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EXISTENCE AND UNIQUENESS OF GLOBAL STRONG
SOLUTIONS FOR 3D FRACTIONAL COMPRESSIBLE SYSTEMS

MENGQIAN LIU, LEI NIU, ZHIGANG WU

ABSTRACT. In this article, we study the Cauchy problem for 3D fractional
compressible isentropic generalized Navier-Stokes equations for viscous com-
pressible fluid with one Levy diffusion process. We first obtain the existence
and uniqueness of global strong solutions for small initial data by providing
several commutators via the Littlewood-Paley theory. We then derive the
L?-decay rate for the highest derivative of the strong solution without decay
loss by using a cancellation of a low-medium-frequency quantity. Our results
improve those provided recently in [36] .

1. INTRODUCTION

In this article, we consider the 3D fractional compressible isentropic Navier-
Stokes equations which describe the motion of viscous compressible fluid with one
Levy diffusion process [36, [37] given by

pe+ V- (pu) =0, (z,t) € R? x (0, 00),
pu; 4 p(=A)*u+pu-Vu+VP(p) =0, (x,t) € R x (0,00),
where the initial data satisfy

(p,u)(0,2) = (po,up)(z) = (P, 0), as |x| = oco. (1.2)

Here p and u = (u!,u?,u?®) are the unknown density and velocity respectively,

the pressure P = P(p) is given by the power law P = Ap” with constants v > 1
and A > 0, and p > 0 denotes the coefficient of viscosity. The fractional Laplace
operator (—A)® is defined by the Fourier transform as

(=2)f(€) = €l f(€),
where « is a positive constant and f is the Fourier transform of the function f. We
write A = (—A)'/2 for notational convenience.

System can be regarded as one direct extension of the classical compressible
isentropic Navier-Stokes equations, which has been extensively studied over the past
decades; see, for example, [13| 14} [15] 16l 18, 19} 20} 211, 25] 26, 28 29, [30, 39, [40].
In particularly, Matsumura and Nishida [29] B0] first obtained the global existence

(1.1)
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of small solution in H3(R?), and further obtain the L?-decay rate of the solution
as the heat equation under the additional assumption that the initial perturbation
is small in L'. Duan et al. [I3] obtained the L? decay rate for the system with
external force terms without requiring the initial perturbation to be small in L'-
space. By replacing L'-space by Bl_;o with s € [0,1], Li and Zhang [25] obtained
a faster L?-decay rate of the solution. Further, Guo and Wang [16] developed a
pure energy method to derive the L?-decay rate of the solution and its derivative
in H'NH~* with I > 3 and s € [0, 3).

There are also a lot of results on the classical compressible Navier-Stokes equa-
tions in Besov spaces. Based on scaling considerations, Danchin [I0] established
the global existence of strong solutions for the initial data in the vicinity of the
equilibrium in (B;l,/l2 N 32%71_1) X 32%,1_1 with d > 2. Further, Charve and Danchin
[4] and Chen et al. [7] extended Danchin’s result to the general LP critical Besov
spaces. Haspot [I7] obtained the same results as in [4, [7] by using Hoff’s viscous
effective flux. Moreover, Chen et al. [§] verified the ill-posedness, which means that
the critical Besov space in [4, [7, [I7] for the compressible Navier-Stokes equations
can be regraded as the largest one in which the system is well-posed. Recently,
Peng and Zhai [33] proved the global existence for d- dimensional compressible
Navier-Stokes equations without heat conductivity for d > 2 in L2-framework. We
refer the readers to [9) [IT], 12} [41] [42] for more results on critical spaces for the isen-
tropic or non-isentropic compressible Navier-Stokes equations. Now, we go back to
system . It is physically relevant by replacing the standard Laplacian opera-
tors by the fractional diffusion operators when modelling the anomalous diffusion
which has wide applications in physics, probability and finance; see, for example,
[T, 22] BI] and the references therein. Some important results on fractional dissi-
pation for many fluid models were developed in [3, 24]. In particular, Wang and
Zhang in [306] obtained the existence and uniqueness of the global solution for sys-
tem in H4(R3), and the decay rate O(t~ i) for (p,u) under the assumptions
that the initial data (po,ug) is a small perturbation of the constant state (poo,0)
when a € (%, 1]. In order to enclose the energy estimates, they actually need
take advantage of the nonlocal operator D™*% with m = 0,1,2,3 and establish
one elaborate spectral theory of one linearized nonlocal operator involved in the
fractional dissipation viscosity A2* for the system, where the eigenvalues and the
eigenvectors depend upon the fractional order derivative exponent «. The authors
further proved that the results still hold in H3**!(R3)-framework and obtained
new commutator estimates in [37]. To be more precise, we state their main results
in the following. Define

= o 2 _ P 1.,
=P o) =\ AWK a=—=, p="Z(+-p)" (13

Y
Let poo = 1 and regard p’ as x*u. The initial problem for (1.1)-(1.2)) is reformulated
as follows )
pt+u-Vp+(/<;+E,0)V~u:0,
, (1.4)

1
a A2°‘u+UoVu+(/{+ap)Vp:O.

(k+zp)°
The associated initial condition ([1.2]) becomes
(p,w)(0,2) = (po,u)(x), = €R’ (1.5)

ut+
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with pg = K%(fﬁ: + Lpo)®. Wang and Zhang [36, [37] obtained the following results.

Lemma 1.1. ([36, 37]) Let o € (3,1]. There exist constants Co > 0 and g9 > 0
such that if

Eo = [[(po; uo)|[ rsa+1 + [[(po + o)1 < <o,
then the initial value problem - has a unique solution (p,u) globally in
time, which satisfies

p(t,x) € C°(0,00; H3*T1) N C(0, 00; H3?),
u(t,z) € C°(0,00; H3*T) N0, 00; H*),
and it has the decay rate
(o) (1)l 152 < CoEo(1 + 1)~ 7.

Because of the appearance of the fractional dissipation in 7 it is not easy to
obtain the global existence in H*(R3) with s > % as for the classical compressible
isentropic Navier-Stokes equations (see [27] for example). The main reason is the
fractional dissipation is weaker than the classical one, which forces us to use the
L>-estimate of the first derivative of the unknowns (H*(R3) «— L*°(R?®) when
5 > %) Therefore, how to weaken the regularity condition for the existence of
global strong solutions is a very challenging problem. In addition, there are actually
some difficulties to further reduce the regularity index to s + 1 — «, such as the
nonlinear term

S 2264107 (pdivu), py)| S o divul e lol e
j=>0

< |l divul| gosi—a||pl3es1-a;

where we need extra one order regularity of the velocity u. However, for system
(1.1)), we know that u can only achieve extra « € (1/2,1) order dissipation compared
to initial data. Hence, it is not easy to close the energy argument in H5+t1~* space.

The aim of this article is to further refine the global existence results and the
decay rates in [36) 37] for the equivalent system (1.4)-(L.5) via the transform (L.3).
Motivated by [27], we first establish an energy estimate by using the Littlewood-
Paley decomposition theory in Sobolev spaces. In fact, the higher refinement of
the low-high decomposition in Littlewood-Paley theorem is important to relax the
requirement of the regularity. Then we apply the classical Friedrich’s regularization
method to build global approximate solutions and prove the existence of a solution
by compactness arguments for the small initial data. Also, we verify that the
solution constructed is unique. As for the global existence, we do not need the
initial condition in L'-space when deriving the a priori estimate. Moreover, we
relax the requirement of the regularity H3*™1(R?) in [37] to H***(R?) with s > 3
and develop a large number of complicated commutators which eventually help us to
derive the priori estimate. We emphasize that these commutators on the fractional
differential operator are general which can be applied to many other compressible
fluid models with fractional dissipation. Finally, we shall deduce the optimal decay
rates for all of the derivatives of the solution in H**1(IR?)-framework by using some
ideas in [38], where they got the optimal decay rates for all of the derivatives of
the solution by virtue of Fourier theory and a new observation for cancellation of
a low-medium-frequency quantity. Here, we generalize their results for classical
compressible Navier-Stokes equations to the system . As a consequence, we
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improve the results on decay rates in [36] [37], which only addressed the optimal
decay rate for the solution but not the optimal decay rates for the derivatives of
the solution. Specifically, our main results are stated as follows.

