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NORMALIZED SOLUTIONS FOR FRACTIONAL
SCHRODINGER-CHOQUARD SYSTEMS WITH
SOBOLEV CRITICAL COUPLED NONLINEARITY

ZILIN CHEN, YANG YANG

ABSTRACT. We study the existence of normalized solutions for a system of fractional Schrédinger-
Choquard with Sobolev critical coupling term. We obtain the existence of the positive normal-
ized ground state solution, and in a special case we obtain a mountain pass type normalized
solution.

1. INTRODUCTION AND MAIN RESULTS

In this article, we are concerned with the fractional Schrédinger-Choquard system with Sobolev
critical coupling term,

(=A)u + Mu = (I * |ulP)|uP~2u + %|u\”72u|v|’“2, in RY,
5 s (1.1)
-
(=2)"0+ Ao = (L * o] o] 20 4+ 2 [ul o]0, i RY,
having prescribed L?-norm
/ |u|? dz = a® and / lv|?dz = b?, (1.2)
RN RN

where N >3, s € (0,1), « € (0,N), a,b > 0, 8 > 0; the exponents p, q,r1, ro satisfy
ri>1 re>1, ri+re=27 2,<p, q<2,;

and Aj, A2 € R appear as Lagrange multipliers which are part of the unknowns. 2% := N%N?S is the

fractional Sobolev critical exponent, 2, := % is the Hardy-Littlewood-Sobolev lower critical
exponent and 27 ; := ]]\\[]_*5‘& is the fractional Hardy-Littlewood-Sobolev upper critical exponent.

Here, I, () := |z|*~", and the fractional Laplacian (—A)* is defined for u € S(RY) by

u(z) — u(y)

(—A)°u(x) = CnsP.V. SN

dy, zeRVN,
RN [T —
where S(R”) denotes the Schwartz space of rapidly decreasing smooth functions, P.V. stands for
the principle value of the integral and C s is the positive normalization constant. The fractional
Laplacian appears in many diverse domains, including optimization, phase transitions, conserva-
tion laws, anomalous diffusion, stratified materials, ultra-relativistic limits of quantum mechanics,
crystal dislocation, water waves and so on. We refer to [8, [12] for more applications.
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System (|L.1)) is closely related to the physical model

a\Ij — r1— T
(AW =i 81&1 (Lo [T [P)| 01|20 + Bry [T | 7204 | Wa| 72,
s 8\112 q q—2 r ro—2 (13)
(AW =i T + (Lo % [Wa| 1) [Wa|172Wy + Bro| Wy | [y "Wy,

which describes several physical phenomenon, such as the Bose-Einstein condensates with multiple
states, or the propagation of mutually incoherent waves packets in nonlinear optics, see [38].
Physically, an important and well-known feature of is conservation of mass: the L?-norms
|1 (t, )2, |Ta(t,-)|2 of solutions are independent of t € R. And these norms have a clear physical
meaning, for example, they represent the number of particles of each component in Bose-Einstein
condensates, or the power supply in the nonlinear optics framework. It is worth mentioning
that an important topic of is to look for standing wave solutions Wy (t,2) = e*tty(x) and
Uy (t, ) = e2ty(z), and (¥, ¥y) solves if and only if (u,v) is a solution of the system

(=AY’ u~+ Mu = (I, * |u|p)|u\p*2u + 5r1|u\”*2u|v|r2, in RV,

(=A)*0 + Xgv = (I, * [v|D)|[0|7%0 + Bra|u|™ |v]2"%v, in RV,

There are two approaches to deal with this problem. On the one hand, we can regard the frequen-
cies A1, A2 as fixed. On the other hand, we regard the problem as having prescribed mass, and
A1, A appear as Lagrange multipliers under the mass constraint. The solution with prescribed
mass is called a normalized solution. In this article, we pay close attention to the latter.

In recent years, many scholars have increasingly focused on the study for normalized solutions
of the nonlinear Schrédinger equations or Choquard equations. Jeanjean [23] firstly studied L?-
supercritical case, and dealt with the existence of normalized solutions by using the mountain pass
lemma and a skillful compactness argument. Soave [34] considered the existence of normalized
solutions and orbitally stable for the particular case of a combined nonlinearity of power type.
Moreover, the Sobolev critical case was also studied by Soave [35], where he obtained the exis-
tence and nonexistence of normalized solutions. Recently, Lan et al. [27] studied the fractional
critical Choquard equation with a nonlocal perturbation. Under L2?-subcritical, L?-critical and
L?-supercritical perturbation, they obtained the existence of normalized ground states and moun-
tain pass type solutions. Gao et al. [I7] explored the critical Choquard equations with combined
nonlinearities. They got the normalized solution by the Pohozaev manifold and mountain pass
theorem, and they used the truncation technique and the genus theory to obtain the multiplicity
of normalized solutions. Moreover, Cai et al. [9] considered the double-phase problem with non-
local reaction. They used the Hardy-Littlewood Sobolev subcritical approximation to obtain the
existence and nonexistence of normalized solutions, and also studied the existence of normalized
solutions to the double-phase problem involving double Hardy-Littlewood-Sobolev critical expo-
nents. In addition, for more results with regard to nonlinear Schrédinger equation or Choquard
equation, we refer to [I4, 211, 25| [36] [4T] [42] [43] and the references therein.

For nonlinear systems with critical exponents, Li et al. [32] considered the following Schrédinger
systems with critical and subcritical nonlinearities:

—Au+ M = pp|ulP" 20+ Bro|u| v, in RY,

—Av + Agv = pg 0|0 + Broful" o] v, in RY,
/ |u|? dz = a2, / |v|*dz = a3,
RN RN
2N

where p,ry + 1y < 2% 1= = and ¢ < 2*. They studied the geometry of the Pohozaev manifold
and the associated minimization problem. Under some assumptions on a1, as and 3, they showed
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the existence of a positive normalized ground state solution. Bartsch et al. [5] explored the system
—Au+ Mu = |u)? "2u+ valul*2uful?,  in RY,

—Av+ Ao = |v|? 20+ vBlul*|v)P 2, in RV,

/|u\2dx=a2,/ |v]? dz = b,
RN RN

where N =3,4and 2 < a4+ <2*. Whenv >0and a4+ <2+ %, they proved that the system
has a normalized ground state solution for 0 < v < vy. When a4+ 8 > 2 + %, they showed the
existence of a threshold 1; > 0 such that a normalized ground state solution exists for v > vy.
Zhang et al. [44] studied the following Schrédinger system with a coupled critical nonlinearity:

—Au = A\u+ plufP"Pu+ Broful" " Pulo, in RY,

—Av = Agv + pig|v|* 20 + Braful v, in RY,

/ |u|? dz = a, / |v[?dz = b,
RN RN

where N > 3, a,b, 1, 2, 5> 0,2 < p,g <2+ % and ry + ro = 2*. They mainly focused on the
L2-subcritical case, and then obtained the existence of normalized positive ground state solution
for any 0 < 8 < By. Moreover, Liu et al. [26] considered the following Sobolev critical Schrodinger
system:

—AuA4 M= ul® "2u 4 [uP72u+ Br e 2ufu), in RY,

—Av 4+ Xov = 0|2 720 + pov|T 20 4 Broful™ v 20,  in RV,

/ |u|? dz = a?, / |v|? da = b,
RN RN

When p,q, 71 + 12 € (2+ %, 2*), by revealing the basic behavior of the mountain-pass energy,
they showed the existence of the positive normalized solution. When p = ¢ = r; 4+ ro = 2%, they
obtained the nonexistence of the positive normalized solution.

