Electronic Journal of Differential Equations, Vol. 2025 (2025), No. 48, pp. 1-16.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2025.48

EXISTENCE AND STABILITY OF FORCED WAVES FOR p-LAPLACE
EQUATIONS IN A SHIFTING HABITAT

TIANYUAN XU, GEGE LIU, JINGXUE YIN

ABSTRACT. This article concerns the existence and stability of forced waves for p-Laplace equa-
tions with a shifting habitat given by a non-decreasing function with a sign change. The existence
of forced waves is studied by the monotone iteration method combined with a pair of delicate
super- and sub-solutions. Finally, we develop an approximating weighted energy method to
prove the LP stability and exponential convergence of forced waves.

1. INTRODUCTION

The threats associated with the global warming and the worsening of the environment resulting
from industrialization cause shifting of habitat ranges of the species, for instance, the migration
of New Guinean birds[8, [19]. In this article, we are interested in the following p-Laplace diffusion
equation with a shifting habitat

ug = D(Jug|? 2uy)e +ult,z)[r(z — ct) —u(t,z)], t>0,zcR. (1.1)

Here u(t, x) stands for specific population density, ¢ > 0 represents the shifting speed of the edge
of the habitat and D(|uy|P~2u,), with p > 2 is the p-Laplace type diffusion, i.e., the gradient-
dependent diffusion. In particular, equation is degenerate at the points where u, = 0.
As usual, we assume throughout this paper that the resource function r(€) is continuous and
nondecreasing, r(4o0o0) are finite, negative at —oo and positive at +00. Depending on the sign-
changing property of r(-), the shifting habitats can be divided into the viable habitat {x € R :
r(z —ct) > 0} and the hostile habitat {z € R : r(x — ¢t) < 0}. These assumptions imply the
scenario that the favourable habitat of species is rightwards shrinking with a speed ¢ > 0.

In recent years, significant efforts have been made in the study of dispersal phenomenon with
a shifting habitat, see [3| 4L 5 [6] [7, [16], 20, 211 23] 24] and the references therein. Berestycki et al.
[3] proposed a mathematical model that involves a reaction diffusion equation

Ut = Dugy + f(x —ct,u), t>0,z€R

and showed that the existence and uniqueness of the forced waves and the large time behavior
of solutions for the corresponding initial value problem. For the related results in different type
domains, we refer the readers to the extend works of Berestycki et al. [4, B5]. When f satisfies a
sublinearity condition, Berestycki and Fang [6] considered existence and multiplicity of the forced
waves and the attractivity of these waves except for some critical cases. Later then, Fang et
al.[7] showed that the existence, uniqueness and stability of forced time periodic waves. Recently,
the authors [I6] studied the model with density-dependent diffusion and obtained the existence
of forced waves and the stability of these waves in the weighted L'-space. Very recently, Wang
et al.[23] established the existence, uniqueness and stability of forced pulsating waves for the
competition system in time-periodic media. Shen and Xue [20, 2] investigated the existence,
persistence as well as spreading speed properties of forced waves for Keller-Segel models in shifting
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environments. For an overview of other related models with a shifting habitat, we refer to [22]
and the references therein.

Gradient-dependent diffusion plays a crucial role in dynamics of biological groups, for example
the formation of spatial aggregates of animals [I§]. The reaction diffusion equations with gradient-
dependent dispersal have been investigated in a series of works [T}, [2, 9} 10} 1T}, 14} [15]. Jin and Yin
[15] proved the existence and asymptotic behavior of traveling wave solutions for the evolutionary
p-Laplacian equation with time delay. In [2], the authors studied the asymptotic behaviour of
solutions to the p-Laplacian diffusion equation subjecting to homogeneous Dirichlet boundary
conditions in a tubular domain. More recently, Huang et al. [I4] established the existence and
stability of traveling wave solutions for the Nicholson’s blowflies equation with gradient-dependent
diffusion and time delay.

Recently there has been a considerable progress in the study of stability of traveling waves for
the degenerate diffusion equations (see for instance [12| T3] 14} 16, [17]). By the weighted energy
method, Huang and his coauthors investigated the global stability and exponential convergence
rate of traveling wave solutions for a series of degenerate diffusion equations [12), 13| [14]. More
recently, Liu et al. [I7] obtained the stability of traveling waves in the weighted L!-space for the
nonlocal degenerate diffusion equation with time delay.

The purpose of this paper is to prove the existence and stability of forced waves for the p-
Laplace diffusion equation with a shifting habitat. We find that p-Laplace type diffusion and
a shifting habitat cause many difficulties in the study of . For the existence results, we
need to determine a pair of super- and sub-solutions to obtain the forced waves. Because the
peculiar structure of the p-Laplacian type diffusion term, we construct an approximation of the
weighted function to obtain the weighted LP -regularity of the perturbed solution. We define an
approximating weighted function wy(£) by

e_Aka g < _k7
we(§) = e, g <k,
e >k,
where A > 0 and k£ > 0. Finally, by the approximating weighted energy method, we prove the LP
stability and exponential convergence of forced waves.
The rest of this article is organized as follows. In Section 2, we present the main results. In

Section 3, we state the proof of the existence of forced traveling waves with the wave speed ¢ > 0
and the global stability of these waves by the approximating weighted energy method.

