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GLOBAL WELL-POSEDNESS TO A MULTIDIMENSIONAL
PARABOLIC-ELLIPTIC-ELLIPTIC ATTRACTION-REPULSION
CHEMOTAXIS SYSTEM

LING LIU

ABSTRACT. In this article we study the initial-boundary value problem for the
attraction-repulsion chemotaxis system
ut = Au—xV - (uVv) + €V - (uVw), =€ Q,;t>0,
0=Av—pBv+au, z€Q t>0,
0=Aw—dw+~yu, x€Q,t>0,
ou Ov Ow
—=—=—=0, z€0Q,t>0,
ov v  Ov
u(z,0) =uo(z), z€Q,
with homogenous Neumann boundary conditions in a multidimensional bounded
domain Q C RN (1 < N < 4) with smooth boundary, where x, &, a, 3, § and
7 are positive constants. We prove that under the assumption ya = £v the
corresponding system possesses a unique global bounded classical solution in
the cases N < 3 or )xo'y§§||uoH1L01/(;> < CéN and N = 4. Moreover, the large
time behavior of solutions is also investigated. Specially, when ya = £v, the

solution of the system converges to (g, %ﬁo, Fo) exponentially if |[uol| Loo ()
is small.

1. INTRODUCTION

In this article, we study the global solvability, boundedness and asymptotic be-
havior to the attraction-repulsion chemotaxis system

uy = Au — xV - (uVv) + £V - (uVw), x€Q, t>0,
0=Av—pPv+au, xe€, t>0, (1.1)
0=Aw—-dw+~yu, z€Q,1t>0,

in a bounded domain in Q ¢ RN (N > 1) with smooth boundary 02, where the
parameters x, &, «, B, 7, and § are positive constants. Here u stands for the
cell density, v denotes the concentration of an attracting signal, and w represents
the concentration of a repulsive chemical. This model was proposed in [32] for
describing the quorum effect in a chemotaxis process and in [28] for describing the
aggregation of microglia in Alzheimer’s disease.
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Before going into our mathematical analysis, we recall some important progresses
on system and its variants. In the absence of chemorepulsive chemical (i.e.
chemorepellent), namely £ = 0, w is decoupled from the system and the first
two equations of comprises a classical Keller-Segel model

up = Au—xV - (uVv), z€Q,t>0,

1.2
0=Av—[Bv+au, €, t>0, (1.2)

which has been widely investigated (see [I}, 30, BI]). For instance, it is well-known
that for large classes of initial data, solutions of system blow up when either
N >3, or N =2 and the total mass of cells is large, while global bounded solutions
can be constructed under appropriate smallness conditions on the initial data ([I3]
39]). There is a large amount mathematical result of well-posedness and asymptotic
behavior for system and its variants. One can refer to [1I, 4, [5] 10, 14} 15, 18]
211, 126, 27, 29, [36], B8], 39, [4T], 47] and references therein.

Unlike the classical Keller-Segel model , it appears to be difficult to find
a Lyapunov functional for , and thus the mathematical analysis for is more
challenging. However, in many biological processes, cells often interact with a
combination of repulsive and attractive signaling chemicals to produce various in-
teresting biological patterns [7,[32]. To describe such process of cells, Tao and Wang
[35] proposed the following coupled attraction-repulsion chemotaxis system

w =Au—xV - (uVv)+£&V - (uVw), ze€Q,t>0,
T =Av—fo+au, x€Q t>0, (1.3)
Twy = Aw — dw +yu, = €Q, t>0,

where 7 € {0,1}. In contrast to the Keller-Segel system, systems describe an
indirect signal production mechanism, that is, the chemoattractant is not produced
by cells directly, but is controlled indirectly via parabolic equations or elliptic equa-
tions. From their study, a large variety of mathematical analyses have been devoted,
especially to the well-studied areas of global existence and blow-up of solutions in
variants of (see [1, 11, 12]). Fujie and Senba [§] proved that system with
homogeneous Neumann boundary conditions or mixed boundary conditions (no-flux
for nand Dirichlet conditions for v and w) possesses a unique and global bounded
classical solution for N < 3, and showed the global boundedness of classical so-
lution to with homogeneous Neumann boundary conditions for N = 4 and

fQ uy < (57" in the radially symmetric setting (whereas this conclusion remains

valid without radial symmetry to the mixed boundary value problem). In their
later work [9], Fujie and Senba showed that the classical solution in will be blowing

up in finite or infinite time if N = 4 and [[uol|z1(q) € ((8;)2 ,o0)\ {j - %U € N}
We point that the key ingredients for [8, [9] are a Lyapunov functional and an
Adams-type inequality. However, unlike the 7 = 1, it seems to be difficult to find
an Adams-type inequality for with the case 7 = 0, and thus the mathematical
analysis is more challenging. And therefore, the boundedness of the case 7 = 0 or
radially symmetric setting of the case 7 = 1 of system is still open.

