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FINAL EVOLUTIONS FOR LOTKA-VOLTERRA SYSTEMS IN R3> HAVING A
DARBOUX INVARIANT

JAUME LLIBRE, YULIN ZHAO

ABSTRACT. The Lotka-Volterra systems have been studied intensively due to their applications.
While the phase portraits of the 2-dimensional Lotka-Volterra systems have been classified, this
is not the case for the ones in dimension three. Here we classify all the 3-dimensional Lotka-
Volterra systems having a Darboux invariant of the form z*1y*2z*3e5t, where \;,s € R and
s(A2 + A3 + A2) # 0. The existence of such kind of Darboux invariants in a differential system
allow to determine the a-limits and w-limits of all the orbits of the differential system. For this
class of Lotka-Volterra systems we can describe completely their phase portraits in the Poincaré
ball. As an application we illustrate with an example one of these phase portraits.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
The well known Lotka-Volterra systems in dimension 2 are the differential systems of the form
& = x(ag + a1 + agy),
¥ =y(bo + brx + bay).

They were introduced by Lotka [24] and VolterraVo in 1925 and 1926, respectively, for studying the
interaction between two species. Nowdays all the topological phase portraits of these differential
systems have been classified by Schlomiuk and Vulpe [32].

The Lotka-Volterra systems in dimension 3 are the differential systems

& =x(ag + a1 + asy + azz) = P(x,y, 2),
g = y(bo + b1z + boy + b32) = Q(x,y, 2), (1.1)
2 =2z(co+ c1x + coy + c32) = R(x, y, 2),

in the space R3. The classification of all their topological phase portraits is an open problem.

At the beginning the differential systems described the growth rate of populations in a
community of three interacting species in population dynamics, where z(t), y(¢t) and z(t) are the
population density of the three species at time ¢, and a;,b;,¢;, ¢ = 0,1,2,3 are real constant
numbers. For more details on Lotka-Volterra systems see for instance [I8, [17, [33].

The dynamics of the Lotka-Volterra systems are far from being understood, although
some dynamics for special families of these systems have been revealed (see [II 2, 23] 36} B7]).
For instance, the theory on cooperative or competitive systems was developed by Hirsch in the
papers [10]-[16], where he proved that these systems generically exhibits a global attractor which
lies on a 2-dimensional manifold. In [Il 2, 23] the authors studied the global phase portraits in
the Poincaré compactification of some classes of differential systems .

But there are many other natural phenomena modeled by the Lotka-Volterra systems, such
as the evolution of electrons, ions and neutral species in plasma physics [20], or the coupling of
waves in laser physics [19], or the interaction of gases in a background host medium [25], or the
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convective instability in the Benard problem [5] in hydrodynamics, or they play a role in neural
networks [28], etc. Moreover the interest in the Lotka-volterra systems increases with the work
of Brenig and Goriely [3], [4] who proved that many ordinary differential equations, coming from
physics, chemistry, biology and economics, can be transformed into Lotka-Volterra systems using
a quasimonomial formalism.
A function I(x,y, z,t) is an invariant of system if it is constant on the solutions of the
system, i.e.
d@y.zt) 0Ly, 01, 0L, 0L
dt Ox dy 0z ot
on the trajectories of system . In other words, an invariant is a first integral which depends
on the time. When I(z,y,2,t) = f(x,y, z)e’, where s is a non—zero real constant, we say that the
invariant I is a Darboux invariant. For more details on Darboux invariants see [8, Theorem 8.7].
As we shall see the existence of a Darboux invariant for a differential system will allow to
determine the a— and the w-limits of all the orbits of this system. So the existence of a Darboux
invariant simplifies strongly the description of the qualitative dynamics of a differential system.
The objective of this paper is to show how we can describe completely the dynamics of the
Lotka-Volterra systems having a Darboux invariant of the form

I(z,y,2,t) = a1y, (1.2)

with s(A2+A3+)2) # 0. More precisely, how to provide the phase portraits of such Lotka-Volterra
systems in the Poincaré ball B3. Roughly speaking the Poincaré ball B3 is the closed unit ball
centered at the origin of coordinates of R3, the interior of this ball has been identified with R3,
and its boundary (the 2-dimensional sphere S?) is identified with the infinity of R3. In R3 we can
go to or come from the infinity in as many directions as points has the sphere S2. A polynomial
differential system, as the Lotka-Volterra systems , can be extended to the closed Poincaré
ball B3 in a unique analytic way. See a brief introduction of the Poincaré ball in section [3| where
we introduce the equations of a polynomial differential system in the Poincaré ball, that we shall
need for obtaining our results.

