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NEUMANN-ROBIN PROBLEM FOR p(z)-LAPLACIAN EQUATIONS IN A
DOMAIN WITH THE BOUNDARY EDGE

MIKHAIL BORSUK

ABSTRACT. We investigate the behavior of weak solutions to the mixed problem with Neu-
mann and Robin boundary conditions for an elliptic quasi-linear second-order equation with the
variable p(z)-Laplacian in a neighborhood of the boundary edge.

1. INTRODUCTION

The aim of this article is the investigation of the behavior of the weak solutions to the mixed
problem with Neumann and Robin boundary conditions for quasi-linear elliptic second-order equa-
tions with the variable p(z)-Laplacian in a neighborhood of the boundary edge of 3-dimensional
cylindrical sector. Boundary value problems for elliptic second order equations with a non-standard
growth in function spaces with variable exponents have been an active investigations in recent
years. We refer to [I0] for an overview. Differential equations with variable exponents-growth
conditions arise from the nonlinear elasticity theory, electrorheological fluids, etc. The Neumann -
Robin boundary conditions appear in the solving Sturm-Liouville problems which are used in many
contexts of science and engineering: for example, in electromagnetic problems, in heat transfer
problems and for convection-diffusion equations (Fick’s law of diffusion). These problems plays a
major role in the study of reflected shocks in transonic flow. Important applications of this prob-
lems is the capillary problem. There are many essential differences between the variable exponent
problems and the constant exponent problems. In the variable exponent problems, many singular
phenomena occurred and many special questions were raised. Zhikov [I3] [I4] has gave examples
of the Lavrentiev phenomenon for the variational problems with variable exponent.

Most of the works devoted to the quasi-linear elliptic second-order equations with the variable
p(x)-Laplacian refers to the Dirichlet problem in smooth bounded domains (see [10]). Concerning
the Robin problem for such equations we know only a few articles [I1 [7} 8 [IT], but in these works
a domain is smooth and lower order terms depend only on (z,u) and do not depend on |Vu|. Our
article [3] is dedicated to the Robin problem in a cone for such equations with a singular p(z)—
power gradient lower order term. The present article is a generalization of [3] and chapter 10 (with
x(w1) = 0) of our monograph [2]. Here we describe qualitatively the behavior of the weak solution
to the mixed problem with the Neumann - Robin boundary conditions near a boundary edge of
3-dimensional cylindrical sector, namely we derive the sharp estimate of the type |u(z)| = O(|z|*)
for the weak solution modulus (for the solution decrease rate) of our problem near a boundary
edge.

Our research methodology is based on:

e the investigation of the corresponding nonlinear eigenvalue problem;

e the maximum principle and the Stampacchia level method (see e.g. [12]);
e the comparison principle;

e the method of the barrier function.
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Let Ro > 0, 29 > 0 be fixed, (r,w, z) be the cylindrical coordinates of x = (1, z2, 23) € R*:
1 =rcosw, Ty=rsinw, z3=2z; r€(0,400), w€ (—m, 7)), 2z € (—00,+00)
and G be an open bounded cylindrical sector in R? with
dGE =TRoyrfo uT,UQR, UL UTL,,

Fio ={(rw,2):0<r <Ry, w==£%, z€[—20,+20]}: 2-faces of a cylindrical sector;
Lo = {(w1,22,2) €ER3 : 21 = 29 = 0, 2 € [~20, +20]} is the cylindrical sector edge;
Qr, = {(Ro,w, 2) : w e [-%2, %], 2z € [~20, +20]}: lateral side of a cylindrical sector;

i = {(r,w,2) : 7€ (0,Ry), we (—%,%), 2 = £z} upper/lower 2-face of a bounded
cylindrical sector.
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F1GURE 1. Cylindrical sector

For cylindrical sectors, we use the following notation:

e dr = rdrdwdz: element of volume; dS|FR0 = drdz: area element of lateral 2-face Fi“;
+
dQr = Rdwdz: area element of lateral 2-surface Qg.
o Appyu =div (|Vu|p(m)’2Vu).

