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EXISTENCE OF POSITIVE S-ASYMPTOTICALLY w-PERIODIC SOLUTIONS
OF TIME-SPACE FRACTIONAL NONLOCAL REACTION-DIFFUSION
EQUATIONS

XUPING ZHANG, KAIBO DING, PENGYU CHEN

ABSTRACT. This article studies the asymptotically periodic problem of time-space fractional
reaction-diffusion equations with nonlocal initial conditions on infinite intervals. Without the
assumption of upper and lower S-asymptotically w-periodic solutions, the existence results of
positive S-asymptotically w-periodic solutions for a class of abstract time-space fractional evolu-
tion equations with nonlocal initial conditions under growth and order conditions are obtained
by using the theory of operator semigroups and the method of monotone iteration. Finally, the
abstract results were applied to time-space fractional reaction-diffusion equations with nonlocal
initial conditions and some new results were obtained.

1. INTRODUCTION

In this article, we study the positive S-asymptotically w-periodic solutions for the following
time-space fractional reaction-diffusion equation with nonlocal initial conditions

°Du(t,z) + (=A)Pu(t, ) = F(t,u(t,z)), (t,x)€ [0,400) x Q,

u(t,z) =0, (t,z) € [0,+00) x 99, (1.1)

m
u(0,z) = uo(z) + Z aru(Ty,z), =z €4,
k=1

where D¢ is the Caputo fractional derivative of order 0 < a < 1, (—A)? is a fractional Laplacian
with 0 < 8 <1, Qis a bounded open domain in R*, 0 < Ty < Ty < -+ < T}, < +00, ap # 0 are
real numbers, k =1,2,...,m, F': [0,400) Xx R — R is a continuous function.

It is well known that many realistic models are not strictly periodic. Therefore, since the concept
of S-asymptotically w-periodic function was introduced in [20], asymptotically periodic problems
have been rapidly developed due to their broad physical background and realistic mathematical
models. In particular, the hereditary and memorability of fractional derivatives provides an ideal
tool for describing many phenomena and processes. It is worth noting that there are many relevant
results on the existence and uniqueness of S-asymptotically w-periodic solutions to fractional
differential equations, one can refer to [3, [l [, [7, 22, [26] and references therein.

In addition, in many specific system applications, sometimes only positive solutions are sig-
nificant. In recent years, there are many results on the existence of positive solutions for frac-
tional differential equations, one can see [14} 17, 2T], 25] [33]. However, the existence of positive
S-asymptotically w-periodic solutions on infinite intervals are few. Shu [29] investigated the exis-
tence of the positive S-asymptotically w-periodic solutions to a class of semilinear neutral Caputo
fractional differential equations with infinite delay. Li et al. [23] discussed the asymptotically
periodic problem for the abstract fractional evolution equation under order conditions and growth
conditions as well as obtained some new results on the existence of the positive S-asymptotically
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w-periodic mild solutions. Gou [18] investigated the existence of minimal positive S-asymptotically
w-periodic mild solution for structural damped elastic systems with delay and nonlocal conditions
on infinite interval. Besides, Gou [19] studied the existence of minimal positive S-asymptotically
w-periodic mild solution for abstract evolution equation with delay on infinite interval. Further-
more, compared to the classical conditions, the nonlocal initial conditions are more practical when
describe some physical phenomena. It is worth noting that there are many relevant results on
nonlocal problems. For more details of nonlocal conditions, one can see [9] [10, 11 12} [34] and
references therein.

Inspired by the above work, we are concerned about the positive S-asymptotically w-periodic
solutions of nonlocal problem . The organization of this paper can be described as follows.
In the Section 2, we collect some necessary definitions and preliminary facts. In Section 3, we
present our abstract results. In the last section, applying our abstract results to nonlocal problem
7 we prove the existence of positive S-asymptotically w-periodic solutions.

2. PRELIMINARIES

Unless stated otherwise, we will assume that (E, || - ||) is an ordered Banach space with partial
order “<”, whose positive cone P = {u € F : u > 0} is normal with normal constant N, 6 is the
zero element of E. Combining property of exponential functions, define a Banach space

Ce([0,00), B) = {u € C([0,00), E) : lim e"[|u(t)]| = 0}

with the norm | - || = sup,cg+ e *||u(t)||. We define a positive cone P, C C.(E) by
P.={ueC.(E):u(t) >0, tel0,00)}

Then, P, is normal and C.(F) is an ordered Banach space, whose partial order ”<” is induced
by the cone P.. Now, we present an important result that will play an important role in the
subsequent proof.

Lemma 2.1 ([8]). The set 2 C C.([0,00), E) is relatively compact if and only if the following
conditions hold:

(a) for each a >0, the set = is equicontinuous on [0, al;
(b) for any t € [0,00), Z(t) = {u(t) : uw € E} is relatively compact in E;
() limy—oo e H|u(t)|| = 0 uniformly for u € E.

