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GLOBAL ASYMPTOTIC STABILITY IN QUADRATIC SYSTEMS

JAUME LLIBRE, CLAUDIA VALLS

ABSTRACT. A classical problem in the qualitative theory of differential systems that is relevant
for its applications, is to characterize the differential systems which are globally asymptotically
stable, that is differential systems having a unique equilibrium point for which all their orbits,
with the exception of the equilibrium point, tend in forward time to this equilibrium point.
Here we provide three conditions that characterize the global asymptotic stability for planar
quadratic polynomial differential systems. Using these three conditions we characterize all
planar quadratic polynomial differential systems that are globally asymptotically stable.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let f = (f1, f2): R? — R? be a polynomial map. In this article we deal with the polynomial
differential systems

i‘:fl(xay)v y:fQ(xvy)7 (1'1)
using a dot for the derivative with respect to .

These systems are globally asymptotically stable if they have an equilibrium point p such that
any orbit (z(t),y(t)) with maximal interval (o,w) different from p satisfies that (z(t),y(t)) — p
ast — w.

To find conditions which guarantee global asymptotic stability of an equilibrium point in a
planar polynomial differential system is, in general, a difficult problem. Lyapunov’s function
method is probably the most common method used, but in general to find a Lyapunov function
is not easy.

There is a result proven in 1993 and known as the Markus-Yamabe conjecture which provides
sufficient but not necessary conditions for the global asymptotic stability in the plane. These
conditions are that the differential system has a unique equilibrium point, the trace of the Jacobian
matrix D f is negative and its determinant is positive for all (z,y) € R2. While the Markus-Yamabe
conditions for C! differential systems in R? guarantee asymptotic stability in R? (see [9} 1T}, [12])
this is not the case in R™ with n > 2, see [2, [4].

In this article we provide necessary and sufficient conditions that characterize the global as-
ymptotic stability of planar quadratic polynomial differential systems. Using this characterization
we are able to characterize all quadratic systems that are globally asymptotically stable. We recall
that the polynomial differential system has degree n if the maximum of the degrees of the
polynomials fi(z,y) and fa(x,y) is n. When n = 2 the planar polynomial differential system
is called simply a quadratic system.

We recall that a polynomial differential system in the plane is bounded if there are no orbits
(x(t),y(t)) with maximal interval of definition (o, w) such that x(¢)? + y(t)? — oo when t — w,
i.e. the w-limit of any orbit never is the infinity. We recall that a limit cycle is a periodic orbit
isolated in the set of periodic orbits of the differential system. The first result of the paper is the
following proposition.
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Proposition 1.1. The quadratic system (1.1)) is globally asymptotically stable if and only if it
satisfies the following three conditions:

(C1) The differential system (1.1)) has a unique equilibrium point p € R?.
(C2) The differential system (1.1) has no periodic orbits.
(C3) The differential system (1.1) is bounded.

As we shall see the proof of Proposition [1.1| mainly follows from previous results in [0], summa-
rized in [7, [14].

One can say that the Poincaré disc is the closed unit disc centered at 0 € R? whose interior
is identified with R? and its boundary S! is identified with the infinity of R2. A polynomial
differential system in R? can always be extended analytically to the Poincaré disc, and in this way
we can study the orbits of the polynomial differential system in a neighbourhood of the infinity.
For more details see Section [2[and [8, Chapter 5].

F1GURE 1. Orbits drawn as continuous curves are the separatrices of the differ-
ential system, while broken curves are not separatrices

The next result follows from [I4, Theorem 2 of Chapter 4], also stated in [7, Theorem 2.14],
both without proof. For a “proof” of these mentioned two theorems modulo limit cycles see [6].
More precisely, the proof of [, Theorem [1.2] assumes (without proof) that the bounded quadratic
systems with a unique finite equilibrium point either has no limit cycles, or it has at most one
limit cycle, see [6, page 267].