2. MAIN RESULTS

In this article, we consider the monotone increasing positive traveling wave solution u(x,t) =
@(€) with £ = & — ¢t of (1.1, where ¢ is the same as the habitat shifting speed, i.e., (&) satisfies

D(|¢'(€)[P72¢' (€)' + e’ (€) + ¢(€) (r(€) — #(€)) = 0. (2.1)
A continuous function ¢(&) is called a forced wave if ¢(€) € Wwikp (R) satisfies in the sense

loc

of distributions, ¢(—o0) = 0 and ¢(+00) = r(4+00). Here, we give the definition of the spaces
of LP (R) and L*>([0,T]; LY (R)). L2 (R) denotes the weighted LP-space with the weight function
w(§) and norm

1/p
lollzze = ([ l©Pued) "
R
Then L*°([0,T7]; L? (R)) is equipped with the norm

vl oo o, 77;28,®)) = sup [Jv(E)|l Lz, (w)-
t€[0,T]

For the next results, we will take p > 2, corresponding to the case of degenerate diffusion. Our
main results are stated as follows.

Theorem 2.1. The forced waves of (2.1)) connecting 0 and r(+00) exist for any given ¢ > 0.
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Theorem 2.2. For eachp > 2,D > 0, let £ := x — ct and u(t,&) := u(t,€ + ct) be a solution of

the Cauchy problem of (L.1)). Assume that ¢(€) is a forced wave with a speed ¢ > 2+/1(400)Dp3p
where p = max{||(u¢)? > o= ), [(86)P ey} | (ue)? 2|l oo (m) is derived in Lemmal[3.6 Let
v(t, &) = u(t,&) — (&) and w(&) = e*¢ be the weight function with X € (A1, X2), where 0 < A; < Ay
are the roots of
—pr(400) + e\ — DppA? = 0.

Suppose that the initial perturbation around the forced wave satisfies vy(§) € LP(R) N LP (R), then
v(t, &) € L*([0,T]; LP(R) N L2 (R)) for any T > 0 and for some sufficiently small ¢ > 0

[o(t, e < Cllvoll ey + llvoll Lz, @))e ™"

3. PROOF OF THE MAIN RESULTS

The existence of travelling wave solutions for the problem (2.1)) is proved by the monotone
iteration method combined with a pair of super- and sub-solutions. For simplicity, we denote
r(+o0) = 7 and Kk = 7 — r(—o0) > 0. Here we firstly give the definition of the super- and

sub-solutions of ([2.1)).

Definition 3.1. A continuous function ¢ : R — [0,7] with ¢(£) € W,5P(R) is said to be a bounded
positive sub- (or super-, respectively) solution of (2.1) if ¢(—o0) = 0, ¢(+00) < (>)7 and ¢(&)
satisfies

F[g] := —cd'(§) — D(I¢'()P2¢(€)) = r(§)p(&) + ¢*(£) < (=)0
in the sense of distributions.
Lemma 3.2 (Comparison principle). For i = 1,2, we assume that ¢; € C(R) N Wi)’f(R), 0<
¢; <7, iminfe 1o (91(€) — ¢2(§)) > 0 and ¢; holds the differential inequality
— ¢ (&) = D(|¢L(O)P291(6)) + 67 (&) + Ko (€)
> —cdy(€) — D(|¢5(E) P2 05(€)) + ¢3(8) + K2 (€)
in the sense of distributions. Then ¢1(§) > ¢2(§) for all € € R.

Proof. Taking ¢ = (¢2(€) — ¢1(€))+ € W' (R) as a test function, we obtain

“+o00

0> D(|¢5(&) P2 05() — 41" @1 () (92(€) — 1(€))'y €

— 00

+oo
—c / (62(6) — 61(6)) (62(6) — 61(6))4de

— 00

+oo
+ / (G3(6) — B2(E)) (9(€) — 61(6)) 4de

— 00

+oo
+ / R(02(6) — 61(6)) (62(€) — 1(6)) e

o0

> D/ (I65(E)P~295(€) — @1 (O) P21 () (95(€) — 91 (€))dE
{p2>¢1}

c [T
5] Gomenyas [ (6l 00+ W(6a©) ~ an(e)ae

=0L+1+Is.

The estimate I; > 0 follows from a basic inequality. We note that liminfe_, 4 oo (¢1(£) —$2(€)) > 0,
which implies that Iy = 0. Therefore ¢1(£) > ¢2(€) for all £ € R. O

Next we consider the solvability of the degenerate elliptic problem.
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Lemma 3.3. Let 0 < ¢ < 7 be a nondecreasing super-solution of ([2.1)), ¢(—o0) = 0 and ¢(+00) =
7. Then the degenerate elliptic problem

—c¢'(€) = D(1¢' ()P 2¢' (€)' + ¢*(§) + ko (€) = (r(€) + #)H(E),

Jim (6 =0, lm_o() =, (3:-1)
has a nondecreasing solution ¢(§) € W,5P(R) satisfying 0 < ¢(€) < H(€) for all € € R. Moreover,
(&) is also a super-solution of and ¢(€) € CP(R) for some B € (0,2=1).

