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POSITIVE SOLUTIONS FOR GENERALIZED HARDY-HENON EQUATIONS

XIZHENG ZHANG, XIYOU CHENG, MEIHUA YANG

ABSTRACT. This article concerns a generalized Hardy-Hénon equation and its associated Dirich-
let problem. We obtain upper and lower estimates for positive solutions, and establish the ex-
istence and nonexistence of positive solutions to both the equation and its associated Dirichlet
problem under certain parametric conditions.

1. INTRODUCTION
We consider the nonlinear elliptic equation
—Au = [w(|z|)(1 — |z|)]*uP, =« € B;1(0), (1.1)
and its corresponding Dirichlet problem
—Au = [w(lz])(1 = [z)]*w?, = € B.(0),

1.2
u=0, |z|=1, (1.2)

where B1(0) C RY (N > 3) is a ball of radius 1 centered at 0, p # 1, « € R and w € C*([0,1],R{)
with R = (0,+00). Equation is usually called the generalized boundary Hardy-Hénon
equation because of the presence of weight function [w(|z|)(1 — |z|)]*. In particular, when w = 1,
equation is the so-called boundary Hardy-Hénon equation [7]. Let us briefly recall some
relevant studies on the elliptic equation

—Au = a(z)uP, in Q, (1.3)

where QO C RY is a domain. When a = 1, equation is the Lane-Emden equation [4] [12].
When a(z) = |z]|* and 0 € 2, equation is called the Hardy-Hénon equation [7], [16]. For the
case @ > —2 and p < (N 4+ 2 + 2a)/(N — 2), Phan-Souplet [16] showed that equation with
2 = R¥ has no positive radial solutions. When o < —2 and p > 1, Dancer-Du-Guo [8] proved that
the Hardy-Hénon equation has no positive solutions in any domain €2 containing the origin.
For the case p < 0 and o > —2, Du-Guo [I0] investigated the stable positive solutions of equation
(1.3). For the case a(xz) = |z|* and Q = B1(0), Cao-Peng-Yan [3] analyzed the profile of ground
state solutions and the existence of multi-peaked solutions with the Dirichlet boundary condition.
Du [9] established the existence, uniqueness and blow-up rate of large solutions of equation .
Cheng-Wei-Zhang [7] explored the estimates, existence and nonexistence of positive solutions to
equation for the case a(x) = (1 — |z])* and Q2 = B;(0). For elliptic equations with the
Hardy potential, some profound results on the existence, nonexistence, and asymptotic behavior
of positive solutions were presented in [II, 2, B [6] [I5] and the references therein.

The goal of this article is to establish the estimate and nonexistence of positive solutions to
and to present the nonexistence, existence and uniqueness of positive solutions of (|1.2)). The
rest of this paper is organized as follows. We study positive solutions of and (1.2)) for the
case 1 <p < (N +2)/(N —2) in Section 2 and for the case p < 1 in Section 3, respectively.
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2. RESULTS FOR THE CASE p > 1

Throughout this article, for simplicity, we denote max;c(o 1) |w’(t)| by |w’'|, and denote B,.(0)

by B,., and the closure of B,.(0) by B,., for any 7 > 0. We start with the upper estimate of positive
solutions of equation (|1.1)).

Theorem 2.1. If 1 < p < (N+2)/(N —2), for any positive solution w of (1.1 in By there exists
C =C(N,p,a,d, |w'|e) > 0 such that

_2+4a
u(z) < Clw(lz])(1 = |z|)]"»-*, =z € By. (2.1)
For a < —2, we obtain the following result.

Theorem 2.2. (i) Ifp>1 and o < =2, then has no positive solutions with a positive
lower bound.
(ii)) Ifp>1and a+p+2 <0, then has no positive solutions.
(i) Ifl<p< (N+2)/(N—-2) and a+p+1<0, then has no positive solutions.