When it comes to investigating normalized solutions for the fractional systems with critical
nonlinearity, Zuo et al. [46] studied the fractional Sobolev critical nonlinear Schrédinger coupled
systems. By scaling transformation and concentration-compactness principle, they obtained the
existence of a positive normalized solution under some suitable assumptions for the mass super-
critical case. Guo et al. [I9] considered the following fractional Choquard system with a local
perturbation:

(=A)*u = A+ (I * |u|?>)

(=A)*0 = Agv 4 (Iy * [0]05) 0] % =20 4+ po|v|97 20 + Broful™ [v]2 %0, in RV,

/ |u|? dz = a2, / |v|?dz = a2.
RN RN

For p,q and r + 15 € (24 4—1\‘;, 2%), they obtained the existence of the positive normalized solution
when [ is big enough. Moreover, for the case of p = ¢ = r1 + 1o = 2}, they obtained the
nonexistence of the positive normalized solution. Besides, Dou et al. [I0] studied the fractional
Schrodinger-Poisson system with multiple competing potentials and a critical nonlocal term, and
obtained the multiplicity of positive solutions. Gao et al. [I8] considered the nonlinear coupled
Kirchhoff system with purely Sobolev critical exponent, and got the existence of positive ground
states. For more results with regard to Schrodinger or Choquard systems, we refer to [45], 2, 47|
1T, 20, [4, (3], [7, [1l, 0] and the references therein.

Motivated by the aforementioned works, we shall investigate the normalized solutions for the
fractional Schrodinger-Choquard system with Sobolev critical coupling term. We mainly focus on
the problem — for two different scenarios: (i) L2-subcritical case: 2, < p,q < W;

(i) L*-supercritical case: N4+ < p g < 2%

w20t fuf%u 4 Brful 2ufol, in RY,

2

v
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Before we state our main results, we first introduce some notation. Throughout this paper,
L™(RN) denotes the Lebesgue space with the norm ||ull, = (fon |ul” dz)+ for any 1 < r < oco.
H*(RY) is the fractional Hilbert space defined as

H*(RY) := {u e LARY) : (-A)*/?u e L*(RN)},

which is endowed with the standard inner product and norm, given respectively by

(u,0) = / ((—a)/2u(=2)"0+uv) de, lulfye = (u,u) = [(=2)"2ullf + ull3,
RN

where ,
)72l = [ / U 4y gy,
RN JRN |~T—y|N+28

Then, we define H := H*(RY) x H*(RY), which is equipped with the norm ||(u,v)||%, == |Jul|%. +

[[v[[3-
The solutions of the system (1.1])-(1.2)) can be found as critical points of the energy functional
E(u,v) : H— R,

E(u,v) = %/RN ‘(—A)S/Qu‘zdx—ké/ﬂw [(-A 9/2v| dz — %/RN (Io * [ul?)|ulP d
1
2q

5 (1.4)
(Lo * [0]%) 0|9 dz — —/ [u]™ v]"? da.
N 2% Jrn

It is standard to check that the energy functional is of class C'. The critical points of E(u,v) are
restricted on the constraint S(a,b) := S(a) x S(b), where

S(a):=={ue H*RY): [[ull3 = a®}, S(b) := {ve H*RY): ol = b°}.
Now, we recall the some definitions.

Definition 1.1. We say that (u,v) € H is a weak solution to problem (1.1f)-(1.2)) if
/ (=A)*2u(=A)*2pda +/ (=A)*2p(=A)* ¢ dx + )\1/
RN RN

RN
= / (Lo * [ul?) [uP~?up da +/ (Lo * [0|) [v| " v dz
RN RN

+ 2ﬁ*7“1 |u|“_2|v|r2u<p dx + 2—6*7“2/ |u\“|v|r2_2v¢dx,

for any (¢, @) € H.

utpdac—l—)\g/Nvgbdx
R

Definition 1.2. We say that (u4, vp) is a normalized ground state solution of problem (1.1))-(1.2)) if
(Uq, Vb, A, Ap) i a solution to the problem (1.1)-(1.2]), and (ug,vs) has the minimal energy among
all the solutions which belong to S(a,b), that is,

E/‘S(a,b) (Ua,’l)b) =0 and E(uaavb) = inf{E(u,v) : E/|S(a,b)(uvv) =0 and (’LL, 'U) € S(aa b)}
Our main results are as follows.

Theorem 1.3. Let a,b > 0 be fized and 2, < p,q < W Then there exists By = Bo(a,b) > 0
such that for any 0 < B < By, problem (1.1)-(1.2)) has a positive normalized ground state solution

(ug,vo) with the corresponding Lagrange multipliers Ay > 0, Ay > 0.
Theorem 1.4. Let a,b > 0 be given. Suppose that

(i) N>4s,0<a <N, st < p g <28

(i) 2s < N <4s,0< a < N, maX{N+]2\f+°‘,2;é — 25 <pa <2,

If (i) or (ii) holds, then there exists B > 0 such that for every 5 > 5, problem (|1.1] . possesses
a mountain pass type normalized solution (u,v) which is positive and radially symmetmc with the

corresponding Lagrange multipliers )\1, )\2 > 0.
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Comparing this with [32] and [44], we extend the results to the fractional case and introduce
nonlocal perturbations, which make the problem much more complex. In the L?-subcritical case, a
solution is obtained by minimizing the functional on a component of the Pohozaey manifold where
the functional becomes negative. We establish an upper estimate of the normalized ground state
level, which allows us to recover the compactness of Palais-Smale sequence. In the L2-supercritical
case, we derive the existence of bounded (PSP) sequence. Moreover, to overcome the difficulty of
losing compactness, a precise threshold for the mountain pass level is required. Under the dual
influence of fractional Laplacian and nonlocal perturbation, the estimates and calculations become
more challenging, but we solve these difficulties. We comprehensively consider the combined effects
of fractional operators, nonlocal terms, and Sobolev critical coupled term, and then obtain new
and interesting results about the existence of normalized solutions for the fractional Schrodinger-
Choquard system.

This article is organized as follows. In Section 2, we give some preliminary results which will
be used later. In Section 3, we deal with the L2-subcritical case: 2, < p,q < W and prove
Theorem In Section 4, we consider the L2-supercritical case: ft2s+a
the proof of Theorem

Throughout this paper, we also use the following notation:

e A ~ B represent C1B < A < (9B for some positive constants Cq,Cy > 0.
e The letters C, Cq,Cs,C5 ... are universal positive constant (possibly different).

<p,q <2, and give

2. PRELIMINARIES

In this section, we present various preliminary results that will be used later. Firstly, let us
recall the following fractional Sobolev embedding, see [12, Theorem 6.5].

Lemma 2.1. Let 0 < s <1 and N > 2s. Then there exists a constant S = S(N,s) > 0 such that

I(=2)*"2ull3

S = i
we€Hs(RN)\{0} [|lu

: (2.1)

2
2

where 25 = 25— Meanwhile, H*(R™) is continuously embedded into LY(R™) for any q € [2,2}]
and compactly embedded into L1 (RYN) for every q € [2,2%). Furthermore, we define

loc
[(=A)*2ul|3 + [[(=A)*/?v]]3
WS EONOL ([l o]z da) %

then from [31, Lemma 2.2] we know that

o= ()7 +(2)%)s

The following Hardy-Littlewood-Sobolev inequality is of importance, see [2§].
Lemma 2.2. Let a € (0,N) and r,t > 1 with 2 + 1 =1+ &. Let f € L"(RY) and h € L'(RY),

then there exists a constant C(r,t,a, N) such that

F(@)h(y)
ﬁéNAQT;:g@:gdﬂw\ScowﬁnNMfmwmw

Sryyry 1=

In particular, if r =t = 22| then

N+a’
y—o I'(5 (YY) -a/N
C(r,t,a, N) = C, :7721_‘(15/2‘_1‘){1_‘2;];}

Next, we introduce the fractional Gagliardo-Nirenberg inequality of Hartree type established in
[16].

Lemma 2.3. Let 0 < s <1, N> 2s and p € (24,2% ). Then, for all u € H*(RY),

*
a,s

~ s 2pdp. s 2p(1—0,,s
AAMHWWWMSWPM”Wf Jlufl37 ",
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where 6, ¢ 1= % and the optimal constant C is
& 2sp (23]3—]\7117—|—N—4—0z)Np}fjﬂx W2
2sp— Np+ N + « Np— N —« 2

where W is the ground state solution of (=AW + W — (I, * [W|P)|[W[P~2W = 0.
Next, we show the weak compactness result for the nonlocal nonlinearities, see [43, Lemma 2.7].

