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DYNAMIC BEHAVIOR OF A STOCHASTIC PREDATOR-PREY MODEL
WITH STAGE-STRUCTURE AND NONLINEAR PERTURBATION

XIANG ZHANG, MING KANG, FENGJIE GENG

ABSTRACT. In this article, we propose and analyze stage-structured stochastic predator-prey
model, where a nonlinear perturbation is considered. Firstly, we prove that the stochastic system
has a unique global positive solution. And then we discuss the ergodic stationary distribution of
the random system. In addition, we obtain sufficient conditions for the extinction of populations.
Finally, numerical simulations verify our theoretical results and show that nonlinear perturbation
has more practical significance than linear perturbation.

1. INTRODUCTION

In recent years, the study of population ecology has attracted extensive attention. Popula-
tion ecology mainly studies the dynamical behavior of populations and the relationship between
populations and the environment, which is of great significance to the survival of various species
in nature and the sustainable utilization of environmental resources. There are three kinds of
relationships among species: predator-prey relationship, competition relationship, and reciprocity
relationship. The predator-prey relationship mainly describes the interaction between predators
and prey which plays an important role in the development of population dynamics. Over the
past few decades, predator-prey systems have attracted a lot of scholars’ attention, and several
achievements have been produced [2, [, 5] 7, [9] [10], 12 [19] 24], 26, 28].

As we know, the functional response function describes the biological transfer differences be-
tween different species and powerfully affects the dynamical properties of the models. There-
fore, many scholars have proposed various predator-prey systems with different functional re-
sponses, such as Lotka-Volterra [28], Holling I-IV [10, 26], Beddington-DeAngelis [2], [ 7, [19],
Crowley—Martin [4, 9], ratio-dependent [12] [24] and so on.

In addition to the functional response function, the stage structure is another crucial element
to investigate predator-prey interactions. In the real world, since the reproduction and survival
rate of biological populations are usually dependent on age or stage, their lives can be divided
into two stages: juvenile and adult. In recent years, some scholars have devoted themselves to
studying the predator-prey models with stage structure for prey or predator [11 6, 8, 22] 26]. Zhao
et al. [26] studied a stochastic predator—prey system with stage structure for prey and obtained
the sufficient criteria for the existence of stationary distribution and ergodicity. Bai and Xu [I]
investigated a stochastic predator—prey system with stage structure for predator and constructed
sufficient conditions for global asymptotic stability.

Meanwhile, in the actual ecosystem, environmental noises are everywhere and have a certain
impact on the population. Therefore, it is more reasonable to investigate the law of population for
the predator-prey model by virtue of stochastic differential equation. Up to now, there have been
different kinds of approaches to introduce random perturbations [14} [16], 23] 25] [26]. Most scholars
introduce the linear stochastic perturbation into the deterministic system to reveal the influence
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of environmental noises [I3, 23, 25, 26| 27]. Especially, Zhang et al. [25] recently proposed the
following predator-prey model with different response functions to juvenile and adult prey:

dz(t) = (ry — max — axz — dix)dt + o12d By (t),

_ Cen? Pyz _
_ B
dz(t) = (paxz + AT ay) (1 £07) 0z — dsz)dt + 032d Bs(t),
with initial value
xz(0) >0, y(0)>0, =z(0)>0, (1.2)

where x(t), y(t), and z(t) denote the population densities of juvenile prey, adult prey and predator
at time ¢, respectively. o2(i = 1,2,3) denote the intensities of environmental noise and B;(t) are
the mutually independent standard Brownian motions. All the parameters are positive constants
and their specific biological significance is shown in Table 1. In addition, p and ¢ are constants,
0 < p,q < 1. For this model, they established sufficient conditions for the ergodic stationary
distribution and extinction of the populations (1.1)).

Motivated by papers [I1], 17, [I8] 2I], we adopt the way of nonlinear stochastic perturbation
to describe the effects of more complicated noises on population dynamics. So far, there is less
research on this aspect in the predator-prey models. Keeping this viewpoint in mind and reflecting
the stage structure, we propose the following nonlinear stochastic differential equation according
to system and nonlinear perturbation theory:

dl’l(t) = (7"1’2 —mxry — ar1y — dl.’El)dt + CEl(O'll + Ulgxl)dBl (t),
Bray
(1+ azo)(1 + by)

afray
1+ azs)(1+ by)

dl‘g(t) = (mxl — S.’Eg — — dgxz)dt + IQ(O’Ql + O‘QQIQ)dBQ(f),

(1.3)

dy(t) = (pazx1y + 0 —6y? — dsy)dt + y(o31 + 032y)dBs(t),

with initial value z1(0) > 0,22(0) > 0,y(0) > 0, where o7;(i = 1,2,3; j = 1,2,3) denote the
intensities of environmental noise, x1(t), x2(t), y(t) denote the population densities of juvenile
prey, adult prey and predator at time ¢, respectively. The remaining parameters are the same as
in system .

Many scholars have paid attention to the impact of random perturbations on biological models,
but most of them consider simple linear perturbations. With the increasingly complex living
environment of organisms, such as human activities and global climate change, it is necessary and
meaningful to study the effects of nonlinear perturbations on biological systems. The contents
and methods of linear perturbation and nonlinear perturbation are similar, but it is more difficult
to study nonlinear perturbation systems, for example, it is difficult to find suitable Lyapunov
function and the inequalities used are more complex. It should be noted that the numerical
simulation specifically displays that the secondary disturbance is more intense than the linear
disturbance, which is closer to reality.