Theorem 1.2. The phase portraits in the Poincaré disc of the bounded quadratic systems with
a unique equilibrium point and without limit cycles are topologically equivalent to one the phase
portraits of Figure 1]

Using Proposition [1.1| we characterize all quadratic systems that are globally asymptotically
stable. Without loss of generality we can always assume that p is the origin of coordinates. We
recall that a quadratic system with the origin as an equilibrium point can be written as

with
fi(z,y) = a102 + any + az20” + an1xy + aozy?,
fa(2,y) = brox + bory + baox® + brixy + boay?,
where a;;,b;; € R for ¢ =0,1,2 and j =0,1,2.
Our main result is the following one. The statement of the next theorem coincides with the
statements of [I4] Theorem 2 of Chapter 4], or [7, Theorem 2.14], but in the present article this

theorem is proved without the assumption that the bounded quadratic systems with a unique
finite equilibrium point either has no limit cycles, or it has at most one limit cycle.

Theorem 1.3. The unique quadratic systems that are globally asymptotically stable are the fol-
lowing ones.
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(i) & = a0z, ¥ = brox + bory + xy, with a1g < 0 and by < 0.
(11) T = a10r + ag1y + y2, Y= b(ny, with a1g < 0 and by < 0.
(iii) & = ao1y +¥y2, ¥ = —anz + bory — vy + cy?,
with agy 7’5 0, b91 <0, ce (—2,2) and cag; — bgy > 0.
(iv) & = any +y2, ¥ = —ap1x — vy + cy?, with cagy > 0 and c € (—2,2).
(v) &= a0z + any +y%, ¥ = biox + bory — 2y + cy?, with a10 < 0, ¢ € (=2,2), ayg +bor < 0
and (a01 — blO + (1106)2 + 4(&01[)10 - a10b01) < 0.
(vi) @ = ajox + ao1y + 2, ¥ = brox + bo1y — 2y + cy?, with ajp <0, ¢ € (—2,2), ajg+bo1 =0
and (a01 —bio + a100)2 + 4(&01b10 — a10b01) < 0.
(vii) & = ajox + aprry + y%, ¥ = biox + bory — xy + cy?, with a;p < 0, agy = bio — aioc,
1)01 = blO(blO — algc)/alo and c € (*2, 2)

In the next section we state several preliminary results that we need for proving Theorem |1.3
In section [3] we prove Proposition [I.1] and Theorem

2. PRELIMINARIES

In this section we introduce some preliminary results that will be used during the proof of
Theorem The following theorem characterizes the quadratic systems that are bounded, for a
proof see [0, Lemmas 1-4].

Theorem 2.1. A quadratic system is bounded if and only if it is one of the following systems.
(I) T =a10T, Yy = biox + bmy + Yy, with a1 < 0 and by; < 0.
(II) T = a10T + ap1y + y2, Uy = bory, with a1g <0, bg1 <0 and a9 + bpr < 0.
(1) & = aory +y2, ¥ = bory — xy + cy?, with ¢ € (—2,2).
(IV) & = a1y + ¥, § = —ao® + bory — xy + cy?, with agy # 0, ¢ € (=2,2) and capr — b1 > 0.
(V) & = a0z + ao1y + y2, ¥ = brox + bo1y — xy + cy?, with a1gp < 0 and ¢ € (—2,2).
The following theorem computes the Lyapunov constants for quadratic systems having a center
at the origin of coordinates, for a proof see [13].

Theorem 2.2. Consider a quadratic system
&= —y+ a0z’ + anz +any’, § =+ by’ +buz + beay’.
Let wy = Aa — BB, we = y(B(BA — B) + a(5B — a)) and ws = v5(AB + Ba), where
A =az +ape, B=by+bo, «o=a+2bw, B=0b+2az,
v = by A® — (az0 — b11)A®B + (bo2 — a11)AB* — ag2 B?,
§ = aty + b3y + aoa A + by B.
Then the following statements hold.

(i) The origin is a center if and only if w1 = we = w3 = 0.
(ii) The origin is a weak focus of order 1 if wy # 0 (stable if wy < 0 and unstable if wy > 0).

The next result, proved in [5, Theorem 6], shows that for a quadratic system inside the region
bounded by a limit cycle there is a focus.

Theorem 2.3. An equilibrium point in the interior of a periodic orbit of a quadratic system must
be either a focus or a center.

The following result characterizes the quadratic systems that can have limit cycles (see the
beginning of [I8, Chapter 12]).