Next, let A : D(A) C E — E and —A generates an exponentially stable analytic semigroup
T(t)(t > 0) in E. As we all know, for a general Cy-semigroup, there exist constants M > 1 and
v € R such that

I7(0)] < Me, ¢ >0,
In particular, let growth exponent
Vo := inf{r € R: IM > 1 such that ||T(t)|| < Me"*,t >0} <0,

the semigroup T'(t)(t > 0) is said to be exponentially stable. It is well known [30] that if the
semigroup 7'(¢) is continuous in the uniform operator topology for ¢ > 0 in E, then vy can
obtained by the spectrum o (A) of the operator A,

vy = —inf{ReX | A € o(A)}. (2.1)
By Blakrishnan’s definition [4, 35], the fractional power A” is well defined as

APy = M/ MZYNT+A)YAud), 0< B <1,uc D(A). (2.2)
™ 0

From [35] one know that —A® is a closed densely defined operator, which generates a bounded
analytic semigroup T(t)(¢t > 0), which can be expressed as

Ts(t) = /0oo 95.¢(s)T(s)ds, t>0,
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where gg +(-) is defined by the inverse Laplace integral

1 o+1i00 5
g,B,t(S) = Tm/ . g5tz dz, o >0,
g —100

and the brach of z# is so taken that Re(z?) > 0 for Re(z) > 0. Moreover, one can see gg ;(s) > 0
for s > 0 and [;° ga,(s)ds = 1 in [35]. It is valuable to note that there is an important lemma
about Tg(t).

Lemma 2.2 ([24]). If the semigroup T(t)(t > 0) generated by —A is exponentially stable and
compact, then the semigroup Tz(t)(t > 0) generated by — AP is exponentially stable and compact.

In the following, consider a probability density function h,(7) defined by

oo

! no1D(na+1) |
ha(r) = — n;( ) = sin(nma), 7 € (0,00).
Obviously,
ha(7) > 0, /0 ho(r)dr = 1, /0 Tha(T)deﬁ, 7€ (0,00). (2.3)

Based on thesestatements, for t > 0, we define the two operators:

oo oo
Joplt) = / ha (T3 7)dr,  Raslt) = o / rha (1) T (t7)dr.
0 0
Similar to the proof in [1I 13| [32, [36], one has the following results.

Lemma 2.3. The operators Jo p(t)(t > 0) and £q 5(t)(t > 0) have the following properties.

(1) The operators Ja,p(t) and Rq,p(t) are strongly conntinuous operators, this indicates that
forany x € E and0 <t <tg, ||Ja,8(t2)x—Ja,g(t1)z|| = 0 and ||Ra g(t2)z—Ra g(t1)z| —
0asto—t; — 0.

(2) Ja,p(t) and R, 5(t) are linear bounded operators for any fized t € RY,

M
@lel-
(3) Ja,8(t) and Ra p(t) are uniformly continuous for every t > 0.
(4) If semigroup Tp(t)(t > 0) is compact, then Jo g(t) and Rq g(t) are compact operators for

every t > 0.

(5) If semigroup Ta(t)(t > 0) is positive, then Jo p(t) and Ry g(t) are positive operators.
(6) If semigroup Ty(t)(t > 0) is exponentially stable with the growth exponent —|vp|?, then

[3as@ < MEa(=|0°t),  ||Ra,s(D)2]| < MEa,a(~l10l’t%) (2.4)
for every t > 0, where E,(-) and Eq o (-) are the Mittag-Leffler functions.

Bas@zl < Mlz|, [|Rast)z] <

Lemma 2.4 (B1)). Ea(—p) = [j" Tha(r)e #7d7, Eoo(—p) = o [§° Tha(r)e 7 dr.

Now, we provide a definition of S-asymptotically w-periodic function. Let C([0, ), E) denote
the Banach space of all bounded and continuous functions from [0, 00) to E equipped with the
norm ||ullc = sup;ep+ [|u(t)|l-

Definition 2.5 ([20]). A function f € Cp([0,00), E)is said to be S-asymptotically w-periodic if
there exists w > 0 such that lim; o ||f(t + w) — f(¢)|| = 0. In this case we say that w is an
asymptotic period of f.

Let SAP,, (E) represent the subspace of Cy ([0, 00), F) consisting of all the F-value S-asymptotically
w-periodic functions endowed with the uniform convergence norm denoted by ||u|/¢. Then SAP,,(E)
is a Banach space.

