a(t) ~Geh a(t) >0
and

t3 <ta(t) <C(t*+1)
for ¢ > 0. In [I2] Theorem 3.1] it was shown that

1
2| p—1
V6l o) < Ol o

The embedding theorems in Lorentz space show that L}? is continuously embedded
into L'"® for any 0 < n < p < oo and 0 < ¢,s < oco. Combining this with

loc >
LP? =[] and u? € L§,, we deduce that

loc loc
|Dé.(x)] < C, for all x € R,

where C' is independent of €.

Using the Sobolev embedding Wt (By(x)) — L3 (Bz2(z)) and Holder inequal-
ity, it follows that 7., (w) € L*(Ba(z)) for w € W (Bs(z)) and the above map is
well defined. By Minkowski and Holder inequality, the operator norm is estimated
by

1T ullwe e < Crllulpss) + |BI7?)
for some constant C; (depending only on t), where B := supp 7.
Since 0 ¢ o(Ay),
Ay = T s WH(Ba(2)) = LY(Ba(x))

is invertible when |B| is small.
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Thus, from (3.5]), there exists a unique solution w € W1t(By(x)) to the equation
Ayw — T, (w) = Dp - u. Let us show that there is a well-defined map

Teow : L3 (Ba(2)) = W™ (Ba()).

In fact, by Holder inequality, we can confirm that 7. ., (w) is belongs to L3/2(Bay(z)).
Moreover, considering L3/2(By(x)) € W~13(By(z)) by the Sobolev embedding
theorem, the map above remains well defined. The operator norm can be estimated
as follows:

1Tz ull s w15 < Colulpss) + B|'/3).
Thus,
Ay = Te s I (Ba() = W1 (By(a))

becomes invertible if |B| is small and there exists a unique solution @ € L3(Ba(z))
solves the equation

A — T (®) = Dp - u. (3.6)

Consequently, we have @ = p - u based on (3.5). Additionally, by W'*(Bs(z)) <
L3(Bs(z)) for 3 < s <3, we conclude that w € W is also a L3-solution to (3.6),
given % < s < 3. As a result, the uniqueness of the solution leads to w = p - w.
This implies that p-u € W1¥(By(z)) for any s € [%73), provided that B = supp7
is sufficiently small. Since p and 7 are arbitrary, it follows that u € W1*(By(z))
for any s € [3/2,3).

Therefore, by Sobolev embedding, we obtain u € Ng>o L (R?) and this implies

loc

u € ﬂsZQVVla’S(Rg). Moreover, regarding equation (2.4) and u? € Wﬁ)’cn (R?), using

C

elliptic regularity theory [24], we deduce that ¢. € W for any integer n > 2.

Using the regularity of the 4-Laplacian, we have ¢. € Wli)’f. Consequently, ¢. €
ﬂTZQVVli’CT . Finally, by elliptic estimates, we have u € L>(R3). O

Next, we state the minimax scheme and recall the mountain-pass type reduction.
For each € > 0 and e € ET \ {0}, let c. denote the minimax level of ®. deduced
by the linking structure [30]:

€ ceBt /{0y ueh, () c€E" {0} ue b, (),

where E, = E~ @ Re and E, = E~ @& R™e.
For u = ut +u~ € E fixed, define the reduction map h. : ET — E~ by

D (u+ he(u)) = max O (u +v).
veEE™

Then
v # he(u) & P (u+v) < Do (u+ he(u)).

By differentiating the functional and using the convexity of the nonlinear terms, it
can be verified that h. is uniquely determined. Moreover, the following is known
(see [2)):

(1) he € CY(ET, E7), he(0) = 0;

(2) he is a bounded map;

(3) If u, = w in ET, then he(uy) — he(un — u) = he(u) and he(u,) — he(u).
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We define the reduced functional I, : E¥ — R by
L(w) = @.(u+ he(u),
and set the Nehari-Pankov manifold
N :={ue EN\{0} : IL(w)u=0}.

Then I. € C?(ET,R) and u € E7 is a critical point of I, if and only if u + he(u)
is a critical point of ®.. We will call (h.(-), I.(-),N:) the Mountain-Pass reduction

of system ([2.1]). Clearly,
ce = inf I.(u).

ueN
For the reduction fuctional, we can verify the following result.
Lemma 3.5. For any € > 0, we have:

(1) I. possesses the mountain pass structure: I.(0) = 0 and there exist r,p > 0
and eg € ET satisfy ||eo|| > r such that inf I.(S;7) > 0 and sup I.(eg) < 0;

(2) For any u € E*T\ {0}, there is a unique t. = t-(u) > 0 such that t.u € N-.
Moreover, {t.(u)}e<1 is bounded.