We investigate, in a neighborhood of the domain edge, the behavior of weak solutions to the mixed

problem with the Robin - Neumann boundary conditions on the lateral surface of the dihedral
cone:

A p@yu+ Cc(ﬂr:)u|u|p(’”)_1 +b(u,Vu) = f(z), =€ Ggo,

Ou n-29u (W) - (1.1)
977 IrRoun_ un. 0, |VuP® Qajn + rp(m)_lu\u|p( 72 = g(x), x €T UQg,.
—PUH- ULy

We will work under the following assumptions:

(A1) 1< p_ <p(z) <py =p(0) <3 forall z € G,
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(A2) p(z) € COY(GE) = 0 < p(0) — p(z) < L(2)r for all x € G, where L(2) is a nonde-
creasing function: L(0) =1, L(z) < L(z29) = Lo > 1 =

p+ —p(x) < Lor, Vzx € Ggo;
(A3) [f(2)] < for® @), fo = comst > 0, B(x) = s (p(x) —1) = 2, 8 > - 25 > 1, 3¢ = LN,
0<pu<2/3foralac G(}f", where A is the least positive eigenvalue of problem (2.1)) (see
Section 2),

a(x) > ap = const > 0, if RO < 1,
- 0,07“7%71)(1)7 if Ry > 1,

for all z € G(Ifo. Also we suppose the validity of inequality in section 5;

(Ad) y(w) € COl—42,+2], y(w) > v = const > 1 for all w € [0, +<2], ¥(%2) = vo;

(A5) [g(z)| < gor'*F®), 0 < gy = const < 1 (see ([3.55)), g(x) < 0 for all z € I‘fo UQR,;

(A6) the function b(u, &) is differentiable with respect to the u, & variables in 9 = R x R™ and
satisfy the following inequalities in 9.

(A7) if p=0:
b(u, &) > vlul"HEPE) = boluP) N v >0,
[b(u, €)] < Solu| [P + bolul?™) T, 6o > w;
(A8) if > 0:
[b(u, )] < 0 [ul THEPE) + bolulP™) T, 0 <6y < g
(A9)

- 6b(u,§) 2\ 1/2 —1)¢1p(x)—1 ab(uaf) —2|¢1p(x)
(Z|Tgi| ) S balul O S > byl 2,

0<bg<ap, by >0, by=>0.

i=1

We consider the class of functions

ml—’zf(:g(G(})%) = {U s u(z) € Loo(Gg°) and / (rP@ | [P@ 4| 7HVuP®))) de < oo}.
: G

It is obvious that mi’fffg(G(lfo) c whr) (ghoy,
Definition 1.1. The function w is called a weak bounded solution of problem (|1.1)) provided that
u(zx) € fﬁl_zf(g (GE0) and satisfies the integral identity

Q(u,n) := / VPO, + al@)ulul? " 4 b (u, V) ) de
G 0

0

" / (@) P Oufulr "2 dS + / V(W) Ry " uful?) 2 A,
+

- /R g(x)nds
F+0UQR0
— [, f@n() dz
Gy©

for all n(z) € ‘)’tlff(fg (G,

Remark 1.2. Tt is easy to verify that the assumptions (A1), (A3)—(A5) and (A6)—(A9) ensure
the existence of integrals in the identity (1.2)). Therefore, the definition 1 is correct.

Our main result reads as follows.



4 M. BORSUK EJDE-2025/51

Theorem 1.3. Let u be a weak bounded solution of problem (L.1), Mo = sup__.a, [u(z)| (see The-
0

ore and let A be the least positive eigenvalue of problem (12.1)). Suppose that
(A1)—(A9) hold. Then there exists a constant Cy > 0 depending only on A\, Ry, Mo, p+,p—, Lo, n, (u—
8),v,bo, fo, g0, and such that

-1
|u(z)| < Cor™, = Zﬁ)\; Vo € G, (1.3)
2. NONLINEAR EIGENVALUE PROBLEM

To prove the main result we shall consider the nonlinear eigenvalue problem for the p-Laplace-

Beltrami equation and for ¢(w) € C?(— 2, 42) N CH[—<p, <]

= (0207 4+ )P XM = 1)+ 2 - py) O3 + 5Dy, we (=),

/ woy
V(-5)=0
(R0 402042 ) 7 - (P T g =0, =+
" 2.1)
or
(A20% + (ps = D2 )" (@) + A(A@ps = 3) + 2 = p )02 (W)h(w)
X (AP — D +2-p )P (W) =0, we (=,22),
¥(-5) =0,
(22 4 9202020 () 4o (P LY ) =0, w=+22,
p+—1 2

where v = const > 1 (see (A4)).
Note that if any two eigenfunctions solve the problem for the same value of A, then they are
scalar multiplies of each other. Without loss of generality we can assume that ¢)(—%) = 1. Let

us denote y(w) = 15;((5)) as well as yo = y(“2).