In [I7], for any 8 > 0 and § > 0, the large-time behavior of was explored
in the one-dimensional case. For a higher-dimensional case (N < 3), [35] showed
that each solution of converges to a unique trivial stationary solution under
the conditions that xa < &y and § = . Furthermore, similar results are also valid
for the critical condition that xa = &v ([16]). To the best of our knowledge, for the
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attraction-repulsion chemotaxis system , there is few rigorous mathematical
results on large time behavior of the solutions under the condition N = 4. From
this point of view, our results can be referred as an enrichment in this respect.
Additionally, recent studies have shown that the solution behavior can be also
impacted by the volume-filling or prevention of overcrowding (see [II, 2] [6], [48]), the
nonlinear diffusion (see [3} B3], 42} 43}, 47]), and the logistic damping (see [22] 24 [44]).
In order to provide a more comprehensive description of the development of ,
it is necessary to add the following supplementary content, with specific references
to [19, 20, 23, 25, [34] [45].

Inspired by the above works, we study system , and we will prove the global
solvability, boundedness and asymptotic behavior of the system for various ranges
of parameter values. For the sake of clearness, let us recall the Gagliardo-Nirenberg
inequality in the four-dimensional case

1/2 k
[ CGN||V¢||2L2(Q)H¢||L/2(Q) + Can )32 q) (1.4)

for all ¢ € W12(Q), where Cgny and Cgn . are some positive constants only de-
pending on €.
We consider the elliptic system

—Aw + dw =g, x €,
ow
5 =
where k € (1,400) and g € L"(2). Then there exists a unique solution w €
W2r(Q). In addition, there exists a positive constant \g = Ag(€2,d) such that

0, =€,

[vllwzr @) < XollvgllLe()- (1.5)

The aim of this study is to provide some further insights into the existence of
global solutons as well as boundedness and large-time behavior for in the
case ya = &y and N = 4. To prepare a precise statement of our main results,
let us fix the mathematical framework by considering in a bounded domain
Q) C RY(1 < N < 4) with smooth boundary, where x, &, a, 3, 7, and § are positive
constants. To state our results precisely, we specify the precise problem context by
considering along with the boundary conditions

ou v Ow
and the initial conditions
u(z,0) =uo(z), =€l (1.7)

We shall assume throughout this paper that the initial data satisfy
ug € C’O(Q) with ug > 0in Q and wuy #0, z € Q. (1.8)

Within the above framework, our main results concerning the existence and

boundedness of global solutions to (1.1)), (1.6]), read as follows.

Theorem 1.1. Let Q C RN be a bounded domain with smooth boundary. Suppose
that the initial data satisfies (1.8). Then under the assumption xya = £y, we can
prove that
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(i) if AovdElluoll 26y < oie and N = 4, then system (L1), (LE), (T.7) pos-
sesses a unique global bounded classical solution (u,v,w). Besides, there
exists constant C' > 0 independent of Y (||lug| L (q)) such that

[u(, )L () + [[v( Dlwre ) + [[w( Dl[wre @) < CT([Juollz<(0))
for allt > 0;
(ii) #f N < 3, then system (L.1)), (1.6), (1.7) admits a unique global bounded

classical solution (u,v,w). Moreover, there exists C > 0 independent of
Y ([Juoll Lo ()) such that

u(s )l L) + [v( ) lwre @) + ol Ollwie @) < CT([JuollL=(a))
for all t > 0. Here Y is a continuous function which is non-decreasing
respective to ||uol| L (q)-

Remark 1.2. (i) Since Y(||ugl[z()) > 1 is non-decreasing with respective to
lwol| Lo (), Theorem implies that suitably small |lug|| () in system (L.,
, (1.7) would provides the existence and boundedness of global solutions to
system (|1.1)), , .

(ii) The proof of Theorem is inspired by [37, 22]. These results extend the
previous work obtained in [22, 44] which require r = 3/2 with N =4 and r > 282
for any NV > 1.

(iii) From [9], we know that here the condition for system (1.1, (1.6]), (1.7)) is

optimal.

In light of these results, it seems natural and inevitable that our second result, ad-
dressing asymptotic homogenization of all solution components, requires ||uo|| - ()
to be appropriately small. We then show that the smallness assumption on ug forces
the corresponding solution in Theorem to converge to (o, %ao, 1) by using
the ODE theory and some careful analysis. Indeed, based on the global existence,
the solution has the following convergence property.

Theorem 1.3. Let ya =&y and Q C RN (1 < N < 4) be a bounded domain with
a smooth boundary. Then for any ug that satisfies , there exists €9 > 0 such
that if ug satisfies

luoll Lo () < €
for some 0 < € < €p, then for any t > 0, there exists p1 . > 0 and C such that

u(-,t) — ol oo () < Ce™Prrt, (1.9)
a —

(-, t) — BﬂoHme) < Ce Pt (1.10)

Jw(-,t) — %ﬂoHLw(Q) < Ce Pt (1.11)

where g 1= ﬁ Jo uo(2).

Remark 1.4. (i) This result partly improves the previous work obtained in Li-
Wang [22] and Xie-Zheng [44] which requires the logistic source f(u) = au — pu”
withr=2—(2/N)orr>2—(2/N) and N < 4.