Theorem 2.4. Any quadratic system that can have a limit cycle after an affine transformation
can be written in one of the following forms
(a) & = yPi(x,y), ¥ = Qa2(z,y), being Pi(x,y) a linear polynomial and Qa(x,y) a quadratic
one;
(b) = Py(z,y), y = 2Q1(x,y), being Q1(x,y) a linear polynomial and Py(x,y) a quadratic
one.
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The following theorem provides the local phase portraits of semi—hyperbolic equilibrium points
for planar polynomial differential systems, for a proof of it see [I] or [8, Theorem 2.19].

Theorem 2.5. Let (0,0) be an isolated equilibrium point of the planar polynomial differential
system
i=F(z,y), 9=y+G(z,y)
with F and G being polynomials with at least second degree terms in x and y. Let y = g(x) be
the solution of y' = y + G(x,y) = 0 and assume that F(z,g(x)) = apmz™ + -+, where m > 2 and
am # 0. Then
(i) If m is odd and a,, > 0, then (0,0) is an unstable node.
(ii) If m is odd and an, < 0, then (0,0) is a saddle.
(iii) If m is even, then (0,0) is a saddle-node.

The following theorem was proved in [I0, Theorem 4(x)].
Theorem 2.6. Consider the Abel differential system

d

ch = A(0)p° + B(0)p?. (2.1)
If there exists two real numbers a and b such that aA(8) + bB(6) £ 0 and aA(0) + bB(0) is either
>0, or <0 for all 6 € [0,27], then the differential system (2.1)) has at most one limit cycle in the
region p > 0, and if it exists it is hyperbolic.

The Poincaré compactified vector field p(X) of the polynomial vector field X = (f1(z,y), f2(z,y))
is an analytic vector field on the 2-dimensional sphere

S? = {2 = (z1,22,23) ER® 1 2% + 23 + 25 =1}
as follows (for more details, see [§, Chapter 5]). Let T,,S? be the tangent plane to S? at the point .
We identify R? with T(O’O’l)SQ and we consider the central projection P: T(O’O,l)SQ — S2. The map

P defines two copies of X on S?, one on the southern hemisphere and the other on the northern
hemisphere. Denote by X the vector field D(P o X) defined on S? \ S!, where the equator

St = {(xth,xg) €S?:a5= O}

of the sphere S? is identified with the infinity of R?. Since the degree of X is 2, p(X) is the
unique analytic extension of x2X to S%2. On S? \ S' there are two symmetric copies of X, and
once we know the behavior of p(X) near S!, we know the behavior of X near the infinity. The
projection of the closed northern hemisphere of S? on w3 = 0 under (x1, x2,z3) > (21, 3) is called
the Poincaré disc D and the boundary is S! (note that the Poincaré compactification leads S*
invariant by p(X)).

Let X be a polynomial vector field and let (¢, p) be the orbit of X passing through the point
p at time ¢ = 0, defined on its maximal interval (o, w). If w = co we define the set

w(p) = {q € R? : there exist {t,} with ¢, — co and ¢(t,) — ¢ when n — co}.
The set w(p) is called the w-limit set of the orbit (¢, p). If @« = —oo we define the set
a(p) = {q € R? : there exist {t,} with ¢, - —oo and ¢(t,) — ¢ when n — co}.

)
The set a(p) is called the a-limit set of the orbit (¢, p). If p is a point of the orbit ~, then we
define a(v) = a(p) and w(y) = w(p), note that these definitions do not depend on the point p of
the orbit v
For a proof of the next result see for instance [8, Chapter 1].

Theorem 2.7 (Poincaré-Bendixson Theorem). Let o(t,p) be an orbit of a polynomial vector field
X defined for all t > 0, such that v, = {¢(t,p) : t > 0} is contained in a compact set. Assume
that the vector field X has a finite number of equilibrium points in w(p). Then one of the following
statements holds.

(i) If w(p) does not contain equilibrium points, then w(p) is a periodic orbit.
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(ii) If w(p) contains equilibrium points and points which are non-equilibrium, then w(p) is
formed by a finite number of orbits y1,...,v, and a finite number of equilibrium points
Dls--.,Pn Such that a(y;) = pi, w(yi) = pig1 fori = 1,...,n — 1, a(y,) = pn and
w(yn) = p1. Possibly, some of the equilibrium points p; are the same.

