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EXISTENCE OF THREE POSITIVE SOLUTIONS FOR A p-SUBLINEAR
PROBLEM INVOLVING A SCHRODINGER p-LAPLACIAN TYPE
OPERATOR

SIGIFREDO HERRON, EMER LOPERA, DIANA SANCHEZ

ABSTRACT. We prove the existence of three positive solutions for the problem
—Apu+V(z)pp(u) = Af(u), z€Q,
u(z) =0, z€ 09,

where A > 0, A, is the p-Laplacian operator, N > p > 1, pp(s) := [s|P72s, s € R, Q is a
bounded domain in RY with connected and smooth boundary. In our study, V € L (Q) and
f:[0,00) = Ris a C! function. The reaction term, f, is increasing and p-sublinear at infinity.
Our method relies on sub-super solution techniques and the use of a theorem on the existence
of multiple fixed points. We extend some results known in the literature.

1. INTRODUCTION
The purpose of this article is to prove the existence of three positive solutions for the problem

—Apu+V(z)pp(u) = Af(u), zeQ, )
u(z) =0, =z €dQ, '
where A, stands for the p-Laplacian operator, N > p > 1, ¢, (s) := |s[P72s, s € R, Q is a bounded
domain in RY with connected and smooth boundary. Furthermore, we assume that V € L*(Q),
A>0and f:[0,00) = Risa C! function.
Throughout this article, WO1 P(Q) denotes the Sobolev space with the norm

ul| = (/Q |vu|de)1/p.

Also, ||ullq will denote the usual norm in L?(2), for 1 < ¢ < 0.

Let R > 0 be the largest number such that Br C €2, where Bp is the ball with radius R centered
at the origin in R". Consider the positive number

NRNfl
M= inf ———
L™ 02e<r eN(R —¢e)p!
and B > 0 such that
1-B||V
0< % < M;. (1.2)

We shall use the following assumptions:

(A1) f € CY(]0,00)) is increasing and f(0) > 0.
(A2) limy, oo f(u)/uP™t = 0.
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(A3) There exists 0 < ¢y < A; such that —cy < V(z) a.e. x € Q, where
A= inf{/ \Vul? dz: u € Wy P(Q), ||ull, =1},
Q

i.e., A1 is the principal eigenvalue of (—A,, Wol"p(Q)).
Remark 1.1. Let us observe that under hypothesis (A3),

Hy = inf{/(|Vu\p + V(@) |uP) de: u e WP (Q), Jull, =1} >0,
Q

which is the first eigenvalue of the problem —A,u + V(z)p,(u) = ppp(u) with homogeneous
boundary condition. This fact is fundamental to our approach.

For our analysis we shall use the properties of the solution of the e-problem
—Ape+V(z)pp(e) =1, inQ,

e=0, on Q. (1.3)

Indeed, since 1 > 0, there exists e € W, ?(Q) such that e(x) > 0 a.e. z € Q, it satisfies (L3), [12,
Theorem 6.4.6]. Moreover, e € L>(Q) [12] Theorem 6.2.6] and by [I2, Theorem 6.2.7] there exists
0 < B < 1 such that e € C’é’ﬁ(ﬁ). Furthermore, g—f] < 0 on 02, where for zy € 092, n = n(xo)
denotes the outward unit normal to 0 at z¢ [12, Theorem 6.2.8]. Also, we assume that

(A4) There exist positive numbers a < b < d such that
b M |le||p;t
ooty o £X@FB) Ml
fla)gp(b) = 1= B|[V]|oo
RP(1— B||V|leo) f(b
0= BIV o) 0) (1.5
()P Hlellse™ f(a)
and the function f(s) := f(s) — gp(f’)l B||V||sosP~! is positive for all s € [0,d] and is increasing over
[a,d] (see Figure 2). Our main theorems read as follows.