Proof. (1) For all u € ET, by the definition of h. we have ®.(u + h.(u)) > ®.(u).
Hence

I (u) = ®.(u+ he(u))

= %IIUH2 + (Pe(u+ he(u) = c(u) = Te(u) — F(u)

> gl =Tew = [ Ka@G(ude— 3 [ Kafoluds

1 3 _ 53K2
> 2l = 55718k Jull* = CoslKauup lull” — Z=22 ul?,

where § was chosen such that ¢ < (2s3Kagp) ' and 2 < p < 3.
For any e € ET and s > 0, we have

I.(se) = ®(se + he(u))

= %(HS@II2 ~ Ihe(@)|*) = Te(u + he(u)) — . Ki(2)G(Ju + he(u)]) de

—1/ Ko(x)|u + he(u)|*dx
3 Jrs

1 Ko . 2 d=s3 Ko : )
< ool = F2 [ jupde < el - B e,
2 3 Jes 2 3
(2) We just repeat the arguments in [32] to have the results. O

When K(x) = kj o, system (2.1) becomes a autonomous problem
i Vu — afu — wu — pu = ky sog(jul)u + kooolulu, =R,
—A¢p —etAyp=u?, xeR3

In this case we use the notation @, (u) and ¢, respectively, for the functional and
the least energy. For

L2 = e ?) — Tew) — Br s /

b (u) := 3 A

k2,00
G(|upl) dx — 2200 / |un|3al:137
3 3 R3
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by a similar argument as in [20], it is straightforward to verify that ¢, is attained
if
2

S(a? — (W*)2)\3/2 (cogh o0) 72
2 s
K200 < ( a? ) 674

)
where w* = max{w, 0}.

Lemma 3.6. . satisfied the (C).-condition for any 0 < ¢ < ¢oy. Moreover, c is

attained if
2

_ *)2\ 3/2 53/2
e (a ) )
a? 6k2 21nf

where w* = max{w, 0}.

Proof. Suppose that {u,} is a (C).-sequence of ®.. Lemma shown that {u,}
is bounded. It is easy to check that {u,} is relatively compact for all 0 < ¢ < cu.
Without loss of generality, let us assume that there is a u. such that w, converges
weakly to u. in E. Now we are going to show that u. # 0 for all small € > 0.
Assume by contradiction that w,, is vanishing, then w, — 0 in L7 for ¢ € (2,3).
Notice that

e 0(1) > @lun) — (2 (un)un

1 1 gt
——— +12 _ — 12 2d o 4d
(| ||unu>+—12/R3 Vode— 7 [ Vatas

/ Ky (2) (2 g(funl)u2 — G(Jun])) de

> g”Awll/zunI% Fo(),

we have || A" ?u,|3 < 6¢ 4 o(1). Similarly,
6c

2,inf

lunl3 < +o(1).

Moreover,
o(1) 2(®:)' (un)(usy — uy,)

_/ <Awun7uj~; —’U,,;>d$ _Fle(un)(u; _u;)
/K1 o1ty (1 dm—/ Ko ()t (u — ) d.

Then
[ atinid = ) do < Kanpluta Bt = o + o).
R3
By Calderén-Lions interpolation theorem [28], we have
S unl3 < |liac VY 2un3.
We denote the Fourier transform by % : L? — L2, recall from [19] that

[ o Vun ) do= [ el Fu(©)P de
R3 RS
[ sy do = [ (10 + 167172 — ) |Zu(©) P e
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Taking into account that

(@® + €)1 —w {(a";ﬁ)w, ifew > 0,

I€]>0 €] ), ifw < 0,

we have
2

— (w*)2N\ 1/2
/ (Aptn, up) do > (%) / (i - Vg, uy) dz,
R3 R3

a

where w* = max{w,0}. Finally we obtain
- (a2_(w*)2)3/253/2[{2,“1f B <a2_ (w*)2)3/2 SB/Q
€= 6K3.., 6k2 K2

2sup inf

a? a?

which contradicts the hypothesis. Therefore, u. # 0 and (u., ¢.) is a solution of

system ([2.1)). O

Similarly, for system (2.7)), we have a Mountain-Pass reduction (ho(-), Io(+), No)
and the similar results as before. Denote Ly be the set of all least energy solutions.
Now, we need to analyze the energy levels using the reduced functional to obtain
the asymptotic behaviour of the least energy solutions.

Lemma 3.7. lim._,gc. = ¢g.