The following result provides all the Darboux invariants of the form for the Lotka-Volterra
systems (|1.1)).

0

Theorem 1.1. Ezcept permutations of the variables x, y and z the Lotka-Volterra systems (|1.1)
have the following three classes of Darboux invariants of type (1.2)).
(a) If ag + by + co # 0 then xyze (@0tboteo)t ys o Darboux invariant for the Lotka-Volterra
systems

z(ag — (b1 + c1)x — (ba + c2)y — (b3 + ¢3)z,
y(bo + b1z + bay + b32),
= z(co + 12 + cay + c32).

&
Y
z
(b) If by + co # 0 then yze~(boteolt s o Darboux invariant for the Lotka-Volterra systems
T = z(ag + a1z + asy + asz),
Y =y(bo — 17 — coy — c32),
2= z(co + 12 + coy + c32).
(c) If co # 0 then ze~ is a Darbouz invariant for the Lotka-Volterra systems
& = z(ag + a1z + asy + asz),
y =y(bo + b1z + bay + b32),
Z=cpz.
Theorem [1.1]is proved in section
As we shall see in section[5] the next result together with the knowledge of the phase portraits of

the Lotka-Volterra systems (|1.1)) on the invariant planes z = 0, y = 0, 2 = 0 and on the boundary
S? of the Poincaré ball B3 (the infinity of R?), will allow to describe completely the phase portrait
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in the whole Poincaré ball B? of the Lotka-Volterra systems (1.1)) having a Darboux invariant of

the form (1.2).

Proposition 1.2. Let X be the polynomial vector field associated to the Lotka-Volterra system
(L3). Assume that X has a Darbouz invariant of the form (1.2), and let ¢y(q) = (x(t), y(t), (1))
be the solution of its compactified vector field p(X) in B with ¢ = (q1,qz2, q3) in the interior of B3
and qx #0 fork=1,2,3.
(a) If s > 0 then z(t)My(t)*22(t)* — +oo when t — —oo, and z(t)My(t)*22(t)** — 0 when
t — +oo.
(b) If s < 0 then z(t)My(t) 22(t)* — 0 when t — —oo, and z(t)My(t) 22(t)** — doo when
t — +oo.

This proposition is proved in section[d To illustrate how to use a Darboux invariant for doing
the phase portrait of any of the Lotka-Volterra systems of Theorem we shall compute with all
details in section |5| the phase portraits in the four octants of the Poincaré ball B3 with z > 0 of
the following Lotka-Volterra system

& =x(1+4+ 2z —2z2),
y=y(l+x+2y+3z), (1.3)
z2=2z(1-3x—2y—z),

which has the Darboux invariant zyze~3¢. The analysis of the phase portraits in the four octants
of the Poincaré ball B? with z < 0 can be done in a similar way.

2. DARBOUX INVARIANTS

Let R[z,y, 2] be the ring of the real polynomials in the variables z, y and z, and let f €
Rlz,y, 2] \ {0}. Then the algebraic surface f(z,y,z) = 0 is an invariant algebraic surface of a
Lotka-Volterra system if for some polynomial K € R|xz,y, 2] we have

of  ,of | Lof
Pam +Qay +R82 =Kf.
The polynomial K = K(z,y, z) is called the cofactor of the invariant algebraic surface f(z,y,2) =
0. From this definition it follows that if an orbit of a Lotka-Volterra system has a point in the
surface f(z,y,z) = 0, then the whole orbit is contained in it. This justifies the name of invariant
algebraic surface, invariant by the flow of the system. We shall say that an invariant algebraic
surface f(z,y,z) = 0 is irreducible if the polynomial f(x,y,z) is irreducible in the ring R[z, y, z].

The next result is proved in statement (vi) of [8, Theorem 8.7] for arbitrary polynomial differ-
ential systems. In fact there it is proved for polynomial differential systems of two variables, but
the proof is the same for polynomial differential systems with an arbitrary number of variables.

Proposition 2.1. Suppose that a Lotka-Volterra polynomial differential system (L.1) admits p
irreducible invariant algebraic surfaces fi(x,y,z) = 0 with cofactors K; = K;(x,y,z) for i =
1,---,p. If there exist A; € R not all zero such that

p
Z/\iKi = —S (2.1)
i=1

for some s € R\ {0}, then the function

ML f;"’ exp(st)
is a Darbouzx invariant of system (1.1)).