Theorem 1.2. Let o € (1/2,1). For |[(po, o)l gst+1(rsy with s > 3/2, there exists
a small constant n > 0 such that

ool rs+1 3y + [[wol| o1 (r2y < 1, (1.6)
so that the Cauchy problem (1.4)-(1.5) has a unique global solution (p,u) satisfying
(p,u) € C(RT; HTH(R®) x HFH(R?)),

(Vp, Aau) S L2(R+;H5(R3) % Hs-‘rl(R?))) (17)

t
1o, W) () 1721 ) +/0 Vo) Ere sy + A7) [y zsyd

< 1160, 90) o1 -

(1.8)

Theorem 1.3. Let o € (1/2, 1). Assume that ||(po, o)l prs+1(rsy is small and
l(po, o)l L1 (rs) is bounded. Then the solution (p,u) for the Cauchy problem (L.4))-
(1.5) satisfies the following optimal decay rate

1A (o, w)()]| S (147372, 0< o <0y (1.9)
with 5/2 < 0g 1= s+ 1 < 312,

Remark 1.4. The existence and uniqueness of a global solution to — in
the two-dimensional case can be obtained in the same method and we can also
get the corresponding decay results except the highest order derivative by similar
arguments in the proof of Theorem [I.3]

The rest of this article is organized as follows. In Section [2] we give some
notations and several useful lemmas. In Section [3] we obtain the a priori estimate
of the solution (p,u) to the system —. In Section |4 we give the proof of
the Theorem The optimal decay rates of the solution are established in Section
based on the frequency decomposition given in the appendix.

2. PRELIMINARIES

We introduce notation that is used throughout this article. The norms in the
Sobolev Spaces H*(R?) are denoted by | - ||zs, where R? is the d-dimensional
Euclidean space. In particular, for s = 0, we will simply use | - || to denote L?-norm
and [|(f, 9)|1? = IfII? + llg||?>. We use (f, g) to denote the inner-product in L?(R%).
The symbol A < B means that there exists a constant ¢ > 0 independent of A and
B such that A < ¢B. The symbol A = B represents A < B and B < A. We denote
Di=0,, (i=1,2,---,d), D" =021 - 824 with a1 4+ -+ + aq = k.

We first recall the Littlewood-Paley decomposition and the definition of Hilbert
space. We refer the readers to [2] for more details. Let S(R?) be the Schwartz
class of rapidly decreasing functions. For given f € S(R?), the Fourier transform
Ff= f and its inverse Fourier transform F~'f = f are defined, respectively, by

fe) 2 /R ¢ f@yde and - f(€) (Qi)d /R eTEF(©)de
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Let ¢ € S(R?) be supported in the ring

5 3 8
c2 RS <€ < =
{eR: 7 <lgl =<3}
and x be a smooth function supported in the ball
~ 4
B2{cer!: g <}
such that
ng “Jg) =1 for each £ € R?\ {0},

JEZ

—1—290 i) =1 for each £ € R%.
7>0

Then, for all u € S’(R?), we can define the nonhomogeneous dyadic blocks as
follows

A_ju 2 x(D)yu=F ' (xFu), Aju2p@2/Du=F *(p277)Fu), ifj>0.
The homogeneous dyadic blocks are defined by
Aju 2 o(279Dyu=F Y p(279)Fu), ifjeZ.

Hence, u = 37,5 ; Ajuin S'(R?) is called the nonhomogenous Littlewood-Paley
decomposition of u.
For s € R, the nonhomogeneous Hilbert space H? is given by

‘ 1/2
HYRY) 2 {f € S'RY) ¢ | fllgeuey 2 (D 27°14,017) < oo},
j=z—1
and the homogeneous Hilbert space H? is defined as
. L 1/2
H*RY) 2 {f € SR 5 | fll ey = (D21 A11P) T < oo}
JEZ
One can deduce that there exist two positive constants ¢y and Cy such that
COHf||Hs+1(Rd) < vaHHS(]Rd) < COHf”HHl(]Rd)a

and || f|l g gay S I1f 11z way, if 5> 0.
We list some Bernstein-type inequalities for fractional derivatives which will be
used below.

Lemma 2.1 ([23]). Let & > 0. Let 1 < p < g < 0.
(i) If f satisfies
supp f C {€ € R : [¢] < K27}
for some integer j and a constant K > 0, then
iobid(L_1
(=) fll pagray < C127°H9G =D f]l 1o (gay.
(ii) If f satisfies
supp f C {£ € R?: K127 < [¢] < K27}
for some integer j and a constant 0 < K1 < K, then
C12%7%(| fll paqray < [(—=A)* fll paray < Cy220tid(5 )Hf”LP(Rd)a

where Cy and Cy are constants depending on «,p and q only.
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We then recall some Sobolev inequalities which will be used below.

Lemma 2.2 ([36,37]). Let s > 0. Suppose g € L*NH*(R) and f € C*)(Range(g)).
Then f(g(z)) € L>* N H*(R). Moreover, there ezists a constant C' > 0, depending
on s and ||g||Le=, such that

1Dz f(g(@))I| < Cllfllca D gl (2.1)

In particular, for s € (0,1], one can directly apply the chain rule for fractional
derivatives

1A% f(g(@))I] < CIIDf| L= [IA%g], (2.2)
where C is a constant depending an s and ||g|| o -

Lemma 2.3 ([30]). Assume that f(x) is a function on R3.
(i) If f(x) € H® with s > 3, then f € L>, and
[fllzoe < ClIf |z (2.3)

where C' is a positive constant.
(i) If f(x) € HY, then f € L for any p € [2,6] and
[fllze < Cllf e, (2.4)
where C is a positive constant.
Lemma 2.4 ([34, B35]). Let ¢ > 1, 2 < p < o0 with % + 2 =L There exists a

q
constant C' > 0 such that if for all f € S’ is such that [ is a function, then

£l zrray < CIAY fll Lo ey (2.5)

Lemma 2.5 ([2]). Let 0 > 0 and o1 € R. Then we have, for all u,v € H°(R?) N
L®(RY),

lwvll goray S llull o @ayl[vll oo ray + V] o ey [l Loo me),

[uvll groay S ll gro@ay vl oo may + [[0]l gro mayllull Lo (ra).-
Moreover, if d > 2, then we have, for u € H°(RY) N H2—1(R%), v € H°TL(RY) N
L>(R),

vl o ay S Ml o gay [0l oo ety + 101 s ey ull g1 -
If ¢ > d/2, then H°(RY) embeds into L>(R%). Also, for all u, v € H?(R?), it
holds that
”uv”HU(Rd) S ”u”H"(Rd)HU”H”(Rd)-

Otherwise, if o1 < % < o and 01 + o > 0, then for all u € H°(R?), v € H™*(R?),
it holds that

vl ey S lull e @ llvllzo @e)-

Lemma 2.6 ([2]). Let o > 0 and f be a smooth function such that f(0) = 0. If
u € H(R?), then there exists a function C = C(o, f,d) such that

1f (W o ey < C(llull oo ay) 1l o (ray,
1f (Wl o gay < CUlull oo @ay) 1ull gro gay-

Lemma 2.7 ([2]). Let 0 > 2 and f be a smooth function such that f'(0) = 0. If
u,v € H?(R?), then there exists a function C = C(o, f,d) such that

1 (@)= f ()l e rey < CllullLoe ey, [[0] Lo ey [u—vl e a) (1l e gy 0]l 1o (Ra))-
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Lemma 2.8 ([2]). Let 0 > % — 1. There exists a positive sequence ||c;ljz = 1

satisfying {c;};>—1 such that

-V, A5 f | 2@ey < Ce;277 0| Vul| o @ay | f 1| o1 za)-

3. A PRIORI ESTIMATES
To simplify notation, we will omit the R? in the spaces and define the functional
set (p,u) € E(T) for
(p,u) € C([0,T); HT x H*Y),  (Vp,A%u) € L*([0,T]; H® x H*™).