Lemma 2.1. We have

AApr—1)+2—-pg)>0. (2.2)
Moreover,
-1 1 -2 -2 27*
b+~ <A< 7{p+ T (p+ )2+( T (p+))2}7 ifpy > 2;
ju 2ipy -1 py—1 wo
™
0< A< —ifpr =2
2w T (2.3)
1 2—piy2 | 21(p+)\2 2 py 1 2-py\2 TN\2 2-py
5{ G—1) ) - —1}<)‘<§{ G+ () - —1}’
Db+ wo P+ D+ wo D+
Zfl <py < 27
where 7*(p4) is the least positive root of the equation
* W Ap * ™
tan 7 (py) = L0 ) € 0,7). (24)
7 (p+) 2
As well as
1> 9(w) > o = exp(yowo) >0, Ww e [— =L, +20], (25)
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where yq 18 the negative solution of problem 1-) and transcendental equation (2.11) - see below;
in this connection yo # —oc. Moreover (see (2.9), 2.17), [2.16), (2.19)),

lyol =~v(1+p), ifpy =2,

v(p+)wo ) .
— T )< <7, i > 2,
At 00, lyol <7, if p+

Yoo Y
—_— 1 2.
e TP

v(p4) tan ( (2.6)
7 < lyol < v(py) tan (
Here 3(py) and v(ps) are defined by (@.15).
Proof. We multiply by ¥(w) and integrate over Q = (—42, 4+<2):
= [ vle) (0292 + @B () do
A (s = 1) +2=p3) [ (003 + 0/ @) )
Integrating by parts on the left integral, we obtain
= [ 0 (B0 + 10 @)D )
/S(AQ 2(0) 4 [0/ (@)12) 7 [ (w) P
 (22(w) + [ (@) 2 2 () ()|

= (2G2(W) + 8 (@) D) P 2wy ()

—_ %0
w=—=

wo

2

= [ R+ @) i ) o o (P ) a2,

pr—1

by the boundary conditions of . From above, we derive
A= 1)+ 2= 1) [ (R0 0) + V@) )2 )
— 1+ p\pP+-1
/Q(AZ V@) + @) )P+ - (P )T /2) > 0,

L1

(2.7)

since v > 0. Because of 1(w) # 0, the last inequality implies (2.2)).

Case p; = 2. Problem (2.1 takes the form
WENY =0, we (-2 20y
272
V(=5 =0 (2.8)
wo wo
1//(?) +(1+ MW(?) =0.
We are interested in the least positive eigenvalue, therefore solving this problem we obtain

Y(w) = cos [A(w + %)], lyol =~(1 + p),

(1 + p) ™ (2.9)

tan(Awp) = —
an(xu) = T = e (0.5),

(see Figure [2).
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10

FIGURE 2. Graphs of functions y = tan(z) and y = a/z, a > 0.

Case p; # 2. Now, we consider the problem ({2.1]) for the function y(w). We obtain the Cauchy
problem
((p+ = Dy* + A2y + (p+ — Dy + A(2Ap+ — 1) +2 = py )y
Wo WO)

SR - D +2-p) =0, we (- DD 210)
wWo o
y( 9 ) =0
and the equation for A,
P2 — 1+ p\p+—t w
N+95) 7 w= —v(p—Jr “) . w=y(5) <o0. (2.11)
py—1 2

From the Cauchy problem (2.10)) we have y'(w) < 0, therefore y(w) is a decreasing function:

w w
y(go) =90 < y(w) SO:y(—é)), (2.12)
by (2.10) and (2.11f), we have
Wo wo

v # =00, [y(w) < lul, Vo e -2, 20),

From the definition of y(w) and (2.12) it follows that

@ wo W

0 < ¥ = exp(yowo) < YP(w) = exp (/ » y(f)df) <1, Vwe [—70, 70]
-3
Thus, we derived (2.5]).
By solving the Cauchy problem ([2.10f), we obtain
1-A
arctan ly(@)l + arctan _ @)l —wt N (2.13)
A A2 4 A2p A2 4 AZE 2
P+ P+
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and consequently

arctan |y—0 + arctan |y0|
/\2+)\2 Pi A2 4\ 2P

p+—1 p+—1

Now we set

—1+ -
Pr 210l s — 50, A2 20, wor(py) = (o).
py—1 P+ — 1

Case p; > 2. From (2.2), (2.11)) and (2.15)) it follows that

lyol <F(p4), vipy) <A = arctan@ < arctan [90)l .
A v(p+)

Hence from ([2.14)) and we obtain

1—A 0<1—=-X+v < 1;
wo < +v(p+) arctan [vol = V((ﬁ:r)lo .
v(p+) v(p+) v(p+) tan (F530555 ) < lyol <7
Because of v(py )wo < %7 from (2.17) we obtain
9 _
PNt = R
py—1
tan(v(p4)wo) < 7(p+) = tan7(py) < oY (P+) =
v(p+) 7(p+)
2 *
0<7(py) <7(py) = 1/A2+ A Pr T (p+).
P+ —1 wo

Solving these inequalities (see Figure , we derive (12.3)) for p, > 2.

