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CLASSIFICATION OF BOUNDARY-EQUILIBRIA FOR TWO-DIMENSIONAL
CONTINUOUS PIECEWISE LINEAR SYSTEMS WITH TWO
INTERSECTING SWITCHING LINES

XIN YANG, JUELIANG ZHOU

ABSTRACT. In this article, we classify the boundary-equilibria of two-dimensional continuous
piecewise linear systems with two intersecting switching lines. We present local phase portraits
and indices of boundary-equilibria at the intersection point of two switching lines with more
abundant dynamics.

1. INTRODUCTION

The study of equilibria is very important in the researches and applications of dynamical sys-
tems, serving as the foundation for local dynamic analysis [11], 23]. The topological structure of
orbits near equilibria are rather complicated which can demonstrate local dynamics intuitively.

Nonsmooth models induced by mechanics, electromagnetism and biology, are represented by
mathematical formalisms, such as piecewise systems, switching systems, impulsive ordinary differ-
ential equations [2] [, B [I7, 20]. Planar continuous piecewise linear systems are powerful tools to
explain a series of natural phenomena, which is in fact part of reasons why they have been attract-
ing the attention of an increasing number of scholars in recent decades [II [6l [, [8 @, 10l 12, T3]
141 (15| (16, 191 20} 21} 22]. Since continuous piecewise linear systems are Lipschitz continuous but
not C', methods of eigenvalues, continuous dependence of eigenvalues on the parameter, center
manifold reduction and Taylor series expansion do not hold for these systems. Therefore, a deep
study of continuous piecewise linear systems has important practical and theoretical significance.

The classification and local phase portraits of boundary-equilibria are crucial for studying con-
tinuous piecewise linear systems. Some results on boundary-equilibria of continuous piecewise
linear systems can refer to [3], [7, [§, [0, I8]. Chen and his co-workers [7] investigated the clas-
sification on boundary-equilibria and local phase portraits near boundary-equilibria of the two
dimensional continuous piecewise linear system
. Jbhztay, ifx<0, . Jbw+agy, ifz<0, (1.1)
! a1z +agxy, if x>0, asx + aqy, if x>0, '
which contains just one switching line # = 0 in the local region D; C R2, where (a1, az, as, as, by, b2)
€ RS, (z,y) € D1, asby — azby # 0 and ajay — azaz # 0. Since system is a piecewise linear
system, a; = by and ag = by cannot hold simultaneously. Moreover, following [7], we further study
local phase portraits near O(0,0) for two dimensional continuous piecewise linear systems with
two intersecting switching lines x = 0 and y = 0. Without loss of generality, when equilibria lie at
the intersection of two switching lines, any continuous piecewise linear systems in the local region
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D C R? with two intersecting switching lines can be transformed to

ax+asy, ifx>0y>0, asx +agy, ifx>0,y>0,

. biz+asy, ifzx<0,y>0 . box +agy, ifx<0,y>0,

= bhir+cy, ifx<0,y<0, v boxr +coy, ifx<0,y<0, (1.2)
a1x +cry, ifx>0y<0, azxr +coy, ifx>0,y<0,

where k := (a1, a2, a3, a4,b1,b2,c1,¢2) € R®, a1as — asag # 0, byas — asby # 0, bica — bacy # 0,
ajca —ciaz # 0 and (z,y) € D. Since system (1.2)) is piecewise linear, a; = by and ag = bs (resp.
as = ¢1 and ag = ¢) cannot hold simultaneously. In addition, system (1.2]) is equivalent to

§ = 3 + aay + bslx| + baly| := g(z, ),
where Gy = (a1 +b1)/2, G2 = (a2+¢1)/2, Gz = (a3 +b2)/2, ds = (aa+¢2)/2, by = (a1 —b1)/2, by =
(CLQ — 61)/2, b3 = (a3 — bg)/z and b4 = (Cl4 — Cg)/2. With the scaling (JZ, y,t) — (x/kl,y/kQ,t/kg),
system ((1.3)) can be changed into

T = dlx/kg —+ agkly/(kgkg) + 51|£E|/k3 + I;Qk1|y|/(1€2k3),
y = C~L3]€23}/(k}1]€3) + C~l4y/k’3 + Z)gk‘g|1‘|/(k‘1/€3) + 54‘y|/k3,

where k1 > 0, k2 > 0 and ks > 0 are constants. Then Jacobian matrices at O(0,0) in four
quadrants of system (|1.4) are

J - ( ay/ks + §1 sgn(z)/ks agky /(kaoks) + §2k1 Sgn(y)/(kzkg))
&3](52/(]{?1/@,) + bgk‘g sgn(x)/(k:lkg) d4/k’3 + b4 sgn(y)/kg

(1.4)

(i=1,2,3,4).
The rest of this paper is organized as follows. In Section 2, we present some notations, definitions
and main results. In Section 3, we prove our main results. A brief conclusion is given in Section

4.

2. MAIN RESULTS

In this section, we start with topological types of equilibria for the two dimensional linear
system
T =ar+by, vy=cz-+dy. (2.1)

The Jacobian matrix at O(0,0) of system (2.1)) is J = (LCL Z), where (a,b,c,d) € R Tt is easy

to check that T :=trJ =a+d, D :=detJ = ad — bc and A :=T? — 4D = (a — d)? + 4bc.
For simplicity, we define the region D C R? and separate D in four subregions
Q1= {(z,y) ER* 12 >0,y > 0},
Q2= {(z,y) ER? 12 <0, y > 0},
Qs :={(z,y) €R*: 2 <0,y <0, 2% +¢* > 0},
Q4 :={(z,y) €ER*:2 >0,y <0}.
Then the Jacobian matrices at O(0,0) of system (1.2) in Q; (i =1,2,3,4) are

(a1 a2 o b1 a9 o bl C1 (a1 ¢
i) el n) aml ) =)
Let Tl = tI‘Jl = a; + ag, D1 = detJ1 = a1a4 — Qa2a3, Al = le - 4D1, T2 = tI‘JQ = bl + ayg,
D2 = detJQ = b1a4 - CLQbQ, AQ = T22 - 4D2, T3 = tI’Jg = bl + Co, D3 = deth = blCQ - Clbg,
Ag = T32 - 4D3, T4 = tI’J4 =a; + Co, D4 = detJ4 = a1C2 — C103 and A4 = T42 — 4D4
To study the classification on boundary-equilibria of system (1.2)), we shall introduce some

notation. We say that O(0,0) is a saddle in @ (resp. Q2, @3, Q4) when Dy < 0 (resp. Do < 0,
Ds; < 0, Dy < 0), denoted by S (resp. Sz, Sz, S1). O(0,0) is a node in Q1 (resp. Q2, Qs, Q4)
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when Dy > 0 and Ay > 0 (resp. D2 > 0 and Ag > 0, D3 > 0 and As > 0, Dy > 0 and A4 > 0),
denoted by N7 (resp. No, N3, N4). O(0,0) is a center/focus in Q1 (resp. Q2, Qs, Q1) when A; < 0
(resp. Ay < 0, Az < 0, Ay < 0), denoted by My (resp. My, Mz, My).

Definition 2.1. We call O(0,0) of system the type of Si234 (resp. Niosq, Miasq) if O is a
saddle (resp. node, center/focus) in @; (i = 1,2,3,4). For the type of Nio34, we only consider
four cases Nibsy, Nibs Ny, Ni3Ny, and Niy N3, since the rest cases are topologically equivalent
to these four cases. Here for N1'53N4_, N1+23 means that O is an unstable node in @)1, @2 and @3,
and N; means that O is a stable node in (4. All others are understood in a similar way.