Lemma 2.4. Suppose that p € (24,2} ). If {un} is a sequence satisfying u, — u weakly in

ar “a,s

H*(RN), then, for any ¢ € H*(RY), we have

/ (Ia * |un|p) \un\pfzungo dz — / (Ia * |u\p)|u|p72u<pdx,
RN RN
as n — 00.

Then, we present the following Brezis-Lieb type lemmas, see [13, 22] and [29, Lemma 2.3],
respectively.

Lemma 2.5. Let p € (24,2, ,) and {un} be a bounded sequence in H*(RY). If u, — u a.e. in
RY asn — oo, then

/ (Ia * [y, — u|p)|un —ulPdx = / (Ia * |un|p)|un|p dz — / (Ia * |u|p)|u|p dz + 0, (1).
RN RN RN

Lemma 2.6. Let {(un,vn)} C H be a bounded sequence, r1,72 > 1 and 2 < ri +1ry < 2%, If
(U Up) = (u,v) a.e. in RN asn — oo, then

/ |ty — u|™ v, — v|™ dx:/ [tp | p | d:c—/ |u|™ |v|" dz + 0, (1).
RN RN RN
Next, to recover the compactness of Palais-Smale sequences, we need to introduce some estab-

lished results for the equation
(=A)u+ Mu = (I * [uP)|uP~?u  in RV,

/ lul?dz = ¢? > 0.
RN

In a variational approach, normalized solutions of problem ([2.2)) are obtained as critical points of

the associated energy functional
1 1
Ip(u) = f/ |(—A)S/2u|2dz - —/ (Lo * |ulP)ulP dz,
2 RN 2p RN

for u € H*(RY), on the constraint S(c) = {u € H*(RYN) : |[ul|3 = ¢®}. The following two results
are established in [13] and [30] respectively.

(2.2)

Lemma 2.7. Let2, <p <1+ %QG Then problem (2.2)) has a normalized ground state solution
Ue,p with the corresponding Lagrange multiplier A., > 0. Moreover, the corresponding energy level
satisfies Jp(ue,p) < 0.

Lemma 2.8. Let 1+ %29 <p <2 4. Then problem (2.2)) has a normalized ground state solution

e, p with the corresponding Lagrange multiplier 5\07,, > 0. Besides, the corresponding enerqgy level
satisfies Jp(tc,p) > 0.

Now, we introduce the Pohozaev manifold
P(a,b) := {(u,v) € S(a,b) : P(u,v) =0},
where

P(u,v) = [ (=2)2ull3 + [|(=2)*20]3 — 6, /RN (o [ul?) [ul” dz

— 0g,s (Ia * \v|q)|v|q dz — [3/ |u|™ Jv|"2 de.
RN RN
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Lemma 2.9. Let (u,v) € S(a,b) be a weak solution of problem (1.1)-(1.2)), then (u,v) € P(a,b).

Proof. From [15], we find that the Pohozaev identity for problem (|1.1))-(1.2)) is

N — 2s R R N
=2 (=) 2ull + (-A)72018) + 2 (ullul + dalol3)
N N
_ +O‘/ (T  [ul?) Jul? de + +0‘/ (Ia*\v|q)\v|qu+ﬁjv/ ™ o] da.
2p  Jrw RN 257 Jon

Since (u,v) is a weak solution, we have
1(=2)*"2ull3 + | (=2)*20]3 + At [[ull3 + Aol|v]3
= / (Ia * |ulP)|ulP dz +/ (Lo * [v]?)|v]? dz + ﬂ/ [u|" o] da.
RN RN RN
Then, we obtain that
1(=2)*"2ull3 + |(=2)*"%0|l3
by [ (ol de b [ (ol el e 5 [ Jul ol
RN RN RN
Hence, we can draw the conclusion. O

For each (u,v) € S(a,b) and t € R, we introduce the L2-invariant scaling

(t*u,txv):= (e%tu(etx),e%tv(etx)) for a.e. x € RY.

It results that (¢ x u,txv) € S(a,b). Then we define the fibering map
D, (1) ;== E(t*xu,txv)

1 S S S ]' ; S
= 5 (I-A)2ull + (- 8)720l) = et [ (1 ul)up da
P RN

2 (2.3)

1

_ — p2a0g.sst L.« |vld 74 _ﬁ 2.*575/ T y|"2 da.
3o [ (o ol ol de = e [ ugr ol da

Lemma 2.10. Let (u,v) € S(a,b), then t € R is the critical point of @, ,(t) if and only if
(txu,t*v) € S(a,b).

Proof. For (u,v) € S(a,b) and ¢t € R, through direct calculation, it is easy to check that
), 0) = s (1~ 2ulf + (-2)720[B) = syt [ (Lo fuP)ul do
RN

— séq,SeQ‘l‘swst/ (Ia * \v|q) |v|?dx — ,6862:St/ || o] da
RN RN
= sP(t*u,txv).

Then, we can easily draw this conclusion. U

Then, it is natural to consider the decomposition of P(a,b) into the disjoint unions P(a,b) =
P*+(a,b) UPYa,b) UP~(a,b), where

P*(a,b) :={(u,v) € P(a,b) : @, ,(0) > 0},
P°(a,b) == {(u,v) € P(a,b) : ¥, ,(0) =0},
P~ (a,b) :== {(u,v) € P(a,b) : @Z’U(O) < 0}.
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3. THE CASE 2, < p,q < Mi3sta
Recalling Lemma we define
W1 = Uq,p, W2 = Vpgq,
my = Jp(w1) <0, mg:=J,(ws) <O0.
Lemma 3.1. Let a,b > 0 be given. Then there exist By = Bo(a,b) > 0 and hy = hg(a,b) >
(=202 3 + 1(~2)*"2ea3) " such that
E(u,v) >0 on S(a,b) N A(2ho) \ A(ho) for any 0 < 5 < By,
where A(h) i= {(u,v) €} [[(~A)/2ul}} + [(~A)/20]3 < h2}.

1/2
Proof. For each (u,v) € H, set h = (||(—A)S/2u||§ + H(—A)S/QUH%) . By Young’s inequality and
Lemma we have

T1 o* ) 2%
nordr< [ el d "2 of%
[oprerar s [ Bt [ 2 ae

o T s 2% T s 2;
< 572 (Gl=2) 2l 4 -2 (31)

« 2:/2
< 72 (|)(—a) 2ullf +1I(-a)2u]3)
Then, by Lemma (1.4) and (3.1)), it follows that
1 s s B o . . 27 /2
Bu,v) > 5 (I(=2)"2uld + (=2)"20]3) = £-57%/2(|(=8)/2ul} + 1| (~4)/2v]3)

2q(1—64 s
U||2q( as)

1~ 20y 12p(1=0,.) 1 20,5
—%CH(—A)S/ZUHzp ™ —qu||(—A)S/QU||2q ’

> th — £a2p(1*5p,s)h2p5p,s - gb2q(1*5q,s)h2q5q,s - ﬁg*lﬁﬂh?.’i
-2 D 2 *

= h2<1 _ £a2p(1*5p,s)h2p5p,s*2 — ng(I(I*%s)h?q%,r? — ésﬂi/?h?:ﬂ).
2 2p 2q 2%
(3.2)

Considering that 2pd,, s—2 < 0 and 2¢6, ,—2 < 0, we can take a large enough hg > (|| (—A)*/2w; |3+
||(7A)5/2w2||§)1/2 such that

© o=ty p200n.=2 o Cpg1—sy 2000 -2 o 1 (3.3)
2p 4
In view of 27 — 2 > 0, there exists By > 0 such that
. * 1
@5723/2(2/10)25*2 <-. (3.4)
2 8
Then, according to (3.2, (3.3) and (3.4)), for 0 < 5 < By and (u,v) € S(a,b) N A(2ho) \ A(ho), it
holds E(u,v) > 0. O
Next, we define
b) .= inf E
m(a,b) () €S (@) A(2ho) (u,0),

where hg is determined in Lemma (3.1

Lemma 3.2. Let a,b > 0 be given. Then, for any 0 < 8 < By, the following statements are true.