(1.4)

p—1

Theorem 1.2. Let f be a continuous, non-negative and non-decreasing function and X > 0.
Assume also that problem admits a subsolution w,, a strict supersolution Wy, a strict subso-
lution wy and a supersolution Wa, such that w; < W) < Wa, Wy < Wy < W2 and wy ;{ wyi. Then
problem has at least three distinct solutions u;, 1 = 1,2,3 such that w; < u1 < u2 < ug < Wa.

As applications of this theorem we obtain the following results.

Theorem 1.3. Let Q := By the ball of radius R centered at the origin in RY. Assume that
hypotheses (A1)—(A4) hold. Then, for each A € [Ai,\*], problem (1.1) admits at least three
positive solutions, where
A = My #p(b) and N\ = %)%1.
fla)llells

Observe that (1.4]) implies that A, < A\*.

Theorem 1.4. Let Q be a bounded domain in RN containing the origin with connected boundary
of class C?. Assume that the hypotheses (A1)—(A4) hold. Then, for each X € [\, \*], problem
(1.1) admits at least three positive solutions.

The solutions of problem will be understood in the weak sense. Similar results to Theorem
have been established in several contexts, some of them based on Lemma below (see
[7, O 10, [17]). Nevertheless, to the best of our knowledge, Theorem has not been proven yet,
which is one of the contributions of this work. Furthermore, our hypothesis on V', (A3), permits
considering a diverse range of potential forms, encompassing positive, negative and sign-changing.
The proof of Theorem essentially depends on the properties of the corresponding solution
operator A for problem (L.1). As in our case, this kind of theorem has been used as the main tool
in establishing a multiplicity of solutions for problems like . One of the main difficulties in
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applying this theorem is the construction of a suitable strict subsolution, w,. To our knowledge,
the existence of three positive solutions has never been established for problem ; so Theorems
andextend the results in [I8] where the authors studied the multiplicity of positive solutions
for problem in the case V = 0.

Multiplicity results applying fixed point techniques have blossomed in recent years (see [13} 17,
18]). For instance, in [I§] Ramaswamy and Shivaji established the existence of three solutions for
problem in the case V"= 0. In [9], the authors established a three-solution theorem for a
singular problem with p = 2. Recently in [I3], Ko, Lee and Shivaji proved the existence of three
solutions for a Schrédinger type operator with p = 2 and with a singular reaction term at the
origin. In contrast, we obtain multiple positive solutions for problem when V' #£ 0 and p # 2.
Other works on multiplicity of positive solutions in the singular case with V' = 0 are, for instance,
[4, 14 [15] 20]. In the case of A = 0, considering a suitable function g which is perturbed for an
exactly once sign-changing potential V', authors in [5] [6] obtained infinitely many sign-changing
radial solutions.

There are many papers that investigated problems similar to . These researches involve
N =1,V =0, A = 0, non-linearities having a singularity and/or N < p. Only a few works are
known in the literature considering exactly the problem . To illustrate, in [2], the authors
investigated problem for p > N, where V represents a positive potential. They demonstrated
the existence of at least three weak solutions, each with a bounded norm. Indeed, we have extended
the result obtained in [2] because our potential can assume negative values. Furthermore, we have
augmented the range of values for p. See also [16], [19].

This paper is organized in the following manner. In Section 2, we will present some relevant
preliminary results on sub and super solutions in the context of problem , which are necessary
for the proofs of Theorems and To prove Theorem we use some results related to
completely continuous maps defined on retracting Banach spaces, as well as strong comparison
principles and maximum principles. Section 3 is devoted to the proof of Theorem [I.2] In section
4 we construct a strict subsolution to problem and then, applying Theorem [1.2} we prove
Theorem Finally, in Section 5, we prove Theorem [1.4

2. PRELIMINARY RESULTS

Definition 2.1. By a subsolution of (L.I) we mean a function u € Wy?(Q) N C(Q) such that
/ |Vu|P~2VuVo dr —|—/ V(@) |ulP~ uv de < )\/ f(wv dz,
Q Q Q

forallv € Wol’p(ﬂ), v > 0. If u is not a solution of this problem then we call it a strict subsolution.
Similarly, we say that @ € Wy () N C(Q) is a supersolution of (I.1) if