For ([1.2), when 1 < p < (N +2)/(N — 2) and o > —2, we have the following result.
Theorem 2.3. If1 <p < (N +2)/(N —2) and o > —2, then has a positive solution.
To prove Theorems we need the following two technical lemmas.
Lemma 2.4 ([I6]). If N >3,1<p< (N +2)/(N —2), u€(0,1] and a(z) € C*(By) satisfies
||a||C,L(§1) <0y and a(x)>Co € By,

for some constants Cy, Cy > 0, then there exists C' > 0 depending only on N,p,u,Cy,Cs such
that for any nonnegative classical solution u of

—Au = a(z)u?, =z € By,
it holds

lu(2)| "= + | V()71 < (1 + ), =€ B. (2.2)

1— [z
Lemma 2.5. If1 <p < (N+2)/(N —2), then there exists C = C(N,p,a,d, |w'|oo) > 0 such that
any nonnegative solution u of (1.1) satisfies

ptlta

u(@) < Clu(a))(1 = 2] > and  [Vu()| < Clw(le)(1 = |2)] =5, 2 € BI\Bya. (2.3)

Proof. Let xg € By. Then y := g + ¢(x9)z/2 € By for all z € By, where ¢(z) = w(|z|)(1 — |z|).
Let U(z) = c(xo)%u(mo + c(zg)z/2), © € By. Then U satisfies

c(y)”
de(mg)e

—AU = a(x;20)UP Va € By, where a(z;z9) =

For zq € By, it follows that

e(y) _ (1= |eo + 20zeDft0D ) - d(1 — || — 2lzDflel) g .
c(zo) ~ 1 — || = 1~ [wo] =y
and
cly) _ (1 — |mo + wllzabi=lzol) 5 _ (1 — || + wllzoD(l=lzol)y _3
c(xo) ~ d(1 — |zo|) = d(1 = |zo|) =94

Thus, for z,zy € B; it holds

(g)a < da(z;20) < (%)a, as a >0,

() = (3 oo
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We claim that [la(;20)|| 15,y < C for xo € B1\Bj2, where C' depends only on d, o and |w'|w.
In fact, using

() ooy b+ LGl i

() Jwo + “lzeD=Tzal)

| Dia(z; zo)| = ‘8 . [w'(Jly) (1 = lyl) = w(lyD]|,

where z’ and z, denote the i-th component of = and x¢, for € By and 2o € B1\Bj /2, we have

a—1
‘D‘a($'$0)| < (|w’|oo + 1) (2d> , asa>1,
; = \ocl |w/|oo+1 (g)  ma<l.

In view of Lemma we have

p—1 p—1 1
[U(@)] 7 + |VU(2)[»T < C(1+ T2

), T € Bi.
Let x = 0. Then we deduce
U(0)]*= + |VU(0)[F < C,
U(0) = e(zo) P~ Tu(zo) = [w(|wol)(1 — Ixol)]ﬁU(wo) > 0.
So we have
U0) +|vVU(0)| < C,
which implies that for any x¢ € B1\Bj 5 it holds
_24a
u(xo) < Clw(laol)(1 — [xo])] " 77T,
pta+1
[Vu(zo)| < Clw(|zol)(L — |zo])]” 71 .
By the arbitrariness of xg € B1\B; /2, inequality . ) follows. O

Proof of Theorem[2.1l On the one hand, by Lemma[2.5] there exists C; = C1(N, p, a, d, |w'|sc) > 0
such that any positive solution u of equation (|1.1)) satisfies

+

_24a
u(z) < Cilw(lz|)(1 = [z)]77=7, 2 € Bi\Bys.
On the other hand, we have 0 < 4 < w(|z[)(1 — |z|) < 1 for @ € Bys, which together with

2 J—
Lemma [2.4] implies that there is Co = Ca(N, p, o, d, |w'|so) > 0 such that u(z) < Cy for z 6 Bl/g
Therefore, there exists C = C(N,p, «,d, |w'|o) > 0 such that u(z) < Clw(|z|)(1 — |z|)]” 71, for
T € By. O

Proof of Theorem [2.2. Assume that v € C?(B;) is a positive solution of (L.1). Using spherical
coordinates to write u(xz) = u(r,0) with r = |z| and 0 = ro7> we have

N-1 1

Upp + Uy + T—ZASN_lu = —[w(r)(1 = r)]*uP, re(0,1). (2.4)
Let )
11(7") = m on U(’/’, 0)d0
It follows from (2.4)) that
e+ X L4, = —W/ u(r, 6)Pdo. (2.5)
r |S | SN-1

Thus, we obtain

(rN=t@' (1)) <0, forall r € (0,1),
which implies that r is decreasmg It has a limit m € [—o00,400) as r — 17. In addition,
using Jensen’s inequality [19] for (2.5) yields

—<rN-1a'>’ > )=, e (0,1). (26)

(i) Assume that u has a positive lower bound when o < —2.