(iii) If w(p) does not contain non-equilibrium points, then w(p) is an equilibrium point.

3. PROOF OF PROPOSITION [[.1] AND THEOREM [L.3]

Proof of Proposition[I.1, Assume first that a quadratic polynomial differential system is
globally asymptotically stable. Then conditions (C1), (C2) and (C3) hold because such a system
only has one equilibrium point, it does not have periodic orbits and has no orbits going to infinity,
respectively.

Now we shall prove that a quadratic system satisfying conditions (C1), (C2) and (C3) is globally
asymptotically stable. Indeed, a quadratic system satisfying conditions (C1), (C2) and (C3) verifies
the assumptions of Theorem so its phase portrait in the Poincaré disc is one of the three phase
portraits of Figure[l] and consequently such quadratic system is globally asymptotically stable. O

In what follows we say that a quadratic system with a unique equilibrium point satisfies condi-
tion (C4) if such equilibrium is locally asymptotically stable. We shall need the following result.

Proposition 3.1. The unique equilibrium point of a globally asymptotically stable quadratic system
is locally asymptotically stable, i.e. it satisfies condition (C4).

Proof. Since the phase portraits of the globally asymptotically stable quadratic systems are (a), (b)
and (c) of Figure 1} it follows that their equilibrium points are locally asymptotically stable. [

Now we start the proof of Theorem|1.3] i.e. we want to characterize the quadratic systems which
are globally asymptotically stable. So, by Proposition we shall assume that the quadratic
system satisfies conditions (C1), (C2) and (C3), and by Proposition such a quadratic system
also satisfies condition (C4). Using these four conditions we shall prove Theorem [1.3

In view of Theorem [2.1] we can restrict to study the quadratic systems given in the cases (I)~(V)
of that theorem, because are the unique ones that satisfy that the differential systems are
bounded. We study each case in a separate subsection.

3.1. Case (I) in Theorem We consider the system
T =ayx, Y =bir+byy+ zy, (31)

with a19 < 0 and by; < 0.

This system satisfies condition (C3). In order that it satisfies condition (C1) we shall see that
the origin is the unique equilibrium point. Indeed the equilibrium points of system satisfy
x = 0 and by;y = 0. So in order that the origin is the unique finite equilibrium point we must have
bo1 # 0. So bp1 < 0 and condition (C1) holds. Since the straight line = 0 is invariant, system
has no periodic orbits, and condition (C2) holds. Hence from Proposition we obtain that
system under the condition (i) of Theorem is globally asymptotically stable.

3.2. Case (II) in Theorem We consider the system
& = aw +any +y°, §=Dboy, (3:2)

with a19 <0, bg1 < 0 and aqg + boy < 0.

This system satisfies condition (C3). In order that it satisfies condition (C1) we shall see
that the origin is the unique equilibrium point. First note that by; # 0 otherwise we have a
continuum of equilibrium points. When bg; # 0, the equilibrium points of system satisfy
y = 0 and ajgx = 0. So, in order that the origin is the unique finite equilibrium point we must
have ajg < 0. Therefore condition (C1) holds. Since the straight line y = 0 is invariant, system
has no periodic orbits, and condition (C2) holds. Again from Proposition [1.1] system
under conditions (ii) of Theorem is globally asymptotically stable.
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3.3. Case (IIT) in Theorem We consider the system
i =any+y°, §=Dbony—zy+cy’,

with ¢ € (—2,2). Note that this system has a continuum of equilibrium points, so it is not globally
asymptotically stable.

3.4. Case (IV) in Theorem We consider the system
i=any+y’, §=—anz+buy—zy+cy’, (3.3)

with ag1 # 0, ¢ € (—2,2) and cag; — b1 > 0. This system satisfies condition (C3).

In order that it satisfies condition (C1) we shall see that the origin is the unique equilibrium
point. The equilibrium points satisfy y(y + ag1) = 0. In order that the origin is the unique
equilibrium point we must have cag; — bp1 > 0 (if cagy — bpr = 0 then there is a continuum of
equilibria). Hence condition (C1) holds.