Proof of Theorem[I.1 The cofactors of the invariant algebraic surfaces, in this case the invariant
planes z = 0, y = 0 and z = 0 of a Lotka-Volterra system (|1.1)) are K, = ao + a1x + asy + asz,
K, =bo+biz+byy+bsz and K, = co+c1x+coy+c3z, respectively. Then equation (2.1]) becomes

s + (l()Al + b0A2 + CoAg + x(alAl + b1A2 + ClAg)
+ y(a2A1 + by + CQA?,) + z(a3A1 + bgAy + C3A3) =0,
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or equivalently
S+ CLOA1 + b0A2 + CoAg = O,
a1 Ay +b1Ag + c1A3 =0,
agAy + baAg + coA3 =0,
CL3A1 + b3A2 + 83A3 =0.

The three solutions of this system, modulo permutations of the coefficients a;, b; and ¢; with
()\1, /\27 /\3) 7’5 (0, O,O)7 are

biA WA .
s = 70‘,0A1 — b0A2 - CoAg, a; = 7%, for i = 1,2,3,
1
WA
s = —bohg — cohs, A =0, bi:—CAS, for i = 1,2,3, (2.2)
2

s = —CoAg, Al = )\2 = 0, C; = 07 for i = 1,2,3.

Using Proposition [2.1] these three solutions provide the following three Darboux invariants

l‘Al yA2 zAs e~ (apA1+boA2+coA3)t ,

yA2 ZAgef(boAercoAs)t’ (23)

Az —coAst

z e

The constants \;’s which appear in the expressions of the Darboux invariants can be chosen
arbitrarily, producing many distinct Darboux invariants, since for proving our results we only need
one Darboux invariant we take all the A;’s in equal to one. Therefore, from and
it follows the statement of the theorem. O

3. POINCARE DISC AND POINCARE BALL

3.1. Poincaré disc. Poincaré [31] introduced what now is called the Poincaré compactification
of a polynomial differential system in the plane R?, which essentially consists in identifying R2
with the interior of the unit disc D? centered at the origin, and extend in an analytic way the
differential system to the boundary of this disc, the circle S!, which is identified with the infinity
of R2. In the plane R? we can go to or come from the infinity in as many directions as points
has the circle S'. In this way we can study easily the orbits of the initial polynomial differential
system in a neighborhood of the infinity.

Now we shall describe the equations of the Poincaré compactification for a polynomial differ-
ential system in R?, that we need for studying the Lotka-Volterra systems on the invariant
planes z =0, y = 0 and z = 0.

In R? we consider the polynomial differential system

Cﬂ.l :P1($1,$2), x.szz(xl,:EQ),

or equivalently its associated polynomial vector field X = (P!, P?). The degree n of X is defined
as n = max{deg(P?) : i =1,2}.

To study the neighborhood of the boundary S!' of the disc D? (i.e. the neighborhood of the
infinity of R?) we consider the local charts (Uy, ¢x) and (Vi, ) for k = 1,2 defined as follows

Up = {z = (z1, z2) eD?: zp >0}, Vi ={z=(x1,22) eD?: zp < 0},

the ¢, : U, — R? for k = 1,2 are
o i) 1 - o X1 1 o
$1(x) = (;1 ) ;1> = (21,22), ¢2(x)= (;2 ) 7:62) = (21, 22),

and ¥y (z) = —¢p(x) for k =1,2.
Note that the coordinates (z1, 22) have different meaning in each local chart, but the points of
the infinity, i.e. the points of the boundary S' of D? all have the coordinate z; = 0.
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The expression of the compactified analytical vector field p(X) of the polynomial vector field
X of degree n on the local chart U; of D? is

25 (= P!+ P?, —z,P"), (3.1)

where P! = P (1/22,21/22).
In a similar way the expression of p(X) in Us is

2 (= P? + P!, —2,P?%), (3.2)

where P! = P (21/29,1/29). The singular points of p(X) which are on the boundary S* of D? are
called infinite singular points, and the ones which are in the interior of D? are called finite singular
points.

From and it follows that the infinity S! of the Poincaré disc is invariant under the
flow of the compactified vector field p(X'), and that for studying its infinite singular points we only
need to study the ones on the local chart U; and the origin of the local chart Us in case that this
be a singular point.