(i) m(a, b) <mi+mg <0;
(ii)) m(a,b) < m(ay,b1), for any 0 < a; < a,0 < by <b.
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Proof. (i) By Lemma we have (wi,w2) € A(hg), which implies (wy,ws) € S(a,b) N A(2hg).
Then by Lemma [2.7] we obtain that

m(a,b) < E(w,ws2) = Jp(wi) + Jg(we) — ;%/N lw1]™ |wa|™ daz < mq + mg < 0.
R

S
(ii) It is sufficient to prove that for any € > 0, one has
m(a,b) < m(ay,by) +e, forany 0 < a1 < a,0 < by <b.

By the definition of m(a;,b;) and Lemma there exists (u,v) € S(a,b) N A(2hg) such that

E(u,v) <m(ay,by) + %5. (3.5)

Let x(z) € C°(RY) be a cut-off function such that

0, |z|>2;

0<&k(z)<1 and H(Qﬁ):{l <1
.z <1

For any & > 0, we define u¢(z) = u(z)k(éx) and ve(z) = v(z)k({x). Then, we can obtain that
(ug,ve) = (u,v) in H as & — 0. Hence, we can fix a £ > 0 small enough such that

B(ug, ve) < B(u,v) + 7, (3.6)

s/2 2 s/2 2 1/2
(1-2)"2uel3 + -2 "20g3) < 20 — . (37)
for a small > 0. Now let ¥(z) € C§°(RY) such that supp(dJ) C {x € RV : % |z] <14 % } and
set
/a2 — b2 _ 2
19‘1 _ || EHQﬁ and ﬁb H’UEHQﬁ

||19H2 19112
According to [24, Lemma 3.2] or [5, Lemma 2.3], for any A < 0, we have

supp(ug) Nsupp(A*J,) =0 and  supp(ve) Nsupp(A *p) = 0.
Then, for each A <0,
(supp(ug) Usupp(ve)) N (supp(A* dq) Usupp(A xd)) = 0, (3.8)
then we have (ug + A * Uq,ve + Ax¥p) € S(a,b). Since E(A % ¥4, A« ) — 0 and <||( A2 (A%

1/2
9a)l|3 + ||(—A)S/2()\*19b)|\§) — 0 as A = —oo. Then we infer that

EM\*9q, A% 1) < (3.9)

Hk\m

(H(—A)S/%Awa)n% + ||(—A>S/2<Awb>||%) Pt (3.10)

as A — —oo. It follows from ([3.7)), l-b nd (3.10) that (ug + A * Vg, ve + A% ¥p) € A(2h) for
A < 0. Therefore, by ., -) 3.8) and (3.9) we obtain that

m(a,b) < E(ug + A x0q,ve + Ax )
(’U,f, 1}&) + E()\ * Uy A K 191))
E(u,v) + + i
m(ai,br) + £,
which completes the proof. O

Lemma 3.3. Let a,b > 0 be given. Then, for any 0 < f < By and (u,v) € S(a,b), ®y.(t) has
two critical points Ty <ty € R and two zeros ¢y < dyp € R with Ty, < cup < dyy < by
Moreover,

(1) if (t*u,txv) € P(a,b), then either t = 7, ort =1ty,;
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(i)
2 2 2 2 1/2
(H=2) 25 3 + 1 (-A) 2t *v)3) < ho VE< ey

E(Typ * U, Ty *v) = min {E(t*u,t*v) :t e RN and

1/2

(12072 ) + 1 (=2) 2+ ) B) < ho} <0,

where hg is defined in Lemma [3_1]
(ill) E(typ* U, ty, *v) =max{E({t*u,t*v):t € R} > 0.

Proof. In view of 0 < pdps,qdys < 1 and 2% > 2, by we have @, ,(—00) = 0~ and
®,»(+00) = —oo. Combining this with Lemma we obtain that ®,,(t) has at least two
critical points 7, < ty, where 7, , is a local minimum point of ®,,,(¢) at negative level and ¢, ,,
is a global maximum point at positive level. On the other hand, it is standard to prove that ®,, ,(¢)
has at most two critical points as in [32, Remark 3.1] or [34] Lemma 5.2]. Hence, it has exactly
two critical points 7, and t,,. Then, it follows from Lemma that (¢t xu,t*xv) € P(a,b) if
and only if ¢ = 7, , or t = t,,, which implies (i). Meanwhile, by the monotonicity, ®,,,(t) has
exactly two zeros ¢y, and dy,, With 7y 4 < Cyo < dyo < ty,n. Moreover, according to Lemma
and the above properties of 7, , and ¢, ,, we can conclude (ii) and (iii). O

Lemma 3.4. Let a,b > 0 be given. Then, for any 0 < 8 < By, we have
—oo < m(a,b) = inf E(u,v) <0.
P(a,b)

Proof. By Lemma we obtain that P*(a,b) C S(a,b) N A(2hg) and
inf E(u,v) = nfb E(u,v) <O0.

P(a,b) 'Pi(a )
Obviously, infp(q ) E(u,v) > m(a,b). Also, for any (u,v) € S(a,b) N A(2hg), there exists

7Ji(nfb) E(u,v) < E(Typ * Uy Ty *v) < E(u,v).

Hence, we have m(a,b) = infp(, ) E(u,v) <O0. O

Proof of Theorem[1.3. Let {(tn,?,)} C S(a,b) be a minimizing sequence for E|g(q p)na(2n)- BY
the symmetric decreasing rearrangement, we may assume that (a,,?0,) are both radial. After
passing to (|t |, |0,|) we may also assume that (i, o,) are nonnegative. By Lemma[3.3] we have

(IR 2 x ) I + 1 (-8) 2 5 8)12) ' < o,
and the sequence {7y, v, * ln, Tu, v, * On} is still a minimizing sequence for E|g(, 5)na(2ny)- BY
Ekeland’s variational principle, there exists a radially symmetric Palais-Smale sequence {(u, v, )}
satisfying
[un, — Ty on * Unllz + |00 = Tupon, * Onllg = 0, as n — oo;
E(up,vn) = m(a,b), asn— oo;

3.11
P(up,v,) =0, asn— oo; ( )

E'|s(ap)(tn,vn) =0, asn— oc.

Then, by the last property in (3.11)) and the Lagrange multipliers rule, there exist two sequences
{Mn} CRand {2} C R such that

/RN (=AY 20, (—A)*2pda + /

(fA)S/Qvn(fA)S/zgi)der/\1’n/ upp dx
RN

RN

+ )\27n/ vppdr — / (1o * |un|p)|un|p*2ung0 dx — / (In |vn|q)|vn|q*2vn¢ dz
RN RN (3.12)

— ﬁrl/ |Un‘T172|’Un‘T2un<pd.T—E*TQ/ \un|”\vn|”72vn¢)dx
RN RN

2;
= on(D)(llgll + 11,
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for any (¢, ¢) € H. Taking (uy,0) and (0,v,) as test functions, we obtain that

A = [[(—A) - / (L * ) [t P d,
R (3.13)

Al = [[(~A) 20,2 — / (Lo # [t 9) a7 .
RN

In view of (3.11)), we know {(un,v,)} € S(a,b) N A(2hg), which implies {(un,v,)} is bounded.
Then by (3.13) and Lemma it follows that {A;,} and {\z,} are also bounded. Therefore,

there exists A1, Ao € R, and ug,vg € H*(RY) with ug > 0,v9 > 0 such that
(tn,v) — (ug,v0) in H*(RN) x H¥(RN);
(tn,vy) = (ug,v0) in LP(RY) x LY(RYN) for 2 < p,q < 27;
(tn,vn) — (ug,v9) a.e. in RY;
(A1, X2) = (A1, A2)  in R2.
Hence, by , and Lemma (up,vp) is a weak solution of problem —. Then,

by Lemma we have P(ug,vg) = 0.