/|Vg\p72Vvadx+/ V(x)\mp*lﬂvdx})\/ f(wvdz,
Q Q Q

for all v € VVO1 P(Q), v > 0. Similarly we define the concept of strict supersolution.
Remark 2.2. If g is an appropriate function defined on [0, R], the radial version of the problem
—Apu=g(|z|), =€ Bg,

u(z) =0, |z|=R,

is
f(erlcpp(v'))/ =rV"lg(r), 0<r<R,

v(R) =0, 2'(0)=0,

where v(r) := u(z) and r = |z|. In addition, every solution of satisfies

—'(r) = <p;1 (rlfN/ tN"1g(v) dt), 0<r<R.
0
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Given z € Cy(Q) and by extending f(t) = f(0) for all t < 0, we see that Af o z € L>(2) and
Af oz > 0. From [I2, Theorem 6.4.6], we know that there exists a unique w € W&’p(ﬂ), w > 0in
Q such that

—A(w) + Vigp(w) = Af(2). (2.2)

Also, from the regularity theory [I2, Theorems 6.2.6 and 6.2.7], w € C’é’o‘ (Q) for some 0 < o < 1.
Therefore, we can define the operator

A Co() — G5 ()
as follows: A(z) = w if and only if w is a weak solution of (2.2). Now, for § > 0, let
Qs = {z € Q: dist(z,Q) < 0}.
The following proposition is a standard result (see, for example [11, Theorem 6.1]).

Proposition 2.3 (Strong Comparison Principle). For i = 1,2, suppose that f; € L*°(Q) and that
u; € Wy (Q) is a weak solution to

—Apui + V(@) pp(ui) = fi(x),
where 0 < f1 < fo but f1 # fo. Then

0 0
0<u; <ug inQ and ﬂ<ﬂon89.
on  On

The following lemma was proven in [12, Theorem 6.4.6].

Lemma 2.4 (Maximum Principle). Let us assume (A3) and let u € WyP(Q), u > 0 be a super
solution of

A () + V(@)pp() = 0.
Then either u =0 or u(x) > 0 for all x € Q.

Now, we consider the space
Ce(Q) :={u € Cy(Q) : —te < u < te for some t > 0},
where e is the solution of , equipped with the norm
[lu]le :=inf{t > 0: —te < u < te}.

A standard procedure shows that (C.(Q), || - ||c) is a Banach space.

We define the positive cone in C.(2) as P, := {u € C.(Q): u(x) > 0} whose interior is
P, ={ue C(): tie <ulx) < tye, for some ty,ty > 0}.

An operator A : C, (Q) — C.(Q) is said strongly increasing if u; < uy implies A(uQ) — fl(ul) cP..
The following lemma is proved in [3, Lemma 14.1]. We recall that a nonempty subset Y of a
topological space X is called a retract if there exists a continuous map r : X — Y such that
7"|y = idy.

Lemma 2.5. Let X be a retract of some Banach space and F : X — X be a completely continuous
map. Suppose that Xy and Xo are disjoint retracts of X and let Uy, k = 1,2 be open subsets of
X such that U, C Xg, k = 1,2. Moreover, suppose that F(Xy) C Xy and that F' has no fized
points on X ~\Uy, k =1,2. Then F has at least three distinct fixed points x, x1,xo with xy € Xy,
k=12 and x € X \ (X7 UX>).

We want to recall a compactness result for Holder spaces which is based on the theorem of
Arzéla-Ascoli (see [1I, Theorems 1.30, 1.31]).

Proposition 2.6. Suppose ) is a relatively compact domain in RN and let m € N and 0 < a <
B < 1. Then C™B(Q) — C™(Q) compactly.
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3. A SUB-SUPER SOLUTION THEOREM

The purpose of this section is to prove Theorem To achieve this, we need to explore some
important properties of the solution operator A and related spaces. Therefore, we start this section
with statements and proofs of some lemmas.