Lemma 2.6. [27] Let I be a convez, bounded and closed subset of a Banach space E. If© : 11 — 11
is a condensing map, then © has a fized poind in II.
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3. ABSTRACT RESULTS

In this section, we discuss the positive S-asymptotically w-periodic mild solutions for the fol-
lowing abstract time-space fractional evolution equations with nonlocal conditions

“Du(t) + APu(t) = G(t,u(t)), te[0,+00),

u(0) = w0+ > ag(Ty), oy

k=1
where D is the Caputo fractional derivative of the order 0 < a < 1, A: D(A) CE — E is a
closed linear operator and —A generates an exponentially stable analytic semigroup T'(¢)(¢t > 0)
in E, AP is the fractional power operator of A for 0 < 3<1,0<T; <Tp < --- < T}, < +00 and
ay, are real numbers, G : [0,00) x F — E is a continuous function.

Definition 3.1. A function u : [0,00) — E is said to be a mild solution of the nonlocal problem
(3.1) if u € C([0,00), E) and satisfies

m Ty
u(t) = Ja,5(t)Aug + Zakfja,g(t)A/ (Ty, — s)o‘flﬁavg(Tk — 5)G(s,u(s))ds
k=1 0 (3.2)

t
+ / (t— )" 18Ra p(t — 8)G(s,u(s))ds.
0
Moreover, if u(t) > 0 for all ¢ > 0, then it is said to be a positive mild solution of nonlocal problem
B1).
To prove the main result, we also need the following assumption:
(H0) 375y Jax < 7

It follows from Lemma [2.3)(2) that || Y°7" | axJa,s(Tk)|| < M 33", |ax| < 1. By the operator
spectral theorem, (HO) give a sufficient condition to guarantee the operator A on E given by

(- Em: ardas(Th))
k=1

exists and be bounded, where I is the identity operator. Indeed, by Neumann formula, A can be
expressed by

-1

m

— i; (Zakda 8 Tk))n.

Therefore,

A<D 11D andas(Ti)l™ = " < " - 33)
,;) ,; g L= 12 k1 anJas(Ti)ll = 1= M 3oy |axl

Theorem 3.2. Let E be an ordered Banach space, whose positive cone P is normal, A: D(A) C
E — FE be a closed linear operator and —A generate an exponentially stable, positive, and compact
analytic semigroup T(t)(t > 0) in E, whose growth exponent vy < 0, the nonlinear function
G :RT x E — E be a continuous function. If the conditions (HO) and the following 3 conditions
hold:

(H1) fort >0 and x € E, there exist positive constants Ay > 0 and
Ay € (0,(1 = M0 |a])|wol? /M) such that

IG(t, e'x)|l < Aul|z]| + Ao,
(H2) G is nondecreasing with respect to the second variable, i.e., for xo > x1 >0,
G(t,xa) > G(t,x1) >0, t>0,
(H3) there exists w > 0, for every t € [0,00),z € E,
i 6t +w.2) - Glt,)] =0,



EJDE-2025/44 TIME-SPACE FRACTIONAL REACTION-DIFFUSION EQUATIONS 5

then there exist a minimal positive S-asymptotically w-periodic mild solution w of nonlocal problem
BD).
Proof. Consider the operator © on C.(F) defined by

(Ou)(t) = Ju,p(t)Aug + / (t— s)o‘_lﬁa,g(t — 8)G(s,u(s))ds

0
m T, (3.4)
+ Za;ﬁayg(t)A/ (Ty — 8)* 8o (T — 5)G(s,u(s))ds.
k=1 0
By (3.3), (3.4) and (H1), one can conclude that
e'[l(eu) )|
t
< sl + e [ =" Rt = G u(s)) s
m Ty
+e Y larl3as @A /0 (Th = 5)°7 [ Ra,s(Tk — )G (5, u(s)) | ds
k=1
e~ Mluo| e MYy |axl
B I—MZZLM%\ 1—MZZL:1 |a|
Tk oo
y aM/ / ha () (Ty — 8)°~ L= Te=97 (A, lull. + Ag)drds
o Jo
t o]
+ e*taM/ / Tha()(t — 8)* Le 0 =T (4, ||y, + Ao)drds
o Jo
Mol M - * P
< I it 1L A ) + Ao)/ ha(T)dT/ e ols g
L=M3 5 lae| 1= M350 |ak 0 0
+ et M(Ay|full. + AO)/ ha(T)dT/ e 1vol”sgs
0 0
e~ Mluo| e "M 3 iy lak] M(A]ulle + Ao)
T1-MY Jar] 1= MY faxl vol?
+ €_tM(A1||U||e + Ao)
lwol?
Ml o M el ) Ml £ )
T 1ML |ag 1= M350 Jax| |vol?
e Mluoll =M (Aifjull + o) 55
T 1ML |ag (1_MZZL:1 |ak|)‘VO|’8
Thus, we can conclude that
M|Juo | M(Aq||ulle + Ao)
[(©u)(t)]le < ™ o =+ Plufe, (3.6)
L= M350 el (L= M350 ak])vol?
where
|vol P M |Juol| + M Ao %= M4,