’op

Proof. For each K > 1, we focus on the solutions of the regularized problem

—c¢'(€) = D((|¢' (&) + 1/K)P=2/2¢/(€)) — ¢2(€) — k() + f(€), €€ (—K,K),
O(—K) = N-K), o(K)=AK),

where f(€) = (r(€) + R)B(E), A(—K) = —VZ D g A(K) = M

In view of the standard quasi-linear parabohc theory, we immediately obtain that (| admits
a unique solution ¢ . Let us estimate ¢ and the gradient of ¢ respectively. We assert that
0 < AM—K) < ¢ (€) < MK) < 7. Otherwise, there exists £ € (—K, K) such that ¢(€) > A(K).
Suppose that the maximum of ¢ is attained at £ which is a interior point of (— K, K). It should
be note that ¢k (&0) > dx (K), ¢’ (&) = 0 and ¢%(§0) < 0. Then a direct computation yields

F(&0) = ¢%(€0) + oK (&) > O (K) + ko (K) = f(K). (3.3)
Noting that (&) and ¢(¢) are nondecreasing, we can deduce f(£) is also nondecreasing, which

contradicts to . Hence ¢ (€) < A(K) for any £ € [—K, K]. Similarly, we can show that
brc(€) > MK,

By the above proof, we know that ¢x takes the maximum and minimum value at K and — K,
which implies that ¢ (—K) > 0 and ¢ (K) > 0. We claim that ¢ (£§) > 0 for any £ € (—K, K).
In fact, if this is not true, we can find & € (—K, K) such that ¢ (&) < 0. Assume that (&2, &3)
is the maximum interval such that & € (&2, &3) and each of ¢ (&) is negative for £ € (§2,&3). It

is easy to see that dx(€2) > dx (&), O (E2) = D (Es) = 0, and
(|65 (©)2 + 1/E) P20/ (€)) |e=e, <0, ([0 ()I? + 1/E) P24/ (€)) |e—¢, > 0.

Therefore

(3.2)

— (¢, (E)]* + 1/ K) P22/ (&) — el (&2) + b (&2) + ok (€2)
— (@5 (&) P + 1/K)P=2/2¢/(£3)) — ey (&3) + bk (€3) + Kok (3),

which implies that f(&) > f(&3) for & < €s. This contradicts to the nondecreasing of f. In what
follows, for simplicity, we omit the symbol of absolute value in |¢'(£)].

For 1 < M < K, suppose that a(§) € C3(—M, M) is a cut-off function such that «(¢) € [0, 1],
|/ (€)] < 2 for any € € (=M, M) and a(¢) = 1 for £ € (=M + 1, M — 1). Multiplying by
aP(&)ok (€) and integrating over (— K, K), we obtain

K

K
/ DaP (€)% + 1/K)P~2/2(6 (€))% + /_ oG + /_ P 63 ()
<- / Do (Gl(€))? + 1/K) D 0 (€)oxc (€ ()
_K K
[ @on©o©ae+ [ oo
K —-K
K K
<C [ ppar @r ol Ol + [ pDar oo (Ol )]
K —-K

N /_  caron(€)of (e + / "or(©)f(€)ae
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1 K K 1 K
<3 [ pareratc [ praolaerty [ paior

K b K
+C/_K Dap—2¢;;1(§)dg+/_K oo (§) f(§)dE.

Since (9 (€))% + 1/K)P~2/2(¢l (€))2 > (¢ (€))" for p > 2, we see that
M-—1

D M-1 , » M—-1 )
s | koraes [ diacs [ oo

—M+1 —M+1
—M+1 M
<C / + DpP¢h (€)]a (€)|PdE + C M7/ =D 4 AM k7
—M M-1

< CDpP2P 1 4 20 M/ P=1) 4 4AM K,

which implies that

o lwrr—rrr1,m-1) < C,
where C is independent of K. By Sobolev embedding theory, we get that for ¢ € (0, %),
WhP(—M + 1, M — 1) is compactly embedded in C9(—M + 1, M — 1) for any 1 < M < K. Then
we can take a subsequence of ¢k which is still denoted by {¢x(£)} such that {¢x(£)} uniformly
converges to ¢(£) on any compact interval. Here ¢(€) belongs to C4(R) N VV&)CP (R)and 0 < ¢ < 7.
Note that ¢(¢) € C4(R), then we further obtain ¢(¢) € C'+#(R) for some 3 € (0,q) by the
regularity theory of p-Laplacian equations. We observe that ¢(£) is increasing since each ¢x (£) is
monotonically increasing. Moreover, we can show that ¢(£) is a solution of and ¢(§) > 0 for
all £ € R. In fact, assume that there exists £ € R such that gi)(f) = 0. Clearly, qﬁ(é) is the minimum
value. We note that ¢/(€) = 0, ¢"(€) > 0, and f(§) = (r(€)+r)H(€) < 0 by (3-2), which contradicts
to the assumption that ¢(¢) > 0 for all ¢ € R. According to Lemma one may immediately
obtain that ¢(£) < #(£). A further computation for £ € R yields (r(&) + x)@(€) > (r(€) + ) p(€),
which implies that ¢(&) is a super-solution. O

Now, let us formulate a super-solution and a sub-solution. Because of the assumption that
r(—o0) < 0 <7, we can choose two constants &, {1 such that r(&) < 0 and r(£1) > 5 > 0 which
will be used to establish the super- and sub-solutions later.

Lemma 3.4. For each ¢ > 0, the function

Fero(§—Eo)
mo:{m" DA (34

T, 52507

where po is a sufficiently small positive constant, is a super-solution of (2.1) and holds that
F[9](§) >0 for all € € R.