The rest of this article is organized as follows. In Section 2, we demonstrate system has a
unique global positive solution which is a premise for the study of later questions. In Section 3, we
obtain sufficient conditions for the existence and uniqueness of an ergodic stationary distribution.
In Section 4, the sufficient conditions for the extinction of the prey and predator populations are
established. In Section 5, the numerical simulations are provided to verify the derived theoretical
results, meanwhile, the effect of high-order ambient noise is also revealed.

2. EXISTENCE AND UNIQUENESS OF A GLOBAL POSITIVE SOLUTION

To study the properties of population dynamics, we first need to ensure the solution of system
(1.3)) is global and positive.
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Theorem 2.1. For any given initial value (21(0),z2(0),y(0)) € R3, there is a unique solution
(z1(t), 22(t),y(t)) € RY of system (1.3) ont > 0 and the solution will remain in R%. with probability
one, where

R} = {(l'lvaay)T €ER’ 21> 0,22 >0,y>0}.

Proof. According to , since its coefficients satisfy the local Lipschitz condition in R3+, then for
any given initial value (z1(0), z2(0),y(0)) € R? there is a unique local solution (z1(t), z2(t), y(t)) €
]Ri on t € [0,7.), where 7, indicates the explosion time. To prove the solution of system is
global, what we need to do is to show the explosion time 7. = oo a.s.. Let ng > 0 be sufficiently
large such that initial value (z1(0), z2(0), y(0)) all lie within the interval [n%’ ngl. For each integer
n > ng, we define the stopping time

Tn = inf{t € [0, 7) : min{z1 (), z2(t),y(t)} < % or max{z1(t),z2(t),y(t)} > n}.

We always set inf ) = oo () denotes the empty set) in this paper.

According to the definition of 7,, it is easy to see 7, is increasing as n — oo. Denote 75, =
lim;, 00 T, a.8.. If 7o = 00 a.s. is true, then 7, = oo and (z1(¢), z2(¢), y(t)) € Ri a.s. for all ¢t > 0.
Therefore, we just need to assure that 7., = oo a.s. is true, and then we can complete the proof.
If the statement is false, then there exists a pair of constants 7' > 0 and € € (0,1) such that

P{roo <T} > e.
Thus, there exists an integer ny > ng, and for all n > nq, such that
P{r, <T} >e.
Define a C?-function V(z1,z2,y): R — Ry as
V(z1,22,y) = 2¢/x1 —Inzq + 2/ —Inze + 2,/y — Iny. (2.1)
Notice that
2y/u—Inu >0, Vu>0. (2.2)

Thus, for each (z1(t),z2(t),y(t)) € R, V(x1,72,y) is a nonnegative function. Applying Itd’s
formula [20] to V' (z1,x2,y), one has

1 1
dV(zy,w2,y) = LV (21,72, y)dt + (\/7—1 - ;1)(0’11 + o1221)x1d By (t)
1

+ (\/% - %2)(021 + 09222)x2d Bo(t) + (ﬁ - i) (031 + 032y)ydBs(t),

where LV : R — R is defined by

2
1
LV = rxg—xl —my/T1 — a/T1y — di\/T1 — 951(0112-012951) — rz—j +m+ ay
(011 -1-012961)2 1 2 By/T2y
+dy+ 2T e —— — sa2 — —do/T
! 2 1\/5 2T A+az)(Q+by) V7

2 2
VZ2(021 + 02222) x1 By (021 + 0222)
_ _ d, o \921 T 92282)
4 ng terat (1+ az2)(1 + by) taat 2
2
qBra\/y 3 Vi(o31 + o32y)
—dyz —d I S e s A
+pax1\/§—|— (1—|—a1‘2)(1—|—by) Yy 3\/37 1 pary
2
qBx 031 + 032y
(1+ax2)(21+by)+5y+d3+(31 232)
5 5
1 1 1 1 02512 o 02,12
§T$2(7,ﬁ—;1)+m331(772—;2 - 11 - +0%2$§+%$%— 21 :
98 5  ohy? B

[0
+a§2m§+sx2+?x2 1 +ay+%y+7y+5y+a§2y2+m
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+d1+d2+d3+§+0%1+0§1+‘7§1

b
5 5
2 .2 2 .2
rTo mIy O1o% po 029% qB
St g tohri gl - S 4 ohu 4 sw + o)
o
312/ +ay+?y+ﬂy+6y+0§2y2+m+d1+d2+d3+§+o’f1
+ 03, + 03,
02$% po may 021; qp
:(_ 1241+ %25514'2 %"FT)"’(_ 212+ 22$2+2 g"’_T"_S.'L'Q)
3
+< 313/ + 035y +ay+7y+%y+5y>+m+d1+d2+d3+§+011
+ 03, + 03,
gK1+K2+K3+m+d1+d2+d3+§+0f1+051+031»
where
2 3
Ki= sup {-Z25 4 ohot o Bat 4 ELL,
$1EJR+
0235 rr
K2: sup {—% +022,’E2+§$%+8$2+T2},

roERL

0.2
K3 = sup {— Syt +055y° +ay+—y+%y+6y}
JeR s 4 2 2

Obviously, there exists a positive constant K satisfying LV (z,y,2) < K. So

1 1
dV(zy,m2,y) < Kdt + (7971 - ;)(011 + o12w1)z1d B (1)
1 1 1 1 (2.3)
+ (\/772 - ;2) (0’21 + ngxg)xQdBQ(t) + (ﬁ — g) (0’31 + 032y)ydB3(t).