(1= M35 lak]) vl (1= M3 lar])lvol®
are positive with ¢ < 1. Hence, lim;_,o, €7 *||(Ou)(¢)|| = 0, which implies that © : C.(E) — C.(E)
is well defined.
Next we prove that © is continuous on C.(E). Let {u,} C C.(E) such that u, — u as n — oo
in C.(E). From the continuity of G, it can be obtained that

sup [|G(s,un(s)) — G(s,u(s))]| =0 asn— oco.
s€[0,00)

Then by the Lebesgue dominated convergence theorem,

1(©un) () — (Ou)(®)]|
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< MZ IakIIIAII/ T = 5)* 7 [ 8a,8(Tk — $)[IG (s, un(s)) — G(s, u(s)) | ds

+ / (t =) Rap(Ti = )G (s, un(s)) — G(s,uls))llds
0

MY iyl /Om ha(7)dr /OOO e 1G5, (5)) — s, u(s) | ds

SToMY ol
9] e Ooef\l/0|ﬁ5 s, un(s)) — s . uls S
+M/O ha(r)d / 1G5, un(s)) — G(s, u(s))d

) sup_[|G(s,un(5)) = Glss u(s)]
(1 N Mzk 1 |ak|) || B s€10,00)

—0 as n— oo.

Hence,

[(©un)(t) = (Bu)(®)]le = sup e "[[(Oun)(t) — (Ou)(t)]| =0 (n — o0),

te[0,00)

which implies that © : Ce(E) — C.(E) is a continuous operator. Therefore, one can deduced that

the fixed points of © are mild solutions to nonlocal problem (3.1]).

Based on this fact, we first prove that ©(SAP,(F)) C SAP,(FE). For any € > 0 and u €
SAP,(E), there exists a constant t! > 0, for ¢t > ¢!, have ||u(t +w) — u(t)|| < e. On the one hand,

by continuity of G, for t > t!,

Gt ult +) - Gt u)] < 2L

On the other hand, by (H3), there exists a constant ¢? such that for ¢ > 2,

|Gt + w,u(t+w)) — Gt u(t +w))| < |V]€/[‘Be.

According to (2.4]), we let
Mo = M max { sup Eo(—[1o|"t*) (1 + )%, 5up Eq o (—|v0]*t*) (1 +)**},
>0 >0

then
M
Ja < ;1 Ra <———, t>0.
a0 < i I8as®ll < T iz
Hence, for t > max{t!,+?}, it follows from (3.4) that
4
(Ou)(t +w) — (Ou)(t) = > Bi(1),
i=1

where

B (t) = (Jas(t +w) — Ja,5(t))

(Auo + Z%A/ (T — $)  Ra,p(Tk — s)(}'(&u(s))ds)7

%(t):/o (t+w— 8) 8 5t +w — 5)G(s, u(s))ds,

Bs(t) = /0 (t— s)o‘_lﬁa’g(t —5) (G(s, u(s +w)) — G(s, u(s)))ds,

By(t) = /0 (t—5) " "Rap(t — 5)(G(s 4+ w,u(s +w)) — G(s,u(s + w)))ds.

(3.9)
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4
[(Ou)(t +w) = (Bu)(B)]| < Y 1B:®)]l-
i=1

Let us start with estimations of [|8B1(t)|| and ||B2(t)||. By (3.9)), one can see that
1981l

=nmmmwuw—mmu»MMm+§jmmAAku%—$w4&wa%—gaww@»mn
k=1

< 2M,
T (14t~

m T )
) (nAuon+nAn£g;|ak|j€ (T = )"~ 8a,a(Tk = IG5, u(s)) | ds)

(

and

B2 ()] = |l /Ow(t +w =) Rap(t +w = 5)G(s,u(s))ds|

< /w(t +w =) Ras(t +w = s)[[|G(s, u(s))l|ds
0

“ a1 Arflu(s)[| + Ag) Mo
S/O(t—i—w s) O+itw_sm ds
Mo((t + ) — 1)

a(l +1¢)2e

Mowa
< (Aillulle +A0)m-

By (H1), (3.7) and (3.9)), one can obtain that

1B3()]| = |l /0 (t )" R p(t — )(Gls, uls + ) — Gls,u(s))) ds

[ (=) Rap(t — 5)(Gs,u(s +w)) — G(s,uls))) ds|

te

< (Apllullc + Ao)