Proof. If £ < &, ¢(&) = 7et1(67%0)  then
F[a](f) _ —CF/J,OGHO@_&) —D(p— 1)7717—1M186(P—1)Mo(5—50) — 777‘(5)@“0(5—50) + 7Fle2mo(§—¢€1)
> feuo(éfso)(_wo —D(p— 1)7710*2%) —7(&0))-

The quantity F[¢] will be nonnegative if we choose g > 0 small enough such that

cpio + D(p — )PP ~2 b + (&) < 0. (3.5)
Note that F[¢](¢) > 0 holds naturally when & > &. O
Lemma 3.5. For each ¢ > 0, let p; = —@ < 0 with 0 < § < r(&). Defined ¢$(§) :=

fmax{O,e“l(f_fl) — Mem‘l(f_&)} with M > 1 a constant, then for sufficiently large M and 1 <
P <2, ¢ is a sub-solution of (2.1) and holds that F[¢](§) <0 for all £ € R,
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Proof. Let & = 20— 4 & ¢(€) = 0 if £ < &, and (&) = rer1 (E=8) — MreP (=80 if € > &,

A=p)ur
For £ € (—00,&2), it is easy to check that
Flgl(€) <0.
For ¢ € (& + 0), ¢'(&) = FureE=8) — MrpuqePr (=€) Let & = (1111(%;;1 + & > & be the

unique solution of ¢'(§) = 0. It is not difficult to see that ¢'(£) > 0 for £ € (&2,&3] and ¢'(€) <
for £ € (£3,+00). Noting that

(12/(OF2¢'(€)) = (0 — 1)I¢' ()P ?¢" (€) := h(&).
Let us estimate h(¢).
Case (i) £ € (&2,&3]. By direct calculations, we obtain

h(f) — (p _ 1)(?#16“1(5_51) _ Mfﬁulef’/tl(5—51))P—2(7:M%elt1(5—51) _ MfﬁQM%eﬁﬂl(f—El))
= (p— )P LeP=DmE=6) (P (M peP~Dra(E=8) _ 1)p=2(1 — ppeP—Dm(E=&),

Since (—p1)P(MpeP~Dr(E=€) _1)P=2 > (0 then we see that

(—p1)? (Mﬁe(f’ Dpa(€=&1) —1)P2(1 _Mﬁze(ﬁ—l)m(g_gl))
> —(—m)? (Mpe(pfl)m(éfﬁ) _ 1)p72Mﬁ2C(ﬁ71)#1(5751)
> —MP PP (— iy )PeP~ DD (E61)

Using that ¢(£) > 0, we know that i > e(P=Dm (=€) Therefore,
h(€) > —(p — )P L MP L pP(— iy )PeP~ VP11 (E—E1)

1 e 5
> —(p— )P P (—pp )P (— P - 1gpma(-6)

()
for all £ € (&2, &3]
Case (ii) £ € (&3, +00). We know that ¢'(¢£) < 0, then
h(f) _ (p _ 1)(M’fﬁﬂleﬁ“1(£_£l) _ f,ule,ul(f_fl))P_2(77M?eH1(5_51) _ MfﬁQM%eﬁul(ﬁ—&))
= (p— 1P LePDrlE=8) () )P(1 — MpeP~Dra(E=€)yp=2(1 _ pppleP—Dm (=€)

Let &4 = 1(1;(1\1{);;” + & > &3 (here p > 1) be the unique solution of ¢"(¢) = 0, then h(€) > 0 for all

€ > ¢, When € € (£,&,), noting that 1 < Mp2eP~Dr1(E=61)  we see that
hE) > —(p — )P  Mp?(—puy )PeP~ 2D (-6 +Pi(E—61)

3.7
> —(p— )P () () B e, o
M
Based on the previous inequality, we obtain that
1 - .
hE) 2 —(p = DI HpP (—pu)P (7)1t e)
for all £ € (§2,&4). Next we need to evaluate F[¢](§). When & € (&2, +00), we know that
Fg)(¢) < —crpy et 6780 (1 — MpeP~Dm(E=8)) _ Dp(¢)
_ r(fl)feln(ﬁ—fl)(l _ Me(ﬁ—l)ﬂl(f—fl)) + 77262//«1(5—51)(1 _ Me(ﬁ—l)ﬂl(f—§1)>. (38)
Noting that cu; = —r(£;) and 1 > Me®=Dm (=8 then (3.8)) implies that
F[l(€) < c(p — 1)y M7l (=8 — Dp(g) 4 72e2(E6), (3.9)
According to the estimate of h(§), when & € (£2,&4), (3.9) indicates that
Flo)(€)

<c(p _1)IU1MT9P#1(E 51)+D( — 1)7P~ Lypp—15 PP (—pu)P (]\14)(]3{%)13@]5#1(5*51)_|_fe2#1(5*£1)
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D(p — )P~ 1P (—pp )P Fe-Plra(E=61)

<c(p— l)ulMFeﬁ‘”(E_fl)(l +

c(p — 1)M1Mg%? c(p—)mM
i D(p — 1)~ P (— )P 3
< e(p— 1) pg MrePr (E=80 (1 4 (= L)r pp(p,ﬁ“) N, ).
c(p— 1) M»=1 c(p—1)mM

Since ¢(p—1)pu1 < 0,1 < p <2 and 2:? > 0, we have F[¢](§) < 0 as long as we select sufficiently

large M. We now consider the case in which £ > &. The (3.9) implies that

Flgl(€)

C(ﬁ _ 1)M1M7teﬁm(f—fl) + Fle2m(§=61)
feﬁﬂl(ﬁffl)(c(ﬁ _ 1)ﬂ1M + fe(Q*ﬁ)lu(E*El))
7Pt E=E) (c(p — 1) s M + 7).