Case 1 < py < 2. From (2.11)) and (2.15) it follows that

lyol > F(p+), v(p4+) > A >0 = arctan Iyol > arctan ——— [90)| .
A v(p+)
Now, from ([2.14)), (2.18)) it follows that
1-A+v(ps) > 1,
1—A+v(py) Yol v(p4)wo |yol Alps)
wo > I/(p+) arctan V(p+) — tan(17/\+u(p+)) > 2(p3) > vy )’

ol < v(py) tan (255,

Because of v(py )wo > %, we obtain, by (2.19)), that

tan(v(p+)wo) > p4) = tan7(ps) > w7 (P+) —
v(p+)

7(p+)

* ™ (p+) — P+ T
m A2 >\ —.
T<T(p+)<2=> m <y A%+ +_1<2WO

Solving this inequality (see Figure , we derive (2.3]) for p, < 2.

Proposition 2.2. If assumption (A1) is satisfied and v > 1 (see assumption (A4)), then

p(z)—p
(%,/Auyg) "<1, Voerk,

where s is defined by (1.3)).

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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Proof. We rewrite (2.11]) for p = p; with regard to (1.3)):

YA
= —_— f = 2'
|y0| 2 ) I py )

1 A p+:1
G () O e

(2.21)

Case p, = 2. Inequality (2:20) is true if p(z) = 2. Now, let 1 < p(z) < p; = 2 for all z € T'f°.

From (2.11) we have
YA

Ve V1
ol =71+ 1) = — = LYV +y3 2 Tlwl=y>1 =

(p(x) — p+)1n( \/>\2+y ) <0 = is true.
Case p; > 2. From and it follows that
lyol < Avﬁl‘l and \/A? +yg > /\7”‘ =
(p(z) — p+)ln( A2+ ) < p(p‘?:f*lmgo — is true.
Case p; < 2. From and we obtain that

Ay Pl 2-py A\ P+t B A
o =) ()T 20 (5) = el 2 5 e
P+—

\/Vﬂ/g27”172(&)[9+ " lyo =7 >i FTET —
V4

(p(z) — p+)In (;\/)\2 —i—y%) < MIHV <0 = (2.20) is true.

3. MAXIMUM PRINCIPLE

In this section we derive an L.,-a priori estimate of the weak bounded solution to problem
(1.1). First we formulate well known lemmas.

Lemma 3.1 (see [0, Lemma 2.1] and [5, Lemma 1.60]). Let us consider the function

(@) et —1, x>0,
) =
K —e " 4+1, z<0,

where ¢ > 0. Let a,b be positive constants, m > 1. If ¢ > (2b/a) +m, then we have

an'(z) — bn(x) > ge Va >0, (3.1)
z m
0(@) 2 )", Ve 20, (32)
Moreover, there exist a ¢ > 0 and an M > 0 such that
T m L \im
@) < Mn(—)]" and o'(z) < Mp(—)]™, Vo> g (3.3)
[n(x)] >z, VzeR. (3.4)

Lemma 3.2 (Interpolation inequality, see [0, (7.9)]). Let 1 <p<g<r and = % + 122 Then

lull oy < Nl ooy llull p-ie (3.5)

holds for all uw € L™ (G).
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Lemma 3.3 (Stampacchia’s Lemma, see [12, Lemma 3.11]). Let ¢ : [ko : 00) — R be a nonnegative
and non-increasing function satisfying the condition

o) < el (36)

forl > k > ko, where C, «, 8 are positive constants and § > 1. Then p(ko +9) = 0, where
= Clip(ko)|*~12771.

Theorem 3.4. Let u(x) be a weak solution of (T.1). If assumptions (A1)~(A9) hold in G, then
there exists a constant My > 0, depending only on meas G?O, P_,D+, S, I, fos 9o, ag, 7y, and such
that ”u”L@C(G?O) < M.

Proof. Let us define the set A(k) = {x € GJ° : |u(z)| > k} with XA(k) being the character-
istic function of the set A(k). Then, for all ¢ > 0, we have that A(k + ¢q) C A(k). We take
n((Jul — k)4)xak) signu as the test function in the integral identity (L.2)), where n is defined
by Lemma and k > ko (without loss of generality we can assume kg > 1). Note that
n((lu| — k)+) > 0 and n'((Ju| — k)+) > 0 on A(k). From the integral identity (1.2)) it follows
that

/ {IVUI”(I "((Jul = k) 4) + al@)[wPn((ju] = k) 4) + b, Vu)n((ul = k) ) sigHU} dx
A(K)

+ PP (] — ) ) ds
ROﬂA(k)

+

/ (@) RO P&y ((fu] — k)4 ) A, (3.7)
Qr uﬁA

/R n lg(x)[n((Jul — k)+)dS
UL )NA(K)
< [ e = k)

By assumption (A3), for Ry > 1 we have

a(x) > agr— > P@) > aoRa;ﬁp(z) > aoRg%_m, Vo € GORO.