(i) To the best of our knowledge, these are the first results on boundedness of
the system in four-dimensional space in the case 7 = 0.

(iii) From [9], we know that here the condition for system (1.1, (1.6]), (1.7)) is

optimal.



EJDE-2025/26 ATTRACTION-REPULSION CHEMOTAXIS SYSTEM 5

(iv) Theorem [1.3] asserts that the solution of system (1.1)), (1.6]), (1.7) behaves

asymptotically in a similar manner to the case where 5 = § and N < 3 in [35]
(see also [24]), provided that the initial data wug is sufficiently small in L>°(Q).
However, for NV > 3 the large-time behavior of system , (1.6), is given as
an open problem. Hence, from this point of view, our results can be referred as an
enrichment in this respect.

2. PRELIMINARIES

In this section, we present some basic properties of system (L.1)), (1.6, (1.7]). We
start with the existence theory and extensibility of the local solution. To this end,

by an adaptation of well-established fixed point arguments (see [40, Lemma 2.1] or
[46]), we can establish the following local existence result for system (1.1f), (1.6]),

(7).

Lemma 2.1. Let Q@ C RY (N > 1) be a bounded domain with smooth boundary.
Assume that the initial data satisfy (1.8]). Then there exists a positive constant Tinax
such that (1.1)) has a unique non-negative classical solution (u,v,w) satisfying

u € COQ X [0, Trax)) N C2HQ x (0, Thnax)),
v € C%Q x [0, Tmax)) N C%°(Q x (0, Thax)),
w € C%(Q x [0, Trnax)) N C*2(Q x (0, Thnax))-
Moreover, if Thax < 00, then
[u(, )l L) + 10 Olwree @) + [w( Ol @) = 00 ast 7 Tiax. (2.1)
The following well-known Gagliardo-Nirenberg inequality will be frequently used
[44].
2

Lemma 2.2. ([46]) Let 0 < 0 <p < ﬁ There exists a positive constant Can

such that for all u € W12(Q) N L(Q),

lull ooy < Can(IVullta ) lull ooy + lulle @),

<[z

N
P

is valid with a = € (0,1).

-5+

<z

Some basic properties of the solution obtained in Lemma can be derived as
follows.

Lemma 2.3. Under the assumption of local existence, we can obtain

/ u= / ug  for all t € (0, Tiyax), (2.2)
Q Q

é/v:é/w:/uo for all t € (0, Tynax)- (2.3)
a Jqo Y Ja Q

To deal with the repulsion mechanism in (1.1]), inspired by [22] and [35], we
define

s(z,t) = xv(z,t) — Ew(z, t), (x,t) € QX (0, Tmax)-
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Then, recalling &y = xa, (L), (1.6), can be rewritten as
u=Au—V-(uVs), x€Q,tec(0,Thax)s
0=As—ds+av, x€Q,te (0, Thax)s
0=Av—Pv+au, x€Q,tec(0,Tnax)
ou 0s  Ow
v ov v
u(z,0) =up(z), =€q,

0, x€ GQ, te (Omiax)a

where & = x(6 — 3).

3. PROOF OoF THEOREM [I.1]

Notation: Sometimes, we will use C, C; to denote uniform constants hat may
be different on different lines.

In this section, we focus on the global existence and boundedness of solutions.
To this end, we shall establish a series of a priori estimates of solutions for system

(1.1), (L.6), (1.7]), which play an important role in proving Theorem And the

derivation of the uniform LP bounds on u needs two cases. Firstly, we can obtain
the boundedness of ||u||z»(q) (for any p > 1) under the assumption N < 3.

Lemma 3.1. Let N < 3. Then for any finite p > 2, there exists v1 > 0 and
Y1 ([JuollLoe(q)) such that

||u(,t)||Lp(Q) S ’71T1(||U0||L00(Q)) fO’f‘ CL” t e (Ovaax)' (3].)

Proof. According to the known results on elliptic boundary problem in L!(£) to-

gether with Lemma we can have that for any | € (1, x2%—), there exists

(N-1)4
C1(1,Q) > 0 independent of ug such that
lw(-, O)llwii) < Crlluollziq) for all t € (0, Thax),

which combining with the Sobolev embedding, W'!(Q) < L?(Q) by N < 3 and
le(1, ﬁ), derives that there exists Cy > 0 satisfying
lw(-, L2 < C2fluollzr(o)

for all t € (0, Tinax) [37, Lemma 3.1].
Testing the first equation in (2.4) with u?~! and integrating by parts, we obtain

1d / 4(p—1) / 22 -1
e wb + =7 Vup/ =(p-1 / uP™*Vu-Vs

-1
. uPAs
p Q

= p;l/ uP(av — ds)
P Ja

_p-l u? —B)v —d(xv —&w
-2 /Q (x(6 — B)v — (v — £w))

1
<P 5¢ / wPw  for all t € (0, Tinax)-
p Q
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In light of the Holder inequality and the Gagliardo-Nirenberg inequality (see Lemma
2-2), we can obtain some constant C3(p) > 0 such that

p;l(gg/upw
p Q

_ 1/2
Sp 155(/ u2p)1/2(/w2)

p Q Q

p—1 ) 1/2/ o\ 1/2
< D
< s [ o) ([ )

p—1 N
< LeCounllen | o)

p—1
= 75502||U0||L1(Q)||Up/2||%4(9)