Let (Un, Un) = (s — uo, v — Vo). According to (3.14), Lemma[2.2] Lemma[2.5] and Lemma [2.6]

there exist

(3.14)

/ (Ia*|un|p)|un|pdx=/ (T * [uol?) Juol? dz + 0n (1), (3.15)
RN RN
/ (L * [0]) |7 dzs = / (L * [v0]) 0|7 dz + 0, (1), (3.16)
RN RN
fo otz = [ bl dot [P o0, @10
R R R

By (3.1), (3.15) - (3.17)), combined with the fact that P(wy,v,) — P(ug,vo) = 0,(1), we have that

18020l + -2)20, 8 = 5 [ [l 0] d + 0,(1)
RY X (3.18)
—2%/2 s/2— |12 5/2— 112 %:/2
< B8 ((~A) 213 + I1(-A) "2 ]3) " + 0n(1).

Assuming that ||(—A)*/%%,|3 + ||(—=A)*/%5, |3 — | > 0, then we obtain

N—2s
2s N
2s

=0 orZZ(%) S

11> (4) % 5%, by and (3.15)-(3.15), we have

m(a,b) = lim E(uy,,v,)
n—oo

= E(UQ,’U0> + lim E(Umﬁn)
n—oo

_B

: 1 s/2— s/2—
> (ol loolB) + Jim |5 (I-2)" %m0l + 1(-28)w0l) = 3¢ |

[l 5] d|

11y .. §/2-— /2
> m(luol3, vol3) + (5 = 5 ) Jim (1I(=2)"2Tal + [1(~2)*/5,]3)

2 2%/ n-oo
S 1 N;Zs N
= m(luoll3 Iwol) + 5 (5) 5%,

which contradicts with Lemma [3.2(ii) by the fact that |Jug||3 < a?, ||vg]|3 < b2. As a consequence,
we obtain ||(=A)*/?%,||3 + [|(=A)*/?T,]|3 = 0 as n — oo.
Finally, we will prove (un,v,) = (uo,vo) in H. Choosing (un,v,) as the test function in (3.12)),
there exists
E' (U, ) (Un, 0n) = =M1 00 — X2 nb? + 0, (1).
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Combined with lim,, E(tn,v,) = m(a,b), we have
— AM,na® — Ao nb® + 0, (1) — 2m(a, b)
~ G- [ (sl dot =1 [ (Lo o) ol = 22 [l ol da,
p RN q RN N Jrw
which implieAS Xlaz + X2b2 > 0 combining the fact of p,q > 1 and m(a,b) < 0. It follows that at
least one of A\; and A, is positive.

Case 1: A; > 0 and A\s > 0. Using (un,0) and (ug,0) as the test functions in (3.12)), it follows
that

1(=2)*"2un 13 + Asllun3 = /RN (Lo # [un ) [un|” dz + 04 (1),

(-8 2ol + afuoll = [ (o ol ol
RN
which implies

= (lunl3 = lluoll3) = 1(=2)*2unll3 = 1(=2)*2uo |3 + 0n(1)

+ [/ (In * [un[P)[uy [P dz —/ (Lo * [uo]?)|uo|? dx]
RN RN

Then, by and the fact that ||(=A)*/?%,||3 — 0 as n — oo, we obtain ||u, |3 — ||luol|3 — 0 as
n — oo. Consequently, we can conclude that u, — ug in H*(RY) as Xl > 0. Similarly, we have
that v,, — v in H*(RY) as A2 > 0.

Case 2: Xl > 0 and Ay < 0. Since (up,vp) is a weak solution of with ug > 0 and vg > 0,
then

(—A)°vg + /):21)0 = (I, * Ug)vq_l + ;%Tguglvg"’*l in RV,

which yields that vg = 0 by [33, Proposition 2.17] and the maximum principle. It follows that ug
is a solution of the problem

(=A)u + Mu = (I * |ulP)|ulP%u, ue HRY),

/ lu|? dz = a®.
RN

By Lemma Jp(ug) > my. Then we have

S

. . B . S
m(a,b) = nh_{go E(un,vy) = Jp(uo) + nh_{go Jq(vn) — Enh_{gc . [un|"™ |vn|™ da 2 my,

which contradicts Lemma i). Therefore, the Case 2 is impossible.

Case 3: Xl <0 and :\\2 > 0. It is similar to the arguments in Case 2 and It is also impossible.
Thus, we have (un,v,) = (4o, v0) in H. In addition, by Lemma one has

E(ug,vg) = inf E(u,v) =m(a,b) <0,

( 0 0) (u,v)EP(a,b) ( ) ( )

which implies (ug,vg) is a ground state. By the maximum principle, we conclude that (ug,vo)
is a positive solution. To sum up, (ug,vg) is a positive normalized ground state solution for the

problem (1.1)-(1.2)) with the corresponding Lagrange multipliers A1 >0 and Ay > 0. O
4. THE CASE ME22ta < p g < 27

In this section, we first denote H:(RY) as the subspace of functions in H*(RY) which are
radially symmetric with respect to 0. Subsequently, we will work in H, := H2(RY) x H3(RY).
In addition, we define S,.(a,b) := S,.(a) x S,(b), where S,.(a) := S(a) N H(RN), S,.(b) := S(b) N
H3(RN). P.(a,b) :=P(a,b) N H,.

Lemma 4.1. Let (u,v) € Sy(a,b). Then we have the following conclusions:
(1) (=A%t *u)|]3 + [|[(=A)*2(t *v)||3 = 0 and E(t xu,t xv) — 0 as t — —oo;
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(i) [[(=A)32(txw)||3 + [|[(—A)*/2(t xv)||3 = 400 and E(t *u,t *v) — —00 ast — +00;
(iii) P(t*xu,t*v) = 0 ast — —oo, P(t*xu,t xv) = —00 as t — +oo.
Proof. By straightforward calculations, it follows that
I(=2)72(E xu) |5+ | (=2)*2(t % v)[I3 = GQSt(ll(—A)S/Quﬂg + ||(—A)S/QU||§),
E(t*u,t xv) = ®y (1)

25t [ 1 /2. 112 N -
- [’(”(_A) ullz +[(=4) UHz) ~C | (La* [ul?) ulr dz
2 2p R
2st(qdq,s—1) st(27—2)
g o Gl de = P [ o dal,
2q RN 23 RN

P(txustrv) = 2 [|(-A)2ul + [(~8) 20l = pSyc® 05D [ (1) up da
R

— g0, 5% @00 —1) /RN (Io * |v]9)|v|9 dz — Best(2:-2) /RN |u|™ v|"2 da:]
Since pdp s —1 >0, g4, —1 >0 and 2} —2 > 0, we have
(=AY 2t w)|2+ | (=A)*2(txv)|2 =0, E(txu,txv)—0 ast— —oo,
[(=A)*2(txu)||3 + [|(—A)2(t xv)||5 — +o0, E(txu,txv) = —00 ast— +oo,

P(t*u,t*v) -0 ast— —oo, P(txu,txv)— —0c0 ast— +oo.

Lemma 4.2. There exists K, > 0 sufficiently small such that

0< sup E(u,v)< inf E(u,v)
(u,v)€Dy (u,v)€D2

and P(u,v) > 0 for all (u,v) € Dy, where
Dy = {(u,v) € Sp(a,b) : [ (=A)*2(tx w5 + [(=A)*(t % 0)[I3 < Kap},
Dy = {(u,v) € Se(a,b) : [(=A)2(txw)[|3 + [(=2)*2(t xv) |3 = 2Ka, }-
Proof. For any (u,v) € S,(a,b), by Lemma 2.3 we obtain that
1

L~ s 2p0p. s _
2p g ol )lel” do < o CI=APPully"™a?r e

Pop,s

< G (Il-2) "l + 1 (-2)208) ",
1

1 o S 2 5115 — .
2q Jy o 11 I0l7 A G AP T ons)

q0q,s

< G (I(=28)"2ul3 + |(-2)20]3)

In view of (3.1), we have
B
2% Jrw~
Let K > 0 be arbitrary, and set (u1,v1), (ug2,v2) € Sy(a,b) satisfying Iy < K, lo = 2K, where
= [[(=A) 2w |3 4 [[(=A)*"201 |13, o = [[(=A)*"?us[3 + [ (=A)*/?vs[3. Then, for K > 0 small
enough and for any (u1,v1) € S,(a,b) satisfying [ < K, it follows from (4.1)) - (4.3)) that