The expression for p(X) in the local chart Vj is the same as in U multiplied by (—1)
Therefore the infinite singular points appear on pairs diametrally opposite on S*. For more details
on the Poincaré compactification of planar polynomial differential systems see Chapter 5 of [§].

n—1

3.2. Phase portraits in Poincaré disc. In this subsection we shall see how to characterize the
global phase portraits in the Poincaré disc D? defined by the invariant planes z = 0, y = 0 and
z=0.

Let p(X) and p(Y) be two compactified polynomial differential systems in the Poincaré disc
D? we say that they are topologically equivalent if there is an orientation preserving or reversing
homeomorphism in D? which maps the orbits of p(X) into the orbits of p()).

Let X be the restriction of the Lotka-Volterra system on some of the invariant planes
2 =0,y =0and z = 0. The separatrices of p(X) are all the orbits contained in S!, the singular
points, the limit cycles, and the orbits which are in the boundary of a hyperbolic sector of a
singular point. Neumann [27] proved that the set formed by all separatrices of p(X); denoted by
S(p(X)) is closed. The number of separatrices of p(X') is denoted by S.

The open connected components of D? \ S(p(X)) are called canonical regions of p(X). The
number of canonical regions of p(X) is denoted by R.

We define a separatriz configuration as the union of S(p(X)) plus one orbit chosen from each
canonical region. Two separatrix configurations S(p(X)) and S(p(Y)) are said to be topologically
equivalent if there is an orientation preserving or reversing homeomorphism which maps the tra-
jectories of S(p(X)) into the trajectories of S(p(Y)). The following result is due to Markus [26],
Neumann [27] and Peixoto [29).

Theorem 3.1. Let p(X) and p(Y) be two compactified polynomial differential systems in the
Poincaré disc D? having finitely many separatrices. Then their phase portraits in the Poincaré
disc D? are topologically equivalent if and only if their separatriz configurations S(p(X)) and
S(p(Y)) are topologically equivalent.

In summary Theorem [3.I]says that to characterize a phase portrait of a compactified polynomial
differential system p(&X') in the Poincaré disc it is sufficient to draw its separatrices and one orbit
in each of its canonical regions when p(X) has finitely many separatrices.

3.3. Poincaré ball. Following the ideas of Poincaré this compactification was extended in [7] to
any polynomial differential system in R™. That is, R" is identified with the interior of the unit
closed ball B™ centered at the origin of R", and the polynomial differential system is extended in
an analytical way to the boundary of B™, the (n — 1)-dimensional sphere S*~!, identified with the
infinity of R™.

Now we describe the equations of the Poincaré compactification for a polynomial differential
system in R3, that we need for studying the Lotka-Volterra systems .

In R? we consider the polynomial differential system

i’:Pl(:r’y,Z)’ y:PQ(I,y,Z), 2:P3(‘T,y72)7
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or equivalently its associated polynomial vector field X = (P!, P2, P?). The degree n of X is
defined as n = max{deg(P?) :i = 1,2,3}.
In the ball B® we consider the local charts (Uy, ¢y ) and (Vj, 1) for k = 1,2, 3 defined as follows
Up = {2z = (z1,20,23) € B : 2, >0}, Vi = {2 = (21,70, 23) € B> : 2, <0},
the ¢ : U, — R3 for k = 1,2,3 are

_ (%2 L)
¢1(l‘) — (1.1 r T, — (Z1,22723),
_ (% i)
$2(x) = (1’2 oo’ 0] T (21,22, 23),
r1 T2 1 -
¢3(z) (?3 ;3 ;3) = (21,22, 23),
and ¢ (z) = —¢k(x). Note that the coordinates (z1, 22, 2z3) have different meaning in each local

chart, but the points of the infinity, i.e. the points of the boundary S? of B? all have the coordinate
zZ3 = 0.

The expression of the compactified analytical field p(X) of the polynomial vector field X of
degree n on the local chart U; of B? is

24 (—z1 P 4+ P?,—2P' + P?, —z3P") | (3.3)

where P! = P (1/23,21/23,22/23).
In a similar way the expression of p(X) in Us and Us, are

24 (= P? + P',—2,P% + P?, —23P?%) (3.4)
where P' = P'(21/23,1/23, 22/23) in Us, and
25 (=21 P? + P', —2oP% + P?, —23P%) (3.5)

where P? = P (21/23,22/23,1/23) in Us.

The singular points of p(X) which are on the boundary S? of B? are called infinite singular
points, and the ones which are in the interior of B? are called finite singular points.