Proof. First we prove that liminf, o+ cc > ¢g. Arguing indirectly, assume that
liminf,_,o+ cc < cg. By definition and Lemma we can choose e; € N, and
0 > 0 such that

D, (u) <cp—9
i Pl s

as j — co. By [0, Lemma 3.2], for all u € E, we have
., (u) — ®o(u) = To(u) — T, (u) — 0.

Note that
Co < [0 (ej) < max <I>0(u)
ueEe].

Therefore for all j sufficiently large such that |To(u) — I', (u)| < §, we have

2

)
co—0 > Jnax . (u) > max Do (u)+To(u) =T, (u) > co+To(u) =T, (u) > =5

which is a contradiction.

Next, we turn to show that limsup,_,o+ c. < ¢g. Let u = u™ +u~ € Ly, and
set e = uT. It is evident that e € Ny, ho(e) = v, and Ip(e) = cp. There exist a
unique ¢, > 0 such that t.e € N, and we have

ce < I (tee). (3.7)

By Lemma t. is bounded. Hence, without loss of generality we can assume
te — tg as € — 07, Setting u. = tee+hg (t.€), w. = tee+he (t.€) and v, = u. —w,,
we deduce that

3 el + (1) = @ () - &2 (uc)
= o (we) — & (Us) -T. (ws) + T (UE) + T (ws) —To (UE) )
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where
1
(I):= / (1 — ) (T (we + sve)[ve, ve] + T (we + sve)[ve, ve]) ds.
0
Considering
1
T.(ue) = To (we) = TL (we) ve + / (1 = s)I'Y (we + sve) [ve,ve] ds,
0
1
Ty (we) — To (ue) = =T (ue) ve +/ (1 —8)Tq (ue — sve) [ve, ve] ds,
0
we have

1
% ||v€||2 +(I)+ (I1) < T (we) ve —|—/ (1 —s)F" (we + sv:) [ve, ve] ds — T (ue) ve,
0

where

1
(II) := /0 (1 —s)Tf (ue — sve) [ve, ve] ds.

So we deduce that
1 1
5 ||U5H2 + / (1- S)Fg (we + sve) [ve, ve] ds < |F/s (we) ve| + |F6 (us)ve|.  (3.8)
0

Since te — to, it is clear that {u.}, {w.} and {v.} are bounded in E. Moreover, we
have

Ie(z) = 0o(1), |Te(ze)l = o(1)
as € — 0% for z. = u.,w.,v.. By (2.8)), noting that
TG (ue) ve| — 0.

Thus from (3.8), it follows that [|v-||> — 0, that is, ke (t.€) — ho (toe). This, jointly
with the definitions,implies

b, (we) = Po(we) + o(1) = Po(ue) + o(1),
that is
I (t.e) = Iy(toe) + o(1)
as € — 0. Then, since

Ip(toe) < max ®o(v) = Ig(e) = co,
veEl,.

we obtain by (3.7]) that

limsupe. < lim I (tce) < ¢p.
e—0+ =0+

Above all, we have

co <liminfe, <limsupece < ¢p.
e—0t e—0+
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4. PROOF OF MAIN RESULTS

Given that the proof for the limit system parallels that of the more complex
system (2.1]), we choose to address the existence of the least energy solutions for
system first. This approach establishes a foundation for the subsequent proof
of the limit system , as outlined in T heorem We will thus begin by proving
Theorem which pertains to system (2.I)).

Proof of Theorem[I.3. Part 1. Existence of least energy solutions for system (2.1)).
For any € > 0, by Lemma [2.2] assumption (A4) is satisfied. And by Lemma [3.1|and

Lemma . satisfies all the assumptions of Lemma Hence @, has a (C),,-
sequence {u,} with p < ¢. < sup®.(E, N Bg). By Lemma [3.3] {u,} is bounded
in E. Therefore, up to a subsequence, there is a point u. such that u,, — u. in E.
Since we have assumed

_ Kosup < (S(“2 - (W*)2)>1/2((COQK1,inf)‘122)1/37

ko :=
? Ko ing a? 674 K5

,inf

it follows that

e ()
a 6k2K2,inf
Consider the least energy ve,qk, ;.r,q Of the following equation
i - Vu — afu — wu = cquLinf|u|q_2u.
It is easy to see that

—2
YeoqaK1 int.q = (Cqul,inf)q_2’yq7
and Yegqk; 1,q Satisfies

a2 o (w*)2>3/2 53/2

2 6k3K2

VeoqKy intg < ( :
2,inf

a

Observe that
ce < VeoqK1 int,q>
Lemma [3.6] shows that c. is attained by some point, denoted as u.. By Lemma [3:4]
we see that solution (u., @.) is in ﬂsZQ,TZzVVli’CS X VVﬁ)Z
Part 2. Decay estimate of solutions for system . By Lemma it can be
observed that u € L>(R3,C*). Expressing as

Du = afu + wu + ¢pu + Ky (x)g(Jul)u + Ka(z)|u|u.