Np
2

p—1 F
= 7550203( )HuOHLl(Q)UIVUP/QHL2(Q)+

N‘ 2z
ks
N
|
o

Ps
W), TEE e, ]
L*(Q) Lr(Q)

p1 = p- 2
= 7550203(P)||U0||L1(Q /|VUP/22 A (/ uo) R
0

()]

for all t € (0, Tyax). Applying the Young inequality, one has

N

Np
3

P [ /W””+%Mhm)

with Cy > 0, where

w\z T

+1
+ 05”11‘0“21(9)

1
Cs = pTagcgcg(p).

Using the Gagliardo-Nirenberg inequality (see Lemma, we can obtain a positive
constant Cg > 0 such that

o 2(p+N)
lullPT Y, = (ur’?
LP+%(Q) - 2(:D+ 2)
L 7 ()
4 2(p+N)
< Co(| VP2 By 12|V, HWH )
L7P(Q) P (Q)

= Co IV ooy Il ) + Il )

= Ce(\\Vup/2||L2<Q>IIUOIIE(Q) + IIUOIILl(ﬁ)%

which implies that

1 L2 pN+2—2p
||Vup/2||%2(ﬂ) > 7@””||i”+]v% Q - HuOHLl(g) (3'2)
Colluol| & o )
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for all ¢ € (0, Tynax). Thus, we

1d 2(p—1 1 2
/ up + (p ) ||u||17+ Nl
pdt p LPTN (Q)

2p > C7(||“0||L°°(Q))
C6||“0||£V1(Q)

for all t € (0, Tax) With

2(p—1) pN+2-2p

[||U0||Loo(9) |€2]]

Cr(|luoll L= (o)) =

1—

iz

(3.3)

Np

p+
+ Cullluo]| oo 1] =5+
+ Cs]lluol| Lo (o) |UJH
This and the Holder inequality yields

2
P+

1d 2(p—1) 1 - v
p D p < oo
pdt/ uE p 2 ‘Q| N</Qu > —C’?(”UOHL (Q))

CGHUOHLNl(Q)

Upon an ODE comparison, we have

/ ) < max{/ ug, C(p)A([luollL1())} for all t € (0, Tinax) (3.4)

with

Clp) =

)

el
p—1)
A(lluoll Lo (o)) = [07(||U0||L°°(sz )lltoll oo o |2 ¥ )7 F .
As a consequence of and . is valid by a choice of
PC6
2(p—1)

2p. —P
Y1 (fluoll L= () = max{||uoll] ) [Cr(llwol| L= () [[[uo]l oo o[ ¥ ] 7% 3. O

"= Q)7 4+ [0,

Lemma 3.2. Let N =4 and )\ga5§+HuoHlLOl/(; CC1JN . Then for each finite p > 2,

there exists vo and Yo(||uol| L= (q)) such that
||U(',t)||Lp(Q) S ’)/QTQ(”U()HLoo(Q)) fO?" allt € (0, Tmax)' (35)

Proof. We will divide the proof into two steps.
Step 1. A bound for u in L% ((0, Timax); L?(€2)): Multiplying the first equation in
(2.4) by wu, integrating by parts and using the Hoélder inequality, we have

2 .
2dt/ /|Vu\ /uVu Vs
= 7/u2As
Q
:/uz[—ds—i—dv]
Q

= / uz[—d[xv —&w] + x(6 — B)v]
Q

S(Sf/ w?w
Q
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< 0¢|ull7 sz |wllps)  for all t € (0, Thax)- (3.6)

Then the Gagliardo-Nirenberg inequality (see Lemma and Lemma ensure
that the constant Cgn > 0 and Cgy « are such that

5/2
L5/2(Q)

1/2

Ju| < Cen|IVulliz o lull gy + Cons

5/2
< ConlIVul g o lluoll; {0y + Canelluol 745,

which implies that

Lo/2(Q Can || 0||L1 (3.7)

||VUH%2(Q) 1/2

CGN”UOHLI(Q)

In light of the Sobolev embedding theorem and elliptic L? estimates, we can obtain
a constant \o= Ag(€2, 8) such that

H'LUHLS(Q) < /\OH’YU'”Lw”(Q) for all t € (O,Tmax). (38)

Then from the Holder inequality and Lemma [2.3]it follows that

1 4/5
AﬂwhwmnSM%AMWF(AU) = ol g 0l 5

for all t € (0, Tinax). Inserting the above inequality as well as (3.7) and (3.8) into
(3.6), we derive that Cy > 0 such that

7 | ol
5/2
2dt Conluollfilg, =@
5/2 Con
< /\075§||u0||];1(9)||u||L5/2(Q) T Con HuOHLl(Q

for all ¢ € (0, Tynax). This combined the Holder inequality yields

1d [ , 1 s . \5/4
531 |+ (e = sl )i ([ )

CGN||UO||L1 ()

Can
< Con, ||u0||L1(Q) for all ¢t € (0, Tinax)-
Recalling the hypothesis )\075€+Hu0||L1(Q 201GN, an ODE comparison implies

that

Caon g
[ < s ol o) ol o1 [ )
Q G N ,* ¢

CGN 11 3.9
2 ol oy 2 e ¥, [y )
GN,* Q

= CG(”UO”LOO(Q)) for all ¢t € (O,Tmax).