< / (1= ) R 5t — IG5, us +w)) — Gs, uls))|ds
0

+ /t (t =) Ras(t = )G (s, uls +w)) = G(s, u(s)) |l ds

€

< 2/\/10/0 6 M(AHW(S)H + Ap)ds

S R S S €
0 o, 8

t—t)" "~
< IMo( Ayl + Ag) E 122

t - ) ,
+Ma/ ((t — s)"‘*l/ Tha(,r)efhjovj(tfs) TdT)dS\VLIG

t—t) ¥ —t7¢
< 2Mp(rflulo + A0 LT

which implies that ||Bs(t)|| tend to 0 as t — oo. Similarly, By (H1), and (3.9), we can get that
[IB4(t)]] tend to 0 as t — co. Summing up, it follows from above results for ||B8;(¢)||(i = 1,2, 3,4)
that

Ou e SAP,(E),

which justifies the following inclusion, that is
O(SAP,(FE)) Cc SAP,(E).
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In what follows, we prove the existence of positive solutions by a monotone iterative technique.
For any u,v € P, with v < v, by (H2), (3.4), uo > 6, the positivity of Ja g(t) and Ra g(t), one can
find that for all ¢ € [0, o),

0 < (Ou)(t) < (Bv)(t).
Thus © is a monotonically increasing operator.
Let vo = 60 € P. N SAP,,(E) and define a sequence {v,} by
Up =0Ov,_1, n=12,.... (3.10)
It follows from the monotonicity of O, (3.6) and (3.10) that {v,} C P.NSAP,(F) and
Vo S’Ul S Svn§7
[vnlle < ¢+ Pllvn-1lle. (3.12)
Since |lvo|le = 0, by (3.12), one can find that
-y ®
< 3.13
e (313
which implies that the sequence {v,} is uniformly bounded. At this level, we verify that the
sequence {v,,} is uniformly convergent.

Next, suppose that 0 < a < 400 is an arbitrary constant, we need to verify {v,,} C P.NSAP, (F)
is locally equicontinuous in [0,a]. For any u € {v,} and 0 < t; < t3 < a, a direct computation
allows us to obtain

”Un”e§90+€,07/1+g01/)2+...+(p,¢)n71:90

I

[(Ou)(t2) — (Ou)(t1)[| < > Dy,
=1
where
D1 = [|Ja,p(t2) Auo — Ja,p(t1) Auol,
m Tk
Dy = [Jap(t2) = Jap () |ak|||/\||/0 (T — 5)* M| Ras(T — 9)|[[|G(s,u(s))l|ds,
k=1

03 = [ ((t2 =) = (01 = 9" )82 = G s s
01 = [ (= 5" sl = ) = St = G5 u(e) s,

95— / (ta — )" [Reslt — 1G5, u(s))ds.

ty

We just need to examine that ©; tend to 0 independently of v € {v,} as to2 —t; — 0 for i =
1,2,3,4,5. Thus, by Lemma [2:3] we obtain

D1 = [I3a,8(t2) Aug — Ja,p(t1) Aug|
< Fa,8(t2) = Jas () [IA][[uoll
—0 asty—t; — 0.
Similarly,
m T
D5 < [Fa,8(t2) = Ja,s(t)| D larl|A] /O (T, = 5)° 7 [ Ra,s(Tk — $)[1G (5, u(s)) || ds

k=1
%Oastgftlﬁo.

For ©s3, it follows from (H1) and (3.13]) that

D5 = / ((t2 = 971 = (11— V)18 ptz — 9IIG(s, uls))llds

M ®
= F(a+1)(A11—¢

+ Ao) (7 — 15 + (t2 — t1)®)
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M %
< (Ay
Tla+ 1)\ 'T—¢
—0 a Sty — 1 — 0.

+ Ag) (b2 — t1)*

For t; = 0 and t5 > 0, it is conspicuous that ®4 = 0. Now, for £; > 0 and € > 0 small enough, by

(H1), (3.13) and Lemma [2.3(2), we obtain
t1—e
9, < / (tr = ) [(Raptz — 5) = Rap(ts — 5))IIIG(s, u(s)) |l ds
0

+ /t i (t1 = 8)* 7 [[(Raptz = 5) = Rap(ts — 9))IG(s,u(s)) | ds

tl—E

<pE ) s [(Saslte = 9) ~ Raplti - )] [ (- o) as

11— s€[0,t1—e] 0

2M ® h a—1

* g A [ e
© 1y —e” M,

3 Ll .
(g A (_sw 1(Ruslts =) = Raslt—NIT =+ g

—0 asto—t; —0, €—0.

For ®5, we observe that

D5 < / 2(t2 = 5)" | Ra,p(t2 — 9)IIG(s,u(s))llds

t1

M
< (A1 i
Tla+1) '1—4
—0 asty—t; — 0.

+ Ag)(te — t1)°

Combining all the above arguments, one can deduced that
||(®u)(t2) — (Gu)(tl)” — 0 as to —t1 — 0,

which means that the operator © is locally equicontinuous in [0, a] for arbitrary constant 0 < a <
+0o0.