Integrating both sides of (2.3) from 0 to 7,, AT and then taking the expectations on both sides
leads to

EV(x1(ta AT),zo(tn AT),y(m0 AT))] < V(21(0),22(0),y(0)) + KT. (2.4)

Note that for every w € {7, < T} there is at least one of x1(7,,w), x2(Th,w), y(Tn,w) equal n or
1

=. Hence

n

1
V(l’l(Tn,W),JL'Q(Tn,W),y(Tn,W)) > mln{2\/>_ IHTZ,Q\/;—F lnn}
Based on ([2.4)), we have

V(21(0),22(0), 2(0)) + KT > E [I{7, <1} (@)V (21(7n, w), 22(7, ), Y(7, )

> emin {Qf—lnn,Q\/:—i—lnn},

where Iy, <ry(w) is the indicator function of {7, <T}. Then letting n — +oc results in the
following contradiction

+o0o > V(x1(0),22(0),y(0)) + KT = +o0.

Therefore we infer that 7, = oo a.s. The proof is complete. O
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3. EXISTENCE OF A STATIONARY DISTRIBUTION

It is known that random perturbations can destroy the stability of equilibrium states in deter-
ministic systems, resulting in a stable distribution of random weak stability. In this section, we
shall investigate the asymptotic behavior of the solution (z1(t),z2(t),y(t)) for system and
establish sufficient condition for its existence of a unique ergodic stationary distribution. Next, we
introduce the following lemmas to state and prove the existence and uniqueness of the stationary
distribution.

Lemma 3.1 ([I5]). The Markov process X (t) has a unique ergodic stationary distribution m(-)
if there exists a bounded open domain U C R with reqular boundary T, having the following
properties:

(1) the diffusion matriz A(x) is strictly positive definite for all x € U;
(2) there exists a nonnegative C*-function V such that LV is negative for any RI\U.

Lemma 3.2 ([I8]). For each x > 0, we have

3 1
4 > (2 2_ - 2 1).
z* > ( 43: 4)(33 +1)
Theorem 3.3. Assume that % > 032,, % > 02, hold. Then (1.3)) admits a unique stationary
distribution 7(-) and it is ergodic provided that A > 0, where

B ot 2 011012d2 + 2sm 2 | 4PBd
N=2vrm—m—dy - = dy = L g, - TUTEE I (g 42
e A S pady 3Ot
B 32r2o?, _qopB
275 abds’

Proof. We only need to show that conditions (1) and (2) in Lemma hold. Firstly, we shall
verify condition (1). The diffusion matrix of system (1.3)) is

(0’11 + 012131)21'% 0 0
A= 0 (0‘21 + 0'22.%'2)2([7% 0
0 0 (0'31 + Uggy)2y2

It is apparent that A is positive definite for all (z1(t), z2(t),y(t)) € R, which means condition
(1) in Lemma holds.

Next, we verify condition (2). Define a C?-function V : R} — R such that LV < —1 on R¥\U,
where U is an open bounded set.

Firstly, based on system , we know that

(011 + 012331)2

L(flnxl):—TEquJraerler , (3.1)
I 2
Z1 By (021 + 0222)°
L(-1 =-m— + + +dy + —pF——
(—Inmzy) (i R S T 5 52

miq

+ sxo + B +do + 03, + 03973,
T2 b

We define

Vi(z1,22) = —Inzy — Inxs.
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Combining (3.1)) and ., we have
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2
T2 (011 + 012%1) x1 By
Vi=-—r—=+ay+m+d +——F-—""——-—m— +sw2 + +d
! x1 4 ! 2 xo 2 (1+ aza)(1 + by) ?
(021 +022$2)2
+ S~ 7= 20077 =7
2
rTy  MIT o? oy I5)
< —— - +ay+m+d1+f+011012x1+ CL‘1+S.T2+ +dy + 03, (3.3)
X To 2 2 b
+J§2m§
B 0’%1 2 2
< —2\/rm+m+d1+g+d2+7+021 +ay +o1101271 + 2 2227 + sa,
—&—052333.
We define

V2($1) =

up (21 + uz)”

)
v

where u; and ug are positive constants which will be determined later, v € (0,1) is adequately
small. Making use of It6’s formula to function Va(z1) and according to Lemma [3.2] we obtain

LVQ = ul(xl + Ug)v7

_ w1 —v)(zy +up)"

1(rx2 —mzy — ax1y — di121)

217%(011 + 0125171)2

uy (1 —v)x? (o1 + 012x1)2

UITrT

S 1—v 2—v

(.’ﬂl +’ZL2) 2(.%1 +’ZL2)
o Wirty ur (1 —v)odyrd
= ’LL% v 2((1?1 + u2)27’v
< uirTy U1U5+2(1 _U)U 2( 1)
=~ ué—u (1;1 + 1 2—v

v T 4

L W urus (1 = v)ofy (L)
— 1—v 1\2

Ug 4[(%2) +1]
L w0 ool 3 1
- ué_” 4 4 ug 4
_ wrry Sujuy (1l —v)o, 24 wuy T2 (1 — v)oi,

ul=™v 16 ! 16 ’

We choose u; = ﬁ, Uy = ﬁ7 which yields
321202 o?
LV5; < sxo + 0= T2 7122 3.4
2 2 27(1 U)282 2 1 ( )
We define
2s
Va(z1,22,y) = Vi + Va +

d2
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it then follows from (3.3)), (3.4), and the condition of Theorem that

B 0%1 2 327’2‘7%2
mfg(—%ﬁm+npwi+—+d«+——+a +——————)
3 PR T e TR gr )22
+ ay + 01101271 + S22 + a§2x§ + sxo
28 2 ﬁny
—|——(m:1c — sx5 — —daz)
ds ! 2 (1+ azz)(1+ by) 22
B 0—%1 2 327”20%2
§(7%Nm+nHwi+f+d‘+—f+a +——————)
PT TR 2 TR T og )22
011012d2 + 2sm
+ay+( 1101202 )1

da

Let

o11012d2 + 2sm

Vi(wy, 20,y) = Va + (—Iny).

pads

Apply 1t6’s formula to Vi(z1,z2,y) and combine with (3.5)), one obtains

32r2ai,
2 ) ay
27(1 —v)“s?