2% /2
ful™ o)™ dz < Cs (I(=A)2ul3 + |(-2)*/20]3) . (4.3)

1 * 1
B(u,vn) 2 5h CyIP — Cpl P — gl > gh >0,

where we used that pd,s > 1, ¢d,s > 1 and 2% > 2. Thus we have proved E(u,v) > 0 for
(u,v) € Dy, namely, SUD (4,0)€ D, E(u,v) > 0. Similarly, we can obtain

Pluy,v1) > Iy — ClE° — 1% — 013/ > 0.
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So, we have P(u,v) > 0 for any (u,v) € D;.
On the other hand, for K = K(a,b) > 0 small enough, we have

1 *
E(UQ, ’1}2) — E(ul,vl) Z 5(12 — ll) — Cllgép‘s — Czlgéq’s — Cglgg/z
1 «
> oK - C1(2K)Pors — Cy(2K)Pas — C5(2K)%/2
1
>-K>0,
8

for any (u1,v1) € Dy and (ug,v2) € Dy. Then, we have FE(us,v9) > éK—&-sup(u)v)eDl E(u,v). Ac-
cording to the definition of the infimum, we obtain inf(, ,yep, E(u,v) > %K+sup(w,)€D1 E(u,v).
Hence, for K = K(a,b) > 0 sufficiently small, we obtain inf(, ,)ep, £(u,v) > sup(, )ep, £(u,v).
To sum up, there exists K = K(a,b) > 0 sufficiently small such that
0< sup FEu,v)< inf E(u,v). O
(u,v)€D; (u,v)€D2

We have obtained the geometry of mountain pass, so we give the minimax picture: In view of
Lemma we can define 4 is a ground state solution of problem with respect to parameters
a,p, and v is a ground state solution of problem with respect to parameters b,q. Then, we
fix (4,0) € Sy(a,b).

According to Lemmas [£.1] and [4.2] there exist two numbers ¢; < —1 < 0 < 1 < 3 such that

N s . K N R
I(=2)"2(t % @) 13 + 1(=2)"*(t x )3 < §’b7 E(ty %@, b1 %) > 0;

[(=A)*/2(ty % @) [|3 + [|(—A)*/2(t2 % D)3 > 2Kap,  Elta * i, ta % ) < 0.
Moreover, for ¢; small enough and ¢, large enough, we also have
Pty xG,t1 x0) >0 and Pty x4,ta*0) < 0. (4.4)
Then, we can define the path
I:={y € C(0,1],5(a,b) : 7(0) = (t1 x @, ty x D), (1) = (tg %, ta x D) }.

Let ’)/0(0') = ([(1 — O')tl + O’tQ} * 'LAL, [(1 — O')tl + th] * 'lA)) Then we have ’}/0(0) = (tl *ﬁ,tl *’lA)),
Yo(1) = (ta %@, ta x D), and it is clear that yo(o) is continuous. Then, we have (o) € S;(a,b) and
vYo(o) € T. Thus, T is not empty.

Based on the above discussion, now we define a minimax level

cp(a,b) := inf R E(y(0)).

Obviously, cg(a,b) > 0. Furthermore, according to the strategy introduced in [23] and the L2-

invariant scaling (¢ u,t  u) = (e tu(etz), e 'v(elx)), it is standard to check that E(u,v) and

E(t*u,txv) = ®, ,(t) have the same mountain pass geometry structure and mountain pass level.

Consequently, similar to the argument in [23, Proposition 2.2 and Lemma 2.4], one can work
on a Hilbert space, corresponding an inner product structure, we can derive from Lemmas [£.T] and
to obtain the following result.

Lemma 4.3. There exists a nonnegative sequence {(u,,v,)} C Sy(a,b) such that
E(tn,vn) = cg(a,b), E'ls (ap)(tn,vn) =0, Plup,va) =0, asn— oc.
Lemma 4.4. For each a,b > 0 fized, it holds that

li ,b) =0.
Shm_cs(a;b)

Proof. Fix (u,v) € Sy(a,b) and let it follow the path
Y(0) := ([(1 = o)ts + ota] xu, [(1 — o)ty + ota] xv) €T.
Then, through direct calculation, we obtain that

b) < E
cs(a, )_grg[%ﬁ] (v(2))
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< mae {2k (102l + 1) 203) = 282 [ oz
= k>0 L2 2 RN 7

where k = el(l=9)titetals  Qet dy = [|(—A)*2ul3 + [[(=A)*/?0|13, d> =[x [u["|v]2 dz, then we
consider the function 8

1 «
g(k) = §d1k2 - 27d2k25, for all & > 0.

Letting ¢'(k) = dik — Bdak? ~! = 0, we can obtain the maximum point of g(k), that is ke =
N-—2
(%) e

S
. Then, we have

1 s s B * 1 o
max{ka(n(—A)‘”un%|\<—A>‘/%||%)—7% / ful™ o> da}

k>0 s
dl 25 B dl 25 d1 25
fd — —do| — 7d
1(5@) 21 z(ﬂdg) 1(&12)
Therefore, there exists d > 0 which do not depend on 8 such that

1y25-1
05(a,b)§d<ﬂ)2 —0, asf— +o0,

with the fact of N > 2s. O

By recalling Lemma we can define
cp(a,0) := Jp(tiep) >0 and ¢g(0,b) := Jy(0p,q) > 0.
Then combining this with Lemma [4:4] we have the following corollary.
Corollary 4.5. There exists 8* > 0 such that for any g > 5*,
cg(a,b) < min{eg(a,0),c5(0,b)}.

Lemma 4.6. For every (u,v) € Sy(a,b), ®,.(t) has exactly one critical point t,, ,. Also
(i) Pr(a,b) =Py (a,b); 5
(il) (t*u,t*v) € Pr(a,b) if and only if t =ty 0;
(iii) (I)u,v (iu,v) = IMaxicr (I)u,v (t)
Proof. Let (u,v) € Sy(a,b), by we have
<I>§W(t) — g2t [771 . 5p7sn262st(p6p,571) _ 5q7sn3623t(q6q,571) _ lgn4est(2:*2)]7

where my = [|(=A)*2ull§ + [[(=A)*20l13, n2 = fon (Ta* [ul?) [ul” dz, 03 = fox (Lo *[0]?)[v]? dz
and n4 = [ [u|™|v|™ dz. Let
W(t) — p,sn2625t(p6p’571) +6q7sn362st(q5q,571) +Bn4€st(2:72)'
In view of pd,s,qd,s > 1 and 2% > 2, we have W (t) is increasing on R, W(—o0) = 01 and
W(Jroo) = 4o0. Hence, @) ,(t) has a unique zero point ,,. By Lemma [2.10, we can deduce
that (fu., * U,y % V) € P(a b) if and only if ¢ = f,,,. Moreover, ®}, ,(t) > 0 on (=00, ty,,) and
@7, ,(t) <0on (fu.w, +00), which implies that ®(f,.,) = max;eg Py (t). On the other hand, for
any (u,v) € P(a,b) \ P~ (a,b), it holds
M = Op,sN2 + 0q,sM3 + B4,
21 > 2P0y s - Op 52 + 2¢0q.s - 0g,sm3 + 25 - B1a.
This implies
0> 2(pdp,s — 1)dp,sn2 + 2(qdq,s — 1)dq,sm3 + (25 — 2)Bma,
which is impossible because pd, s > 1, g0y s > 1 and 25 > 2. Hence, P,(a,b) = P,

T

(a,b). O

Lemma 4.7. Let a,b > 0 be given. Then, the following statements are true.