Operating the operator D on both sides and using the property that D? = —A, we
derive a relation

Au = a®u — (@ + ¢ + Ky (2)g(|ul) + Ka(w)lul)?u
— D(¢: + Ki(2)g(|u]) + Ka(z)[ul)u.
Let

0, ifu=0,
and referring to Kato’s inequality [I3], it can be found that
Alu| = R(Auw - sgnu)
= R((a®u — (W + ¢ + Ki(2)g(Jul) + Ka(x)[u])*u

o — {a/|u|, if u 0,
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— D(¢e + K1 (2)g(|ul) + Ka(z)ul)u) - sgnw).
Further, observing that
RID(K:(2)g(ful) + Ko(z)[u])u(sgnu)] = 0,
we obtain
Alul > a®[u] = (w + ¢e(x) + K1(2)g(Jul) + Kz (2)|ul)*[u] = [Dee| - |ul.  (4.1)
Recall that in Lemma we have |pc|oc < C and |V¢.| < C, where C is

independent of . Subsequently, it follows from (4.1)) that there exists a constant
M > 0 (independent of €) such that

Alu| > —M|u.
Then applying the maximum principle (see [27]), we can conclude that
|ue(z)] < Cexp(—c|z|)

for all z € R3, and C, ¢ is independent of «.

Part 3. Asymptotic behaviour of solutions for system . Suppose (uc, ¢c)
is a pair of least energy solution for system (2.1), then wu. satisfies ®.(u.) = c.,
(14 lue])(®e) (ue) — 0 and p < ¢, < sup ®.(E. N Bg). With the independence of
¢ in Lemma {||ue||} is bounded uniformly in €, and there exists a point ug € E
such that u. — ug in E as € — 0. As the proof above, we see that u, — ug in E,
then we also have u. — ug in L? for all g € [2, 3].

Recall that

| Ay (ue —uo)l2 < |peue — douolz + K1 (2)(g(|ue|)ue
— g(luol)uo)|2 + | Kz (2)(|ucue — |uoluo)l2-
Since
|petie — douol2 < |uclslde — dole + |ue — uols|Pels,

and

[ K1 (2) (g(|uel)ue — g(luol)uo)l2

< Kisupl(g(ue) — g(uo))uelz + 6 K1 supltte — tto|a + C5 Ky gupluo 2P~ Jue — ugl2,
we deduce |A,(ue — ug)la — 0 as e — 0T, that is, u. — w in H'. From [9,

Lemma 3.2] we have that ¢.(u:) — ¢o(ug) in DV?(R3), ede(u.) — 0 in DVHA(R3).
Supposing v € C§°(R3), supp(v) C K, and K is compact. Recall that

(u: —UE_,’U)
= 8‘%/ ¢5(u€)u517dx+§)?/ Kl(x)g(|u€|)u€17dx+§ﬁ/ Ky (z)|ue|uevdx.
R3 RS R3

We will pass to the limit as ¢ — 0T in the above identity. Let us examine each
term individually.

Of course
(ul —uz,v) = (ug —ug,v).

Since ¢ (u:) — ¢o(up) in LE(R?), u. — up in L'¥/5(K) and v € L'?/°(K). Tt is
easy to see that

R ¢e(us)uvdr — R oo (uo)uot dz.
R3 R3
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We also have

§R/ Ki(z)g(|ue|) ugudx%?R/ Ky (x)g(Juo|)uot dx,

5}?/ Ko (z)|ue|uev de — 8‘%/ Ky (z)|uo|uot de.
R3 R3
As a result, we deduce that

(ug — g v §R/ oo(uo) uovdx—%/ Ky (z)g(ug|)uot dx

- 3%/ Ky (z)|ug|luot dx = 0.
R3
This means that (ug, @) solves system (2.7) with energy
1
®o(uo) = Po(uo) — 5(‘1’0) (uo)uo

/‘V(i)()leC-i-/ Kl |UO|)d(E+ /K2 ‘UO‘Sd(E

By applying Fatou’s lemma, we deduce that

co < /|V¢0| daz+/ K1 (2)G(|uo|) dz + = /K2 Y|uo|?da

. . 2 4 A
< liminf E/RB V6| dx+§/Rs V6| d:c+/Rs Kl(:c)G(|us|>dx
1
+6/}R3 Ky(x) |u5|3 dx)