(031 + 032y)2 )
2

2
ngCawm+m+m+§+@+%Hw;+

011012d2 + 2sm T
+11122 (7( qpxo 6y +ds +

pads 1+ az2)(1 + by)
o11012d2 + 25m o11012dg + 2sm
+ ( ).%‘1 +
ds pads

(—pazy)
32r202
122 ) ay
27(1 —v)“s?

(031 + 032y)2 )
2

011012d2 + 2sm

2
(2
:C4wm+m+m+§+@+%ﬁm;+

011012d2 + 2sm T
+11122 (_( qpxo 46y +ds +

pads 1+ axq)(1 + by)

2
g
gp&ﬁ%+m+m+é+@+4¥+ﬁr% (ds +03,))

b 2 pads
32r2g2 011012d2 + 25m 011012d2 + 25m
122 i (a—i— 1101202 (5) 1101202 ngyz.
27(1 —v)"s? pouds poud

We define

« 011012d2 + 2sm
Vs(z1,22,y) = Va + (CT3 + %5)9

(3.6)
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From (3.6) and the conditions of Theorem it follows that

o? 011012d2 + 2sm
LV5g—2«/7‘m+m+d1+§+d2+%+0§1+L(d;@+a§1)

011012d2—|—28m§) 011012d2 + 2sm 5 9

pads
32r2a3,
27(1 — v)*s?
«  011012ds + 25m
* (173 padads

+ (a + 0399

pads pads

qBw2y
(1 + aza)(1 + by)

—0y° — dsy)

011012d2 + 2sm

6) (paa:ly +

2
g
§—2\/rm+m+d1+é+d2+i+a§1+ (ds + o3)

b 2
+ 32’]"20'%2 (g 0'110'12d2 + 2sm
27(1 —v)’s?  \ds padads
@ o11012do + 2sm 1\ qf o 011012d2 + 2sm 9
_— )=+ ———0)0 (37)
+(4 ot~ (G, padady )

ab
011012d2 + 2sm 9 o
o 932¥

pads

5)170455111

pads

B 0%1 2 327“20%2 qa3
< =2y d — +d —
rmtm ot at+ b B 2 tont 27(1 — v)252 abds

(d3 +03 + %)

011012d2 + 2sm
pads
4 ( « 0'11(712d2 + 2sm

il 5
ds padyds )pa‘“y

2
< )+ (2224 ouuts t2m

0
>~ d3 d2d3 )xlyv

where

— B oty 2
)\('U)—Qm—m—dl—g—dQ—?—O’Ql

0'110'12d2 + QSm( 2
- Juonef T AR
pOédQ 3+031+

qﬁ&) _ 32r2o%, qos
27

abds (1-v)%s2 abds’

Clearly, lim,_,g+ A(v) = A. By the continuity of the function A(v) and A > 0, we can pick v € (0,1)
adequately small such that A(v) > 0. Thus
pOé2 0'11012d2 + 2sm

LV < X+ (73 + T(S)xly.

We set

(021 + 022332)9 1,

0
011 + 0127
Oty gy = 0By Ly

0 )
where 0 < 6 < 1 is a sufficiently small constant. Then we have

Vo(z1) =

LV = rx9012(011 + 01271)° 71 — (may + axyy + dixr)ora(onn + orp2)? 7!

1—6)o2 _
- Q(Uu + 012561)9 255'?(011 + 012561)2

2
-1 (1— 9)0%2

< 7“372(712(011 + 0’1256’1) — f(an + 012.%‘1)9_233%(0'11 + 0'12331)2 (3 8)
ro1222 (1 — 9)0’%21'%(0'11 + 0'121'1)0

(011 + o1901)" 77 2

042

Tro12%2 (1 — 9)0’1;_ 240

-0 xy .
2

o11
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In a similar way,

1 _ 9 6+2
Lv, < 220 (1= 0o 2+ (3.10)
021 2
and
qBray’ 1—6)(031 + 0329)°
L‘/S Zpal‘1y0 + (1 . )(1 +b ) _5y1+9 _ d3y0 _ ( )( 5 ) y@
2 v (3.9)
1-0)o
< pazxry’ + qBaay’ — %99“-
We define a C?-function:
Vo(z1,22,y) = MVs + Vs + V7 + Vg — In sy,
where M > 0 satisfying
~MA+ B +dy+ 03 < -2, (3.12)
where
1—6)olF 1—6)of+? 1—60)o2
B— sup {7 ( 4) 12, 2+0 _ ( 4) 2 246 _ ( 4) 32 4,2+

(z1,72,y)€RY

-1

+ 011" roraras + 09, L osemay +P049€1Z/0 + QB$2y9 + 529 + By + U%ﬂ%}

Furthermore, we note that Vy(z1, 22, y) is not only continuous, but also tends to co as (x1(t), z2(t), y(t))
approaches the boundary of Rﬁ_. So we can see that the function Vy(z1, z2,y) has a minimum in
the interior, which is denoted by Vo (z9, 23, y°).