Definition 2.2. We call O(0,0) of system the type of S-IV if O is a saddle in some but not
all @Q; (i =1,2,3,4), and is a node in other Q; (j =1,2,3,4 and j # 7). We only consider eight
cases S123 N, S1aN3y, S12N3T Ny, Si3NJy, S13NS Ny, SiNss,, SNz N, and S1 N, N;, since
the rest cases are topologically equivalent to these eight cases. Here for SlgN;_ N, , Si2 means
that O is a saddle in @7 and Q9; N;‘ means that O is an unstable node in @)3; and N; means
that O is a stable node in Q4. All others are understood in a similar way.

Definition 2.3. We call O(0,0) of system the type of S-M if O is a saddle in some but not
all @Q; (1 =1,2,3,4), and is a center/focus in other @Q; (j =1,2,3,4 and j # i). We only consider
four cases S1o3My, S1oMsys, S13Moy and S Mgy, since the rest cases are topologically equivalent
to these four cases. Here for S193My, S123 means that O is a saddle in @1, Q2 and @3, and M,
means that O is center/focus in Q4. All others are understood in a similar way.

Definition 2.4. We call O(0,0) of system the type of N-M if O is a node in some but not all
Qi (1 =1,2,3,4), and is a center/focus in other Q; (j = 1,2,3,4 and j # ¢). We only consider eight
cases MlNQJEA, M1N2+3N4;, M1N£N§7 M12N3JZ, ,2\412]\7;]\]477 M13N2+4, M13N2+N4; and M123NI,
since the rest cases are topologically equivalent to these eight cases. Here for M1N2J§47 M; means
that O is a center/focus in Q1, and N5, means that O is an unstable node in Qa, Q3 and Q4. All
others are understood in a similar way.

Definition 2.5. We call O(0,0) of system the type of S-N-M if O is a saddle in some but
not all @Q; (i = 1,2,3,4), is a node in some @Q; (j = 1,2,3,4 and j # i), and is a center/focus in
other Qi (k = 1,2,3,4, k # i and k # j). We only consider eight cases S1aN5 My, S13 Ny My,
S3N1-EM4, 5‘3N1+]\72_M47 SgN{EMZL, SgN{"N{M;b SlN;M34 and SlN;MM, since the rest cases
are topologically equivalent to these eight cases. Here for SlgN; My, S12 means that O is a saddle
in Q1 and @2, N; means that O is an unstable node in @3, and My means that O is a center/focus
in Q4. All others are understood in a similar way.

Lemma 2.6 (|23] Section 3.6]). The index of O(0,0) of system (1.2)) is Io := 1+ (e —h)/2, where
e is the number of elliptic sectors, and h is the number of hyperbolic sectors.

Suppose that for any 0 < § < 1, there exists a neighborhood S5(0O) of O(0,0). We now present
local phase portraits of system (1.2 in S5(0). All definitions similar to I in the following
theorems are given in Appendix A.

Theorem 2.7. When O(0,0) of system (1.2]) is the type of Si234, local phase portraits have four
hyperbolic sectors, where two separatrizes are stable manifolds and the other two separatrizes are
unstable manifolds, see Figure[l]

Theorem 2.8. When O(0,0) of system (L.2)) is the type of Nia34 corresponding to four cases
N1'234, N1'53N4_, N{ENZ_4 and N{EN;;“ we have

(a) Nibs, is a node (Io = 1) if k € I?\ﬁ , and the phase portrait consists of four parabolic
1234

sectors, see Figure @(a).

(b) NibaNy is a node (Io = 1) if k € I%. -, and the phase portrait consists of four
123774

parabolic sectors, see Figure @(b) The phase portrait of N{E3N4_ consists of two hyperbolic
sectors (Io = 0) (resp. one elliptical sector, one hyperbolic sector and two parabolic sectors
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FIGURE 1. Local phase portraits of Sia34 for system (1.2 in Ss(O)

(Io = 1); two elliptical sectors and two parabolic sectors (Ip =2)) if k € I;V&NZ (resp.
K€ I}w N KE II%ZESN;)’ see Figure @(c) (resp. @(d), @(@))

12374
(¢) Ni5Noy is anode (Io =1) if k€13,
137724
sectors, see Figure f). N{5Ny, is an unstable (resp. a stable) node when azasz < 0 and
—ag(a; —aq) >0 (resp. <0).

(d) The phase portrait of N5 Ny, consists of two hyperbolic sectors (Io =0) (resp. one ellip-
tical sector, one hyperbolic sector and one parabolic sector (Iop = 1), two elliptical sectors
and two parabolic sectors (Iop =2)) if k € I°, _ (resp. k € I} K € I]2V+ N )i see

12734

Figure[3(g) (resp. [4(h), [4(i). 12N NG

and the phase portrait consists of four parabolic

0 0 / 1 2
(a) k € IN1+234 (b) k € INf;?,N; (c) k € IN1+23N4_ (d) k€ IN1+23N4_ (e) k € INf;?,N;
Y4 y v A v 4
2 x \\" x 2 x 2 x
~
/ 1
fleel®, _ elv, _ hrell, _ keI, _
®) r € Ingng, (&) £ € Iyp vy, () € I v, (@) € Iing,

FIGURE 2. Local phase portraits of Nja34 for system (1.2)) in S5(O)

Theorem 2.9. 0(0,0) of system is monodromic if and only if
(@ + b2) (a2 — ba) (@3 + by + (—a1 + @a — by + ba)u — (a2 — ba)u?)
x (a3 by + (=g + g — by — ba)u — (g + ba)u)
x (as — by + (—ay + ag + by — by)u — (@ + 52)u2)
X (ag — by + (—a1 + a4 + by + 134)u — (@ — l~)2)u2) £0
holds, where u = tan6. Let

™ f(cos#,sin @) cos § + g(cos 6, sin @) sin #

v o g(cosf sinf)cosd — f(cosf,sin@)sind
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When (2.2) holds and as < 0 (resp. > 0), O is a center, a stable focus and an unstable focus if
and only if w =0, w < 0 (resp. > 0) and w > 0 (resp. < 0), respectively. Phase portraits of
system (1.2) when O is monodromic are shown in Figure @

'y

~
-

x

A

N D
-

x

®»Y

(d)w=0and az >0 (e)w>0anday >0 (f)w<0andas >0

FIGURE 3. Local phase portraits of monodromic for system (|1.2)) in Ss(O)

Note that when O(0,0) is the type of Mjas4, it is monodromic. In addition, when O is a saddle
or a node in one of Q; (i =1,2,3,4), it can also be monodromic, see Figures e) and @(0).
Theorem 2.10. When O(0,0) of system (1.2) is the type of S-N corresponding to eight types
S123 N, S1oN5, S1aNi Ny, S13Ngy, S1aNy Ny, SiNgy, SiNsz Ny and Sy NS N3, we have

(a) Si23N;" is a saddle (Io = —1) if k € Ig, N+ and the phase portrait consists of four
1231V,

hyperbolic sectors, see Figure ( a).
(b) The phase portrait of S12N3; (resp. Si3Nyy) consists of two hyperbolic sectors and two

. _ . 0 O .
parabolic sectors (Ip =0) if k € ISlaNS'Z (resp. Kk € Islgzv;;)’ see Figure (b) (resp. (e)).
(c) The phase portrait of SlgNng; consists of two hyperbolic sectors and two parabolic sectors
(Io = 0) (resp. three hyperbolic sectors and one elliptical sector (Io =0)) if k € Ig

(resp. k € I;QN;N;), see Figure (c) (resp. (d))
(d) The phase portrait of S13NS™ N, consists of two hyperbolic sectors and one parabolic sector
(Io = 0) (resp. one elliptical sector, one hyperbolic sector and two parabolic sectors (Ip =

. 0 1 .
1)) ifk € IS13N§N4‘ (resp. k € ISISN;N;), see Figure (f) (resp. (g))
(e) S1Ns5, is a node (Io =1) if k € Iglz\ﬁ , see Figure (h)

234
(f) SlNQ‘ENZ is a node (Ip = 1) if Kk € IglN;,N; and the phase portrait consists of four

12N Ny

hyperbolic sectors, see Figure i). The phase portrait of SlNQ‘EN[ consists of one elliptical
sector, one hyperbolic sector and two parabolic sectors (Ip = 1) if k € I; , see Figure

[0).