Lemma 3.1. The following chain of continuous embeddings holds
C5(Q) = C.(Q) — Co(Q). (3.1)

Proof. First we prove that C3(Q) C C.(Q). Let u € CL(Q). For xq € 9 denote by L(z) the

straight line parallel to 7 crossing zy. Since g—; <0, g—; is continuous and 92 is compact, we can

choose and € > 0 such that for all z € 09, g—f](x) < —e. Moreover, due to the continuity of Ve and
7, there exist g and § > 0 such that g—;(z) < —ep, for all 9 € 9N and all z € Q5 N L(xg). Now,
for all z € Qg, take x¢ € OS2 the closest point to x. Then, n = |i2:i\ (see Figure . Observe that
there exists &(z) € Q5 N L(xo) such that e(x) — e(xg) = Ve(§(x)) - (x — x0). Taking into account
that e vanishes on the boundary of 2 we see that
e(z)

A~ [Vele(a)-

Also, we have that for all z € Qy,
1), o) — utzo)
e(x) golz — zo|

where h(z) is a point in the segment [z, x¢] and ¢; is a constant that depends on 6. This proves that
C3(Q) € C.(Q). We shall now proceed to prove the continuity of the inclusion. Let z,, z € C}(Q2)
such that z, — z in C}(Q). We need to see that z, — z in C.(Q). In fact, applying to
u = z, — z, we obtain for all z € Qy,

T — X0

Iz _m0|’ = |Ve(&(x)) - n| > eo.

< L Vu(h(a)) < b, (32)
€0

[E —Z||cg(§)

|M’ < i\v(zn — 2)(h(x))| <
€o €0

e()
The same result applies to all x € Q . Q5. In this way, we have the first embedding in .To
establish the second one, let z,,z € C.(Q2) such that z, — z in C.(2). Let ¢ > 0. Then there
exists ng such that for all n > ng, ||zn — 2|le < €/]le||o- For all n > ng there is T, such that
llzn — 2lle < T < €/l|€]loo- Thus for all z € Q,

|zn(2) — 2(2)] < The(z) < Thllefloo < e.
As a consequence, ||z, — z||cc < €. Which proves the second embedding in (3.1)). O

Lemma 3.2. For any A > 0, A : C.(Q) — C.(Q) is strongly increasing.

Proof. Let uy < ug, w; := A(u;) (i =1,2) and @ := wy — w;. By the strong comparison principle
(Proposition we obtain that @ > 0 in Q. We claim that there exists t; > 0 such that
tie < wg —wy. For any t > 0 consider the function g;(z) := w(x) — te(x), € Q. We claim that
there exits t; > 0 such that g, (z) > 0 for all z € Q. In fact, by Proposition we have that
%—“7 < 0, on 99Q. Let
! D Oe
2ty = mm{g—z(x)/a—n(m) z €N} >0

83:70 (x) < 0,z € 0. By the continuity of Vg,

there exists r > 0 such that Vg, (z) # 0 for all x € Q,.. We claim that for all x € Q,, g, (x) > 0.
If there exists x € Q, with g (x) < 0, then g;, would attain a minimum at a point zg € €,.. Thus
Vg, (xo) = 0, which is a contradiction. From this, for all z € Q,, tpe(z) < @w(z). On the other
hand, for all x € @\ Q,, @(x)/e(x) > 0. Since  \ §, is compact, then there exist ¢ > 0 such
that w(z)/e(x) > t and thus w(z) > te(x). Setting t; = 27! min{to,t}, we see that for all z € Q,
tie(z) < w(x). On the other hand, since w € C}(?), then by Lemma W € C,(Q). Therefore,
there exists t5 > 0 such that @ < toe; which implies that Aus — Auy € , as desired. O

which is well defined since 0f2 is compact. Thence,
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FIGURE 1. Outward unit normal

Lemma 3.3. For any A\ >0, A: Co(Q) — CL(Q) is completely continuous.