We define another C?-function V: R% — R by

V(Il,l’g,y) = V9($1a'r2a ) %(xthayo)'

Based on inequalities (3.2]), . (13.7), (3.8) and -, one can obtain

d 2
LV < M/\ —+ (pa —011012 2 + Smé)Mxly + 0'?1_10'127“.%2
ds dods
1—0)of}? 1—60)oby?
( 2) 12240 4 G0l — ( 2) 22240 4 by
1—-0)o T
+ qBz2y’ — %y“‘g — mf; + 533 + By + do + 03, + 03,73
a? do + 2sm 1—0)o?+?
M (P TR ) May (Gl 4)012 a7t (3.10)
(1—0)a5? (1—-0)o3 1
-t e Ry o, TBTd + 03,
pa?  o11012ds 4 2sm (1—0)oly? 22F0
PO YRR LU DY U L
+ a5 + dods 1Y 1 L1
(1 - 9)025r org  (1— 9)‘732 246 L1
1 3 1 Yy mm.

Now we construct a bounded open domain U, such that the condition (2) in Lemma holds,
namely,

1 1 1
U, = {(J;l,xg,y) 6Ri:a<x1 < g,&‘Z <xg < 6—2,6<y< g},

where 0 < ¢ < 1 is a sufficiently small number. In the set ]Ri\UE, we can choose ¢ sufficiently
small such that the following conditions hold:

2
pa 011012d2 + 2sm
- - - - < .
( 7 L 5)M5 <1, (3.11)
2 2
pa 0'110'12d2 + 2sm (1 — 9)032
- - - - — 7 92 .
( o dods 5) Me 1 <0, (3.12)
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2 2
po 011012d2 + 2sm (1-0)o7,
e onone® AN e - - 7912 1
( . o §) Me <, (3.13)
D- % <1, (3.14)
1-6
p-U=0) gy (3.15)
8 €
(1-10) 022,942
o QR SO 1 1
(=) s (3.16)
1 —
p_{ . 9)<%)9+2 <-1, (3.17)

where D > 0 is defined later. For convenience, we can divide Ri\UE into six domains:

Up = {(z1,22,y) €R3 12y <&}, Us={(z1,22,y) ERY 121 > e,25 <%},

1
U3 = {(1‘1,33273}) S Ri— cy S E}a U4 = {(:Elax27y) € Ri— - I Z g}v

1 1
Us = {(xl,xQ,y) € Ri D Tg > 5—2}, Us = {(xl,xg,y) € Ri ty > g}

Clearly, U = Ri\Ua =U; U0, UU3UU4UUsUUg. Next we shall validate LV < —1 for each
(w1, 72,y) € US.
Case 1 For each (z1(t),22(t),y(t)) € Uy, because m1y < ey < (1 +y>*?) and inequalities

, and (| -, we obtain

pa® | 011012ds + 2sm (1—-0)ols? 24
LV < -2 ( —5)M _ L TY%s a4
G dads Y I
_ (1_9)029;2$2+0 B (1—0)(7?2)2 246 _mﬁ
4 2 s 7 2 (3.18)
dy +2 1—-6)o3
< 94 (pa 4 M(g) Me(1 420 — L0758 40
ds dads 4

<-2+41 =-1.

Case 2: For each (x1(t), x2(t), y(t)) € Usa, considering (3.10) and (3.14)), one can reach

pa?  o11012ds + 2sm (1—0)043° 50
LV < -2 ( —(5)M — 12 g2t
< + a + dods 1y 1 Ty
(1 - 9)022 219 (1— 9)032 240 T1
R T
pa?  o11012ds + 25m (1-0)0l3? 0
<24 (B 4 THIER TG ) Mgy - 2T g2
< -2+ 7 + o 1Y 3 Ty (3.19)
- 0)03s 240 _m
8 €
<p-=Z
€
S _1a
where
2
pa?  o11012d2 + 2sm 1-46
D= sup {(T + %@Mﬂcw - %( f;%%w + U§2y2+6)}~
(z1,22,y)ERS 3 203
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Case 3: For each (x1(t), z2(t),y(t)) € Us, similarly, by (3.10), (3.11) and (3.13)), we have

2 1— 0+2
LVS_M/\Jr(pa +W5>Mxly_% 240
ds3 dad3 4
%mgw B %y%e g
4 4 To
pOZ 0'11012d2 + 2sm 2+9 (]_ — 9)0%2 246
< -2 ( —5)M 1 d =0)oi,
+ ds dyds (1+27") = 1 ]
oy (R0 onol 2y (2 000%n) v
ds dods 4
2
yye; 0'110'12d2 + 2sm
— —5)M
* ( d& dgdd <
<-241=-1.