The corresponding norms are defined by

1o, W)l 50) = llpollFresr + 1o e
(o, Wl () = ||P||2L39(Hs+1) + Hu||%§f’(Hs+1) + ||vp||2L2T(H5) + ||AauH%;(Hs+1)-
Proposition 3.1. Let s > 3/2 and T > 0. Let (p,u) € E(T) be the solution of the

Cauchy problem (1.4) with initial data (po,ug). Suppose that ||p(t, )|~ < 1/2.
Then we have

(o, Wller) S (e wlle©) + [1(0, W5 r)-
Proof. Multiplying A;pA; and AjuA; on both sides of (L.4); and (1.4 respec-

tively, summing and integrating over R?, we have
1d W 2
5 ( A ), )
2dt (k+2p)®

= (A0 V), p5) — = (A, (pdivi), ) — (A (- Tu),w) = = (A (pVp), wy)

Note that

oI + Iy %) + €A

M (nt Lo
= p(A%u;, Auy) + <AJ(((K f;p)a — )A**u), u;)
—MMWA%AHMMMf#V—Mﬁ%mﬁ
(2~ A%, uy)
(k+3p) / 3.1)
= A %) (18, (s = A y)
a w
+ (A (((/{—i—%p)a ,u)uj),A uJ>
:u/ a . a'l,I' i :U’/ o 2au u.
= <(ﬁ+%p)“A u;, A j>+<[AJ’((H+ép)“ A a, uy)
(A%, (P — )y, A%y),
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so one has
li(n N2+ g )1?) + <“7,Aau, A%w,)
2dt Pi J (H'i‘%p)a Js j
1 )
—(A;(u-Vp). pj) = —{Aj(pdivu), pj) — (A;(u- Vu), u;)
1
= —(8;(pVp),uj) (3.2)
o

—([A;, (

— 1)]A2 .
(K/ + %p)a /‘l‘)} u, u]>
!/

S ——

W — w)]uy, A%uy).

Applying D;AjpD;A; and D;AjuD;Aj to (1.4), and (1.4), respectively and inte-
grating over R?, we obtain

1d w
- Dz i 2+ Dill' 2 -+ DlA 7A2au,Dl-u-
5 77 D |7 + [[Diuy %) +¢ g((HJr%p)a ), Diuj)
1
= ~(DiAj(u-Vp), Dipj) = (Dildj(pdivu), Dip;) (3.3)
1
= (DiAj(u-Vu), Diug) — —(Dilj(pVp), Diuy).
Similar to (3.1]), we have
' o
<D1A]((K+lp>GA2 u)7D’Lu.7>
' ’ ' 5
= G P P A DA moN ) D)
/’L/ 2« .
+ (A, (— 5 — DA, Dy,
W
+ (A%, ———— — u]D;ju,;, D;A%u;),
(5 +5p) ’ ’
and hence
1d w
——(I1Dip; 1> + I Divw;||?) + (————D;A%u;, D;A%u;
th(” pill* + [ Diuy]| )+<(H+ép)a u; u;)
1 .
= —(DiA;(u-Vp), Dipj) — —{DiA;(pdivu), Dipj)
1
- <D1Aj(ll . Vu), Dillj> - 5<D1A](pr), Dillj>
W 9e (3.5)
— (A (D (—E— — )A%), D,
( ]( ((K—l—%p)a 1) Ll) U]>
w 2
— (A, (— P — )] DiA*u, Dy,
/
s

W — ,U/].Dluj, DzAauJ>
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Summing >, ;5 (3.5), we obtain

!

M « «
B} dt Z ||DzPJ||2 + Z | Di u]” Z<mDiA u;, D;A%uy)

‘ a
=1

3
1
=—Z<Diﬁj(u' Dipj) =Y =(DiAj(pdivu), D;p;)

—ZDA -Vu), D;u;)

(3.6)
3 i
_Z (D;A;(pVp), Diuy) — ;@](DZ((HJ:L}I,J) )A%u), Diuy)
8 /
_ 1% B u u
;d J7((/€+ép)a 1] DiA2w, Dyuy)
3 /
o M e,
"N G g D D)

Multiplying A%?A; (L.4); and A%2A; (1.4)2 by A%2A;p and A%Aju, respectively, and
integrating with respect to = over R>, we have

1d o
A%p;|12 4 |A%w,)|%) + (A2A;(—F—
2dt(ll pill” + 1A%, ]1%) + ( (( + I

—(A*Aj(u-Vp),A%pj) — ém A, (pdivu), A%p;) (3.7)

A?u), A%u;)

1
— (A% (u- V), A*u;) — =(A*A(pVp), A*uy).

Note that A2 = —A, so

1 o
<A2Aj(m/\2 ll),A2u]‘>
/

« « //[) «
_ :U<A2+ A2+ i) — (div A, (V(m — M)AQ u),AQllj>

—_ <d1V A‘](((K_iiuilp)a — u)VA2au),A2uj>
/

<A2+o¢u A2+o¢ > <leA (v((,l{—i—ﬂilp)a — N)Azau),A2uj>
/!

+{[4y, <ﬁ — )] VA2 u, VA%u;)
T “@éma ) VAT,, VAR)

= pl AT + <<(H+"W — ) VA, VA )
— (divA,; (v(i(m +”:11p)a — w)A*u), A%uy)
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/

H a
+ <[A1 ) m — M]VA2 uj, VAT llj>. (3.8)

Similarly,
— (A2A;(u- Vp), A%p;)
= <d1V Aj(vu ’ vp)?A p]> - <[Aj’ : V]Vp, VA2pJ> - <u ’ vvp]a VA2pJ>

- <divA-<Vu-w> A%p;) — {[Aj u- VIV, VA%p)) + (Vav2p,, A%, (39)
+ S {dive A% ),
LN (pdivu), A%;) — L(APA(pVp), A7)
é<leA (Vpdivu), A%p;) — i([Aj,p]Vdivu,VA%j)
- E<pv divuj, VA%p;) + E(div A;(VpVp), A*u;)
— 185, PV, VARW;) — 2 (oW, VAR,)
a a (3.10)

1 1
= a(div A;(Vpdivu), A%p;) — g<[Aj,,o}Vdiv u, VAZp;)

1, .. 1
+ —{div A;(VpVp), A%wy) — = ([A, ]V, VA*W;)

1
+ —(VpV?pj, A%uj) + —(VpA?p;, A*uy)

@\»—ﬂ@\»—ﬂ@

(VpV divu;, A%p;)),
and
— (A’Aj(u- Vu), A*uy)
= (divA;(Vu - Vu),A%u;) — ([Aj,u- V]Vu, VA?u;) — (u- VVu;, VA%u,)
= (divA;(Vu- Vu), A%u)) — ([Aj,u- V]V, VA®u;) + (VuViu;, A%u;)
%(div u, [A%u;]?).
Inserting (3.§] into (3.7)), we obtain

1d
: dt(HA%Jn? A% ) 4+ A
!

M 14+« 1+«
+ ((——— — p)VA %, VA ;)
(k+5p) ’ ’

= (@27 V), A2p;) — ([A, 0= V]Vp, VAZp)) + (Vuv2p,, A2p;)

+
(3.11)

<d1VLl 1A%p;]?) + (div A;(Vu - Vu), A%u;)

N} \

—([Aj,u- V]|V, VAQuJ> (VuV?u;, A*u;)

(divu, |[A%u, %) + (diVAj(Vpdivu),A2pj>

l\D\H
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»—t@\»—*@\»—'

: L.
(1A, pIV divu, VA%p;) + a(dw A;(VpVp), A*u;)

1
(185, p1V2p, VA?W;) + ~(VpV7p;, Auy)

£ (VN0 M) + (VY divay, A%)
+MWAAVQKJEMG—MA%wﬂVw>
—QAm<“;f;®a—MMVAmusmﬁu»

— (At (IH“;W — p]VA**u;, VAT Tu,). (3.12)

It follows from the equations (1.4]);-(1.4))2 and integration by parts that

d
%ijyuﬁ + &[|Vpj?