< max{(
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Now, we can use the Sobolev embedding theorem and elliptic LP estimates to deduce
that

Vsl L) < Crllsllw26(q)
< Cslv][ o)
< CQHU”Wz %(Q)

Nl
< Cuollull, 3 2 ) (3.10)

< Ciollull g2y |27
< Cllcé/Q(HUOHLOO(Q)) for all t € (O,Tmax)

with constants C; > 0 (i = 7,8,9,10,11).

Step 2. A bound for u in L*®°((0, Tiax); LP(£2)) for any p > 1: We test the first
equation in (2.4) with uP~! and use the Young inequality and (3.10) to deduce that

L [
—— [ uWP+(p—-1 uP™*|Vu
s L= [ v
:(p—l)/up_1Vu-Vs

Q

-1 -1
< L/up_2|Vu|2+L/up|Vs\2
2 Jo 2 Jo

< p—l/up_2|vu|2+ (p_l)C%ICGOUOLOO(Q))/up
- 2 Q 2 Q

(3.11)

for all t € (0, Tiax)- Next, recalling the Gagliardo-Nirenberg inequality (see Lemma
and Lemma we can obtain positive constants C15 and C3 such that

o= Yk Celali=@) [
Q

2
_ (p - 1)012106(||u0||L°°(Q)) H p/2||2
- 9 u L2(Q2)
2 infN _Np—N
< C1aCo([[woll poe ) IV (| 5 ||up/2llmfgi””p e ) (3.12)

SNEN p[ RN
= C1aCs([uoll L= (0) (I Va2 13 @ ol 2 gy T+ Hluollq))

< C13Cs([luo|| £ Q))([pQ}Z'N*N”(/Q P72 |Vul? )WHUOHL?/p(QﬂN)NW]
+ Hu0||L1(Q)) for all t € (0, Trnax)
which with the Young inequality implies that for some C14 > 0 such that
(p — 1)C? Cs([Juoll = (o)) / P
Q

2 (3.13)

p— 1 p—2 2 27N2+Np p
< 1 QU [Vl + C14[Cy (HUOHLoo(Q)) + 1][||U0||Loo(9)|QH

for all ¢t € (0, Tinax). Collecting (3.11)) and - we have

1d p—1 _9 9
- p P— 1 =2y
pdt/Qu+ 1 /Qu |Vul
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—N+Np

2
< Cu(Cs 2 (luollne(e) + Dllluollpe (o [Q[]” for all t € (0, Tinax)
with C15 > 0. This combined with the Hélder inequality and (3.12)) implies that

—N+Np

1d Np—N 2-N+Np
s L (L) T e o) + Dl
pdt Jo Q

for all t € (0, Tyax), with Cy5 > 0. Then, by an ODE comparison, we can obtain
positive constants C6 and Az (||ugl|ze(q)) such that

/ uP < Inax{/ ufy, CreA2(fluoll (o))} for all t € (0, Tinax)- (3.14)
Q Q

By ChOOSiDg Yo = 016 and T2(||UO||L00(Q)) = max{||uo||poo(9)|(2|,A2(||u0||Loo(Q))}
in (3.14), we eventually obtain (3.5). O
In conjunction with the estimate for the estimate for u in LP(2) provided by

Lemmas 3.2l the latter entails boundedness of u as well as Vv and Vw in
L>(Q).

Lemma 3.3. Let N <4 and
Yol goe ) = { 3 L CllE=) VS5 (315)
“@ Tao([luollze(y), if N =4.

where Y1 (|[uol|L~()) and Ta(||uol|z=(q)) are the same as Lemma and Lemma
respectively. Then one can find p. > 1 independent of Y(ug) such that the

solution of (L.1)) from Lemma satisfies

uC, )z @) < pesX([[uollLe()) for allt € (0, Tmax), (3.16)
(- t)[[wree () < pes X(lJuol| Lo ())  for all t € (0, Tinax), (3.17)
[w(-, O)llwr. @) < pesT(lluollLo ()  for allt € (0, Trax)- (3.18)

Proof. In the following, we let k.. ;(¢ € N) denote some different constants, which
are independent of ||ug|| L (q), and if no special explanation, they may depend on
Q a,B,7,06,8 X

Now, applying the LP estimate for the second and third equations of system
(1.1), we derive that there exist positive constants K. 1, k«x,2 as well as Ky, 3 and
Kax,4 independent of [|ugl| - (q) such that

() () < Kt lou(, )3 g

(3.19)
< Bar 2 Y (JJuo| Lo (@))  for all ¢ € (0, Tinax),
(O F2n @) < Fawsllvul, Ol o) (3.20)