Case 4: For each (x1(t), z2(t),y(t)) € Uy, by (3.10]), (3.13) and (3.15), one has

2 _ 6+2
LV < -2+ (p o ouonda b 2sm gy - L2001 v
ds dads 4
(1- 9)022 5 20 (1=0)03 549 1
4 T2 4 Y mxg
(1—0)0%2 1,240
<p- L0
< -1

Case 5: For any (z1(t), z2(t),y(t)) € Us, by (3.10) and (3.16)), one achieves

dy+2 1—0)o%}?
LV < -2+ (p; + wcsmgwxly _ %ﬁ*"
3 203
_ (1- 9)029;2 220 (1—0)o3, Yo mZL
4 2 4 T2
(1—0)0552% 1 240
<p- 772
< V7 ()
< -1

Case 6: For each (z1(t), z2(t),y(t)) € Us, by (3.10) and (3.17)), one obtains

o11012d2 + 2sm (1—0)019;2 246
LV < -2 ( —5)M — = 12 g2+
+ i + dods 1Y 1 ]
(1—‘9)022 246 (I—H)C’?%z 240 L1
R TR M
(1—0)o9s? 1,240
<p- %% (2
- 8 (s)
< -—1.
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(3.20)

(3.21)

(3.22)

(3.23)

Therefore, the condition A2 in Lemma is satisfied. As a consequence, system (|1.3) has a

stationary distribution 7(-) and it has the ergodic property.

O

Remark 3.4. From the expression of A\, we may know that the nonlinear noise disturbance cannot
be ignored. Only when 012,01 (i = 1,2, 3) are small enough, the ergodic stationary distribution

of system ([1.3)) may be established.

The 025 and o35 seem to be irrelevant to the ergodic results. Their role in system (|1.3]) will be

studied in the future.
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4. EXTINCTION
In this section, we will establish sufficient conditions for the extinction of all populations.

Theorem 4.1. Let (z1(t), z2(t),y(t)) € R3 be the solution of (1.3)) with any initial value (z1(0),z2(0),y(0)) €
R3 . If

min{d1 +m, dg}(RO — 1)I{ROS1} + max{dl +m, dg}(RQ — 1)I{R0>1}

1
- —— - <0,
2011 + 031")

where Ry = , /m. Then the prey populations and predator population will die out, namely,

lim z1(t) =0, lim 29(t) =0, lim y(¢t) =0.
t—o0

t—o0 t—o00

Proof. Let My = [m dl%m} Because Mj is a nonnegative irreducible matrix, it has a left
eigenvector (w,ws) zgrresponding to Ry [3], where (w1,w2) = (77, Ro). Clearly,

Ro(wr,ws) = (w1, ws)Mp.
We define a C?-function V(z1,22): R2 — R by

V(z1,22) = k121 + koo, (4.1)

where k1 = ka2 = 42. Applying Ito’s formula to In V(z1,22), we obtain

w1
dy+m?
ka(o21 + 02222) 2
1%

ki(o11 + o1221) 21
1%

d(InV) = LIn V)dt + dB (t) + dB,(t),

where

k3 (o1 + 012301)2%%
2V2

L(nV) = = (rae — mz1 — ax1y — di1x1) —

]4)%(0’21 + 0221‘2)21‘3

212
k3 (011 + or011) 0} (4.2)
2V2

Bray ~ o) —
(I+azs)(1+0by) =7

—(maxy — sx3 —

1
= { w1 (mcg—mml—axly—dlml)}—
m
1

Bray
(may — sx3 — AT a0ty d2x2)}

. k%(ng + 022%2)%%%
212
By properties of inequalities, we have

1 k2 2 .2 k? 2 .4
L(lnV) < V{dwj-r T9 —wix1 + UJth - w2$2} - 10111712;2 1712
1 m
k305,23 + k303,75
212
1 E202 22 4 k202 24
_ V(wl,wz)(Mo($179€2)T — (o1, 22)7) — 1‘7113312“;2 101271
k305,25 + k303,73
212

2.9 .92, 12 2 4
kioi i + kioiax]
2V2

= %{(RO — 1)W1$1 + (RO - 1)0)2],‘2} -

k303 @3 + k3os,x)
212
(Ro —1)

= T {kzl(m + dl)ﬂfl + kgdgl‘g} —

2.9 .92, 12 2 4
kioi izt + kioiyx]
212
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k2021x2 + k303,23

2V2
< min {dl +m, dg}( 0 — 1)I{Ro<1} + max {d1 + m7d2} (RO — 1)I{Ro>1}
_ Kfotial +kfofal k303,03 + k3o3ya)
2V2 2V2
Then, by the Cauchy inequality [20], we obtain
2 1 12 2 2 2 9 2 ov( 1 1
Ve= (klUll"Eli + k2021x2—> S (klauml + k‘2021$2)( + 7) (43)
011 021 011 ‘721
Hence,
d(ln V) < { min {dl +m, d2} (R() — 1)I{R0§1} + max{d1 + m,dg}(Ro — 1)1{R0>1}
_ 721 —_— k%U%Q;Cle _ kgff%zf% }dt+ ki(o11 +012$1)$1d31(t)
2(o11 +097) 2V 2V 4
ka(o21 + 02229) w2 dBs(1).
\%4
Integrating from 0 to ¢ and then dividing by ¢ on both sides, we obtain
InV(t) —InV(0) 1

< min {d1 +m, d2} (RO - 1)I{R0§1} -

t 2(077 + 057)

]4;2
4 max {dy + m, da} (Ro — 1) ;myo1y — / 101571 4
0

2V2
k%O'QQ.’E% ]{)10111'1
- - ds —dbB; 4.4
t/o 212 t/o v () (44)
1 ¢ k‘20'21.232 k‘10'12l‘1
- dB dB;
w1 [ emtgp 41 [ Botag

1 ¢ kQO’QQiBg
- —————=dBy(s).
1 [ Ay

tkyonx t koo x
My () ::/ Moutigp ), M) ::/ kaoni g (o),
0 0

v 7%
t k 2 t k 2
Ms(t) == / %ﬂld&(s), My(t) = / %md@(s).
0 0
By the strong law of large numbers for martingales [20], we have