. 1 .
= sl divul|* = (VA;(u- Vp), u5) = —(VA;(pdivu), u)

1 (3.13)
= {85(pVp), Vpj) = (A;(u- V), Vp;)
w 2 2
- <Aj((m — p)A**u), Vp;) — n(Vp;, A**uy)
and
d 2
%@ivﬂm Djuj) + k|| D;Vpj||
1
= k|| D; divu||® — (D;VA;(u- Vp), Dju;) — E<DiVAj(pdiv u), D;u;)
1 (3.14)
= ADilj(pVp), DiVpj) = (A;Di(u - V), DiVpj)
G o a
- <AjDi((m — w)A**u), D;Vp;) — u(DiVp;, DiA**uy).
Summing for 1 <i < 3 in , we have
d 3 3
T Z DiVp;, Diwg) + k> | DiVp;|
i=1 =1

_HZ”D d1vu||2+z (DiAj(u- Vp),div D;u;)

3

3
1 1
- D;A; D; —(D;A4( ), D;
+a;< j(pdivu),div D;u;) ;a (pVp), D;Vp;)
3
=Y (A;Di(u-Vu),D;Vp;)
i=1
3 y
SAD (—E A2, DV,
S (8D s — 108w). DLV
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3
— pZ(Din.j,DiAmu‘j). (315)

i=1
Next, summing . . - B1 X - ) and (B9 X 7 one obtains

3 3

d

Sl + g1 + D 1Dips 17 + D Doy | + 14205 + | A%y
i=1 i=1

N =

3 ’
+281(Vpj,u;5) + 252 Z<Div/0j7 Diuj)) + <%Aauy‘a A%u;)
= (k+2p)
G 3 w 1 1+
+ Y (————D;A%;, D;A%q;) + ((———— — p)VA T¥u;, VAT ;)
i:Zl (H+ %p)a J J K 1 a J J
3
+ pl AT w1 + Bkl Vs |1” + Bar D 1DV py
i=1
> 1
= B divul® + Bar > | Didivul® — (A;(u- Vp), p;) — —(Bj(pdivu), pj)

i=1

3
1
—(Aj(u-Vu),u;) — a< i(pVp),u;) Z;DA u-Vp),D;p;)

|
[
SHE

3
(D;Aj(pdivu), D;p;) Z ((D;Aj(u - Vu), Dyuy)
1 i=1

o
Il

(Did;(pVp), Diwy) — (A, (DAW — WA*u), Dyuy))

1
+ (div Aj(Vu- Vp), A%pj) + - (div A (Vpdivu), A%pj)

Q\'—‘

1
+ (div Aj(Vu - Vu), A*u;) + 6<div A;(VpVp), A*u;)

1
+ (VuV?u;, A*u;) + §<div u, [A%u,]?) + (VuV?p;, A%p;)

1 1 1

i(dlvu |A%p; ) + 5(Vdeivuj,A2pj> + a(VpVij,AQuJ)
1 . ' a
5<VPA pj Auy) + (div Aj(v((ﬂﬁilp)a — p)A**u), A%u;)

= Bi1(VA;(u-Vp),u;) — %<VAj(PdiV u),u;) — %(Aj(PVP),VPﬁ
= Bi(Aj(u-Vu),Vp;) — 51@;‘((@ - M)A2au)7VPj>
3
— B1u(Vpj, A**w;) + B2 Y (DiAj(u - Vp),div Diuy)
i=1
1

g (DiAj(pVp), DiVp;)

IIMw

8y &
D;A; D;
+ = . i;( j(pdivu),div D;u;)
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3
— B Z<AjDi(u -Vu), D;Vp;)
i=1
3 /j
— B2 Z<AjDi((m — wA**u), D;Vp;)
i=1 a
3 u
- ﬁ?:u ;<D1Vp75 DiA2auj> - <([Aa7 m - :U/)}uj?AauJ)
3 u
=y (A, CEE puDiug, DiA%u;)
i=1 a
1 w 2 1
_ -« _ - [ +a. .
(A "kt %p)“ p VA= u;, VAT ;)
3 2
—([4y, (m — w)]A™a,uy)

/

3
- 4y, 'U/il)a — 1] DiA**u, Dyuj) — ([Aj,u- V]Vp, VA®pj)

1
—([Aj,u-V]Vu, VA%u;) — a([Aj,p]Vdivu, VA?p;)

1 !/
- E([Aj,p]VQp, VA%u;) — ([, (/i—filp)“ — p]VA?**u, VA?u;)
27

13

=Y "I (3.16)

Now, we estimate the terms on the right hand side of (3.16). By Lemma Holder

inequality and Young’s inequality, we obtain

1] =~ (850 Vp), 53} — (A (pdiva), py)
< 2798 Vo)V + 2791 (pdiv w) |V
<A (0 Vo) + 270, 185 (pdiv )| + 261 [V 7,
1] = | (8 (- V) wj) — ~(85(59p), )
<279 A V) A | 4 2752 (o0 ) 1A |
<20 A (- V) 42720 A, (690)|? + 261 |

Similarly,
3 8 4
T3] = =D _(DiAj(u-Vp), Dipj) = > —(Dij(pdivu), Dipj)|
i=1 =1
3 3

SC Y DA (- V) |? + Ce, Y 1D (pdiva)||® + 26|V, |,

i=1 i=1
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3 3
1
|I4|:|_Z<DiA( -Vu) Du] ZEDA (pVp), Du7>|
i=1 i=1
<2790 3 (1D (w- V)I* + [Did; (0Vp) ) + 200 3 A Dy |,
i=1 =t
3 //
|5 = | = > (A (Di( 1, — w)A* u), Diwy)|
; G Ty J o
3
Coja w 8 .
SEHCL YA (D — AP e A D
= (5 20)

=1
. 1. :
[Is| = |(div A;(Vu - Vp), A%p;) + g<d1VAj(Vpd1vu),A2pj)|
< Ce, [l div A (V- Vp)||* + Ce, || div A (Vo divu)||* + 21 [[A%p;]],
1
|I7] = |(div A;(Vu - Vu), A%u;) + —{div A;(VpVp), A*u;)|

<27%°C, || div A (Vu - Vu)||2 + 27290, || div A;(VpV )2
1 J 1 J
+ 21 | A% Ay 2,

1, ..
[Is| = [(VuV?u;, A%u;) + §<dlv u, [A%u;]?)|

< 27H0C ||Vl V2| + 272 C, || div uf Lo [|A%uy |2
+ 261 [|A“ A%y ]2,

1, .. 1 .
[ o] = (VuV2p;j, A%pj) + 5 (diva, [A%p;[?) + —(VpV divuy, A%p;)|

< Co, (IVull 2 V27 + [ div [ Zoe [ A% 2 + IVl < |V div uy]|)
+3e1]|A%p51%,

1 1
[T10| = |a<v2/’jv97 A2uj> + E<V,0A2uj‘,/\2pj>|

< 27200 Vol [V + 272 Co, Ve 14205 + 261 [ A% A2, 2,
. W 20,) A2
I = [{div A (V(—5— — p)A**u), A%u;
|11 | = |(div A ( ((n—i-%p)“ p)A* ), Atuy)|
/
e et I
a

1 .
[l12] = | = B1(VA,(u-Vp),u;) — 515<Vﬁj(ﬂdlvu)»ua‘>\
S27YC, BHIVA;(u- V)2 +272°C, BTIVA(pdiva) ||* + 26 | A% 2,
1
13| = [ = A1 (A;(pVp), Vipj) = Bi(Aj(u- V), Vpj)

,U/ 2a .
—51<Aj((m — )A**u), Vp;)|
S Ca (1A (pVD)IIP + (A (u- Vu)||* + ”AJ’(((,H_Milp)a — p)A**u)|?)

a

+3e1][VpylI?,
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[Tl = | = B1{Vpj, A**wy)| S Cc, BTI[A* w12 + e[| V5 1%,
3 3
. 1 . .
|Il5| = |52 Z(DiAj(u . Vp), div Dillj> + ,625 Z<D1AJ (p div u), div Dillj>|
i=1 i=1
_ 3 3
$279°C, B3 (D 1DiA (- Vp)l? + ) DA (pdivu)|?)
i=1 i=1
3
+ 2¢1 Z ||Aa div Diuj HQ,
i=1
3 4 3
Lol == B2 ~(Dilj(pVp), DiVpj) — B > (A;Di(u-Vu), D;Vp;),
i=1 i=1
3 .
_ AD;(—H— — )A%), DV,
62 7;21< J (((Iﬂ?+%p)a lu) ) pﬂ>|

3 3
SCaB3 Y Db (pVp)|* + Cei B3 Y IID:A;(u - V)|

1=1 =1
3 Y 3
+Ce, B30 Y Didj (— 51— — WA ) |* +3e1 > | DiVp; %,
i=1 (k+2p) i=1
3 3 3
iz = | = Bap Y (DiVps, Dif** ;)| S Ce, B3> IDiA* w1 + e Y [1D:Vp;]*.
1=1 =1 1=1

By using Hélder inequality, Young’s inequality, Lemma [2.6] and Commutator Esti-
mates [37, Lemma 2.1}, we obtain

o M o
[Ls| = | = ([A et Ip)e — puj, A%uy)|
H '
S HAa(m = )|l by A%y |
!