< Fawd Y([luol o)) for all t € (0, Tiax),

where Y (|Juol| L (q)) is given by (3.15]).
Now, applying the Sobolev embedding theorems, we derive that

WQ’QN(Q) < WLOO(Q),

and therefore, we conclude from (3.19) that there exists a positive constants k.. s
independent of ug such that

1
e ) llwroe @) + [[w( O)llwie @) < Fuws LN ([JuollLe () (3.21)
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for all ¢ € (0, Tmax). Now, let h = xVv — éVw. Then by (3.21)), there exists a
positive constant x4 ¢ > 0 such that

= 1

A ()] Loe () < Fown,6 T2V (JJuo | oo () (3.22)

for all t € (0, Trnax)-
Next, by an associate variation-of-constants formula we can represent u(-,t) for
each t € (0, Tiax) according to

t
(e t) = g () —/ DAY ()R 8))ds, € (0, Tum).  (3.23)
0
The maximum principle implies that

le"Suoll s () < lluollL= () (3.24)

The last term on the right-hand side of (3.23) is estimated as follows. Invoking
the known smoothing properties of the Neumann heat semigroup and the Hélder
inequality to find s, 7 > 0 and K, g > 0 independent of [Jug|| () such that

t
/0 1t =92Y - (u(e, ) 8)l| ey s

1

t
. )
< Kax 1+ (t—s) z7an]e ME=9)|y h(-,s ds
. / 1+ (t — )= 402 u( 5)h(-, )| pav .

t
Sl N \(—s) -
< e [ (=8 E TGO e 5) s oI, 9l e s
0
< Fun 8TV ([Jugl| o () for all £ € (0, Tinax)
by using Lemmas and and (3.21]). Thus the proof is complete. O
Combining (2.1)) with Lemma [3.3] we obtain that system (L.1), (L.6), (1.7) are

indeed global in time.

Proposition 3.4. Let 1 < N < 4. Then the solution of (1.1)) is global on [0, c0).
Moreover, one can find independent of ug such that the solution of (L.1)) satisfies
[u(, )l L) + o Dllwre @) + [[wl Dllw=@) < AT (uoll= (@) (3-26)
for all t € (0,00).
Proof. Firstly, relying on (2.1) and Lemma we find Ay . > 0 independent of ug
with the property that
lw(-, )l oo ) + lv(- O)llwree @) + lw(-, O)l[wiee @) < MY (Juollpe )  (3.27)
for all ¢ € (0, Tinax) with T(||u0||Loo(Q)) is the same as Lemma In view of the
extensibility criterion 7 we thus infer that T),.x = 00, i.e., the solution (u,v,w)

is global in time. Moreover again based on Lemma [3.3] m we can deduce that (| -
holds. This completes the proof.

4. ASYMPTOTIC BEHAVIOR

In this section, we address the large time behavior of solution obtained above for

system (1.1)), (1.6)), (1.7) with ya = £y and some appropriately small for ||UOHLW.
1.1),

The crucial idea of the proof of large time behavior of solution for system (|1.1

(1.6), (1.7) is to show a Lyapunov functional for system (L.1)), (1.6), (L.7) under

suitably small for |[ug||z (o). By means of an analysis of the corresponding energy
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inequality, we can first establish the mere convergence of (u,v,w) to system (1.1),

(1.6), (1.7) in L?(2) (see Corollary and . We can thereupon make use of

LP estimate for the second and third equations of (1.1) and LP-L? estimates asso-
ciated with the heat semigroup to show on the basis of additional higher regularity

properties (Lemmas and |4.5)) that this convergence actually takes place at an
exponential rate (Lemma {4.6)).
To implement our approach, we denote

U(z,t) :=u(x,t) — do,

S(z,t) = s(x,t) — (x% - fg)ﬂo, (4.1)

Vix,t) :=v(z,t) — %ﬂo

for all z € Q and ¢t > 0. Then we obtain from (4.1)) and (2.4) that a triple (U, S, V)
satisfies

U =AU -V -(UVS), ze€Q,t>0,
0=AS-6S+x(6—-B)V, €, t>0,
0=AV -8V +alU, z€Q, t>0,

ou 08 oV
5_5_5—07 r eI, t>0,

U(l’,O) = UO(I') — Ug.

Having dealt with issues of boundedness so far, in the following, we next turn
our attention to the claimed asymptotic behavior of solutions in (1.1f). And we will
show that in the large time limit, the classical global solution of converges to
(1o, %ﬂo, Z10) exponentially if [|uo| (o) is smaller. To this end, as a preparation
for the proof of Theorem let us refine the argument from Proposition to
derive the following energy functional, which plays a crucial role in obtaining large

time behavior of global solutions to system (1.1)), (L.6), (L.7).

Lemma 4.1. Suppose that

A ([uollzr ) < 2v/C, (4.3)

where Cy s the best Poincaré constant. Then there exists B > 0

Bd _ 2 BCy 1 al?