M, (t Mo (t

lim Mi() =0, lim Ma(t) =0 a.s. (4.5)

t—oo t t—oo

In addition, applying exponential martingales inequality [20], it is easy to see that for any positive
constants 7', u and v, which has

P{ sup [Mi(t) — g<Mi(t),Mi(t)>] > v} <e ™, =34 (4.6)
0<t<T
Choosing T = k,u = 1,v = 2In k, one obtains
P{ sup [Mi(t) — S (Mi(t), Mi(9)] > 21nk} <l o iZsa (4.7)
0<t<k 2 k2

On the basis of the Borel-Cantelli lemma [20], for almost all w € §, there is a random integer
ko = ko(w) such that for k > kg, which yields

sup [M;(t) — %(Mi(t),Mi(t»] <2lnk, i=34. (4.8)
0<t<k
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That is,
1 1 [! kol
My < 2Ink + S(My(t), Ma(t)) :21nk+§/ (%) ds, (4.9)
0
1 1 t kQCTQQZL’% 2
M, g2lnk+§<M4(t),M4(t)> :2lnk+5 ( % ) ds. (4.10)
0
For all 0 <t <k, k > ko, substituting (4.9) and (4.10) into (4.4), we obtain
InV(t) —InV(0) 1

<min{d; +m,da} (Ro — 1)I{R,<1} — m
11 21

t

+max {dy; +m,da} (Ro — 1)I{p,>1} +

For 0 <k —1<t<k, it follows that

InV(t) —InV(0) . 1 4Ink
7 < mln{d1 +m, dg}(Ro — 1)I{R0§1} — 2(01_12 n 0_2_12) + F—1

Mi(t)  Ms(t)
t + t

+ max{d1 + m, d2}(R0 - 1)I{R0>1} +
Taking the limit superior and based on (4.5)), we obtain

v . L

limsup ———= < min{d; + m,ds} (Ry — 1)] T 92 4 o2

e < mintdtm do} (Bo = Dlirony = 5y (4.11)
+ mac{ds + m, o} (Ro — Dl gyo1) < 0.

Therefore,

In 29 (t)

1 t
lim sup m <0, limsup < 0.

t—o0 t—o0

It indicates that
lim x;(¢) =0, tlim x2(t) = 0. (4.12)
—00

t—o0

Then there exists Ty > 0 and a set Q. C Ri such that P(Q:) > 1 —¢ and % < eqBy
a.s. for t >ty and w € Q.. Using Ito’s formula, it follows that

1 qPray 2
d(lny(t)) = - — 0y — dsy|dt dBs(t
(ny(0) = | |paey + sty = 0% = daydt + o dBy(0)
(031 + 0329)° (4.13)
+ 032ydBs(t) — e :

ol T3y
< (poze +qfBe —d3 — 7>dt + 031dB3(t) + o32yd Bs(t) — Tdt,

Integrating from 0 to ¢ on both sides of (4.13)) and then dividing by ¢ we obtain
‘o 5y
2

2 t
Iny(t) —Iny(0) < (pas +qfe —ds — @)t + 031 B3(t) — / ds +/ o32yd Bs(t)
0 0

2

; (4.14)

_ 931 ' o5y°
= (pOé& + qfBe — d3 — T)t + 0'3133(t) — TdS + M5(t).
0

Similarly, on the basis of the exponential martingales inequality, for all 0 <t < n and n > ng, we
have

1 1 ¢
M;(t) < 2Ilnn + §<M5(t), M;(t)) = 2Inn + 5052/ y*ds. (4.15)
0
Substituting (4.15)) into (4.14]), it turns that
2

Iny(t) — Iny(0) < (pac + ¢Be — d3 — %)t +031B3(t) + 21Inn. (4.16)
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For 0 <n—1 <t <n, dividing by ¢ on both sides of (4.16)), it follows that

Iny(t) — Iny(0)
4
Taking the limit superior,

0'?2)1 Ungg(t) 2Inn
2 t n—1

< pae 4 qPe — ds

Iny(t 2
lim sup ny(t) < pae + qfe — d3 — % <0,

t—o0

which yields lim; o y(t) = 0. This completes the proof.

15

O

According to the sufficient conditions of population extinction in Theorem and reference
[6], nonlinear random disturbance has little effect on total population extinction, and linear white

noise disturbance of juvenile and adult prey will accelerate the population extinction.

5. NUMERICAL SIMULATIONS

In this section, we shall verify theoretical results and state the impact of nonlinear disturbance
by using numerical simulations. For the numerical simulations, we adopt Milstein’s higher-order
method to give numerical simulations. The discretization transformation of the stochastic system

(1.3) is as follows:

2 = 2] + (rad — mad — axly — dya)) At + 2 (011 + o10x] )WALE

‘TJ : - 2
+5 (Uﬂ + 30110127 + 2075 (2]) )(ﬁf,j —1)At,

2

. . , . J o) .

et =) + (mle — 5(3:%)2 - baay — — dgﬂ?%)At
(1+azd)(1+by)
; ; ) ; 2
+ 23(021 + 02229) VAL + 72(051 + 3021095) + 2055 (w3) )(fg,j - 1)At,

_ . . Iy _ _

Y =y + (PM{Z + qgszy — —5(y’)" - dsyj)m
(14 ax)(1+ byd)
yj

+ 47 (031 + 032y )V AL 3 j + - (031 + 303103297 + 203, (y7) )(fg,j — 1)At,

2

where the time increment At > 0, afj (i=1,2,3; 7 =1,2,3) are the intensities of the white noise,
and the 51»27 ; denote mutually independent Gaussian random variables which follow the distribution

N(0,1). We choose initial values and other parameters as follows in Table 1.