12

< ||(——— — sta||uy ||| A%,

~ H((K/‘i'ép)a M)HH + || ]”H ]||

S 27290 [IpllFpso 1A 051 + x| A%uy 1%,
3

_ o M o
[Tio| = | — ;([A am — plDiug, D;A%uy)|

3
S Callpllyosa IVuy 1% + e D I1DsA %,
i=1

/

_w
(5 + gp)
S O llplFer—a [VA* u )% + e [ VAT uy .

According to Lemma [2.6] and Lemma [2.8] one has
!/

ok
(k+ 2p)"

[I0| = | — (A", — p]VA* u;, VA u;)|

(21 = [ = ([Aj, ( — )] A% u, uy)|
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< ¢ 2778\ pl| presr || VA2 2| grs || A%
J j

Then, Iz2 — Is7 can be estimated in the same way as Is;. Specifically,

3 ’
H 2a
Ios| = | — Aj, ———— — p|D;A**u, D;u;
[I22] = | ;q J (/ﬁl—‘y—%p)a 1 i)
3 .
S22 pllmest 1D VA 2u] s | Dy |,
i=1
T3] = | = ([Aj,u- VIV, VA?p;)| < 277V ullz= [Vl = [ VA? s
[Loa| = | = ([Aj, 0 VIVu, VA®u;)| < ¢;277% ||Vl g | Vu] g+ || VA uy ],
1 . —js .
|Ios] = | — g<[Aj,p}Vd1v u, VA?p;)| < ¢;277%||Vpll || divul| g« || VA?pj |,
1 —7s
[Fa] = | = —{[A5, p]V2p, VA*W)| S €277V pll e[|V oL e |V Ay
W 2a 2
[ Lor| = ([, (15 — WIVA™ 0, VA ;)|
Tkt gp) ’
< ¢27|pll o [|A2u - [V A .
Inserting the above inequalities about I; — I57 into (3.16[), we have
1d 3 3
5 77 el + o [ + Do DipslP + Y 1Dy 1 + 1A% 5117 + [[A%uy 2
i=1 i=1
3 Y
+261(Vpj,u;) + 205 Z<D¢ij,Diuj>) + <m/\auj, A%uy)
=1 a
3 !
+ —————D;A%u;, D;A%u;
;< (F{J + %p)a J ]>
/J‘/ 14+« 14+«
+{(———— — )VA ™ %u;, VA "%,
<( (K/ + ép)a /"L) J ]>
3
+ pl A |1 + Burl| Vs + Bar Y 1DV ps >
i=1
3
< Busll divul|® + Bor Y || Dy divul|* + 861 | Vp; |I* + 5ea | A%py |
i=1
3
+4er Y [1DiVp,lI* + 5ea || A%y (3.17)
i=1
3 3
+der >IN Dyu|? + Tey [A“A%uy |1 + 261 Y A div Dy |?
i=1 i=1

+ea | VAT + C, AT A% g7

3
+Ce By Y IDid*uy ) +275C (| A (u- Vo) |* + (|4 (pdivu)|?)

i=1

27900 (14 (- V) + 14,V )|
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3

+Co 3 (I (- Vo) + 1 D3 (p div )2

i=1 ,
+27500, 3 (IDs; (w- V)2 4 D3 (pV )2

i=1

8D - )
+ Co, ([l div Ay (Vu- Vo) |2 + || div A (Vpdiv u) )
+ 27000 |Vl V22 + 2720 C | div uff o [ A% 2
+ 27220, || div A;(Vu - Vu)||? +274°C,, || div A;(VpVp) |2
+ O Va3 [ 9202 + Coy || div < 142052 + C, Vo3 |V div g |
+ 27590 [Vl 3 IV 12 + [A%]1)

_9i . M/ 2 2
+2 23“06 divA;(V(———— — p)A*“u
l i ((Hlp)a ) A= u)|

+ 270 B(IVA (- Vo) + VA, (pdivu))
/

+C 5 (185 (0Vp) |2 + 14y (u - ) |2 + 185 (G - A2 ) |?)

3 3
+ 27900 B (1D (w - Vo)l? + 3D DiAs (v ) )

i=1 =1
3
+Co B3 Y (1D (V)2 + D5 (u - V)
=1
W 200 2
I, (e — Al )
+2799C,, o3 | A5 + Co o] 3o1a | V52
+ Carllpll3os-al VA2
6277 |pll s [ VA2 2 o Ay |
3
+ 3 277 pll e | DV AR 2| g || Dy |
=1

277 |Vl [V pll - [ VA | + €279 [V - [V g | VA |
¢, 277 [ Vpl e[| divull - [ VA, | 4 €279 [V pl - [Vl [V A%, |
27 pll e A% 1 | VA, . (3.18)

Since [|[A%u;||? < [Ju;]|? + |[Vu,||?, it holds that

A% w2 < A% |12 + [ VA 1%,

3.19
1DiA% w2 < ([ Dih™ | + || Di VA ;% 19
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Choosing (31, 32 and €; small enough, and combining (3.19)) with the following facts:

3
o, W + > 1Di(pj wp)lI* + 1A% (o, ;) |12
i=1
3
+ 201 <ij, Uj> + 205 Z<Dinj, Din>
i=1

~ lpsllze + luglize,

/

3
<(M71a/\aujvf\aua +Y (—

/

Aozu]*7 DiAauj>

K+ 2p) p H+ a0
W 1+a 1+a 24a 2
+((———— — ) VAT, VAT + pl| A"y,
<((I€+%p)a 1) j J> wll 7”
~ [|A% [,
3
V0511 + > IID:Vps 11> = Vol 3,
i=1

for each j > 0, we can obtain from (3.18) that

t
10511372 + [yl 3 +/0 IVp;ill3n + 1A%, dr
S A pollzr + 1A;u013
t
+/O {\IAj(u~Vp)ll2+I\Aj(pdivu)l\2+HAj(u~Vu)||2+I\Aj(pvp)ll2
+ IIVA‘( -Vp)lI* + IIVA’(pdiv w)||? +[|[VA;(u- Vu)|* + [VA; (pVp)|?
Aj( AW |12 + ||divA;(Vua - V)|
+ZII H p) — ) A% a)||? + || div A (Vu - Vp)||

+ || dlvAj(Vpdlvu)H2 +IVulf7 [V + || div ul|7 - [[ A%y
+ |l div A (Vu - Va)|? + [ div A; (VoVp) | + [Vl Lo [[V2 ;1
+ 1 divul|Zeo [A% 0512 + IVl Zoe IV div w2 + |Vl Lo [|V2 51

/

. H 2 2

+ V2 < [[A20;]1? + || div A (V(———— — 1)A%*u

IV ollze [I1A=p;]17 + |l i ((H%p)a 1) I

Hl 2 2 ’ M/ 2 2
1A ((——— — A )"+ ) DA ((——— — A )|
J( (Iﬁ:+%p)a ) ; J( (H+%p)a )
ol e e 1A 1P + 017 s IV + (017000 —a [ VA 0y |2
+ ;27| pll e [ VA0 g | Ay
3

+ 57 6277 |l o || DiV A | 2| Dy |

=1
+ ;277 Vull = [Vl = VA2 pj || + ¢277° [Vl g | Vul| g+ [ VA, |

+¢;277°|Vpl s

divul| - VA% pyl| + ¢;277* [V pll 1+

Vol VA, |
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277 pll e A%l

VAQujH}dT. (3.20)
By the same argument as in (3.16)), we have

1d

3 3
5 g7 Il + all” + Y IDipl? + Y 1 Diall? +261(Vp, u)) + p(A%u, A%u)

i=1 i=1

3
+p Y (Dihu, D;A%u) + Bk V|

=1
1 !
= —(u-Vp,p) + —(pVp.w) — (u- Vu,u) - “(HHW — A%, u)
3 3 3
~ S UDi(w-Vp), Dip) 3 H(Dipdiva, Dip) — S (Difu - V), Din)
=1 =1 =1
3 /
o 1% o 2a
2D — WA, D
3 ’
- ;«ﬁ — ) DA%, Dyu) + | divul|? — B, (V(u- Vp),u)