(i) csla,b) = infp, (a,p) E(u,v);
(ii) cg(a,b) < cgla1,br), for any 0 < a1 < a,0 < by <b.
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Proof. (i) Indeed, for any (u,v) € P,.(a,b), By Lemmas and there exist two numbers
t3 < —1 <0< 1<ty such that

Kq
1(=2)"2(ts % w13 + [1(=2)"(ts x 0)|3 < 2’b’ E(ts xu,t3 xv) > 0;

I(=2)*2(ts x w5 + [|(=2)**(ta % v)[|3 > 2Kap,  E(tsxu,tyxv) < 0;
Pt *u,tz *xv) >0, Pty *u,ty xv) < 0. Set
(o) = ([(1 — o)ts + ota] xu, [(1 — o)tz + ota] xv), o €[0,1],
then 5(t) € I'. From Lemma [4.6] we have

b) < E < max @y o (1) = E(u,v).
cs(a,0) < max E(3(0)) < max @y, (t) = B(u,v)
Hence, we have cg(a,b) < infp (44 E(u,v). On the other hand, for any (o) € I, by (4.4)), we
know that P(y(0)) > 0,P(y(1)) < 0. Consequently, we can deduce that there exists & € (0,1)
such that P(y(6)) = 0, which implies (&) € Pr(a,b). Then

max B(1(0) > B(+(5)) > _inf B(u,v),

o€[0,1] Pr(a,b)
which implies cg(a,b) > infp (44 E(u,v). Therefore, cs(a,b) = infp, (4 E(u,v).
(ii) The proof is similar to Lemma [3.2](ii) and [5, Lemma 3.2]; we omit it here. O
Lemma 4.8. 1'fN24$,0<oz<N,W<p,q<2j';ys or2s < N <4s, 0 < a < N,

max{w, 205 — 482—SN} < p,q <2}, , then there exists a constant B, > 0 such that for every
B > B, it holds that

N—2s

s N
0 < cgla,b) < Nﬁ’ EE IR

Proof. By [6, Lemma 14.7], we know S in (2.1)) is attained by
N—2s

) ’ , Ve>D0,

€

U.(z) == C(N, (7

(@) = C9) (5 7o

where C(N, s) is some positive constant. Let n.(z) = ¢(x)U, where ¢(z) € C°(RY) is a radial

cut-off function such that 0 < ¢ <1, ¢(z) = 1 when |z| < 1, ¢(x) = 0 when |z| > 2. Then, by [31],
we have

I(=2)*25el|3 < S5 + O =%),  ncll3: = S% + O(eY). (4.5)

We take u, = ﬁne and v, = ﬁne for a small constant ¢ > 0. Let t, := fue’vé be given

by Lem then (te x ue,te x ve) € Pr(y/T1¢,/T2¢). Thus, for a proper ¢ > 0 combined with
i

Lemma we have

cgla,b) < cp(y/ric, /r2c)

< E(te * Ue, te * V)

e2ste e25tePdp,s
= G (1A P+ =2 ulB) = = [ (Tt ) e s
2stc-qdq,s .
S e e e = Lt [ e
2q RN 2: RN
1+ 79 e2st6 9 ) ) 7.117021)6252561)5,7,5
= : - [I(=A)*2ne)l3 — A——— Lo % |nel?) mel? dae
2 Tl el = = Ja e e (4.6)
q.2q,2stcqdq,s % %2 2% st .
racie / Bry® ry es o 9
D P Lo * |ne|®) | da — : ™ - |Inell3:
5 (Lo * [mel?) e 5 el
2q|nellz? Sy 2 nelly
T1 T2
2* Br?r? 2F o
< 2SI A2 |22 — P71 T2 : 25)
< mae (5 12 nel3p? = =52 el
Certspép,s Certeqéq,s
S [P de = S [ ()l do,
[mell” /v [mell2  Jrw
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ste .
where p = Heﬂil\zc' Then, for the function
€
norp
Py
2*

S

2+ b e
() = S I(=2)""2nel|30? Imell5: P

by a direct calculation, we have that f(p) has a unique critical point

( 15y

L or2
pry® ry° ||776 2%

17

which is also a global maximum point. Thereby, we can define f(p)maz := f(po), which is the

maximum of f(p). Then, by (4.5) and Lemma [2.1] we have

s [ 2A) 3 g
F(P)e N[(Bﬁ 7’22 17 2*)2/2 ]
= e () (2) ) s o)

N
S +O(eN 7).

On the other hand, in view of P(t¢ * e, te * v¢) = 0, we have
Ci21eg [ Juf o do < (-0 2wl + (-8)
]RN

namely

o
g72 1

e < (oA P4 I8 Py _ (o 1A nlln
B Ja el o™ da Bl

Combining this with P(te * ue, te xv.) = 0 and (4.8]), it follows that

B f]RN [ue|™ [ve|2 d B fRN |ue|™ |ve|™2 doe
_ 5‘1,8 f]RN (ID‘ * |v€|q)|vﬁlq dmeQStE(q(qus—l)
B Jan ue|t|ve|"2 da
[(=A)*2ucl3 + [(=A)" 0|3
= B Jan |uc|"tve|m d
Oy S (Lo % [uel?) |uel? da (C 1(=A)*"2n||3
Bf]RN |ue|™ [ve|™ dz 5”776
g o (Lo * [ve] 1) [ve]? dz (C 1(=A)*2n|3 ||ne
B Jan [uel vl do Bllnell5:

27 -2
_ I=2)2ne 13 1mel*

o2

25 —2  2(psp,s—1)
||2 252

2'*
27 -2 2(48q,s—1)
25 -2

2*
17 25
APop,s—1) 5
2% -2
G Call(=A)"ndl, = S (o [nel?) [P
8 2p3ps=D) 225 (pdp.s=1) (13
g2 ||77eH2* e art o)
4edg,s =) o
2¥F 2
_ C3||(_A)S/2n6||2 ° fRN (Ioc*lne|q)|775|qdl'
2a8g.s =) | w 20(1—5 ’
BT ey, 5 e300

)2;72

21 pst, _ NA)Puel3+ (=2 Pvel3  Opis Jow (Lo # [ue)uel? dz oy 5, . 1)

(4.8)
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According to (4.5) and Lemma we infer that [|(—A)*/2n.|2 ~ 1, |ne]|% ~ 1, and
Iy n|P)nefPde ~ . .
Jo 2p<172p5) < Oll(=A) 2|37 < Cy,
||776||2 '
Jen (Za * ne|?) [ne|? dze
2q(1—3,. 5
e300

< Oll(~A) 2|37 < Cs.

2pbpa=1)
2% -2

Considering pd, s > 1, ¢dq.s > 1, 2¢ > 2, we can take 8, > 0 such that C; 87 — Cef. —

_ 2(453,571) _1
C:B. =77 > 0. As a consequence, for each 3 > ., we have that e > C||n||2.
Substituting et > C||n.||2 into (4.6)), and using ([4.7), we obtain

CfRN (Ia * |77€|p) 1e|P da CfRN (Ia * |77€|q)|776|q d:r.

S —2s N
Cﬂ(d, b) < Nﬁf%sﬁf)r2 + O(€N72s) _

2p(1—6p.5 5a(1=5, -
||776H2p( ) ||nEH2‘I( )
From [27, Lemma 4.10], we know that
O N+a+p(2sdp,s—N) N As:
fRN (Ia * |77€|p)|7le|p dx (6 ’ )7 1 > 4s;
> 1 O(|loge| (1 =0r2), it N = ds;

2p(1=0dp,s)
7€l O (eNtep(N=29)(2=6.0))  if 25 < N < ds.
If N > 4s, it is easy to check that N + a + p(2sé, s — N) < N — 2s; If N = 4s, we have
lim, 0 eV 25| log e|P(170rs) = 0; If 25 < N < 4s, let N +a — p(N — 25)(2 — d,5) < N — 2s, we

have
N+« 2s

N—2s 45— N’
We analyze ¢ in the same way. In conclusion, if N >4s, 0 <a < Nor2s< N <4s,0<a <N,

max{NE2sta ox [ 250} < g < 27, we conclude that

p>

N—2s

s N
0 < egla,b) < Nﬁ_ = G2,

O
Lemma 4.9. Let N > 4s, 0 < a < N, W <pg<2i50r2s <N <4s, 0 <a<N,
max{%,%’s — 452jN} < pq < 2%, and B > B.. Moreover, assume that cg(a,b) <

min{cg(a,0),c5(0,b)}. If{(un,vn)} C Sy(a,b) is a nonnegative (PSP)c,(ap) sequence for Els, (ap),
that is,

Up > 0,0, >0, E(up,vy) = cgla,b), El‘Sr(a,b)(unavn) =0, P(up,v,) =0, asn— oo.