(g) The phase portrait of S1Ny, N5 consists of two hyperbolic sectors (Io = 0) (resp. one
elliptical sector, one hyperbolic sector and two parabolic sectors (Io = 1), two elliptical

- _ ~ 0 1
sectors and two hyperbolic sectors (Io = 1)) if k € ISIN;N; (resp. k € ISlNZZN;’ K €

2 . . . .
ISIN;;N; ), see Figure (k) (resp. (l), (m)) And when there are two elliptical sectors in
the phase portrait of SlNQJZN:;, there must be two hyperbolic sectors.

4 oA—
1N35 Ny

Theorem 2.11. When O(0,0) of system (1.2)) is the type of S-M corresponding to four types
S123My, S12M34, S13Mays and S1Mazs, we have
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FIGURE 4. Local phase portraits of the type of S-N for system (1.2) in S5(O)

(a) Si2sMy is a saddle (Io = —1) if k € Is,pun,, see Figure[d(a).
(b) The phase portrait of S1aMsy (resp. S13Mayg, S1Maszs) consists of two hyperbolic sectors
Iélo =0)if k € Is,my, (Tesp. K € Isianin,, K € Is My, ), See Figure E{b} (resp. E(c),
(d)).

(c) S1Mazy is a center or focus (Io = 1) if k € Ig .., see Figure E(e).

N M A
x&\— x/ x\\ x\\ x

(a) K€ IS123M4 (b) K€ ISI2M34 (C) K€ I513M24 (d) K€ IS1M234 (e) K€ IZSHM234

,7

FIGURE 5. Local phase portraits of the type of S-M for system (1.2)) in S5(O)

Theorem 2.12. When O(0,0) of system (1.2) is the type of N-M corresponding to eight types
M1N2—g4, M1N2_SN4_, MlNQ—ZNg—; MlgNéz, MlgN;_N;, M13N2-Z, M13N2+N4_ and M123Nz_, we
have

(a) M1N2Jg4 (resp. MlgNﬂ, M13N2J§L) is a node (Ip =1) if kK € 124
K € Ig/[wN;;), see Figure |§|(a) (resp. H(g), H(j})

0
(resp. k € I},

+ + 5
1 N33y 12 N3,
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(b) The phase portrait of MiNJZNy consists of two hyperbolic sectors (Io = 0) (resp. one
elliptical sector and one hyperbolic sector (Ip = 1), two elliptical sectors and two parabolic
sectors (Io =2)) if k € IM NANT (resp. k € IM NiNs € 12 N+N,) see Fzgureﬁ(b)
(resp. [G(c). [d(d)).

(c) The phase portrait of My NS N; (resp. MiaNi Ny ) consists of one elliptical sector, one

. . _ . 1 1
hyperbolic sector and two parabolic sectors (Io =1) if k € IM13N§; (resp. k € IMHN;N;)
and consists of four parabolic sectors (Ip = 1) (resp. two parabolic sectors (Ip = 1)) if

0 0 . .
Kk € IMlgN;; (resp. Kk € IMlzN;N;), see Figures @(f} andlﬁ(@) (resp. H(z) and (h)

(d) The phase portrait of M13N2+Nj consists of two parabolic sectors (Ip = 1) (resp. one
elliptical sector, one hyperbolic sector and two parabolic sectors (Ip = 1), two elliptical
sectors (Io =2)) if k € I SNFNT (resp. k € I1 SRVSUSELLS 12 N+N,) see Fzgure@(k)
(res. (). B(m)

(e) Mya3N, is a node (Iop = 1) if k € IO  (resp. k €1, ) and the phase portrait
consists of two parabolic sectors (resp. center/focus (Io = 1)), see Figure[6|(n) (resp.[6](0)).

YA Y A YA ¥y YA

N s NN ] R

0 0 1 2 0
(a),%EIMlN;r34 (b)KGIMlN;%N; (C)KGIMlN,jsN; (d)"EIMIN;N; (e)KEIMlN;;N;
y Y4 Y4 YA

=Y
/<
®» Y

(g)fiEI?/IMN34 (h) k € I° N7 (i)me[}wnN g (Gykel

¥y Y4 Y4 y YA

NI NANED D4R
NZIAS NGRS O R

(k) /QEIMBN No

() keIt

MisNF N; (m) k € I? (n) k € I°

’
MisNFi Ny Mg N (O) nel

Mi2sNf

FIGURE 6. Local phase portraits of N-M for system (1.2]) in S5(O)

Theorem 2.13. When O(0,0) of system (1.2)) is the type of S-N-M corresponding to eight
types SI2N?;‘FM4, 513N2+M4, 53N1+2M4, S5N1 N{M4, SQNEM;;, SQNlJrN?:le, SlN;MgA and
SlN;Mm, we have
(a) The phase portrait of SsN{y My (resp. S12Ni My, Si13Ny My, SoNEMy) consists of two
hyperbolic sectors and two parabolic sectors (Io = 0) (resp. two hyperbolic sectors and

: _ : 0 0 0
one parabolic sector (Io = 0)) if kK € IS NEA (resp. K € IS’12N3+M4’ Kk € ISISN;M4,

kel SaNEM ) see Fzgureﬂ(c) (resp. E(a) E(b) E(f))
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(b) The phase portrait of S3N;" Ny My (resp. SaN;* N3 My) consists of two hyperbolic sectors
and two parabolic sectors (Io =0) (resp. two hyperbolic sectors and one parabolic sector)
and consists of one elliptical sector, one hyperbolic sector and two parabolic sectors (Ip =

1ifrel s NF NS M, and k € T: SN F NG M, (resp. K € IS NFNE M, and Kk € IS2N+N M4)
see Figures @(d) and@r{e) (resp. @(g} and@(h})
(¢) S1NJ Msy (resp. S1N3 May) is a node(Io = 1) if k € IO N My (resp. k € IO N Moy ) and

the phase portrait consists of two parabolic sectors, see Flgurel( ) (resp. m(]))

y by y y yaA

N /

o > 7 —7 5

RY
S
=Y

0 0 1
15N M, REISSN$M4 fielsj\llﬂ\gM4 (e) keI

- k y :
/ , W, N\ 7
\\o o \\o % o . k 4 0 x

(i)kel

: 0
S1 N5 Msa (J) KET

0
fyrel S1N4 Moy

2N M4 (g) keI’

SaNF NG M (h) x € I

SzN Ny My

FIGURE 7. Local phase portraits of the type of S-N-M for system (1.2 in Ss(O)

For nodes, there are two eigenvalues A; and Aa. When |A1| > |A2| > 0, we call the characteristic
direction corresponding to A; (resp. A2) is the non-principal (resp. principal) direction. From
phase portraits of node, we can obtain that orbits are tangent to the manifold whose direction is
principal direction at the origin as t — —oo or +o0.