Now we define the number

- ag = const > 0, for Ry <1,
ap = e
0 agRy 7P, for Ry > 1.

Then from assumption (A3) we obtain a(z) > @y, Vo € G§°.
By assumptions (A7) and (A8), we have

b(u, Tuyn((ful = k)4) signu > —kg " (3[9ul” + bolul?® ) n((Jul - k))

where

0 if p=
5= 0 1 K 07 (38)
0y, ifp>0.

Now, by assumption (A4) and v(w) > 1 (see assumption (A4), from (3.7)—(3.8) it follows that
- {ITuP (= 1)) = kg IVl (]~ )
A(k)
+ (do — boky " @((jul = k)) } da (3.9)

g(w)signun((UIk)+)d5+/A(k)|f(ﬂf)|n((UIk)+)d$-

<

- /(F?OUQRO)GA(IC)
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Since |u| > k > ko > 1 and p(x) > p_ > 1, we have |[u[?(®)~1 > kg‘71 and therefore from the

above it follows that

[ (vl (3l = ) = 85 (= R)2)) + (@b = b}k n(ul = )+ } da
A(k)

- k dS . _ ]C d )
< /<r:fm%)m(k) ol =05+ [ @]l -0
Choosing
bo
kO > =,
ao

we set ag = agkg — bp > 0 and from the above we have
[ {9 (ol = 1)) = 885 (= K)2)) + okl = k1) } e
A(k)

< /(F?OUQRO)MW lg(@)n((lul — k);) dS + /A @I =8 e
Additionally, let us define the sets
A_(K) = A N {|Vul €1}, Ay (k) = A() 0 {[Va] > 1)
= A(k) = A_(k) U A (k).

and the functions

() = n((\UI - k)+>7 wi(z) = n((\UI - k)+>.

p- P+
We note that by assumption (A1) the following inequalities hold

|VulP+ < |[VulP™® < |VulP~ on A_(k);
|VulP~ < |VulP® < |VuP+ on A, (k).

Direct calculations give

1 —k —k
|Vog| = —|Vu|n’(w) = i|V’u|exp (qw), ¢>0
b- p 2 pb-

— [VoglP- = (=2)F [Vufp-eslul=h-
pP—
Putting a =1 and b = 5k0_1 in (3.1) we have
1
7' ((Jul = B)+) = 0k n((jul = k)+) = ge M0 it ¢ > p_ 420k

From (3.15), (3.16)), (3.17) it follows that

/ U@ (o ([l - k)4) — 63 ((jul — k)4 } do
Ay (k)

1 /p_\""
> = (p> / |V P~ dx, if ¢ > p. + 20k .
2\ ¢ As(k)

Similarly, choosing ¢ > py + 20ky ! and taking into account (3.13)), (3.14), we obtain

/ VP (Jul = k)4 )+) = kg ' n((u] = k)1) 1)} da
A_(k

(k)
1 *\ P+

> = (p) / |Vwg|P+ d.
2\ ¢ A_ (k)

(3.10)

(3.11)

(3.16)

(3.17)

(3.18)

(3.19)
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Since py > p_, adding the inequalities (3.18]) and (3.19)) we obtain

1 _ pP— P+
(C5) bt () o)
2L\« A (k) S A_(k)