Now we study when the origin is locally asymptotically stable. We compute the eigenvalues of
the Jacobian matrix at that point and we see that they are Ay = (bo1 & +/b3; — 4a3;)/2. If boy # 0
the origin is locally asymptotically stable if and only if by; < 0 in which case it is a hyperbolic
stable node (if b3; —4a2, > 0), or a hyperbolic stable focus (if b2, —4a3; < 0). On the other hand,
if bp; = 0 then it is either a weak focus or a center. To see when the origin is a stable focus we use
Theorem For this we rescale system by setting the independent variable dt; = —ag; dt
and we obtain

¥ =y —g?, Y ma— Dyy Ly 2, (3.4)
ao1 ao1 ao1 ao1
where the prime means derivative in the new time ¢;. Applying Theorem to system we
obtain that the Lyapunov constants are

3c 6c(c? — 1) 2¢(2¢ — 1)
w=—, W2=—"% , W3=—"""g
Apy1 Qo1 apy

Note that ¢ # 0, otherwise the origin is a center. So the origin of system is a stable focus
if either ¢ < 0 and ag; < 0, or ¢ > 0 and ag; > 0. Hence, the origin of system is locally
asymptotically stable if and only if either by; < 0, or bg; = 0, and cag; > 0. Hence condition (C4)
holds.

Finally, we see when there are no limit cycles. We claim that

System (3.3) has no limit cycles under the assumptions that condition (C4) holds. (3.5)

Now we prove the claim. Note that if we prove the claim we will prove Theorem [1.3| in this
case (see statements (iii) and (iv) of Theorem since the unique global asymptotically stable
systems in case (IV) are the ones with either ap; # 0, ¢ € (—2,2), capr — bp1 > 0 and bp; < 0, or
cag1 > 0, bp1 = 0 with c € (—2, 2)

Note that system is invariant under the change

(xv Y, ao1, bOla C) — (.’E, —Y, —aoi, b017 _C)

and so without loss of generality we can assume that ap; < 0. Now we introduce the change of
variables and the rescaling of the independent variable

1 1
X=————2x Y=——y, T=-—apt
ao1 ao1
With this change system (3.3)) becomes
X' =-Y+Y? Y =X4+bY — XY +cYV? (3.6)
where b = —bg1/ag1 < 0, and the prime denotes the derivative in the new time 7.

We note that the straight line Y = 1 is either transversal (that is all the orbits of system (3.6))
cross it in the same direction), or invariant. Indeed

Y/|Y:1 =b+ec
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Therefore, the possible periodic orbits of system (3.6) must be contained in the half-plane IT of
R? defined by

I={(X,Y)eR?*:Y <1}.
Now we consider two cases.

Case b # 0. In this case since we are assuming that condition (C4) holds we have that b < 0. Note
that
Y -Y?2 X+bY XY +cY?\ 9
det (Y CY? X by — XY 4 ey?) = G20V =Y,

and so it follows from [8, (7.19)] and the references [I5, [16, [I7] that the vector field
(X,Y)=(Y = Y%, X +bY — XY +¢Y?) (3.7)

is a generalized rotated vector field in the half-plane IT with respect to the parameter b < 0, and
in the half-planes of R? separated by the straight line Y = 1 (note that ¢ € (=2,2)). So, the
vector field is a generalized rotated vector field in the half-plane II. We shall prove that in
the half-plane II system has no limit cycles.

Assume that the differential system has limit cycles and we shall arrive to a contradiction.
Then such limit cycle must surround the equilibrium point (0, 0) (see [8, Theorem 1.31]). Moreover,
since b < 0 these limit cycles are travelled in counterclockwise sense. Let v be the closest limit cycle
to the stable equilibrium point (0,0). This limit cycle is internally unstable. By the properties of
the rotated vector fields (see [8, Section 7.4]) we see that when b increases the limit cycle contracts
tending to the origin of coordinates but since the origin is a hyperbolic stable equilibrium point
for any value of b < 0 such a limit cycle cannot exist. This proves the claim when b < 0.