We provide the types of boundary-equilibria O(0,0) of system , local phase portraits in
Qs(0), and corresponding indices in Table

3. PROOFS OF MAIN RESULTS

It is clear that separatrixes of system (|1.2) are orbits along the characteristic direction. We
consider the eigenvectors of

= (bt o)
! a3 + sgn(z)bzas + sgn(y)by '

where J; (¢ = 1,2,3,4) are Jacobian matrices of system (1.3) in Q; (i = 1,2,3,4). Take the
characteristic direction to be (z1,y;)7. From (3.1)) it follows that

(dl + sgn(x)by — A) 1+ (dg + sgn(y)?)g) y1 =0, (3.2)

(&3 + sgn(x)i)g) 1+ (d4 + sgn(y)by — )\) y1 =0, (3.3)

where ) is the corresponding eigenvalue of (x1,v1)7. By and , we have
(—s — sgn(@)bs) 23 + (a2 + sgn(y)bs ) 43

~ ~ (3.4)
+ (Ell +sgn(x)by — ag — sgn(y)b4) z1y1 = 0.
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TABLE 1. Type of O(0,0) of system (1.2))

Type of O | Value of Ip | Values of (e, h) | Local phase portraits in Q5(O)
51234 -1 (0,4) Figure 1
0 (0,2) Figures [2(c, g)
N 1 (0,0) Figures [2(a-b, f)
1234 (1,1) Figures [2(d, h)
2 (2,0) Figures [2(e, i
monodromy 1 (0,0) Figures |3
-1 (0,4) Figure [4{a)
0 (0,2) Figures [4{(b-c, e-f, k)
SN (1,3) Figure [4{(d)
(1,1) Figures [4{g, j, 1)
1 (0,0) Figures [4(h-1)
(2,2) Figure [4{m)
-1 (0,4) Figure [5{a)
S-M 0 (0,2) Figures [5(b-d)
1 (0,0) Figure [5{e)
0 (0,2) Figure [6(b)
(0,0) Figures[6fa, e, g-h, j-k, n-o)
N-M L (1,1) Figures [6(c, f, i, 1)
2 (2,0) Figures [6(d, m)
0 (0,2) Figures [7|(a-d, f-g)
S-N-M 1 (0,0) Figures [7|(i-j)
(1,1) Figures [7[e, h)

For simplicity, we use (z,y)7 to replace with (z1,y1)7. In Q; (i = 1,2,3,4), (3.4) can be rewritten
as

—agz® + (a1 — as)wy + agy® = 0, (3.5)
—boz® + (b1 — ag)zy + azy® = 0, (3.6)
—bya® + (b1 — c2)zy + c1y® = 0, (3.7)
—a3z® + (a1 — c2)zy + c19® = 0, (3.8)

respectively. Then, the number of separatrixes is the number of solutions of (3.5))-(3.8) in Q;
(i=1,2,3,4).

Lemma 3.1. The number and the distribution of solutions of (3.5)) in Q1 are given in Table @

Proof. We consider three cases: as # 0, ao = 0 and a3 # 0, and a2 = 0 and a3z = 0.

Case 1. We consider (3.5) with as # 0. Take z = 0 into (3.5), then (z,y) = (0,0) which
contradicts 22 + y? > 0. This implies that (3.5 has no solutions when as # 0 and z = 0, i.e., the
y-axis. Therefore, when as # 0 and z # 0, equation (3.5)) can be rewritten as

as (%)2 + (a1 — a;;)% —a3 =0. (3.9)

Since (x,y) is the characteristic direction of a separatrix, we define the slope of the separatrix
as k = y/z. Clearly, has two distinct solutions (resp. solution of multiplicity, no solu-
tions) determined by A; := (a; — a4)? + 4azaz > 0 (resp. = 0, < 0). When O in Q; is a
saddle (resp. node) corresponding to A; > 0 (resp. A; > 0), it implies that has two
(resp. at most two) solutions defined by (x1,91) and (z2,y2). In addition, we let ki = yi /21
and k? = yo/x9. Then, ki + k? = —(a1 — a4)/as and kik? = —a3/as, where ki = (—(a; — aq) +
V(a1 — as)? + 4dazas)/(2a2) and k? = (—(a1 —as) — /(a1 — as)? + 4azas)/(2a2). Then we get the
characteristic directions D} and D? corresponding to slopes of separatrixes ki and k? in 1, where
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TABLE 2. The number and the distribution of solutions of (3.5 in Q1

N f e . ”
umber © Distribution of solutions Conditions
solutions
two solutions in Q1 except the z-axis (a) ( —az/ az)/> 0,
—(a1 —ayq)/as >0
one solution in ()1 except the z-axis, —as/as =0,
the other one on the z-axis (b) —(ay — aq)/az > 0
one solution in ()1 except the z-axis,
the other one outside )1 (c) as/az <0
one solution on the z-axis, the other —as/as =0,
twoAsolutions one outside (1 (d) —(a1 — as)/as < 0
1> 0 two solutions outside Q1 (e) (_CLS/GZ)/> 0,
—(a1 —ayq)/as <0
one solution in )1 except the y-axis, —as/az =0,
the other one on the y-axis (f) (a1 — as)/as > 0
one solut.ion on the y-axis, the other ® —as/az =0,
one outside @1 g (a1 — as)/az < 0
one solution on the z-axis, the other a0 =0
2 )
one on the y-axis (h) a3 =0
the solution in )1 except the z-axis (i) ( —a3/a2)/> 0,
—(a1 —ayq)/as >0
the solution on the z-axis () —az/az =0,
one solution —(a1 —as4)/az =0
A1 =0 the solution outside @4 (k) ( —03/02)/> 0,
—(a1 —ayq)/az2 <0
the solution on the y-axis 1) ( —az/ a)g/: 0,
a1 —aq)/as = 0

Di = (—2a2, a] —ag — \/(al —a4)? + 4a2a3> and D? = (—2a2,a1 —aq + \/(al —a4)?+ 4a2a3).
When the separatrix with the characteristic direction D7 is located in Q; except the z-axis (resp.
on the z-axis, outside (1), we obtain

H{ = —2a, (a1 — a4 — \/(al —a4)?+ 4a2a3) > (resp. =, <) 0.

When the separatrix with the characteristic direction D? is located in Q)1 except the z-axis (resp.
on the x-axis, outside (1), we obtain

H? := —2a (al —aq + \/(al —a4)?+ 4a2ag) > (resp. =, <) 0,

and the eigenvalues corresponding to D} and D7 are

ay + aq + \/(al — a4)2 + dasas ay + aq — \/(Cbl — a4)2 + 4dasas
2 2 '

Next, we consider the distribution of solutions of based on ki and k?. When equation
has two distinct solutions, there are five subcases: two solutions are located in ()1 except the
r-axis, i.e., ktk? > 0 and ki + k2 > 0, one of which is located in @ except the z-axis, the other
one is located on the z-axis, i.e., k{k? = 0 and ki + k? > 0, one of which is located in Q; except
the z-axis, the other one is located outside @1, i.e., ktk? < 0, one of which is located on the x-axis,
the other one is located outside Q1, i.e., k}k} = 0 and ki + k% < 0, and two solutions are located
outside Q1, i.e., ktk? > 0 and ki + k? < 0. These five subcases correspond to the following five
conditions (a) in Table[2] (b) in Table[2] (c) in Table[2] (d) in Table[2} (e) in Table 2] respectively.
When equation has one repeating solution, there are three subcases: the solution is located

A\ = and M\ =




EJDE-2025/42 CLASSIFICATION OF BOUNDARY-EQUILIBRIA 11

in 1 except the z-axis, i.e., ki = k? > 0, the solution is located on the z-axis, i.e., kj = k¥ =0,
and the solution is located outside Q1, i.e., kf =k} < 0. These three subcases correspond to the
following three conditions (i) in Table [2| (j) in Table 2| (k) in Table [2] respectively.
Case 2. We consider with az = 0 and ag # 0. Similar to the proof of Case 1, equation
has no solutions when ag # 0 and y = 0, i.e., z-axis. Then can be rewritten as

x\2 x
*ag(g) + (al — 04); +ag = 0. (310)

Since (z,y) is the characteristic direction of a separatrix, we define the reciprocal of the slope of
the separatrix as k = x/y. Clearly, has two distinct solutions (resp. solution of multiplic-
ity, no solutions) as determined by A; := (a; — a4)® + 4azaz > 0 (resp. = 0, < 0). When
O in @, is a saddle (resp. node) corresponding to A; > 0 (resp. A; > 0), it implies that
has two (resp. at most two) solutions defined as (z1,y1) and (x2,y2). In addition, we
let £} = 21/y; and k? = z9/y2. Then, ki + k? = (a1 — as)/a3 and kik? = —az /a3, where ki =
(—(a1 —aq)++/(a1 — aq)? + 4agaz)/(—2az) and k} = (—(a1 —a4) — V(a1 — a4)? + 4dazas)/(—2a3).
Then, we get characteristic directions D} and D? corresponding to reciprocals of slopes of sepa-
ratrixes k} and k? in Qy, where D} = (a1 — a4 — \/(al —a4)? + 4asas, 2(13) and D? = (a1 —aq +
/(a1 — a1)? + 4asas, 2a3). When the separatrix with the characteristic direction D] is located in
Q1 except the y-axis (resp. on the y-axis, outside @), we obtain

H{ = 2a3 (a1 — a4 — \/(al —a4)?+ 4a2a3) > (resp. =,<)0.