= liminf @, (u.)

e—0+

< limsup ®. (ue) < cp.
e—0+

Consequently, Lemma shows that

lim @, (u:) = lim c. = ®o(ug) = co.
e—0+ e—=0t

Now we can conclude that (u.,¢.) converges in H! x DV2(R?) to (ug, ¢) which is
a least energy solution of the system (2.7). O

Proof of Theorem[I.1]. Part 1. Existence of least energy solutions for system .
From the explicit expression of I'y, in comparison with the non-local term I'; of the
original problem , the non-local term I'g in the limit problem possesses
the same or better properties, as demonstrated in Lemma[2.4] Therefore, the series
of lemmas proven for the functional ®. also hold the same conclusions for (. In
line with the proof of Theorem we similarly have the functional ®( satisfies
all the assumptions of Lemma By assumptions (K7), (K3) and Lemma
it follows that functional ®; has at least one nontrivial solution that achieves the
least energy.

Part 2. Decay of solutions for system ([2.7)). Expressing (2.7) as
Du = afu+ wu + ¢ou + K1 (2)g(|u)u + Ka(z)|u|u.
Operating the operator D on both sides, we obtain the relation

Au = a’u— (w+ ¢o + K1 (2)g(|ul) + Ka(w)[ul)*u
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— Doou — D(K1(z)g(|ul) + Kz (2)|ul)u.
Let
af|ul, if u#0,
e {0,/| | ifuio.
By Kato’s inequality [13], it can be found that
Alu| > R(Au - sgnu)
= R((a®u — (w + ¢o + K1 (2)g(|ul) + Ka(x)|u])*u
— D(¢o + K1(z)g(|ul) + Ka(z)|ul)u) - sgnu).
Further, observing
RID(K:(x)g(|ul) + Ka(z)|ul)Ju(sgnu)] = 0,
we obtain
Alu| 2 a®|u] — (w + ¢o() + Ki1(x)g(|ul) + Ka(2)[ul)*lul — Dol - [u].  (4.2)
Then, following the analogous arguments in [20], we can readily deduce from
that there exists a constant M > 0 such that
Alu| > —M|ul.
Let T' be a fundamental solution to —A + 7. We may choose I'(z) such that
|ue(z)| < 7I'(x) on Br(0). Denote z = |ue| — 7T, then
Az = Alue| = TAT > 7(|ue| — 7)) = 72
for || > R. The application of the maximum principle [27] brings us to the
conclusion that
|ue ()| < C exp(—cfz]),
where C, ¢ is independent of . O

Finally, we proceed with the proof of the existence of multiple solutions.

Proof of Theorem[I.3 Obviously, @, is even in u, and in virtue of Lemma[2.2],
and the assumptions (A4), (A5) and (A6) are satisfied. It remains to verify
(A8) and the (C).-conditon.

For any N € NT, let {e,} C E* be a standard orthogonal basis, En :=
span{ey, es,...,en}. Since Ey is a finite dimensional subspace, there exits ¢y > 0
such that for every u € En, |u|, > cn||lul|. Then for any u =ut+u~ € Ex® E™,

() = 5 = ) = Tefw) = [ P ful) da

IN

1
Jut P = Sl = [ Ka@)G(ful) de
R3

1 1
< T|u+|3 — oKy inglu™ |1 — 5”“”2
N

2
q—- 2 _q2_£12 ( 2 ) 2 1 2
L —_ — = ||l
qg N qco K1 int 2 Il

90 —4 g -t 2 N\is
Ry = (5—2)1/2¢ 72 (7) ,
v = q ) ew qco K1 int

IN

Clearly, there exists
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such that
sup O (u) <0 and sup O (u) < 2R%.
uEEN®E~,||u]|>Rx uEENBE~
We denote
q Ky it coq\ 72 (S(a? — (w*)?)\3/2
) aNaKinaK inf) = ( - ) ( )
m(cg, q 1,inf, K2 inf) 6(q — 2) Kot ) o

3/2
L — for s > 1. Note that, T'(1) > co, and T'(s) — 0

2 ¢, %\2
and T'(s) := (S(a agw : )) 6KZ, s

as s — 0o. There exists koo > 1 such that T(ko) = ¢oo. Hence for koo < ko <
m(co, ¢, N, K1 int, Ko inf), by Lemmaand Lemma ®, has at least IV distinct
critical values. Finally, repeat the proof of Theorem we obtain the decay
estimate. Il
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