N1/
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Case 1.. If m > 0, then

N7 (r) > m, e (0,1).
So @' > 0 holds for r € (0,1). Assume that @ — ny as r — 17. Then there exist constants m; > 0
and r; € (0,1) such that @(r) > my for any r € (r1,1). From it follows that

N () = PN () — /T(TN_lﬂ/(T))/dT

> /r[w(T)(l —n]erNta(r)r dr

r1 .
> 2*”7"{\[_1771?{/ (I1—=7)%dr, re(r,l).
r1
Let r — 1. In view of @ < —2, the above integral diverges to +o0o, which is a contradiction.
Case 2. If m € [—00,0), there exist r, > 0 and ny > 0 such that

N (1) < —ng, 7€ (re, 1).

So there is n, € (0,n2] such that @'(r) < —n, for r € (ry,1). Noticing that u has a positive
lower bound. We assume that @(r) — ng € (0,+00) as r — 17, which together with the strictly
decreasing of @ yields @(r) > ng for r € (r,1). From equation (2.6) it follows that

—rN 7 () + k) /T[w(r)(l —n)erN"tar

v

—rN =L (r)

> nk /T[w(T)(l — 7))V tdr

v

ngrivfl/ (I=7)%dr, 1€ (rl).

Then .
a'(r) < fngrivfl/ (I1—=7)%dr, 7€ (ry1).

Integrating the above inequality from r, to r leads to

r t
a(r) —a(ry) < fngrivfl/ / (1 —7)%drdt, re€(r1).

Because a < —2, the right-hand side diverges to —oo as r — 17, which yields a contradiction.
(ii) By an argument similar to Part (i), we can deduce a contradiction for Case 1. As for Case
2, we have
@' (r) < —n, forr € (r,1) and a(r) — n3 € [0,+00) asr — 1.
If ng € (0,400), we can derive a contradiction analogous to Case 2 in the proof of Part (i).
Now, we suppose that ng = 0. Using the differential mean value theorem leads to

a(r) > n.(l—7r), re(rl). (2.7)
For any r € (r4,1), from (2.6)) it follows that

N () — PN TN () > 0P /r[w(T)]O‘(l —r)eterN=lgr

*

%

Hence, we obtain

r
-’ (r) > nfrlfN/ (1 —7)tPrN=1qr
T

‘s
> niriv_l/ (1 —7)*tPdr
T

nlrN-1 1 1
= ) - (L e ),

Letting » — 17, we can see a contradiction because o +p + 2 < 0.
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(iii) The proof of Case 1 is similar to that of Case 1 in Part (i). For Case 2, the proof is
analogous to that of Part (ii) when ng € (0, +00). Next, we only need to consider the case ng = 0.
In view of 1 < p < (N +2)/(N —2), from Theorem [2.1| and (2.5)-(2.6) it follows that

[w(r) (L =)ot < — (V) < OrN T () (1 - )] fw(r) (1 — )] TPEF /e,
where C > 0 is a positive constant. This together with (2.7) gives
Clw(r)(1 = )] =D > 2 (1= 0, 1 e (r.,1).

That is,

nk

C(w(r))pE+a)/ (-1

In view of —p(a+p+1)/(p—1) > 0, we have (1 —r)~Platr+D)/(P=1) 0 asr — 17, which yields
a contradiction. (]

(1— T)fp(a+p+1)/(p*1) >

Ql &

> >0, re (r,l).

To establish the existence of positive solutions to (|1.2]), we start with a corresponding pertur-
bation problem. Applying the maximum principle and the regularity of elliptic equations [9} [14],
we can obtain the following lemma.