Proof. To show that A is continuous, let {u,} be a sequence in Cy(2) and u € Cy(Q) such that
up — u. In particular {u,} is bounded in Cy(€2), i.e. there exists C' > 0 such that ||u,||c < C for
all n. Set w, := A(u,) and w := A(u). Let us see that {w,} is bounded in W,”(Q). From the
growth behavior of f we see that ||f(u,)|lec < C1 := f(C), for all n. On the other hand, since w,,
is a weak solution of

—Ap(wy) + Vo (w,) = Af(uyn) in Q;  w, =0 on 02,
we have that for all ¢ € W, 7 (Q),

/ |Vwy, |P~2Vw,, - Vo dz —|—/ V(@) |wn [P 2w, ¢ de = /\/ f(un) o d.
Q Q Q

Then, using w, as a test function

funlP = [ Sy = [ Vi da
Q Q
< ACh w1 + ev [|[wn P
cy
< CA||wn]l + A—Ilwnll”-
1
Thus

C
(1= ) lwnll” = CXlun ]l <. (3.3)
1

Since 1 — f\—‘I > 0, we have that {w,} is bounded in WO1 P(Q). Therefore, up to a subsequence,

Wy, — W in Wol’p(Q) and w, — w in LP(Q) and in L*(f2), for some 1. From the definition of a
weak solution, we have that

/ VP2V, (Vo — Vi) dz = — / V(@) [wn [P~ 2w (wn — @) d + A / Flun) (wn — ) da.
Q Q Q

(3.4)
Now, from Hélder inequality we see that

| £ )] < ol ol

and
’ / ! /
|/ V(@) wn [P 2w, (w, — ) d| < HV||OO(/ ‘wn|(l7*1)p d:r,)l P (/ lw — [P d:c)l P
Q Q Q
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< Vlsollwnlly™ wn — @]l
Then from ([3.4) we obtain
lim / |Vw, |P~2Vw, (Vw, — Vi) dz = 0. (3.5)
Q

n—oo

On the other hand, since w,, — @ in Wol’p(Q), it follows that

n— oo

lim / |V|P~ 2V (Vw, — Vi) dr = 0. (3.6)
Q
Observe also that using the Holder inequality we reach

/(\anl”‘Zan = VP2 V@) (Vwy — Vi) do > (Jwn [P~ = [[o]P =) (Jwa || = [lo]) > 0. (3.7)
Q

From (3.5), (B.6) and (3.7) we see that lim, o ||w,| = [l@]. Since Wy P(Q) is reflexive and
w, — W, it follows that w,, — @ strongly in WO1 P(Q). Consequently, from the Lebesgue dominated
convergence theorem we have that for any test function ¢ € WO1 P(Q),

lim / |an|p*2an'V¢da:+/V(x)|wn|p*2wn¢da§
Q Q

n—roo

(3.8)
:/ |vw|P*2vw-v¢dz+/ V()] 0|P~*¢ da.
Q Q

On the other hand, since f is continuous and u,, — u uniformly in Q, then f(u,) — f(u) uniformly
in Q. Therefore, for any ¢ € V[/'Ol’p(Q)7 we have

/f(un)(bdx — / fu)pdx asn — . (3.9)
o Q

From and we have that @ is weak solution of —A,w + Vi, () = Af(u) in Q, & =0
on 9. That is, w = A(u) = w. Now let us see that since ||u,|ec < C, then there exists
0 < 8 < 1 such that ||wn||cé,g(§) < Cy, for some Cy > 0 independent of n. First we claim that
[ [wn|P" dz — 0 uniformly in n, as |E| — 0. Indeed, from [IZ, Theorem 6.2.6 |, we have that
lwnlloo < Cllwn|lps, for some constant C' independent of n. Furthermore, from and the
Sobolev inequalities we obtain that ||wp,]|eo < C for some C. Thus, there exists C' > 0 such that
for all n

[ lwal” da < w1 < C1E.
E
This proves the claim. On the other hand, taking

hn(@,t) := Af (un (@) = V(@)pp(t),
then, taking into account that f is continuous and V' € L*(Q2), we have
|h (,1)] < C1 + Calt|?" 1.
Therefore, from [8, Proposition 3.7] it follows that {w,} remains bounded in C;”*(Q) for some
0<p<l.