Subsequently, we need to prove {v,(t)} is relatively compact on F for ¢t € [0,00). Let V = {v,}
and Vo = VU {vo}. Obviously, V() = (©V)(t) for ¢t € [0,00). It is easy to prove that {v,(0)}
is relatively compact on E. We only consider the case ¢ > 0, for all Ve € (0,t) and ¢ > 0, define
0%, by

(O900,)(t) = Ja s (D Ava—1(0) + @ > axAJas(t)
k=1

Ty oo
X /0 /0 (T — s)*  Tho(T) (T — 5)7)G (s, vp—1(s))drds
+ a/O' /5 (t B S)ailTha(T)TB((t - S)QT)G(Sv Un71(8))d7'd3

= 304,5 (t)A’Unfl(O) + « Z CLkAGa,B (t)
k=1

x /0 k /OOO(Tk = ) ha (1) T (T = $)°7)G (s, v (s))drds

+ aTs(e5) /0 - /5 Tl = ) (P T (= 5)°7 — €8)G (5, vn_1 (s))drds.
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The compactness of J, 5(t) and Tp(e*5) implies that the set (©°V,)(t) is relatively compact in
E. Moreover, for Yv, € Vy and t € (0, 00), one can obtain that

1(©0a)(t) — (O3, )t H—ua/’/ () T3((t — 8)7)G (5, vn1(s))drds]
—I—Ha/t_/6 (t = ) rho(F)Ts((t — 5)°T)G(5, 01 (5))drds|

t 5
< (A ¢+A0)a/0/0(t—s)O‘_lTha(T)HTg((t—s)aT)Hdes
+ (g - +A0)a/H /;O(t—s)a1rha(7)||Tﬂ((t—s)ar)ndms
< M4 5 4 o)

.(/Ot(t—s)“‘lds/oéTha(T)dTJr/;(t_s)a—lds/;Tha(T)dT>

—0 ase—0,0—0.

We conclude that there is a relatively compact set (©59V;)(t) arbitrarily close to the set (©V,)(t)
on E for t € (0,00). Consequently, we can obtain that {v,(¢)} is relatively compact on E for
t € [0, 00).

Further, for any u € {v,}, by and , we can easily get that

. —t o
Jim ¢~ (©u)(1)]| = 0.

Hence, it follows from Lemma [2.1] that {v,} is relatively compact in P. N SAP,(E). Hence, there
exist convergent subsequence in {v,}. As a result, one can obtain that {v,} itself is uniformly
convergent through the monotonicity of sequence and the normality of cone, which means that
there exist u € P, N SAP,,(E) such that lim,_, v, = u. Moreover, taking the limit in ,
we can obtain 4 = Ou. Therefore, u € P, N SAF, (F) is fixed point of ©, which is a positive
S-asymptotically w-periodic mild solution of nonlocal problem .

We need to verify that u is the minimal positive S-asymptotically w-periodic mild solution. Let
u € P.NSAP,(E) be a positive S-asymptotically w-periodic mild solution of nonlocal problem
(3-1), which means that @(t) = ©u(t) for every ¢ € [0, 00). Obviously, u(t) > vo = 0. Taking into
account the monotonicity of O, one can deduced that

u(t) = (0u)(t) > (Ovy)(t) = v1(t), (3.14)

it follows that @ > v;. Repeat this process, one can see u > v,,n = 1,2,.... It’s worth noting
that one can obtain © > w through taking the limit in as n — 0o, which means that u is
the minimal positive S-asymptotically w-periodic mild solution of nonlocal problem . This
completes the proof of Theorem O

Now, we assume that the cone P is a regeneration cone on E and T'(¢)(t > 0) generated by —A
is a positive semigroup, it follows that Ao/ + A has positive bounded inverse operator (Aol +A4) 7! if
Ao > —inf{ReX | A € 0(A)} is sufficiently large through the characteristic of positive semigroups.

Since o(A) # 0, the spectral radius
1
Ml +A)™ = ———— .
r(Qol + A7) = o Therota) ~°

Based on the famous Krein-Rutman theorem(see [I5], [16]), A has the first eigenvalue A; > 0,
associated a positive eigenfunction e;, and

= inf{ReX | A € 0(A)}.
Therefore, it follows from (2.1]) that v9 = —A;. By Theorem (3.2)), we have the following results.
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Corollary 3.3. Let E be an ordered Banach space, whose positive cone P is a regeneration cone,
let A: D(A) C E — E be a closed linear operator and —A generate an exponentially stable,
positive, and compact semigroup T(t)(t > 0) in E, ug > 0. Assume that G : [0,00) x E = F is a
continuous function, and let conditions (HO), (H2), (H3), and

(H4) fort >0 and x € E, there exist positive constants Ay > 0 and
Ay € (0,(1 =M |ar])N] /M) such that
IG(t,e"2)]| < Aqllz]| + Ao,

hold, then there exist a minimal positive S-asymptotically w-periodic mild solution u of nonlocal

problem (3.1)).