When the separatrix with the characteristic direction D? is located in @1 except the y-axis (resp.
on the y-axis, outside @1), we obtain

H? = 2a3 (a1 — a4 + \/(al —a4)?+ 4a2a3) > (resp. =,<)0,
and the eigenvalues corresponding to D} and D? are

a1+ as + /(a1 — as)? + dazas
2

are eigenvalues corresponding to D? and Dj.

We further study the distribution of solutions of based on k} and k?. When equation
has two distinct solutions, there are two subcases: one of which is located in ()1 except the y-axis,
the other one is located on the y-axis, i.e., kik? = 0 and ki + k2 > 0, one of which is located on
the y-axis, the other one is located outside Q1, i.e., k1k? = 0 and ki + k% < 0. These two subcases
correspond to the following two conditions (f) in Table 2| and (g) in Table [2| respectively. Since
as =0, kik? = —ay/az = 0, implying that has solution of multiplicity located on the y-axis,
i.e., ki = k? = 0 corresponding to conditions (h) in Table
Case 3. When a; = 0 and a3 = 0, equation has two distinct solutions in Q)1: one is located
on the z-axis, and the other one is located on the y-axis corresponding to separatrixes with the
characteristic directions (1,0) and (0, 1), respectively. O

a1 +as — /(a1 — as4)? + dasas
2

>l

1= and M\ =

As discussed in Lemma [3.1] we can obtain the following results on the number and distribution

of solutions of (3.6)-(3.8) in Q2-Q4, respectively.

Lemma 3.2. The number and the distribution of solutions of (3.6)) in Qo are given in Table @
The number and the distribution of solutions of (3.7) in Qs are given in Table . The number
and the distribution of solutions of (3.8)) in Q4 are given in Table @

Proof of Theorem[2.7, When A; > 0 (i = 1,2,3,4), by a straightforward argument we can deduce
that equations — have four solutions in Q; (i = 1,2,3,4) which indicate that system
has four separatrixes in @Q; (¢ = 1,2,3,4), where two of separatrixes are stable manifolds and
the other two are unstable manifolds. Thus the local phase portrait has exactly four hyperbolic
sectors. It is easy to see that four separatrixes can be located on the axis when k € Ig1234 (resp.
three separatrixes can be located on the axis when k € [ ém‘u two separatrixes can be located on
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TABLE 3. The number and the distribution of solutions of (3.6]) in Q-

Number of Distribution of solutions Conditions
solutions
two solutions in Q2 —by/az >0,
(a) —(bl — a4)/a2 <0
one solut.ion in ()2, the other one on (b) —by/az =0,
the z-axis —(by — ag)/as < 0
one solution in ()2, the other one B
outside Q2 except the z-axis (c) ba/ap <0
two solutions outside (o and one of —by/as =0,
two solutions | which on the x-axis (d) —(by —aq)/az >0
Ay >0 two §olutions outside ()2 except the ©) —by/ay > 0,
z-axis € —(by —ay)/az > 0
one solu‘Fion in ()2, the other one on 0 —ay /by = 0,
the y-axis (b1 — a4)/bs < 0
two solutions outside (o and one of —ay /by =0,
which on the y-axis (g) (by — aq) /by > 0
one solution on the z-axis and the ar — 0
. (h) 2 )
other one on the y-axis by =0
the solution in Q2 : —ba/az >0,
(©) —(by — ag)/az <0
the solution on the z-axis () —b2/az =0,
one solution —(b1 —a4)/az =0
Ay =0 the solution outside @2 except the —by/ay > 0,
z-axis (k) —(by — as)/az > 0
the solution on the y-axis (1) —az/by =0,
(b1 — a4)/b2 = 0

the axis when k € I§1234, one separatrix can be located on the axis when x € I3 ,» and none of
four separatrixes can be located on the axis when x € I ), as shown in Figure|lfa) (resp. b),
O

1), [[(a), [e))-

Proof of Theorem[2.8, (a) For Nj,,, the phase portrait can only have unstable manifolds. To
prove that IV 1'234 is not monodromic, we proceed by way of contradiction. If IV 1'234 is monodromic,
then phase portraits in @; (¢ = 1,2,3,4) do not have an unstable manifold. So 1) have no
solutions in the corresponding Q; (i = 1,2, 3,4), which implies that (e) in Tabl (e) in Table
(e) in Table 4| and (e) in Table [5|hold. When ay > 0, on the one hand, from (e) in Table |2} (e) in
Table 3| and (e) in Table 4, we know that ay > a4 > by > ¢o (i.e., a3 > ¢2). On the other hand,
from (e) in Table 5] we get a1 < cq, which is a contradiction. Similarly, when as < 0, from (e) in
Table |2} (e) in Table |3|and (e) in Table 4] we know a; < ag < by < ¢z (i-e., a1 < ¢2). But from
(e) in Table |5, we get a; > c2. This yields another contradiction. Therefore, N5, is an unstable
node. When « € Igﬁ , we can obtain that (h) in Table (h) in Table (h) in Table [4 and

(h) in Table |5 hold, which implies that the associated phase portrait has four unstable manifolds.
Therefore, the phase portrait consists of four parabolic sectors, see Figure (a).

Because there may be an elliptical sector between two manifolds in the principal directions of
NT and N—, respectively, we shall consider the number of elliptic sectors for types of N1+23N 1
NE),N{4 and N1+2N374-

(b) When & € I?Vfrze,NZ’ we can obtain that (f) in Table (g) in Table (a) in Table |4] and

(e) in Table [5| hold, which implies that the associated phase portrait has four unstable manifolds.
Therefore, the phase portrait consists of four parabolic sectors, see Figure b). By the same
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TABLE 4. The number and the distribution of solutions of (3.7)) in Q3

Number of Distribution of solutions Conditions
solutions
two solutions in Q1 except the z-axis (a) (b—bz / C1)/> 0,
—(b1 —c9)/c1 >0
one solution in ()1 except the z-axis, —by /ey =0,
the other one on the z-axis (b) —(by — ¢2)/e1 > 0
one solution in ()1 except the z-axis, B
the other one outside )1 (c) ba/e1 <0
one solution on the z-axis, the other —by /ey =0,
twoAsolutions one outside (1 (d) —(by —¢c3)/er <0
3>0 two solutions outside (1 (e) (b—b2/61)/> 0,
—(by —c9)/c1 <0
one solution in )1 except the y-axis, —cy /by =0,
the other one on the y-axis (f) (b1 —c2)/ba >0
one solut.ion on the y-axis, the other —c1 /by =0,
one outside )1 (2) (b — ¢2)/ba < 0
one solution on the z-axis, the other cr =0
1 )
one on the y-axis (h) by =0
the solution in )1 except the z-axis (i) (b—b2/C1)/> 0,
—(b1 —c9)/c1 >0
the solution on the z-axis () —bz/c1 =0,
one solution —(by b*/CZ)/Cl =0
Az =0 the solution outside (q (k) —b2/c1 >0,
—(by —¢2)/c1 <0
the solution on the y-axis (1) (b_01/b)2/b: 0,
1—C2)/by =10

way, we can deduce that the phase portrait of N1+23N4_ consists of two hyperbolic sectors when
_, see Figure [2(c).
[ gure )

We now prove that when x € I, N O is the type of Nf23Nj and the phase portrait consists

N123 4
of one elliptical sector, one hyperbolic sector and two parabolic sectors as shown in Figure d).