Lemma 2.6. If 1 <p < (N+2)/(N—-2), a > =2, ¢¢g > 0 and € € (0,¢p], then there exists
C = C(N,p,a, €, d,|w'|) > 0 such that for any positive radial solution u. € C*(By) N C(By) of
—Au = [(w(z))(1 + e — |z)]*uP, z€ By,

2.8
u=0, |z|=1, (2:8)

1t holds
Vel (s,) + [[tell L= (z,) < C- (2.9)

Proof. To show that |[uc||z~(p,) < C, we conversely suppose that there are a sequence of solutions
ug, € € (0, €] and P € By such that
My = max ug(z) = up(Px) = +o00, ask — oo.
zeEB

We claim that P, = 0. Otherwise, if Py # 0, then by the symmetric property there exists Qy € B
such that |Py| > |Q| and uy, achieves the local minimum at Q. Thus, we have

0> —Auk(Qr) = [(w(|Qk) (1 + ex — |Qx])]“ur (Qr)? > 0,

which is a contradiction. Without loss of generality, we assume that e, — € € [0, ¢g]. Let

Then Uy, satisfies
—AU;, = [w( My P2y (1 + e — [M; P Pyeu,

where 0 < U, < 1 and Ui (0) = 1. According to the standard arguments of elliptic equations, we
can extract a subsequence of {Uy} converging to a function U in C2 _(RY), from which we derive
that

—AU = [w(0)(1 +&)]*U? inRY, and U(0) = 1.
This yields a contradiction with [I3] Theorem 4.1].

To prove that [[Vuc|[pe(p,) < C, we know that ||uc||p~p,) < C for € € (0,¢), and u, is
radially symmetric. For convenience, we denote u.(r) = uc(x) as |z| = r. For the case a > 0, by
the regularity of elliptic equations, it is easy to see the desired result. For the case —2 < a < 0,
by way of contradiction, we suppose that there exist e; € (0, ¢g] and positive solution uy of
with € = €, such that ||Vug||p~(p,) = 400 as k — oco. From uj,(0) = 0 and

—r Nl (r) = Ar[w(r)(l + € — T)]aerlui(T) dr, re€(0,1],

we deduce that u(r) < 0 for r € (0,1]. Let r, € (0,1] be the minimum point of u},. Using
the interior estimate of elliptic equations, we see that {r;} has a subsequence converging to 1.
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Without loss of generality, assume that r, — 1 as k — oo, then —uj (rx) — +00 as k — co. From

(2.8) it follows that

—up(r) = =N /OT TNfl[w('r)(l +ep — 1)Ul (T)dr, re(0,1),

where —2 < a < 0. By the differential mean value theorem, we have uy(r) < (1 — r)|uj(rx)| for
r € (0,1), implying that

iy (ri)] < 2N / N ()1 — )]l (r) dr
< / w(r)(1 — )]l (7) dr
- / [o(r)(1 = 7)) up (7)1 M ()P iy
p+n—1 au/ r 1-n " —r a+1-—n r
< CPHI1R ()| / (1-r)etiong

for any given constant n € (0, min{1, « + 2}). Then we obtain
[uj (1) < K|uj,(ri)|*~", for all k € N and some K > 0,

which is a contradiction with |uj, ()| — +o00 as k — oo. O

Proof of Theorem[2.3 We need to consider two cases.
Case 1. When —2 < a < 0, we consider the problem

—Au = [w(la)(1+n7" = [a))]*[ul" ", =€ By,

2.10
u=0, |z|=1, (2.10)

where n € N. Define u™ = max{u,0} and

1 1

Fo(u) = */ Vul*de — —— [ [w(|))(1+n7" —[a))]* ()P de, ue Hy(By),
2 /B, p+1Jp

where H{(B1) is equipped with the norm ||u = (fBl |Vu|?dx)'/? for u € H}(B;). We now prove

that F,, has a radially symmetric critical point in Hg(B;). To this end, we choose the subspace
of H}(By) as

X = {u € H{(B1) : u is a radially symmetric function in B }.