From , and we note that the infinity S? of the Poincaré ball is invariant under
the flow of the compactified vector field p(X), and that for studying its infinite singular points we
only need to study the ones on the local chart Uy, the ones on the local chart Uy with z; = 0, and
the origin of the local chart Us in case that it be a singular point.

The expression for p(X) in the local chart V; is the same as in U; multiplied by (—1)"~1.
Therefore the infinite singular points appear on pairs diametrally opposite on S2.

4. FINAL EVOLUTIONS

Let X be the polynomial vector field associated to the Lotka-Volterra system , and if ¢ € B3
let ¢:(q) = (z(t),y(t), 2(t)) be the solution of its compactified vector field p(X) in B? such that
Po(q) =q.

Since B? is compact, the maximal interval of definition of any solution ¢;(q) is (—oo,c0). So
every solution ¢;(g) has an a- and an w-limit set. Recall that the a- and w-limit set of p, denoted
by a(g) and w(q) respectively, are

a(q) = {p € B*: 3{t,} with ¢, — —oo and ¢, (¢) — p when n — oo},
w(q) = {p € B®: 3{t,,} with t, — +oc and and ¢, (q) — p when n — oc}.

Proof of Proposition[1.2] We shall prove statement (a). The proof of statement (b) is similar.
Assume that X has a Darboux invariant of the form (L.2)), and let ¢;(q) = (z(t),y(t), 2(t))
be the solution of its compactified vector field p(X) in B? with ¢ = (q1,q2,¢3) in the interior
of B3 and g, # 0 for k = 1,2,3. If s > 0 then e — 0 when t — —oco. Since g, # 0 for
k =1,2,3 and the planes x = 0, y = 0 and z = 0 are invariant by the flow of X it follows that
z(t)My(t) 2 2(t) 3 e = constant # 0. Therefore () y(t)*22(t)** — oo when t — —oo.
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On the other hand, since ! — +00 when t — +o00 we have that ()M y(t)*22(t)* — 0 when
t — oo. This completes the proof of statement (a). O

5. PHASE PORTRAIT OF p(X) IN B?

In this section we show how to compute the phase portrait in the Poincaré ball B® of a com-
pactified Lotka-Volterra system (1.1 having a Darboux invariant (1.2). We do that computing
the phase portrait of the Lotka-Volterra system (L.3]).

FIGURE 1. Phase portrait of system in Poincaré disc corresponding to the
invariant plane = 0. We denote by P, the infinite singular point diametrally
opposite to the infinite singular point Px. Except in the 3-dimensional figures
the separatrices in all 2-dimensional figures are drawn with a thick line, while the

orbits which are not separatrices are drawn with a thin line.

5.1. Phase portrait in the invariant plane z = 0. The Lotka-Volterra system (|1.3]) restricted
to the plane z = 0 becomes

y=y(1+2y+32), z2=2z2(1-2y—=2). (5.1)

This system has the following four finite hyperbolic singular points:
po = (0,0) with the eigenvalue 1 of multiplicity two, an unstable node;
p1 = (0,1) with the eigenvalues 4 and —1, a saddle;
p2 = (—1/2,0) with the eigenvalues 2 and —1, a saddle;
ps = (1, —1) with the eigenvalues 4 and —1, a saddle.
These singular points in the Poincaré ball continuing being hyperbolic and have the eigenvalues:
po with the eigenvalue 1 of multiplicity three, a repeller;
p1 with the eigenvalues 4 and —1 with multiplicity two;
po with the eigenvalues 2, —1 and 1;
ps3 with the eigenvalues 4, —1 and 3.
From subsection the polynomial differential system in the local chart U; writes

?;’1 = 742’1 - 42%, 22 == 7222 - 32122 - Zg
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This system has two infinite hyperbolic singular points:

P, = (0,0) with the eigenvalues —4 and —2, a stable node;

Py, = (—1,0) with the eigenvalues 4 and 1, an unstable node.
And system in the local chart Us becomes

21 =4z —|—4Z%, 22222+22122—Z§.

Then the origin P3 = (0,0) of this system is an infinite hyperbolic unstable node with eigenvalues
4 and 1, an unstable node.

These infinite singular points in the Poincaré ball continuing being hyperbolic and have the
eigenvalues:
P; with the eigenvalues —4 and —2 with multiplicity two, an attractor;
P, with the eigenvalues 4, 1 and 3, a repeller;
P3 with the eigenvalues 4, 1 and —1.
See the computation of these eigenvalues in subsection 5.4.