Case b= 0. In this case system (3.6) becomes
X' =-Y+Y? Y =X-XY 4cY2 (3.8)
We introduce polar coordinates
X =rcosf,Y =rsinf
and system (3.8]) becomes
' =cr?sin®®, 0 =14 rsinf(—1+ ccosfsinf) (3.9)
that we write as
dr cr? sin 63 o«
dd  1+rsinf(—1+ccosfsinf) 1+ Br’

with @ = cr?sinf® and 8 = sinf(—1 + ccos@sinf). It is proved in [3] that the limit cycles of a
quadratic polynomial differential system surrounding a focus localized at the origin of coordinates
are contained in the region 6’ > 0, or #’ < 0. So the change of variables r — p given by

r

T 1+ rsinf(—1 4+ ccosfsin §)
is well-defined. In these new variable system (3.9) becomes the Abel differential system

P

d
d%’ = A(0)p® + B(0)p? (3.10)
with
A(0) = esin® (1 — g sinf) and B(#) = cosf + c(sin 6 — sin(36)).

Note that A(¢) < 0 for any 6 € [0, 27] because ¢ € (—2,0) and so it follows from Theorem [2.6] (with
a =1 and b = 0) that the differential system has at most one limit cycle and if it exists it is
hyperbolic. But if such a limit cycle is hyperbolic, it persists for values of b < 0 sufficiently small
but this is not possible due to the fact that it was proved in Case b < 0 that system has no
limit cycles. This proves the claim when b = 0 and concludes the proof of the theorem in
Case (IV).
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3.5. Case (V) in Theorem We consider the system
&= a0z + any + %, § = bz +bory — zy + (3.11)

where a1p < 0 and ¢ € (—2,2). This system satisfies condition (C3).
In order that it satisfies condition (C1) we shall see that the origin is the unique equilibrium
point. The equilibrium points of system (3.11]) satisfy

_ _Ylaoi +y)
B a10
and
y(ai0bo1 — ap1bio + (ao1 — bio + aroc)y +y*) = 0. (3.12)

So in order that the origin is the unique equilibrium point the unique solution of (3.12)) must be
y = 0. We have two cases:

1. (a01 — blO + a100)2 + 4(0,01[)10 — a10b01) < 0,
2. apgr = blO — aj19C and
a1obor — bio(b1o — aioc) = 0,
i.e. b01 = (blo(blo — aloc))/alo.
Now we study when conditions (C4) and (C2) are satisfied. We consider the cases 1 and 2
separately.

Case 1: Condition 1 holds.

First we prove that system under conditions 1 do not have limit cycles. We will apply
Theorem by showing that system cannot be written with any affine change of variables
in the form (a) or in the form (b). Since (0,0) is the unique equilibrium point it is sufficient to
do a linear change of variables instead of an affine change of variables. Hence we apply to system
the general linear change of variables

by — dx _caxr—ay
bey — ad’ " bey —ad’

which maintains the origin as an equilibrium point. With this linear change of variables system

becomes
X = (abbyg + bbo1c1 — aayod — agrc1d) X + (b%b1g — d(ai0b — bboy + ap1d))Y
—cy(ab — beey 4+ c1d) X2 — (bPey + bla — 2ccp)d 4 2¢1d*) XY
—d(b? — bed + d*)Y?,
Y = —(a®b1g — alaig — bo1)c1 — ap1c?) X + (e1(ayob + aord)
—a(bbig + bo1d))Y + c1(a® — acey + c3) X3
+ (a?d +2¢2d + aci (b — 2¢d)) XY + d(cyd + a(b — cd))Y?.

We first impose that system (3.13)) can be written in the form (a) of Theorem that is, that
satisfies

X = be; — ad # 0,

(3.13)

abbyg + bbo1c1 — aaipd — agrerd = ¢1(ab — beey + ¢1d) =0, ad — be # 0.

Doing so we obtain two solutions (a,d;) and (a_,d_) where

c
at = —j(am +b19 — aro¢ F v/ (ao1 — bio + a10¢)? + 4(ao1bio — a1obor)),
10

b
dy = m(am +b1o + aroc £ v/ (aor — bio + a10¢)2 + 4(ao1b10 — a10bor))-

Note that these solutions are never real because condition 1 implies that
(a1 — b1o + a10¢)* + 4(ag1bro — aiobor) < 0.

Now we impose that system (3.13) can be written in the form (b) of Theorem that is, that
satisfies
C1 (alob + a01d) — a(bb10 + b()ld) = d(Cld + a(b - Cd)) == 0, ad — be 7& 0.