Because of the compact embeddings Co*(Q) cc CL(Q), up to a subsequence, w, — wp in
C3 () for some wy. Hence, w,, — wp in LP(£2). By the uniqueness of the limit, wg = w. Therefore
wy, — w in C§(), which proves the continuity of A.

Now, let us prove that A is compact. Let us assume that {u,} is a bounded sequence in C(Q).
Arguing as above we see that {w,, } remains bounded in Cy'® () for some 0 < a < 1. Now, due to
the compact embedding C’é’a(ﬁ) — C3(Q) (see Proposition , up to subsequences, w, — w’ in
C3(9Q), for some w'. This proves that A is compact, which completes the proof of the lemma. [

From Lemmas [3.I] and [3:3] we obtain the following result.
Corollary 3.4. For any A > 0, A: C.(Q) — C.(Q) is completely continuous.
The proof of Theorem is inspired by [9] and relies strongly in [3, Lemma 14.1].
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Proof of the Theorem[1.2 Let us consider the subsets X := [w,,wWs], X1 := [w;,w1], and X5 :=
[w,, Ws] of the Banach space C.(Q2). Each X;, i = 1,2, is a nonempty, closed and convex subset of
X and, in consequence, is a retract of X. Clearly X; N X5 = @. From Lemma and Corollary
we have that A : C.(Q) — C.(Q) is strongly increasing and completely continuous. Also,
Alx : X — X is well defined. Indeed, since

—Apw; + Vepp(wy) < Af(w;) = -A (A(w ) + Vep(Alwy)),

then, by the strong comparison principle (Proposition [2.3) we obtain w; < A(w;). Also we have
A(Ws) < Wo. Therefore, if w € Cc() is such that w; < w < Way, then

w1 < A(wy) < A(w) < A(W2) < W

Hence, A(X) C X. Moreover, A|x is completely continuous and strongly increasing, which is
inherited from A. Observe that we also have A(X;) C X;, i = 1,2. On the other hand, since w;
is a strict supersolution of problem (L.1)), then by the strong comparison principle A(w;) < ;.
From [3 Corollary 6.2 | A has a maximal fixed point u; € X; and w; < u; < w;. Likewise, A has
a minimal fixed point us € Xo with w, < us < w;. Now, since 0 < u; < w; and f is increasing,
it follows that A\f(u1) < Af(w;) and therefore, by the strong comparison principle, B(Eéigul) <0
on 0f). Thus there exists t; > 0 such that w; — u; > t1e. Similarly there exists to > 0 such that
ug — Wy > tee. In this way, the open sets

By = XN{z€C.(Q): ||z —uille <t}

i = 1,2, satisfies that B; C X;. In fact, if 2 € B;, then z € X which implies that w; < z < Ws.
Moreover, from the definition of the norm || -||., there exists #; < t; such that |z —u;| < #;e. Hence,
z < tiedup < tie4+uwy and —z < fge — uy < toe — ugy < —w, and then w, < z. So that, in any
case, z € X;. We claim that there exists a set Uy, open in X7, such that A has no fixed points
in X7 \ U;. Arguing by contradiction, let us assume that for any open U C X;, A has a fixed
point in X7 N\ U. In particular, there exists ug € X; \ int(X;) such that Auz = uz. Since wu; is
a maximal fixed point of A in X; then we have w; < uz < u;. Due to the fact that uz # wu; the
strong comparison principle implies that us < u;. Notice that X7 N [w,,u;) is open in X; (since
[wy,u1) is open in X) and us € X1 N[w;,u;). This contradicts the assumption that us ¢ int(X7).
A similar argument shows that there exists a set Us, open in X5 such that A has no fixed points in
X5\ Us. Therefore, Lemma [2.5]leads us to the existence of at least three solutions to the problem
(L1), w1 € X1, us € X5 and ug € X \ (X1 N X5). This concludes the proof of the theorem. [