- 512<V(pdiv u),u) — 612<pvp, Vp) = Bi(u-Vu,Vp)

/

- ﬂﬂ(ﬁ — p)A**u, Vp) — B1u(Vp, A**u)
11 ‘
=S (3.21)
=1

From Lemmal[2.3] Lemma[2.4and Lemma[2.6] we bound the terms S1—S5 as follows:

1
S0 =~ (- Vo) + - (V.| <l Vol lolls S 1920l + e[V
Sal = |~ (- Va,w)l S [l [Fulul o < IVal2ulds + Al
w 2
S3| =| = ((———— — p)A"%u,u
81l = = (Gt gy WA )
SN = il A2 el e
(K+5p)

S llpllzn A% u]? + e f[Aul?,

where we used Holder inequality and Young’s inequality. Similarly,
3

1S4l = | = S (Dilw- V), Dip)| S IA20] a3 + 2| Vol
=1
1
1S5l =1 =" ~(Dipdivu, Dip)| S [ Vol divulfy. + e[ Vo),
=1
3
1S6] = | = S (Di(u- Vu), Daw)| S [ Va2 |A%u]? + e[ A%u]?,

i=1
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3 ’

13 2c
S1l = | =SB~ paa, Do)
; (k+4p)°
3
S IDipl i 1A% ] + e Y [[DiAul)?,
i=1 i=1
3 ’

o 2ce
1Ss| = | = > (5= — ) DiA**u, D;u)|
= (k+3p)

3 3
S D el A% Dpa)l? + e Y IDA

i=1 i=1

1 .
[So| = | = B1(V(u-Vp),u) — 515<V(pdlvu),u)|
< BHIVul|| divulF + 7] div a3 || dival|® + 21|V ol

1
|S10] = | — 615<pr, Vp) — fi(u-Vu, Vp)|
< BElliIIVoll? + B3 lullZ. [ Vall* + 26| Vp| 2,

!/

|Sul =~ 51<((ﬁ+”7;p)a AU, V) — BV, A%u)|

< BellplL A% ull? + B3 p? [ A ]| + e | Vo[,

A similar computation as in (3.20) yields that

t
oIz + % +/0 (IVoll* + A% Z)dr

t
< lleollZ + llwollz +/ {IVal®llpllz + IVl lallz + ol 1A%l
0

3
+ A2l [ull3 + Vol divull3e + a3 A% + 37 Dol 3 A% u]?
=1
3
+ 3 ol 1A% Dol + B2l div ul 3 + 57 div )% | divu]
=1
+ Blloll% A*ul?}dr

Voll* + B[l [IVull* + 87l ol

t
< llpollF + llaollzn +/ (Ipllrsss + lallzres ) (Vpll7re + A Fesn)dr.
0
(3.22)
Note that

t
IA_1pl3 + A1l + / (1A Vol + A A3 )dr
0 (3.23)

t
< ol + a2 + / (9Pl + A a2 )dr.
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Now, multiplying (3.20) by 22/(*~1) and then summing over j > 0, and using ([3.22)

and (3.23]), we obtain

t
olgess + s + / IVl + AUl

t
< Dol + ol + [ {1 Sl s+ lpdiv ., + -Vl
0

+lpVolg. +||V(U'VP)II2'& . +HV(PdiVH)II B A C R v

— AU, + | div(Va- Vo)

+IV(eVo) s +ZH (=

p)
dv(Tpdival?, - ||Vu||m||v2u|| o vl a2,
T div(Vu- VW, + [ dv(TpVo) e + [Tul2e V2l
+ [ divul| 2 [A%p)%. 1 + [ VollZ= IV divall?. ., + [IVpll7= V0l
!
2 2 112 : H 20
+ Vol APl s + | le(V(W — A )HHS 1
W 2 2 > w 2

P A SO ID (— e A |2

gy~ N+ D (o — A
+ 1ol e a A%y + ol e [Vl %
+ ol VAP ul% s A+ ol e [VA** 0] e [ A0 o

3
+ ) ol 1D VA 2ul| o | Diul oo + IV ]| 122 |V pl 12 [ VA p | g

i=1
+ IVl - [Vull = [VA?u oo + Vol | divul - [ VA?pl| . -
IVl I IV AP] s+ s [AZ 01 [ VA% g

¢
+/O (ol e + Iallzres ) UV ol Fes + 1A% l|F011)dr. (3.24)

By Lemma [2.5] we deduce that

w- Vo3, + lpdivul%, ., +[u- Vull3,. ., +[IpVoll3.
+IV(u- Vo). . + [IV(pdivu) %, + V(- V)%, + IV(peVo)ll3.

Sl Vol + llpdivali. + [[u- VullZ. + [pVpll%-
S lalls Vol + ol z-
< (hallzs + el UVl s + T dival3. + [[Vall3.)-

divull + [lull3 [VulZe + 1ol 1V elZe

(3.25)
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Similar to (3.25)), we have
- ' 200112 : ' 2a. 4|12
; ||Di(m — A U||H571 + || le(V(m — A u)||Hsfl
S ol A%l Fe
| div(Vu - Vp)|[3._, + [[div(Vedivu) 3.,
S IVallf IV ollz: + Vol || divalZ..,
| div(Va - Vu)|[%._, + [[div(VeVp) 3.,
S IVl [IValze + 1ol 1Vl Z-,

3 !
w 200,112 w o\ 112
||(m — A=y, + Z ”Di((m — p)A**a) %,
@ i=1 a
< Nl 1Al 3. .

Inserting inequalities (3.25)-(3.26]) into (3.24]), one has

t
ol + allZe s +/O IVoll7e + 1Al Fesndr

(3.26)

t
S Mlpollzress + o7 +/O UlpllZrees + IallZree) IVl Z + A% 0] Frein)dr,

where we used H” < L>(r > 3). This completes the proof.

4. PROOF OF THEOREM 1.1

(3.27)

O

In this section, we shall use four steps to prove the existence and uniqueness of

the solution to (1.1) with the small initial data.

Step 1: Construction of the approximate solutions. We first construct the
approximate solutions based on the classical Friedrich’s method as in [27]. Defining

the smoothing operator
Jef = ]:71(10§|§\§§]'—f)7

we consider the approximate system of ,
oU.
ot

where F.(U.) = (Fg(l)(Ug), Féz)(Ue)) are defined by

= FE(UE)7 U. = (pe,ue)v

1
Fa(l)(Ua) = _"@div(jsua) - js(jeua : Vsjsps) - a«Zs(qups div ;731.15),

/!

Y
(K + %jsps)a

1
- js(jsus : vJsus) - ajs(jspsv«jsps)'

FP(U.) = —kVTpe — ph** Tou. — T (( — WA* Ju,)

Using that || T fllg < C(1+ E%)% [ fllzz, it is easy to see that
IF=(Ue)llz> < Cef(IUe] 22),
[Fe(Ue) = Fe(Ue)llLz < Ceg(IUe| 12, 1UE [ 22)]|Ue = Ue| 22,

(4.1)
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where f and g are polynomials with positive coefficients. Therefore, the approxi-
mate system can be viewed as an ODE system on L2. By using Cauchy-Lipschitz
theorem, we know that there exists a maximal time 7. > 0 and a unique (p., u.)
which is continuous in time with a value in LZ2. jf = J. ensures that (Jpe, J-ue:)
is also a solution of . Thus, (pe,u:) = (Tzpe, Jeue). Then, (pe,u.) satisfies

1
Orpe + kdiv(ue) = —Je(ue - Vpe) — gja(Ps divu,),

Opue + kVpe + ﬂAQaus (4.3)
/

T (— A% — V) -+
js(((ff—"épg)a :U')A ue) «76(115 Vus) aJs(PeVPs).

Moreover, we can also conclude that (pc,u.) € E(T.).