From subsection 3.2 taking into account all the local phase portraits at the finite and infinite
singular points and that the axes y and z of system are invariant by the flow of this system,
it follows that the phase portrait of it in the Poincaré disc D? is the one described in Figure

FIGURE 2. Phase portrait of system (|1.3)) in Poincaré disc corresponding to the
invariant plane y = 0.

5.2. Phase portrait in the invariant plane y = 0. The Lotka-Volterra system (1.3]) restricted
to the plane y = 0 becomes

t=x(1+2x—2z2), Z2=2z(1-3z-2). (5.2)

This system has the following four finite hyperbolic singular points:
po = (0,0) with the eigenvalue 1 of multiplicity two, an unstable node;
p1 = (0,1) with the eigenvalue —1 with multiplicity two, a stable py = (—1/2,0) with the eigen-
values 5/2 and —1, a saddle;
ps = (1/8,5/8) with the eigenvalues —1 and 5/8, a saddle.
These singular points in the Poincaré ball continuing being hyperbolic and have the eigenvalues:
po with the eigenvalue 1 of multiplicity 3, a repeller;
p1 with the eigenvalues 4 and —1 with multiplicity 2;
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p4 with the eigenvalues 5/2, —1 and 1/2;
ps with the eigenvalues —1, 5/8 and 3.
From subsection the polynomial differential system (5.1)) in the local chart U; writes

z21=—5z1 + Z%, Zog = —220 + 22129 — Z%

This system has two infinite hyperbolic singular points:
P, = (0,0) with the eigenvalues —5 and —2, a stable node;
Ps = (5,0) with the eigenvalues 8 and 5, an unstable node;
System in the local chart U; becomes
2

. 2 .
21 =—21+027, Z22=2z22+32120—2;.

Then the origin P; = (0,0) of this system is an infinite hyperbolic saddle with eigenvalues —1 and
1.

These infinite singular points in the Poincaré ball continuing being hyperbolic and have the
eigenvalues:
P, with the eigenvalues —5, —2 and —1, an attractor;
P5 with the eigenvalues 8, 5 and 24, a repeller;
P5 with the eigenvalues 4, 1 and —1.
See the computation of these eigenvalues in subsection 5.4.

From subsection 3.2 taking into account all the local phase portraits at the finite and infinite
singular points and that the axes x and z of system are invariant by the flow of this system
it follows that the phase portrait of it in the Poincaré disc D? is the one described in Figure

II'ZI

FIGURE 3. Phase portrait of system (|L.3]) in Poincaré disc corresponding to the
invariant plane z = 0.

5.3. Phase portrait in the invariant plane z = 0. The Lotka-Volterra system (1.3]) restricted
to the plane z = 0 becomes
t=x(1+2z), y=y(l+z+2y). (5.3)

This system has the following four finite hyperbolic singular points:
po = (0,0) with the eigenvalue 1 of multiplicity two, an unstable node;
p2 = (0,—1/2) with the eigenvalue —1 and 1, a saddle;
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ps = (—1/2,0) with the eigenvalues —1 and 1/2, a saddle;
pe = (—1/2,—1/4) with the eigenvalues —1 and —1/2, a stable node.
These singular points in the Poincaré ball continuing being hyperbolic and have the eigenvalues:
po with the eigenvalue 1 of multiplicity 3, a repeller;
po with the eigenvalues 2, —1 and 1;
p4 with the eigenvalues 5/2, —1 and 1/2;
pe with the eigenvalues —1, —1/2 and 3.
From subsection the polynomial differential system in the local chart U; writes

21 = —2z1+ 22%, 2o = —229 — Z;
This system has two infinite hyperbolic singular points:
P, = (0,0) with the eigenvalues —2 and —1, a stable node; Ps = (1/2,0) with the eigenvalues —2
and 1, a saddle.

System (5.3)) in the local chart U; becomes

Z'l = 7221 + Z%, 22 = 7222 — 2129 — Zg

Then the origin P; = (0,0) of this system is an infinite hyperbolic stable node with eigenvalue —2
with multiplicity two.

These infinite singular points in the Poincaré ball continuing being hyperbolic and have the
eigenvalues:
P, with the eigenvalues —5, —2 and —1, an attractor;
Ps with the eigenvalues —2, 1 and —6;
P; with the eigenvalues —4 and —2 with multiplicity two, an attractor.
See the computation of these eigenvalues in subsection 5.4.