Theorem 3.4. Let E be an ordered Banach space, whose positive cone P is normal, A : D(A) C
E — FE be a closed linear operator and —A generate an exponentially stable, positive and compact
analytic semigroup T(t)(t > 0) in E, whose growth exponent vy < 0, the nonlinear function
G: Rt x E— E be a continuous mapping. If the conditions (HO0),(H3),(H{)and

(H5) for each u € C.(E) with u(t) > cey, there is a constant ¢ > 0 such that
G(t,u(t)) > G(t,ce1) > Aser,

hold and u(0) > ey, then the nonlocal problem (3.1) has at least one positive S-asymptotically
w-periodic mild solution.

Proof. Let © be defined by (3.4)), it follows from the proof of Theorem (3.2)) that
O(SAP,(FE)) C SAP,(E).
We denote
Ry = {u € Co(E) | |Julle < Ro,u(t) >cer,t >0} (3.15)
which is a nonempty bounded convex closed set for
M (N} [Juo| + Ao)
T (- M lar )M - M A
Hence, for any u € Bg, and t > 0, exploiting (H4), according to e~* < 1, one can obtain

I®w)®)lle = sup ™ [|(Ow) (D]

teR

[(©u) )]l
M|[uo| M(Alulle +40)  _ p
L=M30 fak]l (1= MY fah)A, —
Let wy = gey. Then wy(t) = ge; for any ¢ > 0, and
n(t) :=° D&wo(t) + APwo(t) = )\?gel < G(t,ce1), t>0.

By the positivity of semigroup T(¢)(t > 0), condition (H5) and (3.4)), for any u € Bg, and ¢ > 0,
one can see that

IN

IN

cer = wo(t)
T
= J s (1) At (0 +Zam,ﬂ / (T — )" Ry (T — s)n(s)ds
t
n / (t— ) Russlt — $)(s)ds
0

m T
< a4+ 3 @das®A [ (T = )" R (T~ 5)Gls,cen)ds
k=1 0

¢
+ / (t—5)* " Ry 5(t — 5)G(s,5e1)ds
0
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m T
< Jap(t)Aug + Zakﬁaﬁ(t)A/ (T — 8)* R 5 (Th — 5)G (s, u(s))ds
k=1 0
t
+ / (t— s)o‘_lﬁaﬁ(t — 5)G(s,u(s))ds
0

= (Ou)(t).
Thus, ©(Bgr,) C Br, and (Ou)(t) > cey for any u € Bg, and t > 0.
Next, we prove that © : Br, — Bg, is a completely continuous operator. From assumptions
(H3) and (H4), there is a constant W such that for all u € Bg,,

sup ||G(t,u(t))]] <W. (3.16)

€[0,00

It should be noted that the set ©(Bg,) is locally equicontinuous on E by using the method similar
to Theorem ({3.2) and for any v € Bg,,

. —t _
Jim e~[(@u)(t)]| = 0.

So we only need to show that for any t € [0,00), {(Qu)(t) | u € Bgr,} is relatively compact in E.
Obviously, {(Ou)(0) : u € Bg,} is relatively compact in E. We only consider the case t > 0, for
all 6 > 0 and € € (0,t), define (©%°u) by

(@6’611,) (t) = Ja,8 (t)Auo +« Z akA:ja”g(t)
Ty s}
X / / (T, — s)o‘*lTha(T)TB((Tk — 5)%7)G(s,u(s))drds
+ a/ 6/ ha(T)T3((t — s)*T)G(s, u(s))drds

= Ja,p(t)Aug + ZakAda,ﬁ( )

T o)
x /0 /O (Ty — 5)* " rha(7)T3((Ti — 5)°7)G(s, u(s))drds
+ aT(e%0) /0 /5 (t —8)* Irho (T)T((t — )T — €*8)G(s, u(s))drds.

From the compactness of J, s(t) and Tj(e%5), one gets that {(©°u)(t) | u € Bg,} is relatively
compact in E. Thus, for every u € Bpg,, it follows from (3.16) that

I©u)(e) - @ u) (o)
o [ [ Tt )Gl s

+ o / 6 / ha(P)T((t — 8)°7)G (s, u(s)drds]|
sw/o / (t ) rha(D)[Tp((¢ — )°7) |drds
oW [ [T I - oy
<MW/ jo- 1ds/0 ha(r )dr—l—MW/ —s)a_lds/;oTha(T)dT

—0 ase—0,6 >0,

which implies that there is a relatively compact set {(©¢%u)(t) | u € Bg,} arbitrarily close to the
set {(Ou)(t) | uw € Br,} in E for ¢ € (0,00). Therefore, the set {(Ou)(t) | u € Bg,} is relatively
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compact on E for ¢ € [0,00). Moreover, it follows from Lemma that ©(Bg,) is relatively
compact in C.(E).