Clearly, for any fixed n, F,, satisfies the conditions of mountain pass lemma in X [I§]. By the
theory of critical point on symmetric function spaces [I8], F,, has a critical point u,, which is
a radially symmetric function in H}(Bj). Thus u, is a nontrivial nonnegative weak solution to
(@-10).

From the regularity and strong maximum principle [14], we have u,, € C%(B;) N C'(B;) and

u, > 0. From Lemma there is C' > 0 such that [Jun[ o1 (5,) < C for all n € N. By the
regularity of elliptic equations, u,, is bounded in Cﬁ;”(Bl) with p € (0,1). By the Arzela-Ascoli
theorem, we see u, — u in C2 _(B1). Hence, u € C?(B1)NCY(B,) is a radially symmetric solution

to (2.

We claim that u is a nontrivial solution. Without loss of generality, we suppose that u, — u in
(B1) as n — oo. Otherwise, u = 0. From u, — u in C(B1), it follows that ||uy ||« 7,y = o(1)
(as m — o0). Using equations of w,, and u,+1, we have

At —up) = [w(l2))]* [+ (n+ 171 = [2])%upyy — (1407 = [a])*uf)]
> [w(lz]) (1 +n~" = 2] (uh 1y — ub)
= [w(la)) (L +n7" = |2)]* (unt1 — un)xn(z), = € By,

Cl

loc
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where ||xn|| Lo (B,) = 0(1) (as n — 00), and thus

—A(unt1 = up) — [w(lz[)(1 + n~!— lZD]“xn () (un+1 —un) >0, x € By,

2.11
Upt1 —Up =0, |z|=1. ( )
We denote by Aj[h(z), x| the first eigenvalue of
—Ap+ h(x)p =Ap, x€ Y,
¢+ h(z)p = Ao X (2.12)

=0, z€dyx

Let h(z) = f‘i—z[w(|x|)(1 +n7t—|z])]7? and t(z) = —3(1 +n~! — |2|)72. From [I1] Lemma 2.3]
it follows that
Al[h("t),Bl} > Al[t(x), Bl] > 0.

In view of a > —2 and ||xnl[z(B,) = 0(1) (as n — 00), for the sufficient large n we have
[w(lz))(1+n7" = [z])]*Xn(@) < ~h(z) in By
Thus,
M= (w(|2) (1 +n7" = J2])*Xxn(2), Bi] > M[h(z), Bi] > 0.
From (2.11) and the strong maximum principle, it follows that w,41(z) > u,(x) for x € By and

for the sufficient large n, which contradicts the fact that u, — 0 in C(B;) as n — oco. Therefore,
u # 0 and u is a positive solution to (|1.2)).

Case 2. When a > 0, we define a functional F' in H}(Bj) by
1 1
F(u) = 7/ |Vu|?de — —— w(|z)) (1 = |2))]*(uT)P T da.
R 7 [ b = i)
By the mountain pass lemma [18], F' has a positive critical point v € H}(B;). By 1 < p < % ﬂqd
a > 0, together with the regularity of elliptic equations [14], we obtain that v € C?(B;) N CY(B)
is a positive solution to (1.2)). O

3. RESULTS FOR THE CASE p < 1

In this section, we consider problems (|I.1)) and (|1.2) when p < 1. Let us summarize our results
as follows.

Theorem 3.1. If0 < p < 1, then there exists a constant C > 0 such that any positive solution u

to satisfies
w(z) > Clw(|z))(1 — |))] "+ T, =€ B. (3.1)

Theorem 3.2. If0<p<1and1+p+a <0, then (1.2) has no positive solutions in C*(By).
Theorem 3.3. If0 < p < 1 and a < —2, then (1.1)) has no positive solutions in C*(B).

Theorem 3.4. (i) If p< 1, and o > =2, then (1.2)) has a positive classical solution. More-

over, if p <0, the positive solution of (1.2)) is unique.
(ii) If ¢ € CY(By) is a nonnegative function, 0 < p < 1 and o > 0, then the problem
—Au = [w(|z])(1 — |z|)]*uP, =z € B,

[w(|z[)(1 — [x])] (3.2)
u=¢, |z|=1,

has a unique positive solution in C?(By) N C(By).