4. THE CASE ) = Bpg

In this section we prove Theorem We assume that (2 is the ball in RY centered at the
origin with radius R. Let a* € [0, a] such that f(a*) = mingc.cq f(s) (see (A4)). There exists a

function h € C([0, 00)) satisfying
h(u) — {Ji(a )’ u
a

fuw),

which is non-decreasing in [0, d] and h(u) < f(u) for all u > 0 (see Figure .
Observe that 0 < h(u) for all 0 < u < d. We consider the problem

—Apu = Ah(u), in €,
u=0, on JQ.
Let us define, for some o, 5 > 1 and € > 0,

) L 0<r<e,
v(r) = o

- (1-(E)9)", e<r<R,
and 0(r) = bv(r) (see Figure [3). Note that for ¢ < r < R we have

i (r) = 8/ ()] < bRa_ﬂE.

3

NN

a
U,
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FIGURE 2. Graphs of f and h

Y

62 Y U

FI1GURE 3. Graphs of © and w

The proof of the following lemma is inspired by ideas from [I3], where the authors choose
appropriate values of o, # and ¢, such that, after the natural extension to the ball Bg, the solution
of (4.2)) leads us to a subsolution of problem (1.1)).

Lemma 4.1. Let My > 0 be the number defined in (A4). Then for any X such that
p—1 N\p—1 jp—1

f ) Rrf(b)
problem (1.1)) has a positive subsolution wy with b < ||wy||ee < d.

M
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Proof. Let w be a positive solution of

(TN_lgap(w’))/ = - MY Ih(o(r), 0<r<R, (4.2)
w'(0) =0, w(R)=0. '
which exists by [I2] Theorem 6.4.6]. We claim that w satisfies
— (erlgpp(w’))/ <V IR(w(r)), forall0 <r < R.

First, we prove that w'(r) < ¢'(r), for all r € [0, R]. Integrating over [0, 7], > 0, the differential
equation in (4.2)) and taking into account the initial condition w’(0) = 0 we see that

—w'(r) = ¢! (THV /0 AN h(a(t)) dt), 0<r<R. (4.3)

From this and the fact that h(r) > 0 for all » € [0,b], we have that w'(r) < 0. In particular,
w'(r) <0=149'(r), forallre]|0,eg (4.4)

On the other hand, for all r € (g, R}, from (4.3),

_ " _ A ¢ N_ Ah(b)eV
1-N N—-1 N N—1 ~
(') = [N > /O () dt > e
Therefore,
L (Ah(b)EN
_’U}/(’l") 2 SDp 1 (W) . (45)
Taking into account that (see (A4)) My = infocccr %, then for any A > Ml%, there
exists €1 > 0 such that
h(b NRN-1
(73 A> —-
bp el (R—ep)P
Then there exist «, 5 > 1 such that
h(b) NRN-1 3
A P,
o > (R (aB)
Thus,
h(b)eN NS ( baf ) (4.6)
NRN-1" 7P\ ) '
From this inequality, (4.1) and (4.5) we see that
b
—w'(r) > Rfi - > '), (4.7)
Then from (4.4) and (4.7) we have
w'(r) <o'(r), forall0<r<R. (4.8)