Step 2: Uniform energy estimates. Now we will prove that [|(pe, uc)| g(r) is
uniformly bounded independently of & by losing energy estimate. Suppose that 7
is small such that ||po||z= < 1/4. Since the solution depends continuously on the
time variable, then there exist 0 < Ty < 7. and a positive constant € such that the
solution (p., u.) satisfies

1
lpe(t, lpe < 3 for all ¢ € [0, To],
[(pes ue) | () < 2€[|(p, )| 5 (0)-

We suppose that Ty is a maximal time so that the above inequalities hold without
loss of generality. Next, we will get a refined estimate on [0,7p] for the solution.
According to Proposition for all 0 < T' < Ty, one has

(o=, u)llmery < €ll(p, W)l 50) + €ll(ps, u) 7y < €l(p, ) (1 +4€%n). (4.4)

Let n < @. Then

3
1(pes ue)llBer) < 5€l(p, w)llp0) < 2€n. (4.5)
A standard bootstrap argument yields for all 0 < T' < oo that
[(pe, u) | BTy < 2€[[(p, )| 5(0)-

Step 3: Existence of the solution. (p,u) € E(T) of (1.4) can be deduced
by a standard compactness argument to the approximation sequence (p.,u); for
convenience, we omit here. Moreover, it holds for all 0 < T" < oo that

(o, W) || zery < 2€(p, )| E(0)-

Step 4: Uniqueness of the solution. The uniqueness of the solution can be
guaranteed as Step 4 in [27], so we omit the proof here.

5. OPTIMAL DECAY RATES

In this section, we will provide a detailed proof of Theorem [1.3] We shall see
that the optimal decay rates for all of the derivatives of the solutions may be
established by virtue of Fourier theory and a new observation for cancellation of a
low-medium-frequency quantity.
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5.1. Energy estimates on the highest-order derivative. In this subsection,
based on the energy method together with low-high frequency decompositon, we
obtain the estimates on the og-order (oo > 2) derivative of solution (p,u) to the

Cauchy problem ([1.4))-(1.5]).

Lemma 5.1. There exist sufficiently small constants B3 > 0 and €1 > 0 such that

1d ., o o
L AP + ATl + 285 (VA A )

/
(g — 2 A AW Byl ) [T

S u)?) + Bl + cq>||A“°-1A2“u||2(. |
5.1

< (n+0*) (1A% p]]* + A0l

Here n > 0 is defined in (1.6) and sufficiently small.

Proof. Multiplying A% (1.4), — A?°(L.4)), by A%°p and A°u, respectively, integrat-
ing the resultant inequality with respect to 2 over R and using Young’s inequality,
we obtain

@ (1A% o2 + [ATow]?) + (g T A AT AT A

1 1
—([A7°,u]Vp,A%p) + 3 (divuA?°p, A% p) — - ([A9°, p] div u, A7° p)

2dt

1 1
E<[AJU plVp, A%°u) + 5(VpA"°u, A% p)

!

(A s — AR A
li
— ([A°, ﬁ — 1A%0u, A% A%u) — ([A7°, u]Vu, A%0u)
+ %(div uA%°u, A%u) (5.2)

g g 1 3 g 1 g 3 g
S A7, wlVpl[[|Ap]l + 5 divul| o [ A7 p]* + ST, pl divul[[]A%p]

1 o [ey) 1 ago oo
+ A%, AVl AT ull + —[[Vpll = [|A% u]| A%

/

o H o
A o A A e

@ ILL/ (ox (ox « g |
I o — WA A% A% w T [A% |

1
+ 5” divul| = HA"“u||2.



EJDE-2025/35 FRACTIONAL COMPRESSIBLE SYSTEMS 25

By using Lemma Young’s inequality and Commutator Estimates [37, Lemma
2.1], one obtains

!

fod I 2a o
I8 iy I s 1A e
w 2
< oof___H o
S 0 (g~ Il
/u’/ oo—1 A 2c 3tda
D(—— — AP A A
I | al Il
o og—a— oo+« Stda
S (lpllaeo [Aul| + [A7 =~ Dp|[[[AF*u|) [AT= " u]|
o 3+4a 0 —a— 3+4a
< llplleeo (1A% u]® + A=) + C, A~ Dp| 2 [AT= " ulf?
+ er||A7Ful?
o 3tda oo+
S 4+ (IA°u]? + [[AT="ul?) + e [A7Fu]?,
and
I[A7, u]Vpl[[[Apl| S (A7 u|[Vpll e + [[Dul| o< A7 Vo) [A7p| (5.4)
S (A ul® + [[A IV p* + [A%p]?).
Similarly, we obtain
1A, p) divul[[[A%p[| < n(|A%p* + [A7~" divulf?),
1A%, pIVpll[[AZu]| S n([[A%u]]? + [AT IV p|* + [|A7p]|?),
I[A7, a]Vu[[[A%u]| < p([A%u]]? + A7~ Vu?), (5.5)
I
II[A%, Mila — p]ACul[[[A% A% < pP(|A%u]? + e[ AT A%,
(k+ 4p)
Inserting (5.3)), (5.4) and (5.5 into (5.2, we deduce that
1d w
Z—(J|A%0p||% + ||A°0ul|? —————A%%A%u, A°A%u
s IA P+ IAl?) 5 )
S (417 (A7) + [A7 IV p[* 4+ [[A7p||* + [A7 ! divu]? (5.6)
+[IATF u)]? 4 JA IV u[?) + 261 A7 Aul

3+4a
2

< (n+07) (1A% pl* + [A7u]* + A7 ul|?) + 261 |A7 A%,

where we used H"(R?) < L>=(R¢) with r > £ and Young’s inequality.
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Multiplying A7°~*(L.4), by VA?°~!p and using (1.4)),, we have
d

dt<VA"°’1p, AT ) 4 K| VAT |2
= k|| div A% a2 + (A" (u - Vp),div® " u)
+ %(Aao_l(pdiv u), div A%~ )
Y (5.7)
— (VAT 1, Agofl((m — p)A**u))
— (VAT p AT AP ) — (VAT p, A7 (u- Vu))
1 ol
= (VAT A7 (pVp)).

By (2.5) and Young’s inequality, it holds that

/

(VA7 p, A7 ((w“—lp)a — WA*u))|

_ _ /14/ 2

SIVAT AT (g — WA )|
( (5 + 5p) )

1 W 2

S (A s = i 69

+ AT TIAZ u||(m — w)llLe=) [VAT1p]|

oo— 144
SIVAT Tl (A2

plllIAull + [[A7 A% ][] )
S (VA7 pl* + [[A7ul* + |A7 T A% ulf?),

(A7~ (u - Vp),div A0 )]

< A7 (u- V)| div A%~

o o o (5.9)
< (1A% e[Vl s + A7 V] [[ul[ o) || div A7~
S (VA7 ul? + A7 TVl + || div A7 ul|?).

In the same way, we have

(A7 (pdiv ), div A7 )| < (| VA + [ div A% ),
(VA1 p, A7 (- Tu))| S (VA ]2 4 VA% Lul]?),
(VAT p, A7 (pVp))| S 0l VAT pl%,
Combining —, one has

(5.10)

d
— (VA7 L, A7) o k[ VA7 |2

< (VA + AT IVl + | div A%l + [ Au?

(5.11)
ATTIAR W) 4+ 6 [VATO 2 4 Cy AT AR
+ k|| div A% tu|%
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Summing (5.6) and B3 x (5.11)) with sufficiently small 83 > 0, we obtain

1 d (o ago go— go—
5@(”/\ op[|> + [|[A%ul|® + B3 (VAT p, A% u))
’

(T A AT A% ) — 26 A A 4 By (s — ) [ VAT

a
3+4a

S (0 7) (A7 I + A7l + A5 ) + B (IVA7
+ ATV p||? + || div A% M| + [[A%0u]|)? + [|AT T AR ulf?)
- BaC AT A% w2 4+ B div A7

3+4a

S (n+07) (1A pl* + A7 u]* + A7 u]?) + B3y + Cy ) |A7 A% u?
+ Bk div A% tul|?,

(5.12)
This completes the proof. ([l
5.2. Cancellation of a low-frequency part.
Lemma 5.2. It holds that
I(A7 p, A7 w)[|* S €™ (| (A7 po, A7 wo )||?
t (5.13)
+/ em DA% p", A70ul) | dr,
0
where the positive constant Cy is independent of 7.
Proof. Multiplying A%~1(L.4), by VA ~!pl and using (1.4),, we have
d
el VAao—l L’Acro—l
i p u)
= r{div A% tul div A7 ta) + (A2 (u - Vp)F, div A% )
1
+ — (A% (pdivu)F, div A7)
a
(5.14)