(3.20)
< /A [Tl K02 = 9K (]~ ), > e 2005
by (3.12)). Finally, from (3.11)), (3.20)) we derive
1 B p- P+
ACT) Jomrmies () [ oot
2L\ ¢ A (k) S A (k)
ok [ (el - b)) de
A(k)
</, @il = B ds + [ 7@ a((lul = £)+) da,
(rgouer, )nA(k) A(k)
Since, by (3.12)), fA(k) = fA+(k) +fA,(k)’ for ¢ > py + 26k, ", we have
1 _ - P+
f{ <p) / |Vog P~ dx + <p+) / |Vwg| P+ dm}
2L\ ¢ A (k) S A_(k)
ik [ (el = B2 de ok [ a(ul - k) da
A _
+(k) A_ (k) (3.21)
< / ) lg@n((ful — k) dS + / ) lg(@n((lul — k)4 dS
(FOOUQRO)mA+(k) (FOOUQRO)ﬁA_(k)
+ / @) - n((ful - k)4) do + / F@)]-n((lu] - k)) de.
Ay (k) — (k)
Now, by (3.2) and (3.13)), we have
dokt~" / n((lu] - k)4) dz + dokt " / n((fu] - k)4) da
A () A_ (k) (3.22)
> dok‘g’_l(/ vi’ dx + / wi* dx).
Ay (k) A_ (k)
From ([3.21)—(3.22)) it follows that
1 _ p— P+
f{ (p) / |Vog|P~ dx + (p+> / |V [P+ dx}
2L\ s Ay (k) S A_ (k)
+a0k§**1(/ WP dr + / wh d;v)
Ay (k) A (k)
(3.23)
< / ) g(@)n((ju] — K)4) dS + / g@n((ju] — k)4 dS
(FOOUQRO)0A+(k) (F(’fouszRU)mA_(k)
+ / F@)] - n((ful - k)4) de + / @] n((jul — B)y) dz, < > pa + 25k
AL (k) A— (k)
Next, we have
/A @] (] =) de
£ (k) (3.24)
- / @) n((ful - k)4) do + / F@n((fu] - k)4)dz, Vg > 0.
Ag (k+q) A+ (B)\Ax(k+q)

By , we obtain
< M{n((lul - k)+)r—’

u|l —k
(= k)], < —
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(Jul — k)4 \1P+
—k <M
Al = 03], o< M (T )]
Then (3.13)) implies that
[ 1@l - k) do < f(@)] -} da, (3.25)
Ay (k+q) Ay (k+q)
[ @l -k de<ar [ (@) uf d (320
A_(k+q) A_(k+q)
Using the definition of 7 from Lemma we have
u| — k <el Vg>0 =
n(Jul = k)+) AL (W\As(k+q) i
(3.27)
/ £@] (el = b)) de < e [ f@)da, g >0
Ag (K)\Ax (k+q) Ax(k)\Ax (k+q)

Now, we derive that f(z) € Ly(Gg°), s > p72_1 > 1. In fact, by assumptions (A1) and (A4), we

calculate:

L @

0

<5 / @) dg
G 0

0

_ fg/R poe(p(@) 1) 2 g fg/
GOO G}

1 Ro
< f§ - 2z0wo / r”‘(p*_l)_ldr—i—/ PP =1 =1,
0 1

 2zowof§ {R(s)u(p+—l) 4P *P—} <o
)

,’,su(p(a:)—l)—Q dx + fg/ Ts;r(p(x)—l)—2 dr
GTo

sx(py — 1 p_—1
and therefore
ss(pr—1) | P+ —D-\'/* _ ( 22wy )1/5
7@l gy S er{ B+ BN e =p( ot y) T 629
Using the Holder inequality with exponents s and s’ where % + 5 =1, we obtain
» p_s’ 1/s’
[ @l de < W@l gy ([ ) (3.29)
Ay (k+q) 0 Ay (k)

From the inequality % < ==L it follows that p_s < p_# = Qf—p‘_ and then the interpolation

2 3
inequality (3.5)) gives

’ (1-6_)p_
’ 1/s 0_
(/ vy ° d:r) < (/ vy dx) (/ UZ‘#dx) e
Ay (k) Ay (k) Ay (k)

1-6_

where 0 € (0,1), which is defined by the equality -1 = 7=+ 5 = 0 =1-5=25;. Now,
by using the Young inequality with exponents i and ﬁ, from (3.29) we derive
[ i@l e
+
+(k+q) . (3.30)

_ p# o \P-/P- 5= /0 P
< 9_)([4+(k)vk ar) " e 1 [
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Similarly
[ @)t
A_(k
e+ R " (3.31)
n
§5(179+)</ w?* dx) T ||f||L . / w'* dz
A_(k) A_ (k)
for
2p_ 2
Ve >0, p_* . 0 =1-— ;
3—p- (p——1)s
2p 2
# _ + — .
pit = . 0 =1- ; 3.32
T 3epy T (p+ —1)s (3.52)
2
s>max{ , }: >1, = 0<0_ <60, <1,because of p_ < p,.
_—=1 py -1 p_—1
Then applying (3.30)), (3.31) to (3.24]) - (3.27)), we obtain that
[ 1r@ln(l - ) do
A (k)
p* p-/p"
ng(lfG_)(/ UM dx)
Ay (k)
0_—1
: == 0 -
+ eW/A M @lde+ 107 ||f||i£(G§)A ) ol da,

t/ F@)] - n((ju] — k)4 da
A_(k)

/ #
< Me(1—- 9+)</A © wZZ+# dw)lbr o

+ 1
—|—e<q/ |f (z)|dx + MOie o+ Hf||L an )/ wit dz.
A_(k) (k)