From subsection 3.2 taking into account all the local phase portraits at the finite and infinite
singular points and that the axes = and y of system are invariant by the flow of this system
it follows that the phase portrait of it in the Poincaré disc D? is the one described in Figure

FIGURE 4. Phase portrait of the compactified Lotka-Volterra system on the
closed local chart U; of the sphere S?. The phase portrait of this system on the
closed local chart Vi can be obtained from the one on the closed chart U; by doing
the symmetry with respect to the origin of Poincaré ball.
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5.4. Phase portrait at infinity, i.e. on S?. The Lotka-Volterra system (I.3) restricted to the
local chart U; of the Poincaré ball writes

1 :Zl(—1+221 +52’2), Z9 22’2(—5—221 +22), Z3 :Zg(—2+222 —2’3).

This system has the following four infinite hyperbolic singular points restricted to the infinity S:
P, = (0,0) with the eigenvalue —5 and —1, a stable node;
Ps = (0,5) with the eigenvalue 24 and 5, an unstable node;
Ps = (1/2,0) with the eigenvalues —6 and 1, a saddle;
P; = (—2,1) with the eigenvalues (—3 £ +/105)/2, a saddle.
These singular points in the Poincaré ball continuing being hyperbolic with the exception of P;
and have the eigenvalues:
P, with the eigenvalue —5, —1 and —2, an attractor;
P5 with the eigenvalues 24, 5 and 8, a repeller;
Ps with the eigenvalues —6, 1 and —2;
P; with the eigenvalues (—3 + 1/105)/2 and 0.
The Lotka-Volterra system restricted to the local chart U, of the Poincaré ball writes

Z1 221(—2—|—21 —52’2), 29 = —422(1+21+22), Z3 = —2’3(2+21+32’2+23).

This system has the following two infinite hyperbolic singular points restricted to the infinity S?
and not contained in local chart U;:
P, = (0,0) with the eigenvalue —4 and —2, a stable node;
P, = (—1,0) with the eigenvalue 4 and 3, an unstable node.
These two singular points in the Poincaré ball continuing being hyperbolic and have the eigen-
values:
P; with the eigenvalue —4 and —2 with multiplicity two, an attractor;
P, with the eigenvalues 4, 3 and 1, a repeller.
The Lotka-Volterra system restricted to the local chart Us of the Poincaré ball writes

21 :Zl(fl+521+222), ,7;’2 :422(1++Zl+22), 23:,23(1+321+222723).

This system has a unique infinite singular point not contained in local charts U; and Us, namely
P3 = (0,0,0) with the eigenvalue —1, 4 and 1, the ones restricted to the infinity S? are —1 and 4.
So this singular point restricted to S? is a saddle.

Taking into account the boundaries of the invariant planes x = 0, y = 0 and z = 0 at infinity
and the local phase portraits of the infinity singular points it follows that the phase portrait at
infinity, i.e. on the sphere S? is the one described in Figure

5.5. Phase portrait in the invariant octant z > 0, y > 0 and z > 0. We note that from
Proposition 2.1] all the finite singular points must be contained on the invariant planes x = 0,
y=0and z =0.

Taking into account the local phase portraits of the finite and infinite singular points in the
Poincaré ball together with the phase portraits on the invariant planes and on S? it follows the
phase portrait of the compactified Lotka-Volterra system in the octant * > 0, y > 0 and
z > 0 of the Poincaré ball, see Figure [5]

More precisely, there exist two surfaces S; and Sy which separates this octant in four regions.
The surfaces S; and S are formed by the 2-dimensional stable manifold of the singular point P
and the 2-dimensional unstable manifold of the singular point ps, respectively. Since these two
singular points are hyperbolic such invariant surfaces exist for the Hartman-Grobman Theorem,
see for instance [6].

From Proposition in the interior of the region having in its boundary the singular points
P5, Py, Ps and ps all orbits have a-limit P; and w-limit Py.

From Proposition [2.1] in the interior of the region having in its boundary the singular points
Py, Ps, po, psa and ps all orbits have a-limit py and w-limit Py.

As before in the interior of the region having in its boundary the singular points P;, Ps, P,
P1, py and ps all orbits have a-limit Ps and w-limit P;.



12 J. LLIBRE, Y. ZHAO EJDE-2025/37

FIGURE 5. Phase portrait of the compactified Lotka-Volterra system (1.3]) in the
octant x > 0, y > 0 and z > 0 of Poincaré ball.