EJDE-2025/36 GLOBAL ASYMPTOTIC STABILITY 9

Doing so we obtain two solutions (by,c¢™) and (b_,c¢™) where

d
by = —m(am + by — aroc = v/(ao1 — bio + a10¢)? + 4(ap1bio — aiobor)),

a
ct = f(am +b1g + aoc £ v/ (ao1 — bio + a10¢)2 + 4(ao1b10 — a10bo1))
10

which are also not real because condition 1 implies that
(ao1 — bio + a10¢)® + 4(ag1bio — a10,bo1) < 0.

Therefore, in view of Theorem system under the assumptions of Case 1 does not have
limit cycles, and condition (C2) is verified.

Now we compute when condition (C4) holds, that is, when the origin is locally asymptotically
stable. In this case the determinant of the Jacobian matrix at the origin is different from zero so
the origin is a hyperbolic equilibrium point. The eigenvalues of the Jacobian matrix at the origin
are

1
Ar = 3 (a10 + bo1 £ v/(a10 — bo1)? + 4(ao1bio — a10bor))-

By condition 1 we have ag1b19 — a10bp1 < 0, so in order that it is locally asymptotically stable we
must have that either ajg + bg; < 0 (in which case is a hyperbolic stable node if (a19 — bo1)? +
4((101()10 — a10b01) Z 0 and a hyperbolic stable focus if (a10 — b01)2 + 4(a01610 — a10b01) < O), or
a1p + bor = 0 in which case it is either a weak focus or a center when a2, + ag1b1o < 0.

In the first case when ajg +bp1 < 0 condition (C4) is satisfied and since we have already proven
that conditions (C1), (C2) and (C3) are satisfied we obtain from Proposition that the origin
is globally asymptotically stable proving Theorem v).

Assume now that ajg + b1 = 0 and a?; + ap1b1o < 0. In particular, ag; # 0. To see when the
origin under these conditions is a stable focus we use Theorem We need to write system
as in Theorem We introduce the change of variables and a rescaling of the time of the form

1 / /
Tr = )(7 Yy = 7@701 (aloX + 70%0 — a01b10Y), t=1T 7&%0 — 0,01()10.

With these new variables and time system (3.3)) becomes
2 /2
a 2@10 —a — a01b10
X/ =_Y 4 5 210 X2 + 5 XY + 10 5 YQ,
ag1/ —aiy — ao1bio apy apy
2 2 2 2
alo(am + aig + amaloc) 2 aqq + 2&10 + 20301(1106
2 (2
agy (a3 + ao1bio) agy\/—a3y — aoibio

B (a10 + ao1¢) 2
2 b
ap1

Y =X+ XY (3.14)

where the prime means derivative with respect to the new time 7. Applying Theorem to

system ((3.14) we obtain that the Lyapunov constants are
W — a10b10 — 2(@%0 + b%O)C + 2@10[)1062 + a01(—a10 + bloc)
1=
ao1(—a?y — ag1bio)?/? ’
. (a10 — bloc) (a%o =+ b%O — alobloc) (a01 — 6ajgc + b10(602 — 5))
W2 = — 3 2 772 ’
agy(—afy — ao1bio)
e (a10 — bioc)(aty + b3y — aiobioc) (bio + 2a19c — 2b1oc?)
3 =
agy (—afy — agibig)/?
+ agya10(2a10 — bioc) + ad; (—2b3, + 3ad,c — aigbio(1 4 ¢?))

+ agra3y(—5b3y — 2a1obioc + a (3 + ¢2))).

(ailo(—Sblo + 2a10¢)

If a9 = bypc condition 1 becomes (ag1 + b1o(1+c?))? which is never negative and so we must have
a19 # bigc. In this case we can solve w; = 0 by setting

a10b10 — 20,%00 — Qb%OC + 2(110b1002

ap1 =
a0 — bioc
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Imposing the value of ag; in condition 1 together with bg; = —a19, condition 1 becomes
(a2, + b2y — aiobioc)(4a?y — 12a19bioc + adyc? + 9b3,c? — arobioc?)

< 0.
(@10 — b19c)?