5@“““”—“0”L2<ﬂ>+(T‘E)/Q‘“_u| (4.4)

BA2Y? ~ |

b B (II;oHL <ﬂ>))/|w|2go for all t >0,
Q

where

, 1/
Uy = ~— [ up. 4.5
Tl )
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Proof. Firstly, we use the first equation in (4.2]), Theorem and the Young
inequality to compute

5@”“(%) - ﬂHsz(o)

_ / (u— @)[Au—V - (uVS)]
Q

—/ \Vu\2+/ lu||Vu||V S|
Q o

4.6
g—l/ |vu|2+1/u2|vs|2 (46)
2 Jo 2 Jo
1 supy~.g [[u(, )17
<3 | IVuP+ =0 5 L (‘”/\VS\?
Q Q
1 A2Y? oo
g—f/ \Vul? + (ol (Q))/|VS|2 for all ¢ > 0,
2 Ja 2 Q
where )

Here A, and o(||uo| 1= (q)) are the same as in Proposition We note from the
Poincaré inequality that there is Cy > 0 such that

1
llp — m/gwuim) = CN/Q Vel? forall p € WH2(Q). (4.8)

This combined with (4.6]) yields

1d _
52l 1) — ollZagey

)\2T2 o
<_7/ |u |2 |u0||L /|VS|2

for all ¢ > 0. Next, by the testing procedure, we may derive from the Young
inequality that

0= / SIAS — 55 + x(6 — B)V]
Q

(4.9)

4.10)
2 5 — 2 (
§—5/ |VS|2+M/V2 forall t >0
Q 46 Q
and
O—/VAV BV + aU]
(4.11)
2 5 2, @ R
|VV\ V + (u—1p)” forallt>0,
where we have ueed that af B—V = O T € 89 t> 0.
In view of ., we can choose B > 0 such that
A2Y? o
A_ Bl (||U20||L @) >0, (4.12)
2
Bon—% 5o, (4.13)

2 283
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B x*(6-B)°A
2 15

Collecting (4.9)—(4.14), we infer that

B d _
2 utet) — ol + B = 2 [l + [ wvp

BN (Juol| < () B x2(6— B)2A (4.15)
+ (A — 24 AN H 2

+( 5 /IVS| +(5 - )/Qv
<0 forallt>D0,

> 0. (4.14)

which completes the proof. ([

The above Lemma entails exponential convergence for u(-,t) — g at least with
respect to the norm in L?().

Corollary 4.2. Under the assumptions of Lemmal[{.1}, for each t > 0, there exists
p1,+ > 0 such that

(1) = dol|Z2 () < €™+ [lua(,t) — ol Z2(o)); (4.16)

and there exists Cy 1 > 0 such that

| Leves [ [wses [ [ve<en, (4.17)
0 Q 0 Q 0 Q

where 1 is given by (4.5)).
Proof. Let y(t) = 24 |ju(-,t) — ﬂ0||%2(9). Then by (4.4)), one can conclude that

-
= <
)+ (Cx = 500 <0,
so that, integrating the above inequality and (4.4 in time, we can obtain (1.9) and
[E-17) by using (L.6). 0

As a application the above Lemma, we can derive the following stabilization
property of V, VV as well as S and V.S which will be used in Lemma below.

Lemma 4.3. Under the assumptions of Lemma for each t > 0, there exists
P2« > 0 such that

IVV ()72 + IV D2 < e fluo(,t) — G0l 720 (4.18)
IVSC )22 () + 1SC D172y < €772 uo (1) — toll72(q), (4.19)
where 1 is given by (4.5).

Proof. First, in view of the testing procedure, we derive from the Young inequality
that

O—/SAS 58+ x(6 — B)V]

/|VS|2 /52 6 B /V2 forallt >0

(4.20)
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and

= AV —
0 /QV[ V - BV + U]

5 , (4.21)
—/\VV|2——/V2+Q—/U2 for all t > 0,
Q 2 Ja 28 Ja
which together with (1.9]) implies that
/|VV|2+é/V27 /U2
@ 2 Ja 25 (4.22)
< 266 TP g (-, t) = tol|72 gy for all >0,
and therefore,
/ |VS|? + / 52
X*(6 - B)? / 2
< T |4 4.23
- 20 Q (4.23)
2 2 2
X(0=p8)*a . _
< Tﬁe PLetug (-, ) — u0||2L2(Q) for all ¢ > 0,
where py . and @y are given by (1.9) and (4.5), respectively. Hence, (1.10) and
(4.19) holds by some basic analysis. O

Having found uniform bounds on u, v and w in the previous Proposition also
v and w share this regularity and these bounds.

Lemma 4.4. Let N < 4. Then for any p > 2, there exists a positive constant C o
such that

||1}(',t)HW2,p(Q) + H’U)(',If)”wz,p((z) < C*’Q fO?” all t > 0. (424)

Proof. Applying the LP estimate for the second and third equations of (|1.1)), we
derive from Proposition@that there exist positive constants K. 1, Fxss,1 as well
aS Kuxx,2; Rxsx,2 independent of ug such that

[0 D2y < B allaw )l o)

4.25
< Fnn 2 Y ([Juo| o)) forallt >0 (4.25)
and
o)y y < Frvet It Ol o
S I%***72T(||U0||Lm(g)) for all ¢t > 0. '
O

To prepare our arguments concerning the large time behavior of solutions, we
still need the following regularity estimates for u.