ININ

IA

Similarly, we can choose M large enough in such a way that F[¢](£) < 0 holds. O

In view of the definition of ¢ in Lemma and ¢ in Lemma it should be note that & < &
satisfies 7(§) < 0 < r(£1). We obtain that 0 < ¢ < < T

Proof of Theorem [2.1. Forp > 2, ¢ > 0, assume that ¢(¢) is defined as emmal3.4land ¢o(£) = B(€).
We consider the iterative problem

—c¢i(€) — D(I¢5(€)P2¢7(€)) + 67 () + wi(€) = (r(€) + k) Pi-1(6),
lim ¢;(§) =0, lim ¢;(§) =7

§——o0 §——+o0

(3.10)

It follows from Lemma that there exists a increasing super-solution ¢4 (§) of and 0 <
¢1 < ¢ < 7. According to Lemma we see that ¢1(£) > ¢. Then we can show by induction
that the existence of increasing solutions ¢; > 0 of and ¢ < ¢;11(&) < ¢i(€) < ¢ for each
i € NT. Recalling that the proof of Lemma we see that ||@;|lwi» are bounded uniformly in
any compact interval, which indicates that ¢; € C(R) by the embedding theorem. We further
derive that there exists a increasing continuous function ¢ such that lim;, . ¢;(£) = ¢(§). By the
same argument in Lemma we can obtain ¢ > 0. This conclusion is that ¢ is the travelling

wave solution of ([2.1)). O

Now, we consider the existence, regularity and uniqueness of the solution for the following
original problem. For each ¢ > 0, £ = & — ¢t is substituted into the equation of (L.1)), and one
obtains (we still denote the solution as u for simplicity)

0 0
Bt = Duelug)e + e+ u(r(€) — u),

u(t,—o0) =0, wu(t,400) =T,
u(0,&) = up(x).

Lemma 3.6. The global solution u € CUFT)/21H(R, x R) with o = % of the Cauchy problem
(13.11)) uniquely exists and satisfies

(3.11)

[ull Lo < max{[uof|= + 1,7+ 1},
Uy € LOO(R+7L{)oc(R))7
u € LE (R4 x R).

Proof. Suppose that {u)} is a sequence of sufficiently smooth functions which converges to ug
as | — oo uniformly with respect to & on any compact interval and 0 < u}(€) < ug(€). Let us
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consider the approximate problem

6 2 1 =2 5u
ar = Dlluel” + 7)7 ue)e +Ca*§ Fu(r(€) —u), t>0,&e(=11),
1 1 1
u(t,—l) = 7 u(t,l) =7+ 7e(r(7°‘>)77)t, t>0, (3.12)

w0, =ubh(©) +7 €€ (LD

The existence of solutions for (3.12]) can be obtained by the standard theory of quasi-linear para-
bolic equations. We further derive that

1 1
7e(r(*oo)*?) < wy(t,€) < max{7 _|_ o] g + 1} (3.13)

Now we are ready to estimate the gradient of (¢, €). For each a € (=1 + 2,1 — 2), assume that
n€) € Ca—2,a+2)and 0 < &) <1, 7€) <1, n=1for £ € (a—1,a+ 1). Multiplying
Eq.- by un? and integrating over R, we have

1d 1o
2772”d£+D/(IU5\2 +3) QQIUslznzpdef/uBnQ”dﬁ
2dt . I &

1 p=2 —
= —2Dp [ (el + )T uewnnede ~2pe [ o inede+ [ r@unra,
R

Note that

(3.14)

1.,
(lugl* + )" ug < Jugl™ + 1,

when p > 2. Since u,r(§) are bounded and n(§) has a compact support, the right-hand side in

(3.14) is converted to
1 =2 —
= 2Dp [ (el + )% wewnrttneds = 2pe [t inede+ [ rgpulnrac
R

< QDP/R|U§|p_1un2p_1|77£|d§+2Dp/RW72p_1|775|d§ - 2pc/ u? P nedg
—|—/R7‘(§)u2772pd£ (3.15)
3 [ luctirae ¢ [ pumnerds = 2pe [ty tned+ [ r(putirag

3 [ lucpirae +c.

It is easy to obtain

IN

IN

1 2
(Juel* +7) 77 [uel* > uel”,
when p > 2. Recalling that (3.14) and (3.15)), we have

i [ whndg + %/]R(W + ) Ende < %/Rﬂuslz + )T e+ O
Using Young’s inequality, we see that
3 s+ D /(|u5|2 + %)%n%dg <c (3.16)
For each t > 0 and fix o > 0, integrating (3.16) from ¢ to ¢ + o, we conclude that
/ 2(t+0,6)n*Pdg +/ / (Jug|? + =) En?Pdeds < C. (3.17)

The mean value theorem indicates that there exists t* € (¢,t + J) such that

[ et OF + e < c. (318)
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Multiplying (3.12)) by u;n*" and integrating over R, Young’s inequality implies that
D d 1.» d
4pd = 2 4pd - 4pd
[ utntrac+ 25 [ (u + pEatac + 35 [ atntrae
1 p
= —4Dp/(\u§|2 + I)Tzuwm‘lp_lngd{—kc/ uguyn*Pdé + / (&) uugn*Pde (3.19)
R
1
< 2/ 4Pd§+C/ |ug|? + )P L2 2r= 1)d§+C/ |ug[Pp?Pdé + C.
R

Furthermore, we multiply D((|ug|* + %)p%uf)g =gu_ C%Z +u? —7(&)u by (Juel? + %)%ﬂug)gn@
and integrate the resultant equation on R to obtain

1 p—2
D [ (el + )5 ug)e e

8 8 1 p=2
=[G~ e5g + 0 = r@uluc + P ug)en e

<3 [ el + D Fugerabac + 5 [ (G- ‘;—ZM r(€)u)y e
<5 [ el + ) uaernrae + [ dnragr 5 [ €5 - r©unag @20