But this condition is never satisfied because when ¢ € (—2,2) we have a3, + b, — aipbipc > 0 and
4a%0 — 12a19b1gc + a%oc2 + 9be(:2 — ajobioc® > 0.
Indeed
afo + b%o — aigbipc =0 yields aig = bigc =+ b1g \/T—i-cz,
which is not real for ¢ € (—2,2) and additionally
afy + by — arobiocle—o = aiy + bl > 0.

This proves that a%, + b3, — aigbipc > 0 on ¢ € (—2,2).
Furthermore,
4a%0 — 12a19b1gc + afoc2 + Qbfoc2 —aipbip® =0
yields
12b1gc + bigc® + broc2V—12 + 2
2(4+¢?) ’
which is not real on ¢ € (—2,2) and additionally

a0 =

4a§0 — 12a109b19c + G?OCQ + gb%OCQ — a10b1003|c:0 = 4&%0 > 0.
This proves that
4a?0 — 12a19b19c + a?ocz + 9b%062 — a10b1063 >0
once (—2,2).
In short in this case w; never vanishes. Imposing condition 1 with byp; = —ag, i-e.,
4a%0 + 4&01b10 + (a01 — blO -+ a100)2 < 0,
together with the condition a3, + ag1b1o < 0 and w; < 0 we obtain the following conditions that
the parameters must satisfy
(3) ao1 <0, apgr < a10/2 <0,

—ag1 — 2a10 — 24/ 2ap1a10 — afy < bio < —ap1 — 2a10 + 24/ 2a01a10 — a3y,

and

—2<c< (—a01 —+ blo)/alo —+ 2\/—((1%0 —+ a01b10)/a%0,
(4) apr > 0, —2ap1 < a19 <0,

—ao1 + 2a10 — 24/ —2a01a10 — a3y < bio < —ao1 + 2a10 + 24/ —2a01a10 — a3y,

and

(b1o — ao1)/ai0 — 2\/*@%0 + ag1bio) /a3y < ¢ < 2.

We note that we have verified conditions (3) and (4) using the instruction Reduce of the algebraic
manipulator Mathematica. These conditions are equivalent to condition (vi) in Theorem This

proves Theorem (vi).
Case 2: Condition 2 holds. In this case the Jacobian matrix at the origin is

(a0 bio —aioc
J= b bio(bro—aioc) | -
10 wo

Since a9 # 0, the origin is never a linearly zero equilibrium point. The eigenvalues of J are A\; =0
and )\2 = (CL%O + b%O — alobloc)/alo. Note that )\2 =0 1if and only if

1
ajp = 5(()106 + b10\/ 02 — 4)
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which is not possible because ajp < 0 and ¢ € (—2,2). So the origin is a semihyperbolic equilibrium
point. In order to apply Theorem we need to write system (3.11]) in Jordan canonical normal
form.

If b1p = 0, system (3.11]) has y = 0 as an invariant straight line and so it cannot have periodic
orbits implying that condition (C2) holds. Hence in this case conditions (C1)—(C3) of Proposi-
tion [I.1] are satisfied and so the origin is globally asymptotically stable. If byg # 0, we introduce

the change of variables
1

= b2, — aiobioc) X + a2,
x a%o—l—bfo—alobloc(( 10 — a10b100) X + ajoY),

a1ob1o
Yy = Y-X )
CL%O + b%O — alobloc( )

and a rescaling of time
aio

a%o + b%o — alobloc
With these new variables and time system (3.11)) can be written as

3

a
X/ — _ 10 XY — Y2 ,
(aiy + bYy — arobioc)? ( )

1
(a3y + b3y — a10b10c)?

where the prime means derivative in the new time t;. Note that

dty = dt. (3.15)

Y =Y + (alob%0X2 — aloblo(blo + aloc)XY + a%obloch),

412
, _ a1obio X34 ...
_ a10b7g - 2 2 4
Yo ez Xt (adg + bl — anobioc)

and since a1 < 0, big # 0 and a%o —i—b%o —aypbrpc > 0 for ¢ € (-2,2), by Theoremwe conclude
that the origin is an unstable node. Going back to system its origin is a stable node due
to the change in the time given in (3.15)). So condition (C4) holds and by Theorem condition
(C2) is also satisfied.

Since under condition 2 the three conditions (C1)—(C3) of Proposition are satisfied, the
origin is globally asymptotically stable, proving Theorem (Vii).

X'|
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