Lemma 4.5. Assume that the conditions in Theorem[I.3 are satisfied. Then there
exists a positive constant C, 3 such that

lu(-,t)|[[wiee ) < Cu  forallt > 0. (4.27)
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Proof. Based on the regularity of u and v, one can readily obtain constants K x,1 >
0 such that
v, )lw2r) + lul )l o) + 00 D)W@) < Fassx,n for all £ > 0. (4.28)
Next, we can rewrite the first equation of as
— Au = a(u,v), (4.29)
where
a(z,t) = a(u(z,t),v(z,t), w(z,t))
=—xV - (uVv) + &V - (uVw)
= —xVu - Vv — xulAv + EVu - Vo + EulAw.

To prove the boundedness of ||Vu(:,t)||L () on t > 0, by Duhamel’s principle, we
see that the solution of - can be expressed as

t
u(-,t) = e Pug —|—/ e "Ba(-,7)dr forall t > 0.
0

Next, for any T € (0,00), we let M(T) := supye (o) [|Vu(-t)||L=(q)- By (4.28 ([1:23),
there exists Kixss,4a > 0 such that

Ha,(',t)HLZN(Q) <[ =xVu- Vv — xulAv+EVu - Vo + équHLzN(Q)

4.30
< Kawsna (| Vu(-, )| L2v ) + 1) for all £ > 0. (4.30)

Hence, in view of LP-L? estimates associated with the heat semigroup as well as
(4.30), we derive that there exist positive constants X\, K5, Kwws,6, Kasrn, Ty
Fossxn, 8> AN Kysns,9 such that

[l ) lw.e )
S /‘13****,5Hv87t + v/ 1' T dT”LOC(Q
< H****,667At||uo||lz°°(9)

t
+ Kf****,ﬁ/ [1 + (t - «9)_%_% ﬁ_é)]t?_/\(t_s) ||a(-, S)HLQN(Q)dS (431)
0
t
< Beven e [ (1 (= 9) e Tule5) o o) + Vs
0

t
e NS el O PR
0

forallt € (0,T). Here, according to the Gagliardo-Nirenberg inequality (see Lemma
2.2), the boundedness of u in € x (0,00) (see (3.22))), and the definition of M (T)
we can find Kuxux,10 > 0 and Kyuws,11 > 0 satisfying

[Vu(-, 1)l 2w ()
< Fansn 10l V- O i . 1) 12 (4.32)
< Foannn 11 (MY2(T) +1) forall t € (o,T).
From , we obtain a positive constant K.« 12 such that
M(T) < Fysen2 + Fasne12M2(T) for all T € (0, 00), (4.33)
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which in view of an elementary argument entails that for some K.« 13 such that

[Vu(-,t)|| Lo () < Kuxsr,3 for all £ € (0,00), (4.34)
and thereby proves (4.27)) by using (4.28)). O

An immediate consequence of Corollary [f.2]and Lemmas[4-3|and [£.5] and Propo-
sition [3.4] is that both u,v and w decay exponentially with respect to the norm in
L>(Q).

Lemma 4.6. Assume the hypothesis of Theorem holds. Then one can find
v >0 and C > 0 such that the global classical solution (u,v,w) of (L.1)) satisfies

|u(-,t) — to|pee () < Ce™ ™, for all t > 0, (4.35)
(-, t) — %%HLw(Q) < Ce ™, forallt>0, (4.36)
Jw(-,t) — %'U/OHLOO(Q) < Ce™ ™, forallt>0, (4.37)

where Gig = ﬁ Jo uo-

Proof. We apply Corollary [1.2] and Lemmas [£.3] to find positive constants C; and
~1 such that

(-, t) = Goll p2() < Cre™ ™, forallt >0, (4.38)
[[o(-,t) — %ﬂo”Lz(Q) < Cle_’ht, for all £ > 0, (4.39)
lw(-,t) — %/ELO”L2(Q) < Cre” ™t forall t > 0. (4.40)

Here we can use Proposition [3.4] and Lemma [L.5 to find Cy > 0 satisfying
_ a =
||U('7t)—UOHWLOO(Q)+||U('7t)—EUOHWMO(Q)‘FHW('»t)—guoHWlm(n) < Cy (4.41)

for all t > 0. Since an interpolation by the Gagliardo—Nirenberg inequality provides
C3 >0, C4 >0, and C5 > 0 such that

lu(-,t) — ol L~ (o)
N 2
< Cs([lu(-st) = tollyy i o lul-s t) = toll p2(q) + lul-,t) = tollr2(a))
_1/2
S C4||u(7t) - u0||L/2(Q)
< Cse " forallt>0,

(4.42)

where v = L-.

Likewise, (4.36)) and (4.37) can be obtained by combining the exponential con-
vergence statement for v and w in Lemma [4.3] with the uniform higher order bound
asserted by Lemma [3.3 (]
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