When « € I]1V+, ~—» We can obtain that (f) in Table (g) in Table (e) in Tableand (a) in Table

hold, Whichlffnglies that the associated phase portrait has two unstable manifolds and two stable
manifolds. By the condition of k1 := (ay,as2,a3,a4) € I}v* e know a; = 0 > a3 and a4 >
a1 > 0, implying that O in @) is an unstable bidirectionaﬁlo‘Lde, and the characteristic direction
D} (resp. D?) is principal (resp. non-principal). Except for the orbits along directions D} and D?,
the rest of the orbits are tangent to the unstable manifold in the direction of D} at the origin as
t — —oo. By the condition of ko := (b1, a2,bs,a4) € Izlvﬁ N We know as = 0, ags > by > 0 and
bs < 0, implying that O in @) is an unstable bidirectiogzil ;Ode and the characteristic direction
D3 (resp. D3) is principal (resp. non-principal), where D} = (b1 —ag — /(b1 — aq)? + 4asbs, 2b2)
and D3 = (by —aq + /(b1 — as)? + dazbs, 2b2). Except for the orbits along directions D3 and D3,
the rest of the orbits are tangent to the unstable manifold in the direction of D} at the origin as
t — —o0. By the condition of k3 := (b1, c¢1,b2,¢2) € IflVfT No we know by > —cy > 0 and by <0 <
c1, implying that O in Q3 is an unstable bidirectional n(;de. Since —c1(by — ¢2) < 0 and ¢1b2 < 0,
the unstable manifolds with the principal direction and the non-principal direction do not pass
through Q3. And for b < 0, we get ¥ > 0 when y = 0 and = < 0. It means that orbits in Q)3 rotate

clockwise. By the condition of k4 := (a1, ¢1,as,¢2) € Izlvj%N;’ we know 0 > —aq > ¢, ¢1 > 0 and

az < 0. It follows that O in Q4 is a stable bidirectional node, the characteristic direction of D}
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TABLE 5. The number and the distribution of solutions of (3.8]) in Q4

N f e . ”
umber © Distribution of solutions Conditions
solutions
two solutions in Q2 (a) —az/c1 >0,
—(a1 —e2)/e1 <0
one solution in )2, the other one on —ag/c; =0,
the x-axis (b) —(ay —c3)/e1 <0
one solution in ()2, the other one
outside Q2 except the z-axis (c) as/c1 <0
two solutions outside ()2 and one of —as/e; =0,
two solutions | which on the x-axis (d) —(a1 —e2)/e1 > 0
Ay>0 two §olutions outside ()2 except the ©) —ag/cy > 0,
T-axis € —(a1 —c2)/e1 > 0
one solu‘Flon in ()2, the other one on 0 —c1/az =0,
the y-axis (a1 — c2)/az < 0
tW(? solutions outs.ide @2 and one of —c1/ag =0,
which on the y-axis (2) (a1 — c2)/as > 0
one solution on the z-axis and the ¢ =0,
other one on the y-axis (h) as =0
the solution in Q4 (i) —az/c1 > 0,
—(a1 —¢2)/c1 <0
the solution on the z-axis () —ag/c1 =0,
one solution —(a1 —c2)/e1 =0
Ay =0 the solution outside @2 except the —az/cy > 0,
T-axis (k) —(a1 — ¢3)/er > 0
the solution on the y-axis (1) —ci/az =0,
(a1 — c2)/a3 = 0

(resp. D3) is principal (resp. non-principal), where D} = ( — 2c1,a1 — ¢2 — /(a1 — ¢2)? + 4cias)
and D3 = ( —2c¢1,a1 — o + \/(al —c)?+ 4cla3). Except for the orbits along the directions of
D} and D3, the rest of the orbits are tangent to the stable manifold in the direction of D} at the
origin as t — +o00. To sum up, there is an elliptic sector in which orbits start from @), and are
tangent to the direction D} at the origin as t — —oo, then enter @4, and are tangent to the origin
with the direction of D} as t — +o0o. There is a hyperbolic sector in which orbits start from Qu,
then cross @3 and enter @2, and get away from the origin as |t| — +oo. There are two parabolic
sectors in which orbits are tangent to the directions of D} and D} at the origin in Q; and Q4
respectively as ¢ — —oo. The phase portrait is shown in Figure d). By an analogous way, we
can deduce that the phase portrait of NIJESN . consists of two elliptical sectors and two parabolic
sectors, see Figure e).

Proceeding in a similarly manner, we arrive at the desired results (c¢) and (d). O

Proof of Theorem[2.9 To prove that the origin O(0,0) of system (1.2 is monodromic if and only
if G(#) # 0 with

G(0) := g(cosb,sinf) cos — f(cosh,sinh)sinb,
= (rcosf,rsinf). Then system reduces to
7 =1 (f(cosf,sinf)cosf + g(cosh,sinf)sinf) := rA(6),
6 = g(cos,sinf) cosf — f(cosh,sinf)sin 6 = G(6),

)
we use polar coordinates (z,y)

which leads to
lg ~A(9)

rdd  G(0)
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[%-Lawe

[Inr —Inr| < M0 — 01| < +oo,

Then we have

implying that

where M = maxo<p<ar |A()|/ ming<g<or |G(0)|. Hence, r and 7 cannot independently tend to
0. Thus O is monodromic.
To show that G(6) £ 0 if and only if condition (2.2)) holds, we note that

—£(0,1), if cos§ =0, sinf =1,
G(G) _ f(oa _1)a lf COS9 = O, sin@ = —17
) cos?0(g(1,tan6) — tan O£ (1, tan6)), if cosf > 0,

(
(
and G(#) # 0 is equivalent to (i) f(0,1) = Gy 4+ by # 0, f(0,—1) = —dy + by # 0, and (ii)

g(1,tan ) — tan@f(1,tanf) # 0 and g(—1,—tand) — tan 0 f(—1, — tanf) # 0 when cosf # 0. By
substituting v = tan , (ii) can be formulated as

cos? 0 (—g(—1,—tanf) + tanOf(—1,—tanh)), if cosf <0,

d3+l~)3+(—d1—|—&4—l~)1+54)u (a2 — 62) #0,
C~l3-l—§3+(—5t1 +d4—%1—§4)u (@ + ba)u? # 0, 3.11)
a3 — bz + (—a1 + aq + by — by)u — (g + ba)u® # 0,
as —bs + (— a1+a4+b1+b4)u—(a2—bg) £ 0.

Comblmng ) and (| - ) leads to condition . From G(0) # 0, it follows that O of system
is monodrormc Then
27

w=Inr(2r) —Inr(0) = h(cos#,sin§)dé
0

™ f(cos 6, sin @) cos § + g(cos 6, sin @) sin O

o g(cosf,sin®)cos® — f(cosh,sinf)sinb
where 7(0) = rg > 0. Additionally, for as < 0, the orbits near O of system (1.2)) rotate anticlock-
wise. When a < 0 and O of system ((1.2)) is a center (resp. a stable focus, an unstable focus), we
observe that r(27) — rg = 0 (resp. < 0, > 0) holds for sufficiently small ro > 0, indicating that O
is a center (resp., a stable focus, an unstable focus). Similarly, when a < 0 and O of system (|1.2)
is a center (resp. a stable focus, an unstable focus), we have r(27) — rg = 0 (resp. > 0, < 0) for
sufficiently small 7o > 0, indicating that O is a center (resp. a stable focus, an unstable focus). O

Proof of Theoremm [2.10 (a), (b) and (e). For S1a3N;", S1aNiy, S13N, and S1Ngf,, there are no
elliptical sectors in their phase portraits. The number of hyperbolic sectors is analyzed in specific
cases. Using the same method as in (b) of Theorem we can prove that (a), (b) andf (e) hold.