1 p=2
<o [ (uel®+7)72 U5)5)2774pd€+*/“§774”d§
2 Ja l D Ja
2c? 2 4 2 2 2,4
+f Rugﬁ pdf*‘B/R(u —r(§u)*nPdg
D 1.p-2 1
<o [ (uel®+ )72 u£)£)2ﬂ4pd5+*/“f774pdf+c/|U5|pn2pd§+0~
Combining (3.19)) and ( -7 we obtain
d D? 1, -
[ 4pd£+ff/ (ucl? + PEarac + 55 [ atnmae+ 5 [ (el + )T ue)ennae
. 3dt 2 Ju l
1
<C [ (el + Do Ve +C [ fuerapras + .
R
Next, we need to estimate [(Jue|? + )P~ ! n?2r=1d¢. In fact, by Young’s inequality, we see that
1, _
[ el + 1y erDag
R
1. _ 1. _
SA(|U5|2+7)p Pugugn®®? 1)d€+/R(|U5\2+7)p pPerhag
1. _ _ 1
< [ (2= Quel + - ued?2 )+ 202 = Dl + 37l ) de
1,,_ _
+ [ el + oo ag
R
1
< [ (el + 17 ueelnnde+ o [ (el + 3177274 +.C [ (el + -2l 2.

Assume that A = (Jug|? + 1)P72n* ™%, B = (|ue|* + 1)P%|ug|n**~3. Now, let us consider the
exponent p in the different cases When p >4, we can s1mply estimate

|

1 1 1.»
A= (|uel* + 7)”‘2774“4 < 0P (er(Juel” + 7)17_1772(1’_1) + Cc, (Jue* + 7)7771))7

(NS}

1. 3 _ 1. B 1
B < (|ugl* + 3)7 727 < (ea(uel* + )7 2@ + O, (Jue)® + TE).



10 T. XU, G. LIU, J. YIN EJDE-2025/48
When 3 < p < 4, using Young’s inequality, we have

1 1.»
A = (|ue* + j)p_2U4p_4 <P (Jue|* + j)fﬁp +C),

p
2

1., 3 4. 1. _ _ 1
B < (lugl + )" 207 < P (ea(uel* + 7)P T 0?07 + Cey (ue* + ) ).
Similarly, for the case 2 < p < 3, it holds that
1 1
A= (fuel” + )70 < ((Jugl* + 7)%77” +0),
1 1
B < <|ug\2 + PR <P ((ueP + ) EP + O,
Now, let us estimate . We have
4D d 1.» d D? 1 p—2
2 4pd e 2 4pd 4pd 7/ 2 N 2 4pd
[ utnae +  a [(ul + Diras+ 35 [ wbwmag+ 5 [ (uel + )% ue)e)?ntna
<C [ (uel + ) brag + .
which, together with (3.17)) and (3.18]), indicates that
t+o
/ /ufn4pd§ds+sup/ lug [Pn*Pd¢ < C.
t R t R

It then follows that

t+o ratl a+1
/ / urdéds + sup/ lug|Pdé < C, (3.21)
t a—1 t Ja—1
where C' is independent of I. That is u; € L((0,00), W,bP(R)) and (w); € L?((t,t + o) x (a —

1,a+1)). Hence we deduce the sequence {u;} weak converges to u. Furthermore, it is not difficult
to show that u is the solution for the problem (3.11)) and u also holds that (3.17)) and (3.21)), and
0 < wu(t, &) < max{||ag|lL= + 1,r(+00) + 1}.
From the Sobolev embedding inequality, we obtain u € L>((0,00); C*(R)) with o = pp%l.
Now let us show that u € CO‘/Q’O‘(R+ x R). For each t1,ts € RT,z € R, assume that t5 < ¢,
r=lt — tg\l/ P Suppose that B, is a ball of radius r centered at x, we can deduce that

t2 8U t t2 au
/ IU(tl,y)—U(tay)\dy:/ / Y dt’d </ /
B B, |/t t1

Noticing that (3.21) and using Holder inequality, the above inequality ylelds

/ fu(t, ) — ulta, v)|dy
B,

to 2 1/2 ts 1/2
< / / Ou dtdy < / / 1dtdy>
™ tl ™ tl

< Clty — to] /2012,
Then the mean value theorem implies that there exists x¢ € B, such that

dtdy.

(t,y)

lu(t1, 20) — ulta, w0)| < Clty — ta| /212 = Clty — ty|'5 .
We further have
lu(ty, z) — u(te, z)| < |u(ty,x) — u(tl,aco)| + |u(t1,x0) —u(te, zo)| + |u(te, o) — u(te, z)|
< Clz— 0] *F + [ty — ta] )
<Oty — t2|T,

which indicates that u(t,&) € C*/>*(R, x R). Furthermore, we see from the regularity theory of
p-Laplacian equations that u(¢,&) € Ot (R4 x R).
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Finally, we prove the uniqueness of the solution. Assume that u;,us are two solutions of (3.11)
and u = uy —ug. It should be note that u(x,0) = 0. Let a,(x) € C§°(R) be a cut-off function such
that ap () € [0,1], an(z) = 1 for |z| < n,a,(z) =0 for |x] > n+ 1, and |o/(z)] < 2. Multiplying
(3-11) by e~ Ptu(t, x)a, (z) with B > 2(r(+00) + 1) and integrating over Q,, we have

%/ReiﬁTUZ(IaT)an(uT)dz + // T(g + up + ug — 7(€))ulay, (z)e Pldrdt

+ D// (Jur o [P~ 2wy — |U2a|P 2 Uy ) (U1, — sz)e_ﬁtan(x)dxdt

@ (3.22)

D / / (s [P~ 21, — [z, [P~ 2uz,) (ur — up)e—Plal, (z)dadt
Qr

<D [[ (il 2, = a2z, Pl @ #dade + [ el @)le st
Qr Qr
Noticing that o, (z) = 0 for |z| < n and |z| > n + 1, we see that