Then, there exist u > 0, v > 0 € HS(RYN), and Xl,XQ > 0 such that up to a subsequence,
(tun,vn) = (@,0) in Hy and (Ain, A2n) — (A1, A2) in R2.

Proof. From P(un,v,) = o,(1), we have

1 i . 1
Bltn, ) = 5 (1=8)un B+ 1=8)"0nl) = 52 [ (T fal?) s
1
- = (Ia * [vg] ") vy T d — B [t | |0 | de
2(] RN 2: RN
1 1 » » 1 1 q q
= (6ps — =) (Ia * | )‘Un| dz + S (dg,s — =) (Ia * v )|Un| dz
2 P Jry 2 q" Jry
1 1
FB(; = 50) [ lunl"oal" dz 4 0,(0).
s JRN

Considering E(un,v,) — cg(a,b) as n — 00, pdp s > 1, gogs > 1 and 2% > 2, thus we conclude
that the sequences {f]RN (Ia * |un\p)|un|p dz}, {fRN (Ll * |vn|q)|vn|q dx} and {fRN [t |t |0 |2 d}
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are bounded. Then, combining this with P(u,,v,) = 0,(1), we infer that {||(—A)S/2un||§},
{||(7A)S/20n||§} are also bounded. Therefore, we have {(uy,,v,)} is bounded in H,..

Moreover, by E’(uy,v,) — 0 and the Lagrange multipliers rule, there exist sequences {1, }
and {\2,,} such that

/ (—A)S/Qun(—A)5/2¢d$+/ (—A)s/%n(_ms/%dm+A1,n/ U, de
RN RN RN

+ /\Qm/ vpodx — / (Ia * |un|p)\un|p72ung@ dz — / (Ia * |vn\q)\vn|q72vn¢dx
RN RN RN (4.9)

_ﬁrl/ |un|r1_2lvn|r2un@dl’_ E*Tg/ |Un|rl|’l}n|r2_21}n¢dl‘
RN RN

25
= on(D)(llell + llo1);
for all (¢, ¢) € H,. Taking (u,,0) and (0,v,) as test functions, we obtain that

And® = (~A) Py | / (Lo * ftn ) i P i,
RN

Dt = |-V 0l = [ (T oot d
RN
In view of {(un,v,)} is bounded in H,, we know that {A1,,} and {A2,} are also bounded. As a
result, there exists A, A € R, and u,v € HS(RY) such that
(Un,v) = (@,0) in HI(RY) x HI(RY);
(tn,vp) — (W,0) in LP(RYN) x LY(RN) for 2 < p,q < 2%;
(Un,vy) = (w,V) a.e. in RY,
()\1, )\2) — (Xl,XQ) in Rz.

Then, according to (4.9)), (4.10) and Lemma . we conclude (u,v) is a weak solution of .
Then, by Lemma [2.9] we have P(u v) =0.

Next, we claim that @ # 0,0 # 0. Suppose by contradiction that uw = 0. There are two cases.
If v = 0, then from P(uy,v,) = 0,(1) and Lemma we obtain that

(4.10)

1(=2)*"2un |3 + 1(=2)"2v,]I3 = 5 /RN |un|™ [vn]™ dz + 05 (1)

g . 21 /2
< 855 (I=2) "2l + 1(=2)"20al3) " + 0n(1).

_as N
Assuming that [|[(—=A)*?u,||3 + ||(=A)*?v,||3 — v > 0, we obtain v = 0 or v > 3~ D SPEE g
Then, we have
cg(a,b) = lim E(un,v,) =0
n—00

or
S S _N-2s N

NV > NB 2s ST’zls’Tzv

and both of them are contradicted with Lemma Now if v # 0, by the maximum principle we
have

eala,b) = lim Bluy,v,) =

(AT + ot = (I * |0P)[0]P 725, in RY,
v > 0.

If Ao < 0, then by [33, Proposition 2.17] we obtain ¥ = 0, which contradicts with ¥ > 0. Hence,
we obtain )\2 > 0. Let u, = u, —u, U, = v, — v. Then by -7 Lemma [2.5({ and Lemma, |2 . 6| we
have

1(=2)"20,3 = (=A)*25, 13 + I (=2)*/23]3 + 0n(1),
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/ (Lo # [00]7) |04 dzz = / (Lo # [319)[51% d + 0n (1),
RN RN
/ || [V |2 df”:/ [un|" [Un]" dz + 0, (1).
RN RN

It follows from P(uy,v,) — P(@,v) = 0,(1) that
(=) 2|2 + | (~A)*/25, |2 = 8 / i |7 [50[™ dz + 0n(1).

As before, it holds ||(—=A)%2u, |13 + |(=A)%/?,||3 — 0 or

: : s s/2~ —2s ﬁs
timinf (|(~A)2u I} + I(=A)725,]13) = 57" S,

n—
If |[(=A)*?u, ||2 + || (—=A)*/?8,]|3 — 0, then we have

cgla,b) = nh_)rr;o E(up,vy)

= Jim 5 (122 3 4 1(-2)/28:]3) + 7y ()

n— oo

> 05<0’ b)a

which is a contradiction. On the other hand, if liminf, <||(—A)s/2un||§ + [[(=A)%/%5,,||3 )

N—2s

B~ "= Sﬁ%’rwwe obtain
.8 s o/2~
ca(a,b) = Tim < (I1=8)2unl3 + 1(~2)"/25]13) + J,(@)
S _ N-2s ZL\;
> Nﬁ 28 ST17T’2 + c5(0,b),

which is a contradiction. Hence, we can conclude that @ # 0. Similarly, v # 0.
Finally, we show the strong convergence. As before, we obtain that

1(=2)*"2@n 13 + 1(=2)"*5, 13 *5/ [tn|"™ [Un]" d2 4 0 (1).

Then there are two cases: |[(—A)%?4,|13 + ||(=A)*/%5,|2 — 0 or

_2s N
timinf (||(~8)*/2@ I3 + |(=A)25,]13) = 5~ S

n—oo

If the second case occur, then

ot = f —( A B + | (~A)/28a]13) + Tp(@) + To()

ﬂ
?”1 ry 1 CB(HU’HQ: ||U|| )

| \%

> N57 ;5 SE,Tz +05(avb)v

where we used that ||u||2 < a, ||9]|2 < b and Lemma [4.7((ii). This is a contradiction. Consequently,
(=A)* 20,3 + ||(—A )5/2vn||2 — 0. In addition, by the maximum principle, (u,?) is a positive
solution of ([1.1f). Then, if A < 0, Xo < 0, then by [33], Proposition 2.17] we obtain u = 0, v = 0,
which contradicts @ > 0, v > 0. We obtain A; > 0 and Ay > 0. Noting that
I(=2)2@n 13+ Mll@all3 + 1(=2)*28l13 + XelBa13

( un7 Un + )\1 ,nln + AZ nvn) [(Un, Un)] - (E (U'7 U) + X1a + X25) [(ana 6n)] + On(l)

= on(1),

we conclude that (uy,v,) — (4, v) in H,. This completes the proof. O
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Proof of Theorem[1.J} By Lemma there exists a (PSP) sequence {(un,vn)} C Sy(a,b) for
Els, (ap) at level cg(a,b) > 0. In view of Corollary we know that there exists * > 0 such
that as 8 > %, cg(a,b) < min{cg(a,0),cs(0,b)}. As a consequence, by Lemma when N > 4s,

0<a<N, ¥Este < p g2 or2s <N <ds,0<a< N, max{fZste o8 2501 <
*

p,q < 2 5, and let E = max{8*, .}, if B > E, we can deduce that (u,v) is a mountain pass
type normalized solution for the problem ((1.1)-(1.2) with the corresponding Lagrange multipliers

A1, A2 > 0, which is positive and radially symmetric. (]
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