TABLE 1. Parameter values

Param. Description Values

r birth rate of juvenile prey 0.8
m mature conversion rate of juvenile prey 0.3
« attack coefficient of predators on juvenile prey 0.3
dy death rate of juvenile prey 0.05
s intra~specific competition coefficient among predators 0.1
153 capture rate of predator on adult prey 0.3
a handling time 4

b magnitude of mutual interference among predators 3

ds death rate of adult prey 0.1
P conversion efficiency of predator capturing juvenile prey 0.4
q conversion efficiency of predator capturing adult prey 0.3
1) intra-specific interference coefficient among predators 0.15

ds natural mortality rate of predator populations 0.05
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Example 5.1. To obtain the existence of stationary distribution for system (1.3) numerically, we
choose time step At = 0.001, 01»27]» = 0.01(4,j = 1,2, 3) and other parameter values see Table 1. By
a direct computation, we gain

2
A= 2y —m = dy = Dy g, - TUR B gy 4D,
32r202,  qap
© 2782 abds
~ 0.014 > 0,
and it is easy to see that
252 9 52 9
CTQ > O, dig 2 033-

In Figure [1} the left column shows the paths of z1,x5,y of system with an initial value
(21(0),22(0),y(0)) = (2,2,1). The intensity of white noise as o7 ; = 0.01(i,j = 1,2,3) and other
parameter values are given in Table 1. The red line in the left figure represents the solution
for the corresponding deterministic system and the blue line represents the solution for
the nonlinear disturbed system . The right column shows the histogram of the population
probability density function of x1, z2,y. That is to say, the conditions of Theorem [3.3|are satisfied.
Therefore, admits a unique ergodic stationary distribution 7(-), as shown in Figure

stochastic
deterministic
151 1

0 100 200 300 400 500 600 700 800 900 1000 0 2 4 6 8 10 12
Time t The density functions of X1(t)

stochastic
deterministic

2 3 4 5 6
The density functions of X2(t)

stochastic
deterministic

2 3 4 5 6
The density functions of Y (t)

FIGURE 1. Density functions and the paths of x1,xs,y for (1.3) with 02-2)]- =0.01(¢,5 = 1,2, 3).

Example 5.2. We choose the initial value (x1(0), 22(0),y(0)) = (2,2, 1) and time step At = 0.001.
To show the conclusion of Theorem in Figure ] we choose 011 = 091 = 2, 012 = 093 = 031 =
032 = 0.01 and other corresponding parameter values see Table 1. By calculations, we obtain

(Ro — 1)[m1n{d1 + m,dg}(RO — 1)I{R0§1} + max{d1 + m, dQ}(RQ — 1)I{R0>1}]
1
2oy + 031")
~ —0.083 < 0.

Thus the conditions of Theorem [3.3 hold. Thus we can obtain that the prey populations and
predator populations die out exponentially with probability one.
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FIGURE 2. Paths of x1, 22,y for system ([L.3)) with 011 = 091 = 2, 013 = 092 =
031 = 032 = 0.01.

Example 5.3. In this example, it is mainly shown that nonlinear perturbations are higher than
linear perturbations and can even change the state of species’ existence and extinction. Similarly,
we choose time step At = 0.001. To clarify the difference between linear and nonlinear systems,
let the initial value (z(0),y(0),2(0)) = (2,2,1), o1 = 02 = 03 = 0.1 in system (L.I); the initial
value (21(0),22(0),y(0)) = (2,2,1), 011 = 091 = 031 = 0.1, 012 = 092 = 032 = 1 in system
(1.3) and other parameter values are the same, as shown in Table 1. In Figure |3 taking the
juvenile prey population as an example, it can be directly seen that the juvenile prey population
of the linear system exists, while the juvenile population of the nonlinear system (1.3)) is
extinct. In addition, the solution of oscillates more strongly than the solution of nd
even changes the state of existence and extinction of the population. It can be concluded that
nonlinear perturbation is more in line with today’s increasingly complex environment and has
more practical significance.

6. CONCLUSION

In this paper, we have studied the dynamical behavior of a stochastic predator-prey model with
nonlinear perturbation. We first establish sufficient criteria for the existence and uniqueness of
an ergodic stationary distribution of positive solutions to the random system by constructing the
appropriate stochastic Lyapunov function. The existence of a stationary distribution means that
all populations coexist and are randomly persistent over long periods. And then we obtain suffi-
cient conditions for the extinction of the prey and predator populations. Finally, our theoretical
results are verified by numerical simulations. It is worth mentioning that compared with the linear
disturbance, the sufficient condition for the stationary distribution of the positive solution is more
stringent when the quadratic random white noise disturbance term is added, which indicates that
a small nonlinear disturbance will affect the existence state of the population. Nowadays, biolog-
ical populations are facing more and more severe survival challenges, and a small environmental
disturbance will have a great impact on the number and stability of the population. Therefore,
nonlinear perturbation is more suitable for today’s environment.
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FIGURE 3. Paths of juvenile prey population for systems (1.1) and (1.3) with
0; =013 =1,2,3); 051 = 0.1(i = 1,2,3), 02 = 1(i = 1,2, 3).
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