D / / (s [P 2ury — |uag [P~ 2usy) 2], (2)]e~Ptdadt + / / 2|, ()|e Pt dadt
Qr Qr

<2D //Q (Ju1p 2P~V + Jug, [P~ o (z)|dedt + //Q u?|al, (x)|dzdt < C,
where C' is indepen(;ent of n. Letting n — oo in , we obtairz
//Q wle Ptdzdt + D//Q (Jurg P21y — U2y [P~ 2ug,) (U1, — ugg)e Ptdadt < C. (3.23)
RecallingT and noticing thTat Uiz (1 = 1,2) are bounded, we infer that

D / / (e [P~y — [z P~2us,)?| o, ()P dadt + D / / 2|, (2)]e~Ptdadt
Qr Qr

§ D(p — ].)(”le”Loo —+ ||’U,2z||Loc>)p72 // (|u1x|p72ulm - |u21‘p72u2z)(u11 - u21)|a;1(x)|eiﬂtdxdt
Qr

—I—D// u?|o, (z)|e Ptdtde
QT
<C [ il 2ur, ~ Jua, P 2us,) (s — vl e st + [ alla@)e st
Qr Q-
From (3.23)), the above inequality reduces to
C [ sy a2z, (s, = ) (@)l ot D [ [ e @)le e - o
Qr Q-

as n — 0o. Now, (3.22) shows that

1
5 Lo et [ e b (a2, Jual? i), — ) dode <0,
R T
which implies that u; = us in Q. U

To prove the stability of the forced waves, let us consider the solutions of (1.1)) of the form
v(t, &) := u(t,& + ct) — ¢(&) with the initial value vo(€) := up(§) — @(£). Substituting we obtain
the degenerate perturbed equation

ov

= = D(Jue|"Pug — |¢e[P e )e + ¢

ov
“ o r(€) ~ (ut )

03 (3.24)
v(0,€) = vo(§)-
Next we study the regularity of the perturbed solutions for (3.24]).

Lemma 3.7 (LP-regularity of perturbed solution). If v is a solution of the perturbed equation
(13.24), then v € L*°([0,T]; LP(R)) for any T > 0.
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Proof. Let a,(§) € C§°(R) be the cut-off function defined as in Lemma It is easy to check
that o/, is supported in [—n — 1, —n] U [n,n + 1]. We multiply (3.24) by o2 |v[P~2v and integrate
over R to obtain
1d _ _ _
S aillode7 ey + D= 1) [ (fueP~2uc = oc" e uclol a3 + [ ad(u+ o)l
4c

< (—+ 4D)/ 0[P~ (0 + | (Jue|"~2ug — |9 |P 2 pe)v])andé (3.25)
p [-n—1,—n]U[n,n+1]

+ / r(€)al[o]Pde.

From Lemma we know that v, u¢, ¢¢ are bounded. It then follows that
/ o720+ [(juel”2ue ~ 0¢ 2 e)ol)ands < C.
[=n—1,—n]U[n,n+1]

where C' is independent of n. We ignore two positive terms in left-hand side in (3.25]), which
implies that

1d, 5, >
5@”‘%” z1®) < r(+00)[lagvP||L1(w) + C.

Gronwall’s inequality indicates that
d
dt

Then integrating over [0,¢] for any 0 < ¢t < T, one has

(e—pr(-l-oo)tuaivp”Ll(R)) < CloPr{+oo)t,

sup [lazv? || ) < C.
t€[0,T)

By letting n — oo, we further have

sup [[vP|| 1wy < C. O
t€[0,T)

Lemma 3.8 (Weighted L? -regularity of the perturbed solution). (" If v is a solution of the per-
turbed equation (3.24), then v € L*([0,T]; L (R)) for any T > 0.

Proof. Here we firstly choose an approximation of the weight function. For A > 0, let

e M ¢ < —k,
wp(§) = g, ¢ <k,
Mo ek

By Lemma we see that v € L°([0,T]; LP(R)). Then we can multiply (3.24) by |v|P~2vw;, and
integrate over R to obtain

1d _ _ _
Egllv”wk\\u(k) +D(p— 1)/R(|U§|p ug — |pelP 2 deJve|v|P P widE
e [k
+ |v[Pwgdg + /(U+¢)Iv|”wkd§ (3.26)
—k R

k
=D [ (uel g = ol 00l 2ounde + [ r(@)lolPude.
According to Lemma [3.6] we see that ug, ¢¢ are bounded. From this, we can take

p = max{ || (ue)?~2[| o= ry, | (Pe)P 2| o= (ry }-
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By Young’s inequality and the mean value theorem, we obtain

k
AD / =2 = el o s

D [* K
< 27) k(|u§|P—2ug - ‘¢€|P—2¢5)2|U|p—2wkd£ + )\QDp/k [v|Pwedé (3.27)
< Db

_ 1 _ _ _
2)/ﬂg(|u§|p ug — |ge|P 2 pe)ve|vl? kad§+/\2DP/R|U|pwkd€-

Combining this with (3.26)), we see that

d
&HUPwkHLl(R) < (N*Dpp + pr(+00)) [P wi| 1 (m)-

We further have

sup |[vPwill 1wy < C,
te(0,T)

where C' is independent of k. As k — oo, we obtain

sup ||v|[Lz,®) < C. U
t€(0,T)