Now, integrating both sides of (4.8)) over the interval [r, R] and using the conditions w(R) =
?(R) = 0, we obtain

o(r) <w(r), forall0<r<R. (4.9)
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Moreover, integrating (4.3)) in [t, R], 0 < ¢ < R, from (4.9)) and taking into account that w(R) = 0
and that h is increasing on [0, d] we obtain

w(t) = /tR o5 (THV / AsNUh(i(s)) ds) dr

0

R T
</ w;l(rl_N)\h(b)/ sN_lds) dr
t 0

< / ! @, (rAh(b)) dr (4.10)

R
<<p;1()\h(b))/o =1 dr

ey (h(0) B
P '
Now, the hypothesis implies that ¢, '(X) < pld/[RPIQO;I (h(b))]. Then from (4.10) we obtain

w(t) < d. Set wy(x) := w(|z|), x € Br. Taking into account that w < d and (4.9) we obtain,
b < ||wslloo < d. On the other hand, since w is solution of (4.2)) then from Remark [2.2]

—Apwy () = A (0 (|z]))-
Furthermore, since h is nondecreasing over [0,d], h(u) < f(u) for all u > 0 and (&.9), then

=0, (N

p

—Apwy(z) < Mh(w(|z))) < Af(w(|z]) = Af(wy(2)). (4.11)
Since M;bP~1/f(b) < A, then because of (T.2) we obtain % < A. Thus
f(0)
V() < WVl < MBIV .
From (#.11) and the definition of f (see (A4)), we see that
f(b
g+ V(@)eplan) <~y AT BIV iy (ay) < A ().
That is, w, is a positive subsolution of , which completes the proof of the Lemma. O

Proof of Theorem[1.3 We will construct appropriate sub and super solutions of so that we
can apply the Theorem Since f(0) > 0, then we see immediately that w, := 0 is a subsolution
of for every A > 0. Now, since f is increasing, the function @, := ae/| €|/, Where e is
the solution of (L.3)), is a supersolution of whenever A < ¢,(a)/ (f(a)|le]B5!) = A*. Notice
that |W1 [l = a and from (L.5), A < (p')P~1dP=1 /(RP f(b)). Therefore, according to Lemma
there exists, w,, a positive subsolution of (L.1)), if A > M, (b)/h(b) = A.. We have [|w, oo = b.
Remember that from (L.4)), we have A, < A*. From hypothesis (A2), for every A € [A., \*], there
exists M = M(\) > 0 such that

Mr—1

f(M)
Therefore, from and the fact that f is increasing we have that for any A € [A., A\*], Wa :=
Me/||e||~ is a supersolution of (L.I)). Furthermore, since % < 0 on 09, we can choose M large
enough such that wy > w, and Wy > wy. From Theorem for every A € [\, A*], problem
has at least three solutions, u;, ¢ = 1,2, 3, such that w; =0 < u; < u2 < uz < ws. Finally, by the
maximum principle (Lemma we have 0 < uy. This completes the proof of the theorem. [

> Allel[55 (4.12)

5. GENERAL CASE: ) SMOOTH AND BOUNDED

It is worth mentioning that the functions w; = 0, w; and Wy can be constructed in any bounded
domain ) with connected smooth boundary. Next, we can prove our main result of this section.
Namely, we extend the previous result when (2 is a smooth bounded domain containing the origin.
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Proof of the Theorem[1.4} Let R > 0 be the largest number such that B C Q and A, < A < A%
It is clear that w; = 0 is a subsolution of (L.1). Arguing as in the proof of Theorem [1.3|we obtain
supersolutions w; and ws of problem Take w, defined in Br as in Lemma Then we
define w, (z) = wy(x) for x € Bg and w,(z) = 0 if 2 € Q \. Bg. Observe that for z € Q \ B,

—Ap(w, (2)) + V(2)pp(w, () = 0 < Af(0) = M (w, (z)).
On the other hand, for x € Bg, it follows from definition of w, that

—Ap(w, () + V(2)pp(w.(z) < A (w.(@)).

This proves that w, is a subsolution of (1.1). Arguing as in the proof of Theorem we obtain
the result. (]
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