To establish the lower estimates of positive solutions to (1.1]), we need the following lemma.
Lemma 3.5 ([7]). If N >3,p <1, u€(0,1) and a € C*(B1) satisfies a(x) > C for x € By and
some constant C' > 0, then for any positive classical solution u to the problem

—Au = a(z)uP, x € By,

satisfies

C )1/(1—1’)

[u(0)] > ( Wi

s .’EGBl,
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where \1(B1) is the first eigenvalue of —A with the Dirichlet boundary condition on Bj.
Now, we are in a position to prove Theorem

Proof of Theorem[3.1} Let xg € By and ¢(x) = w(|z|)(1 — |z|). Then y := z¢ + ¢(z0)z/2 € By for
r € B1. We define
24«

U(x) = c(zo) =T u(zo + c(x0)x/2), € By.
Then U satisfies

—AU = a(x;20)UP, x € By, where a(z;xz0) = )
4e(xg)®
From the proof of Lemma [2.5| we know that, for all x,xg € By,
(%)a, as a >0,
da(x;xo) > N
(2—3(1) , asa<O0.
Applying Lemma we have U(0) > C for some constant C > 0, i.e.,
_2+4a
u(zo) = Clw(|wol)(1 — |zol)] 1.
Because zg € B; is arbitrary, we obtain
_ 24«
u(z) = Clw(lz|)(1 = [«])]>=T, =€ Bi.
The proof is complete. U

Proof of Theorem[3.3. Assume that u € C'(Bj) is a positive solution of (1.2). According to
Theorem and Hopf’s lemma [9], [I4], there exist constants C7, Cy > 0 such that

Crlw(a])(1 = [2))] 7 < u(@) < Cow(le)(1 - |2]), =€ By,

which together with —fff‘f < 1 yields a contradiction by letting |z| — 1. O

Proof of Theorem[3.3 We suppose that (I.I)) has a positive solution u. By Theorem there
exists a positive constant C' > 0 such that
u(z) > C, x € By.

We denote )

Ur) =15 o

u(r, 0)do.
Then @ satisfies
(YN ) 2 CP ) (1= e (0,1),

Using the arguments as we did for the proof of Part (i) in Theorem [2.2] we can deduce a contra-
diction. O

Proof of Theorem[3.4} (i) For convenience, we separate the proof into two steps.

Step 1. Prove the existence of positive solutions to (1.2)) with p < 1 and o > —2. We denote the
first eigenfunction and eigenvalue by ¢1 and A (Bj) of the problem

—Ap = Ap, in By,
¢=0, ondB.
Let 8 = 21'%? and u = mgof. By Hopf’s lemma there exist constants c;, co > 0 such that
crpr(z) Sw(lz)(1 = z]) < copr(z), = € By
Then there exist a proper constant ¢ > 0 and a sufficiently small constant m > 0 such that
— Au — [w(]z])(1 - [z])]"u”
= —A(mel) = [w(lz])(1 — [«])]* (me))”
= —(mBe{ " Aoy +mB(B — 1)) Ve |*) — [w(|z])(1 = [a])]*mP el
< mBM(Br)g] —mB(B — 1)@} *[Vipr|* — c*mP i T+e
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= mBel 2 (BL)g? — (B— 1)IVen [ — @ tmr=1] <0, € By,
Let @ = K¢f with the sufficiently large K > 0 and p € (0, min{1, % 2+a ]. Then we find that
— AT — [w(lz)(1 — [z])]*w?
= —A(KeY) = [w(lz)(1 = |[z)]* (KeT)?
= —(Kpp! "' Ap1 + Kp(p = et *|Vr|?) = [w(lz])(1 = |2])]* KPof”
> Kph(Bi)gf — Kp(p— 1) 2|V | — KPP
= Kppt *M(B1)ei = (p = 1)V |* = e®p K]
> 07 HARS] Bla
where ¢ > 0 is a constant.
By the sub-super solution method and the regularity of elliptic equations [9], equation (1.2)) has
a positive solution in C?(B;) N C(By).
Step 2. Show the uniqueness of positive solutions to (1.2) with p < 0 and o« > —2. By the
estimates of positive solutions, there is a constant c, > 0 such that for any positive solution u to
(1.2), we have u(x) > c, cp(2+a)/(1 ?) Choose a positive constant m < ¢, in (i)-Step 1. Then there
is a minimal positive solution v, in [mcpf , K¢!]. Assume that v is any positive solution to (1.2).
Then v(z) > me? and so min{v, K%} is a supersolution to (.2) and me? < min{v, Kx?}, which
indicates that v, < min{v, K¢/}, in particular, v, < v. Hence, v, is a minimal positive solution.
Now we claim that v, = v. Otherwise, there exists zyp € Bp such that v.(xg) — v(zg) =
mingep, {v«(x) —v(x)} < 0. Then
0> —A(ve —v)(w0) = [w(|zo])(1 — |zo])]* (vs(z0)” — v(x0)") >0,
which obviously yields a contradiction.
(i) To prove the existence of positive solutions to (3.2)), from (i)-Step 1 we know that u = mgof