By well known the Sobolev embedding theorem and taking into account the definition of pi P

in , we obtain
p—/p"
(/ vy~ d:v) < c_/ (vp~ + |Vog[P~) da
Ay (K) Ay (k)

p (3.34)
p+/p
(/ w],Z*# dx) T < c+/ (wyt + |[Vwg[P+) da
A_(k) A_(k)
where c_, ¢y = const > 0. Finally, (3.23) - (3.34) imply that
[ (=) - wmeq 9_)5}/ V[P da
Ay (k)
1 P+
—Mcy(1—04)e / |Vwy [P+ dx
() Memod [
6_—1
+[ ky~ ' Me_(1-6_)e— Mo_c " ||f||1L/(ia§)}/ vy dx
' A (k)
T (3.35)
p——1 _ _ _ o + D+
+ [aoky ™ = Me(1- 0,0 — Mo, ||f||LS(G§)}[4 ek

IN

/(Ff%ﬂao)mw) lg(@)In((|u] — k)4)dS + /(FEOUQRO)M(M lg(@)|n((Ju] — k)4)dS

*”AWU@Ma<>m+%%EW>&%>O
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Similarly from (3.24))-(3.27) we obtain

/. @) ln((ful ~ b)) dS
(rfouQR, ) NAL (k)

(3.36)

l9(@)|og P~ dS + 50 / l9(a)]dsS,

<M /
(TTouQR, )NAL (k+q) (TTOUQR, ) N{AL (W)\ A4 (k+q)}

/ lg(@)ln((Jul - k)1) dS
(rouQR, ) NA- (k)

(3.37)

19(@) [P+ dS + 5t / l9(a))dS.

< |
(PFoUQR, ) NA- (k+q) (PR0UQRy ) P{A- (W\A- (k+q)}

Now we derive that

1
g(x) €L (rfo U QRO>, max{l, =} < j < (3.38)

3—p_’
By assumption (A5),

J

/R l9(0) 757 dS < g5 /R P e g,
F{UUQRO F%OUQRO

By assumptions (A1) and (A4),

(%*1)(p—*1)+1§1+5($)S%(P+*1)f§+1, o>t

we obtain:

Case 0 < Ry < 1. In this case

/R lg(a)| 7 dsgzzOgS‘l/ r7r (=D g
0

T+ 0 , (3.39)
J{(p——1)>+3—p_)-1
j—1

i j—1

= 22000 " - R,
090 JHlp— —Dx+3—p_)—1 0

< 00,

because of
j]j'<(p7—1)(%—l)+l>+1>0.

In fact, if ¢ > 1, this inequality is obvious. Let 0 < 3 < 1. Then, since p_ < 3 and j > i, we

have

DG 1= (e~ Dt 3—p) 1)

j—1 1
_—1 2_p_ 1
J )_+( p):. .
Similarly,
/ lg(2)|7=TdQR, < 2z0w0gi " Ry 7= . (3.40)
Qr,

From (3.39) and (3.40) we derive

_ (p,—l)%+3—p,—l.
Hg(x)”L¢ (FfOUQRo) < CgO ’ RO ! s

o o , (3.41)

‘71{<j<(p_ = 1)5{:—;—]9_) —) +°’0;}

C;O = 90(220) 5
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Case Ry > 1. In this case

/ lg(2)| 75 dS < gg " / rT (6@ gg
FRO FRO

+ +
J 1 Ro
< 2007 1(/ o —1) (e 1)+1>dr+/ it 1<(”+_1)”_’+1>d7~)
0 1

Next we calculate

Ro J 2
/ P (== 241) g
1

j—1 g D221 (3.42)
= R 71 — 1} >0, Ry>1,
Mo —De—Trg =it :
because of j((p4 — 1)» — 2 +2) —1 > 0. In fact, since s > o=, j > max{l, L} we have:

(1) if 5> 1 then j{(p +71)%—5+2>71>( +—1)+ (1— p_)+1=py—p_+1>1;
(2) if 0 < 5¢ < 1then j((py —1)2e—2+42)—1> (p1 —1)+j(B3—p-)—1> (p4+ —2)+(3—p_) =
pyr—p-+1=>1.