Based on above results, one can find that © : Bgr, N SAF,(E) — Br, N SAP,,(E) is a com-
pletely continuous operator, which implies that © is a condensing mapping from Bgr, N SAP,,(E)
into Br, N SAP,,(E). Therefore, Lemma [2.6implies that © has a fixed point © € Br, N SAP,(E).

We need to verify that w € SAP,(E). Let {u,} C Bgr, N SAP,(F) converge to u, it follows
from the continuity of © and that {Ou,} converges to Ou = @ uniformly in [0, 00) and
u > gey, which implies that © € SAP, (F) is a positive S-asymptotically w-periodic mild solution
of nonlocal problem . This completes the proof of Theorem O

4. APPLICATION TO NONLOCAL PROBLEM (1.1J

Let E = L?*(Q) with the L?morm | - |2 and partial order <, P = {u € L3*(Q) | u(z) >
0,a.e.x € Q} is a normal cone in L2(Q), then P is a regular cone of E. We define the operator
A:D(A) C E — E as follows:

D(A) = W*2(Q)nW,%(Q), Au= —Au. (4.1)
Let u(t,z) = u(t)(x) and
P(tu(t,z)) = G(t,u(t) (@), wo+ Y axu(Te,x) =uo+ Y aru(Tr)(w). (4.2)
k=1 k=1

Then the nonlocal problem can be rewritten as an abstract evolution equation with nonlocal
conditions in L2(Q). According to , the fractional Laplacian is well defined. Besides,
if \p(n = 1,2...) are the eigenvalues of —A with homogeneous Dirichlet boundary conditions
cnsidered in L?(Q) and e, as its corresponding eigenfuction, it follows that

(—A)ﬁen = )\gen, T €, e|8Q =0,

which \,, = n?72 and corresponding eigenfunctions e, (x) = v/2sin(nrz), n = 1,2....
Hence, based on Corollary [3:3] and Theorem [3:4] we can establish the following results.

Theorem 4.1. Let nonlinear function F : [0,00) x P — P be a continuous mapping. If the
followinf 4 conditions hold:
(KO) >2k2y lax| <1,
(K1) there are nonnegative constants Ay € (0, (1 ="}, |ag|)7*?), A9 > 0 and a nondecreasing
function ' € C(RT,[1,00)) with lim;_, €' = +00 such that

IF(t, e )2 < Arlléll2 + Ao, t>0,€ € E,
(K2) for any &1,62 € E with & > & >0,
F(t,6) > F(t,6) >0, t>0,
(K3) there exist w > 0 such that
tlggo |F(t+w, &) —Ft&))2=0, £€E,t>0,

then nonlocal problem (L.1)) exist a minimal positive S-asymptotically w-periodic solution.

Proof. From [2] one can see —A generates a uniformly bounded analytic semigroup T'(t)(t > 0)
in £, and T(¢)(t > 0) is contractive in E means that |T'(¢)|| < 1 for ¢ > 0. In addition, from
[28] the operator A has compact resolvent in L?(Q)) implies that the semigroup T'(t)(t > 0) is
compact. Besides, AI + A has a positive bounded inverse operator (Al + A)~! for A > 0 implies
that T'(¢)(t > 0) is a positive semigroup. Therefore, based on the argument in preliminaries and
the properties of the semigroup T'(¢)(t > 0) generated by —A, one can deduce that the analytic
semigroup Tj5(t)(t > 0) generated by —A” is compact, positive and exponentially stable on E as
well as [|[Ts(t)|| < 1 for all t > 0. Let M = 1 and 1y = —\; = —72, by conditions (K0) and
(K1), we can deduced that conditions (HO) and (H4) hold. From the conditions (K2) and (K3),
we can deduced that conditions (H2) and (H3) hold. Thus, by Corrollary one can deduced
that nonlocal problem exist a minimal positive S-asymptotically w-periodic solution. O
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Based on the proof of this theorem, it is not difficult to obtain the following result.

Theorem 4.2. Let nonlinear function F : [0,00) X P — P be a continuous mapping. If the
conditions (K0)—(K4) hold for any ¢ € E with &€ > ¢\/2sin(wz), there is a constant ¢ > 0 such that

F(t, &) > F(t,¢V2sin(mz)) > 72¢V/2sin(rz),

hold, and ug(z) > ¢v/2sin(rx), then nonlocal problem (1.1)) has at least one positive S-asymptotically
w-periodic solution.
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