satisfies

—Au < [w(|z[)(1 - [z)]"w”, in By,

< [w
u= SC on OBj.
),

For any given constants 6 > 0 and ¢ € (1, there is a positive solution us to the problem

fAu =u?, in Biys,
u=0, ondBiys.
We can take a sufficiently large M > 0 such that w := Mugs satisfies w > u in By and
AT = Mug > [w(|z])(1 — [2)]*(Mus)” = [w(|z)(1 - [z))]*@”, in By,
w>(, ondBj.

By the sub-super solution method and the standard arguments [9], has a minimal positive
solution u, and a maximal positive solution v* in the interval [map'f , Mug).

To show the uniqueness of positive solution to , we assume that v is an arbitrary positive
solution to (3.2). From Theorem there exists constant C' > 0 such that

v(z) > Clw(jz|)(1 — [2[))”, =€ By
Without loss of generality, we suppose that mei(z)? < Clw(|z|)(1 — |z|)]? for all z € By and
some m > 0. Therefore, mgpé3 and min{v,w} are a pair of subsolution and supersolution of .
Moreover, u.(z) < v(z) for all z € By. Because of the arbitrariness of v, we see that u, is a
minimal positive solution of .

Now, we prove that v = u.. Choose a sufficiently large M > 0 such that Mus(z) > v(z) for
all z € By. Then, u,(z) < v(z) < u*(x) for all x € B;. By a > 0 and the regularity of elliptic
equations, u, and u* belong to C?(B;) N CY(B;). We claim that u, = u*. Otherwise, if u* > u,
and u* Z u,, then by the strong maximum principle of the problem

—A(u —u’) = [w(|e) (1 = [2))]*[u} = (W")*], =€ B,
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u, —u* =0, J|z|=1,

we obtain u*(z) > u.(z) for all z € By. In addition, by Hopf’s lemma, w < 0 on 0By with
v being the exterior unit normal on dB;. Multiplying equation (3.2) with u = u, (resp. u = u*)

by u* (resp. u.), we obtain
—u*Au, = [w(|z])(1 = |z])]*(us)Pu*, x € By, 23
—u A = (a1 - o) (P, @ € B, (33

subtracting equations from each other in (3.3) and then integrating by parts over Bj, we have

- 8B, [% B 8311*] - /1[w(|x|)(1 — |z U P~ — (u*)P > 0,

which is a contradiction. O

Remark 3.6. In general, if w € C’l[O, 1] and dy < w < dy for some do > d; > 0, then Theorems
and are still valid. In fact, we denote by @ := dﬁ’flu7 w = ;”—2 and d = Z—;. Then

satisfies the equation
—Au = [w(lz|)(1 - |z])]*@”, @ € B1(0), (3.4)

and wu is a positive solution to (1.1)) if and only if @ is a positive solution of (3.4). It is obvious
that @ € C'[0,1] and 0 < d < w < 1. Then, it suffices to apply the mentioned results above to

equation ([3.4)).
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