In the interior of the region having in its boundary the singular points Py, ps, Ps, P1 and pg all
orbits have a-limit py and w-limit P;.

M

&
I||J|| Y
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FIGURE 6. Phase portrait of the compactified Lotka-Volterra system (1.3]) in the
octant £ < 0, y > 0 and z > 0 of Poincaré ball.

5.6. Phase portrait in the invariant octant < 0, y > 0 and z > 0. Taking into account the
local phase portraits of the finite and infinite singular points in the Poincaré ball together with the
phase portraits on the invariant planes and on S? it follows the phase portrait of the compactified
Lotka-Volterra system in the octant < 0, y > 0 and z > 0 of the Poincaré ball, see Figure
(6
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More precisely, there exist a surface S3 defined by the 2-dimensional unstable manifold of the
singular point p4 which separates this octant in two regions.

From Proposition [2:1] in the interior of the region having in its boundary the singular points
p1, Po, P1 and py all orbits have a-limit py and w-limit P;.

In the interior of the region having in its boundary the singular points p;, ps, P, Py and Ps all
orbits have a-limit P, and w-limit P;.

FIGURE 7. Phase portrait of the compactified Lotka-Volterra system (1.3]) in the
octant £ < 0, y <0 and z > 0 of the Poincaré ball.

5.7. Phase portrait in the invariant octant = < 0, y <0 and z > 0. The phase portrait of
the compactified Lotka-Volterra system in the octant x < 0, y < 0 and z > 0 of the Poincaré
ball is described in Figure [7} More precisely, there exist three surfaces Ss, Sy and Ss defined
by the 2-dimensional unstable manifold of the singular points ps, Ps and py respectively, which
intersect in the 1-dimensional unstable manifold of the singular point pg.

These three surfaces separate the octant x < 0, y < 0 and z > 0 in three regions, containing
the repellers P;, po and P,, respectively.

In the interior of the region containing in its boundary the repeller P; all orbits have a-limit
the repeller P; and w-limit the attractor Ps.

In the interior of the region containing in its boundary the repeller pg all orbits have a-limit
the repeller pg and w-limit the attractor Ps.

In the interior of the region containing in its boundary the repeller P, all orbits have a-limit
the repeller P; and w-limit the attractor Ps.

5.8. Phase portrait in the invariant octant = > 0, y < 0 and z > 0. The phase portrait of
the compactified Lotka-Volterra system in the octant x < 0, y < 0 and z > 0 of the Poincaré
ball is described in Figure [§f More precisely, there exist three surfaces Ss, S5 and Sg. The first
two defined by the 2-dimensional unstable manifold of the singular points ps and ps respectively,
and Sg is defined by the 2-dimensional stable manifold of P;. The three repellers contained in
this octant P;, Ps and pg are at the boundary of the surface Sg. While the two attractor of this
octant Py and P, are at the boundary of the surfaces S, and Ss.

The surfaces Sy and S5 have a common boundary, the 1-dimensional unstable manifold of P;
which ends in the two attractors. These two surfaces separate this octant in three regions. Each
one of these three regions is separated into two subregions by the surface Sg.

In the interior of the subregion containing in its boundary the repeller P;, the attractor Py, and
the singular points po and P; all orbits have a-limit the repeller P; and w-limit the attractor Pj.
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FIGURE 8. Phase portrait of the compactified Lotka-Volterra system (1.3) in the octant
x <0,y <0and z > 0 of Poincaré ball.

In the interior of the subregion containing in its boundary the repeller P;, the attractor P, and
the singular points py and P; all orbits have a-limit the repeller P, and w-limit the attractor Ps.

In the interior of the subregion containing in its boundary the repeller pg, the attractor Py, and
the singular points P7, ps and ps all orbits have a-limit the repeller py and w-limit the attractor
Py.

In the interior of the subregion containing in its boundary the repeller po, the attractor P,
and the singular points p1, ps P; and ps all orbits have a-limit the repeller py and w-limit the
attractor ]52.

In the interior of the subregion containing in its boundary the repeller Ps, the attractor Py, and
the singular points ps and P; all orbits have a-limit the repeller Ps and w-limit the attractor Pj.

Finally in the interior of the subregion containing in its boundary the repeller Ps, the attractor
P, and the singular points Ps, p1, ps and P; all orbits have a-limit the repeller Ps and w-limit
the attractor Ps.

This completes the description of the phase portraits in the four octants with z > 0. In a
similar way can be studied the phase portraits in the four octants with z < 0.
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