Proof of Theorem[2.1, According to Lemma we know that for any ¢ > 0, |[v[Pw € L*(R). We
can multiply the first equation of (3.24) by |v|P~2vw, where w(¢) = e*¢ and A > 0 will be specified
later, and integrate it over R to obtain

1d _ _ _
——[[vPwl| L1 () +D(p*1)/(lus|p 2ug — |delP 2 e Jve [v|P2wdé
pdt R
cA
+ Srule + / (u+ @) |o[Pwde — / r(€)oPwde (3.28)
R R

— DA / (Juel?~>ue — e P20 [o]P~2vwde.
R

Let us estimate the right-hand side of (3.28). Noting that ue, #¢ are bounded and p is defined as
in Lemma [3.8] we have

- DA/(|U§|”72U5 — |Be|P2 ) [vP2owd€

) (3.29)

< (p—1)pDA| / ve|v|PPowdg| < pD)\z/ |v|Pwdé.
R R

Combining this with (3.28)), we see that
d
30" wlln@ + eMlvPw]g) = p(pDA* + r(+00)) 07wl ) < 0.

Multiplying the above inequality by e$** and integrating it from 0 to ¢, we have
[P (8, )wll L1 () + (€A = ppDA? = pr(400) = 1) [ *vPwl| 11 (0,0 ) < [07(0, E)w] L1 gy- (3:30)

Noting that the equation
—pr(400) + cA — DppA? =0 (3.31)

has a double root A* when ¢* = 21/ Dp?pr(+o00), and for any ¢ > ¢*, (3.31) admits two different
positive roots 0 < Ay < A2. As A € (A1, \2), —pr(+00) + cA — DppA? > 2e¢ for some constants
€ > 0. Taking arbitrarily small (; < €, we see that

—pr(+00) 4+ cA — DppA? — (1 > e
We further have
0P (¢, ©)w]| 11 (=) + €lle CTPw] L0,y xr) < € [VBw| L1 (w),

that is

o]l Ly, @y < €™ lvoll e, @) (3.32)
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Using that r(—oo) < 0 and r(£) is a nondecreasing continuous function, there exists £* such
that r(§*+ 1) = @ < 0, which further leads to r(§) < T( ) <0 for any £ € (—o00,&* +1).
Since w(¢) = e** with A > 0, then (3.32) can be deduced that

+o0 +oo
/ [o|Pde < e A / wlv[Pdé < Cllvoll pr rye ™ (3.33)
5*

*

To proceed, we introduce a new cut-off function @&, (§) € C§°(R) satisfying

0, £&>¢&"+1,
an(§) =41, —n<E<E, (3.34)
0, ¢€<—-n-—1,

where n >> 1 is an integer and 0 < &, (&) < 1, |a&),(§)] < 2. According to Lemma we can
know that |v|? € L'(R). Multiplying (3.24) by |v[’~2vé,, and integrating over R, we see that

1d B _ _ 9.
Lo [ 1Pt + Do = 1) [ (el 2ue ~ oe e ueloPa,dg
R R
+ / (u+ 6)[o[Pdnde — / HO)lelPande (3.35)
R R
— D / (el 2ue — || 2¢)[o]P~2vi,dé — / [ofPa,de.
R
The first term of the right hand in (3.35)) implies that

=D [ (uel™2uc = g 00 ol vt e < D [ ol (3.30)
R
Combining this with (3.35)), we have

d
1@ /R [0 Gnd + D(p — 1) /R(|Ue|p_2u5 — |pe[P 2 de)velvP 2 qndg
+ [ olrands - [ r@lrans o

<op [ oPiaiac =< [ o
P Jr
Since |v[P € L'(R) and u, ¢, ue, ¢¢, 7(€) are all bounded, letting n — oo in (3.37), one has

1d (& e —2 —2 2
| wpadc D=1 [ (ueP e~ g oulol*ade

pdt _oo
£ +1 £ +1
+ [ wronrade- [ r@ppads (3.39)
e 41 o [+
<op [ priaiae+ S [ pplaae,

where & is the limiting function of &, as n — +o0o. According to the definition of &,, we deduce
that 0 < @&(€) < 1for £ € [€%,&* +1], a(§) =1 for € € (—00,&*) and &/ (§),&"(§) are bounded and
supported in [£*,&* + 1]. Hence (3.38) indicates that

14 &+ 1d & £ +1
—-— vPad —i—f—/ v[Pd —/ r(&)|v[Pd
v wpaae g [ wrac [ r@lorag

1 e
S e
£ D Jex
From (3.32), we clearly have that

& +1
/ [o[Pde < Clluollu me <",
5*

(3.39)
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which, together with (3.39)), implies that
1d (£ 14 (¢ & —it
5% e |’U|P06d£ + Ea ‘/_oo |v|pd§ — /_Oo T(f)|’l}|pd§ < CHUOHL]Z,(R)Q it (340)

Multiplying (3.40]) by e%2*(¢> > 0 will be determined later) and integrating it from 0 to ¢, one has

eCﬁ(/&* |v|pdd§+/ \v|pd£ / /6 +1e<25 (©)[v[Pdeds
& -
—Q /Ot ec"’s(/f*+1 lvPadg —1—/ |v|pd§)ds (3.41)

£ +1
S/ |v(0,§)|pd§+C’e{1t/ e%2%ds.
0

— 00

Recalling that (&) < < o) Oo) < 0 for £ € (—o0,&* +1], we take 0 < {2 < min{(y, w} Hence,
we reckon that

.
| 1ot e)pde < Cllunllog + ol oo,

— 00

which, together with (3.33)), yields
[0l oy < Cllvoll Loy + llvoll Lz, @y))e ™",
where ( = min{(i, (o} = . g
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