I
- (VAUO_lpL,AUO_l((ﬁ — p)A**u))

— (VAT pl Aoo=IpZay) (VAT pl A0l (u . V)
L(VATO b, A (V) — A(VA T, AT ).
Similar to —, we obtain
|<VA”°1pL,A“01<<w+“;p)a ~ )A%))|
S (VA7 o 2 4 A% u]® + AT A% |?),
(A%~ (u- Vp)E, div A7~ )|
S VAT al? 4 e [|[AT T VplP + n?C, || div A7
(A%~ (pdivu)F, div A7~ a)|
S allA77 V|2 + 9O || div A~ Hul? + p div AT a2,
(VAT pl A% (- V)| S n([VAT b2 + || VATt ?),
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(VA7 P AT (pVp))| S Cey? [ VAT p" |2 + 261 [ VAT~ p|| 2.
Combining these inequalities with (5.14]), we have

d
_ %<VA00—1PL,AUO—1U>
Koo - t _ 0
< v A%0 1. L2 L A%0 1A2a 2 L
< Slldiv ATt 2 4 (B )| w2+ (4 51

+ Ce, K240+ Ce, ) A" |2 + ([ VAT ul|? + [[A7 1 Vp| 2
K o o—
+ [[A%u|]?) + (5 + 10+ Ceyn?)|| div A% Mu|* + 5ey [ VAT |2

Adding (5.12) and 83 x (5.15) with sufficiently small 83 > 0, we obtain

1 d g (o og— oog—
7z A ol + [[A%u|? + B3 (VAT pH AT )
/
+ (AN, ATOA ) — 261 A AU + Bk — 6er) [ VAT p|?

(k+30)
K
< Boml| div AT a7 4 B(E + G 4 Con) AV

3
+ B3(5 40+ CoP)l| div Al + By (5 41+ C, ) [AT0 A

o o 3+4a
+ (n+17) ([AT pl* + AT u]* + [[AT=" ul|?).
(5.16)
Then, there exists a Cy > 0 such that

d o o) oo go
(1A% + [[A7u][*) + Co(|A” p]|* + [ A7)
3+4a

A% pE 2 4+ A2+ A b 2 4 A0 A2 a2
<A 2 4 [JA7u 2

(5.17)

Multiplying (5.17) by e“2* and integrating with respect to ¢ over [0,t], we have

1A% p||? + |A7u]|* < e (|A7 po|* + | A7 uo][*)
¢ (5.18)
+ / e (A" |2 + ATt ) dr,
0

This completes the proof. O

5.3. Decay rates for the nonlinear system. Based on spectral analysis in [36],
we have the following lemma.

Lemma 5.3. Suppose that U = (p,u) is the solution of the Cauchy problem of the
nonlinear problem

1
pt—l—mV-u:—u~Vp—EpV-u::F1,
!/

u; + pA*u+ kVp = _((K—ILUW — )A*u —u-Vu (5.19)

1
— —pVp = Fy,
a
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with the initial data Uy = (po,ug). Then for each integer j > 0, we have that

; _s g
192, (p" ™) (#)| 2 sy S (L +) 735 2| (po, wo) | 1 o)

t

n /02 (14t —7) 738 3| F(U)| g1 gsy (T)dr (5.20)

t )
+[<Lw—rerwmmmﬁvmn

2

where F(U) = (F1(U), F»(U)).

In this subsection, by combining Lemma [5.1] with Lemma [5.2] and Lemma [5.3
we obtain the time-decay rates of the solution to the nonlinear Cauchy problem of

T3).
Lemma 5.4. Under the assumptions of Theorem[1.3, it holds that

1A (o, 0) ()| L2ray S (1 4+1) 733, 0 <0 < op. (5.21)
Proof. Let
a0
M(t) = sup > (1L+7)35TF A (p,u).
OSTSthO

Notice that M (t) is non-decreasing, so for 0 < m < oy,
IA™ (o, w)(T)I| < Cs(1+7) 758~ F M (1), 0<7 <t

holds for some positive constant C3 independent of 7. By using Hélder’s inequality,
we have

IE@) ()l < Tall(IVel + [IVal) + ol divall + [Vol) + [loll|A**ul|

s 1 (5.22)
SM(t)(147)7 372,

and
IEU)D S lalles([Vellze + [[Vullzs) + lpllzs (I divallzs + [Vl Le)

ol e (1A%l

6
[ 200—4a 3= 200 F4a

S Ml (Ve + [IVVal]) + flpll e ([[V dival| + [V Vpll) - (5.23)

34+4a—20¢

+ A= pll|AT
S MO
where e, € (0,1/2). By [15, Lemma 2.5, Lemma [5.3} (5.22) and (5.23)), for 0 <

o < 0y, we have
(A7 p", A7u™)(2)]]

_3 _a
S (L +t) 732 ||[(po, uo) || 1 (ms)

.
2 _3 _¢g _3_1
—|—77M(t)/0 (I+t—7) 3% 2(14+7) 2 2dr (5.24)

t
e M) (1) / (I t—7) 31 7 di-Fegr

2

S (100, o)l grsy +nM(£) + ' =2 M(£) T2 (1) (1 4 ¢) "33,
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It follows from ([5.18)) that
1(A”°p, A7) (t)]?

< e (AT po, A70ug) [[?) + /Ot e~ ([l (po, wo) I ey
P M () + 0?22 M ()22 (1)) (1 + 7) "2 ~7odr
< (I1(pos o) [ oo + n* MP(8) + 0?72 M (£)*F2 (1)) (14 7) 72 7.
Moreover, the decomposition for 0 < o < o yields
I(A7p, A7) ()2 < [I(A7p, A7w)* (1)1 + [|(A7p, A7w) " (1)
SIA7p, A7) " (1) + [I(A7p, A7) (1)
From (5.24), (5.25) and (5.26]), for 0 < o < 0g, we have
1(A7p, A7) (1))
< (I(pos wo) [ oo + 0> MP(£) 40?24 M (> () (1 4+ 7) 7% 7.

By noting the definition of M (t) and using the smallness of 7, from (5.27)), there
exists a positive constant Cy4 independent of 1 such that

M?(t) < Ca([l(po, wo) | meonrr +n*M2(8) + 0> 722 M (8)*F2(1)). (5.28)

By using Young’s inequality, we obtain

(5.25)

(5.26)

(5.27)

1— % 1 4(1—e3)
Can? 22 M (1)*22(t) < 262 Cy ™ + —26277 M), (5.29)
For simplicity, we denote
1—e 25
KO = C4H(p07u0)||H“0ﬁLl + TC4 5 (530)
1 4(1-cp)
O’U = ;627’] 1+522 (531)
From (5.28) and the smallness of 7, we have
M?(t) < Ko + CaM™(¢). (5.32)

Notice that M (¢) is non-decreasing and continuous, we have M (t) < C for any
t € [0, +00). This implies

1A% (o, w) (D 2ms) S (1+18)75 7%, 0< 0 < o0,
and completes the proof. O

6. APPENDIX

To obtain the optimal decay rates of the solution, we need the following results.
First, we need the frequency decomposition of the solution

FHx) = x0(0a) f(2),  fM(2) =x100:)f(2), f™(x) = (1= x0(82) — Xx1(0x)) f ().
Here x0(02) = F ' (x0(§)) and x1(9,) = F~1(x1(€)) satisfy 0 < xo(£), x1(§) < 1

and
o 1a ‘§| < T0/27 _ 07 |£‘ < ROa
XO(é-) B {Oa ‘€| > To, Xl(é-) B {17 |£‘ > RO + 17
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for some fixed rg and Ry. Therefore, it is easy to see that

fla) = fl@) + f™(@) + (@) = fH () + M) = fl2) + 7 (=), (6.1)

where f5(z) = f!(z) + f"(2) and fH(z) = f"(2) + f"(2).

Lemma 6.1 ([38]). For f(z) € H*(R®) and any given integers k, ko, ki with ko <
k < ki <s, it holds that

1OF fll Loqmey < v l|0k fHllpzrsy, 110K FHllLemsy < 1108 Fllp2rs),
1
195 £ llzecen) < g 08" Fllnaceny, WO S lzaquoy < 1105 fll 2oy,
0

el I 2@sy < 105 F™ |z2wey < RENF™ |2 (re)-
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