(c) For 5’12N3+ N, , the manifolds in the stable principal direction and unstable principal direction
may exist simultaneously. Therefore, we consider the number of elliptical sectors in this case.
We claim that there is at most one elliptical sector. Using the same method as in the proof of
Theorem we can obtain (c) immediately. To prove that it is impossible for the phase portrait
of 5’12]\7; N, to have two elliptical sectors, we suppose that there are two elliptical sectors in the
phase portrait of SlzN N, . Then the manifolds with the stable principal direction and unstable
principal direction are in Q)4 and )3 respectively, i.e. equatlons and (3.7) have solutions in
Q4 and Q3 respectively, implying that (c) in Table 4} HZ > 0, in Table and H} < 0, where
Hg = 7261(()1 —C2 + \/(bl — 02) + 4Clb2) and H4 = 7261(&1 — Cg — \/ a1 - C2 + 461€L3). On
the one hand, from (c) in Table 4f and H3 > 0, we can obtain ¢; < 0 and by < 0. Then by T3 > 0
and D3 > 0, we can get b; > 0 and c3 > 0. On the other hand, from (c) in Table [5| and H} < 0,
we can obtain ¢; < 0 and a3 < 0. Then by Ty < 0 and D4 > 0, we can obtain a; < 0 and ¢y < 0.
This is a contradiction.
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By an analogous argument, we can obtain (d), (f) and (g). O

The proofs of Theorems are closely similar, to avoid unnecessary repetition, so we
omit them.

4. CONCLUSIONS

Chen et al. [7] presented the classification and local phase portraits of the boundary-equilibria
of a two dimensional continuous piecewise linear system with a switching line. Based on their
results, we considered a piecewise linear system with two intersecting switching lines. Since two
intersecting switching lines divide S5(O) into four parts and system has eight parameters, the
classification becomes more complicated, which also greatly increases the amount of computations.

This paper gives a complete classification of boundary-equilibria of system such as Sy234,
Ni234, Miozq, S-N, S-M, N-M and S-N-M. In the further study, we will explore boundary-
equilibria index of two dimensional continuous piecewise linear systems with more intersecting
switching lines and boundary-equilibria index of n-dimensional continuous piecewise linear sys-
tems.

APPENDIX A

For convenience, we compile a list of symbols.
I, = {r€R®:D; <0(i=1,2,3,4)},
@ ioas =18 N{KERY a1 > 0,a0 =a3 =by =1 =0,a4 <0,b; > 0,2 <0},
1§, = Ispns N{k €R® a1 > 0,a2 = by =1 =0,a3 > 0,a4 < 0,b; >0,co <0},

IZ . = Is,, N{k€R®:ay <0,a3 =by =0,0 < ag < ajca/cy,aq > 0,by <0,¢1 <0,c0 >0},
Igilm i=Ig,,,, N{K € R®:ay <0,a9 =0,0 < az < ajca/cr,as > 0,0y <0,ba <0,¢1 <0,co > 0},
Ii = Ts,, N{kER® 1ay = by = ¢ = 0,03 > 0,a3 > 0,a4 > 0,by > 0},

Iy ={r€R¥:T;>0,Di > 0,4 > 00 =1,2,3,4)},

IO
N1+234

= N1+2340{K,€R81a1 > ay >O,a1 > Co >0,a2:a3:b2=cl ZO,bl >a4,b1 >CQ}7

Int n- ={k€R®:T; >0(i=1,2,3),D; >0,A; >0(j =1,2,3,4),Ty < 0},

1234V4
0 8

IN{*'%N; = IN1+23N4— Q{HER L as >0,b1 > —Co > a1 > ay >0,b102/01 <b2,a2 =0,c; <0},
/

+ —
N123N4

1
IN

=Iy+ - N{KER® a1 <0,a2 <0,a3>0,as >0,b; > 0,by <0,c; >0,c0 <0},
1237 %4

£ oNp = In+ no N{r€eR®:ay=0,a3 <0,as > by > —co >a; >0,by <0,c; >0},
2 L
Intany = Infuany
ﬂ{lﬂERglAl =A3 :O,CLQ >O,a3 <O,b2 >O,Cl <0,a4 > —aq >0,b1 > —Cy >0}7

Iyt ny, = €R*: T >0, Di > 0,4, 20(i=1,3),7; <0,D; >0,4; 20 (j =2,4)},

0 . 8.

IN1+3N21 .—INEN;ALO{KZER .a1<O,a2>0,a3<0,—02<b1<—a4<0,b2<0,cl>0},
Int ne, ={k€eR®:T;>0,D; >0,A; >0(i=1,2),T; <0,D; >0,A; >0 (j=3,4)},
I?%st = NﬁN&ﬂ{HERS:al<O,a2<0,a3>0,a4>0,bl>O,b2<0,cl>0,02<0},

1 —
Intong, = I,
ﬂ{nERS:ag :07(1162/01 < asg,—Cy > a1 > Q4,C1 <0,A3 =0,—co > b1 >ay >0},
2 .7 8.
INF—QNL;; .—INENQQ{KER ta; < 0,a2 > 0,a3 <0,aq4 > 0,by >0,b2 >0,c1 <0,c <0},
g oni = {k €R®:D; <0(i =1,2,3),Ty >0,D4 > 0,A4 >0},

1° =T

8
S1asNF SIQBNIQ{KGR tap >0,a3 <0,a35 <0,a4 =0,b; =0,by <0,¢1 <0,¢c0 >0},
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Ig,ni, = {n €R*: D; <0(i=1,2),T; > 0,D; > 0,A; > 0(j = 3,4)},

Iglzzv; = Ig Ny, 1 {keR®: a3 =0,A4=0,¢1 <0,A3 =0, >ay >0,a4 <0,b1 >c2 >0},
Ignine = {k€eR®:D; <0(i=1,2),T3 >0,D3 > 0,A3 > 0,Ty <0,Dy >0,A4 >0},
0 —
IsmN;N; = IslgN;Ng
n {KERS a0 =0,a4 <0,c1 < 0,[)102/01 <by,Ay =0,b1 > —co >a > 0},
Iy nan- = {k€eR®:D; <0(i=2,3),T1 <0,D; >0,A; >0,Ty >0,Dy >0,A4 >0},
3 Ny
1 7
ISmN;N; T IslzN;rNg
N {FL ERS a3 =0,A4 =0,c1 <0,by < blcg/Cl,bl >0,—co<a; <ayg < 0},
Ig, vz, ={r €R®:D; <0(i=1,3),T; > 0,D; > 0,4; > 0(j = 2,4)},
IglaNr; = IS13N;; N {H eR®: az =0,b1 > a4 > 0,bs < b162/01,01 <0,—cx<a; <0,A4 = 0},

Ig NiN: = {k€R®: D; <0(i=1,3), T2 > 0,Dy > 0,Ay > 0,Ty <0,Dy >0,A4 >0},

IglsN;N; =Ig NiNp N{keR®:a; <0,a2=0,a3 >0,b; >as >0,c; >0,by =0,c <0},
IélaN;N; = Ig, Nt nN- N{reR®:ay >0,a3 <0,by > —as >0,by < 0,c1 >0,¢2 < —ay <0},
Ig ny, = 1{r € R®: Dy <0,7; >0,D; >0,A; >0(j =2,3,4)},

IglN;M = IslN;rMﬁ{/ieRS:aQ:O,bl >ag> 0,01 <0,by >cp>—a; >0,A3 =0,A4 =0},

ISlNrZ;N; = {HERSIDl <07Tj >0,Dj >07Aj 20(j22,3),T4<07D4>0,A4 ZO},
NSNS = IS1N2J§N47 O{KERSSQQZO,(M >by > —co>—a; >0, <0,A3=0,A4=0},
1
IS

0
IS'
::[SleaNg
m{ﬁERSZGQZO,a4>b1 >co > 0,01 <0,A3:0,CL1 <_CQ<O,A4:0},

IS&N;ZN; = {KERSZDl <O,Tj >O,Dj >O,Aj ZO(j=2,4),T3 < 0,Ds3 >O,A3 ZO},

LN Ny

= Ig NNy N{k€R®:a; >0,a2 >0,a3 >0,as >0,b; <0,by <0,¢1 <0, <0},

S1NS Ny

1 8

IS&N;;N; = ISIN2+4N37 Q{KGR ca; > 0,a9 > 0,a3 > 0,a4 > 0,b; <0,b2 <0,c1 >0,co >O},
2 8

I wany = Tongng N{keR®: a1 >0,a2 <0,a3 < 0,a4 >0,b; <0,bz >0,c1 >0,c2 <0},

Isyam, = {k €R®1a1 > 0,a0 = 0,a4 < 0,0 < by < byca/er, by > 0,¢1 <0,c0 <0,A4 <0}
Is s, = {/@ERS:al > 0,a2 =0,a4 < 0,01 >0,c1 <0,A3 <0,Ay <O},
Isysny, = {K €ER® 1ag > 0,a3 > 0,D; < 0,by <0,¢1 <0,D3 <0,A3 <0,A4 <0},

Is My = {K €ER® 11 > 0,a5 < 0,a3 > 0,a4 < 0,D; <0,A3 <0,A3 <0,A4 <0},

IS My = {KJERE;:al > 0,a9 > 0,a1a4/a2 < ag < 0,a4 < 0,b7 > 0,b3 < 0,¢1 > 0,c2 <0,

Dy <0,A; <0(i=2,3,4)},

Ling, =1k €ER®:A; <0,7;>0,D; >0,A; >0(j =2,3,4)},
I&lN& ::IMIN;Mﬂ{meRS:al >0,a2 < 0,a3 > 0,a4 =0,by > 0,by >0,¢; <0,c3 <0},
Liyng vy = {keR®: Ay <0,T; >0,D; >0,A; >0(j =2,3),Ty < 0,Ds >0,A4 >0},

11?411\7;31\/; ::IM1N2+3N; Q{KERSZCM < 0,a3 <0,a3 >0,a4 >0,b; > 0,02 <0,c1 >0, <O},
I, =Ly NNy N{keR®:a; <0,as <0,a3 >0,a4 = 0,b; >0,by >0,

c1 <0,c9 <0,A3:0,A4:O},

Lyviny = Dangvy N {8 €R® a1 <0,a2 > 0,03 < 0,04 > 0,by > 0,b2 > 0,1 < 0,¢2 < 0},

1NN,
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LNy = {keR®: Ay <0,T; >0,D; >0,A; >0(j =2,4),T3 < 0,D5 > 0,A5 > 0},

I&lN&N; = Inp NN; N{reR®:a; <0,a3 <0,a3 >0,a4 >0,b; <0,bp >0,c1 <0,¢5 >0},
Lyving = Dangvy N {6 €RY a1 > 0,02 < 0,03 > 0,04 > 0,by = 0,b2 > 0,1 < 0,¢2 < 0},
Ly, = (K ER:A; <0(i=1,2),T; >0,D; >0,A; > 0(j =3,4)},

I}Qmw = IMHN;ZQ{KGRS:O<LL1 < ¢y <by,az <0,a3 > 0,a4 =0,by >0,c; =0},
DN ne = {keR®:A; <0(i=1,2),T3 > 0,D3 > 0,A3 > 0,74 < 0,D4 > 0,Ay >0},
IJ(\)412N;N; = IMlgN;N; ﬂ{neRgzal < 0,a2 <0,a3 >0,a4 =0,b; < 2,05 >0,c1 <0, >O},
I;/IlQN;N; =Ly, ndny 0 {keR®:a; <0,a2 <0,a35 >0,a4 =0,by >0,c; <0,0<co<bi},
Iiryny, = 1Ar € R¥:A; <0 =1,3),T; >0,D; >0,A; >0(j =2,4)},

Igmm = IMMN;m{meRgzal < 0,a2 < 0,a3 > 0,0 < by < ayg,by >0,¢c1 <0,c0 >0},

24
Lypyni vy = {8 €R® A <0(i = 1,3), T > 0,D2 > 0,42 > 0,74 < 0,D4 > 0,A4 > 0},
IJ(\)ﬁgN;N‘: = IM13N2+N47 O{KGRSSCM < C2 <O,a2 <0,(13 >0,bg >0,61 <0,0<b1 <a4},
Ii/ll;;N;rN; = IM13N2+N; ﬂ{mERS:al < 0,a2 <0,a3 >O,0<b1 <a47b2 >0, <0702=0},
112\413N;N; = Lyony g N {k€eR®:a; <0,a2 >0,a3 < 0,as >0,b; >0,by >0,¢; <0,cp <0},
Doy =K € R®:A; <0(i=1,2,3),T,>0,Dy>0,A4 >0},

I&mNI =Ly ,ony MR ER® tar <0,a2 <0,a3 > 0,a4 =0,b; = 0,b2 > 0,¢1 < 0,2 >0},
Lpony = Darpny N {F €R® a1 < 0,82 > 0,03 < 0,04 = 0,by = 0,b2 < 0,1 > 0,2 > 0},
Ig,nin, =K € R®:D; <0(i=1,2),T3 > 0,D3 > 0,A3 > 0,A, < 0},
1212N;M4 = ISIQN;M4H{H€RSZG1 > 0,a0 =0,a3 > 0,a4 <0,bo =0,c1 <0,b1 = >0}7
Ig i niar, = 1K€ R®:D; <0(i=1,3),T, >0,Dy > 0,As > 0,A4 <0},

Ing;rM‘L = ISBN;M4O{/€€R81G1 <0,a2 =0,a3 >0,by >a4 >0,b2 =0,c1 <0,cy <O}7
Ig niar, =K € R®:T; >0,D; >0,A; >0(i =1,2),D3 < 0,A4 <0},

Ig’ngrzM4 = IS3N1+2M4Q{H€R8:Q1 > a4 > 0,a0 =0,a3 > 0,c1 <0,c0 <0,b0 =0,b; > ay >0},
Igy Nt Ny, = {keR®: Ty >0,D; >0,A1 > 0,75 <0,D3 >0,A5 > 0,D3 < 0,Ay <0},
123N¢N5M4 = Ig ni g, N {k€eR®:a; <0,a2>0,a3 <0,a4 >0>b1,by <0,¢1 >0,cr >0},
IéngN;M4 = IS3N;rN;M4m{H€R8:a1 > 0,a2 <0,a3 >0,a4 =0>b1,b0 >0,c1 <0,¢ >O},
g, nia, = {(keR®:T;>0,D; >0,A; >0(i = 1,3), Dy < 0, A4 <0},

I, niny = Lsuniar, N {K €R® a1 > a4 > 0,02 = 0,03 > 0, =2 < by <0,bp > 0,e1 <0},
ISQNlJrN:;M4 = {KERSZTl >0,D; >0,A1 >0,D3 <0, T3 <0,D3 >0,A3 >0,y <0},
Ig2N1+N;M4 = Ig,ni v, N {FERY 11 > ay > 0,02 = 0,03 > 0,by < —c2 < 0,02 > 0,¢1 <0},
IézN;—NB_M4 = IS2N1+N;M4H{I{ERSSG3 >0>ag,a1 > —aq >0,bp >0,b0 >0,c1 <0,c <O},
To N ay = {k€R®: Dy, <0,T, >0,Dy >0,A5 >0,A3 < 0,44 <0},

IglN;MM = Ig, N+ ry, {k€eR®:a; <0,a2 =0,a3 >0,0 < by <ag,by>0,¢; <0,cp =0},

ISHN;MM = {HERSSDl <0,A2<0,75 >0,D3 >0,A35 > 0,4 <O},

TG ntatpe = L5, Nf sy N {H ER® 101 = 0,02 > 0,03 > 0,04 = 0,b1 > 0,b < 0,1 < 0,¢2 > 0}
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