Thus, from (3.39), (3.42) we obtain

g(x 71 4s
/Ff0|<>|

H(pyp—D=—242)—1

- j—1 e ]
o —De—242)—1"°
=g “(py —p-)+(p-—1)—3
+ 22095 J(1 — 1) . .
0 (G- =D +3—p_) = 1) (j{(ps —1)e— 2 +2) — 1)
Similarly,

| la@i o, < 2:u08 Ry T (3.44)
QRO

Applying the Jensen inequality
(a+b)7T <max (1,2_%>(aj1;'1+bj1;'1) =a'7 +b 7,

for j > 1, we derive from (3.43)) - (3.44) that

(p4—1)2c—242—1
g, (rfouag,) = 90 (cgo Ry " 3 Jng-‘r)a (3.45)
=T
) . J=1 j—1
+ Q{( Jj—1 ) 7 T}
= (2 ; 3.46
o= B TN sz T (3:40)

Cﬁ:{ . <2Zoj(j*1)>'<%(p+*17—)+(p—*1)*§> 7T

({(p— = e +3—p-) = 1) (H{(p+ — ) — 2 +2) — 1)

At last, we proved that g(z) € L 4 (I‘RO UQg,) for max{1,1} < j <
Now, by the Holder inequahty, we have

(3.47)

3— p

p— p—
9@ x4 < 1y (poui a0 19O, (o0,

/(rfo UQR, ) NA+ (k+q)

p .
||Uk|| ||9($)||L]%1 (rfougg,) -

L, (TT0UQR,)NAL ()

By the Sobolev boundary trace embedding theorem, we have

p— . p— p—
90 P~ 45 < o M@l (e300, ) /A g (TP + ) do

/(rfo UQr, ) A (k+q)
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for j > max{1, i} In a similar way we derive

9(@)| [we P+ dS < Cuopllg(z , / Tl + [l de,
Sty g 21 o0l o) f, 070l i)

j—1

for j > max{1, L}. Hence from (3.36)-(3.37) it follows that

/. lg@ln((lul — k)) ds
(F+0 uQRo)mA+(k)

< MCsobllg(x)llL#(FfoUQRo) /A+(M (Vg [P~ + [og[P~) da + e<q/( |g(x)|dS,

rH0UQR, )AL ()
(3.48)

/. l9(@)n((Jul — )) dS
(rfounr, ) nA- (k)

< MCy, x / Vwg|P+ + |wg P+ dx—i—egq/ x)|dS.
I, , (o) f, ) (V0 + ™) RN
(3.49)
Now, from (3.35), by (3.28]), (3.40)-(3.49), it follows that
[1 (p>p—Mc (1-60_)e — MCypllg(@)|l }/ |Vug|P~ da
2\ ¢ - - so Lj%l (rfoLJQRO) Ay (k)
[1 pe "y (1-0,)e — MC ) } Vg, [P+ d
tlgl 7)) Mo —0p)e = MCuollg(a HLJ_%I(F@UQRO) o w[P+ dz
+ [aokg—‘l ~ Me_(1—6_)e— Mf_e ||f||1/9—
— D— ~ g p——1 -
Mcsobllg(x)llejl(FfOUQRO)] /ch) vy dx + [aoko Meyp(1—64)e (3.50)
= MO 51 gy~ MOl @, | (o] [k
L.(GH) so LJ+1 (F+0UQRO) A (k) k
<eof [ Jf@ldas [ jo(a) s},
A(k) (rfouQr, )nA(k)
1
S >py+ 25k0_1, Vg > 0, Ve > 0, j > max{l, ;}
Now we consider two cases according to assumption (A5):
(1) g(z) =0;
(2) 9g(z) 0 = 0< gy < L.
Case go = 0. In this case ||g(z )||L _ (FROUQ 0= = 0 and inequality (3.50) takes the form
1 A\
[= (p > — Mc_(1-6_)¢] / |Vog P~ dx
2\ ¢ A (k)
1 jon P+
+[z (= — Mcy(1—64)e] |Vwy [P+ da
2\ ¢ -
+ [aokh " = Mc_(1-60_)e — MO_e = ||f||2/"(5R]/ ol da (3.51)
Ay (k)

Ao p.p——1 ? H D+
+[0J0k0 *MC+(1*0+)€*M9+€ + ||f||L3(G§)] " (k)wk dil?

3 1
Se*q/ |f(x)]dz, < >py +20ky", Vg >0, Ve >0, j > max{l, —}.
Ak) 7
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At first, we choose
7 1 ) 1 P p- 1 o P+
€4Mmm{c(1—9)<§> ’c+(1—9+)<g }

1
"
s (205)7,

ao

and next

where
o1 )5 —p_
F = max{c,(l —0_)e+0_e °- c}/e’ {R(s)(p+ Rige %} -
oy—-1 L 1) —p_ 1
cr(1—04)e+ 06 °F C;Jr {Rg(p+ 1) _|_Z;"_7_I)1}59+ }
Thus, by the above arguments, we derive
/ (IVog|P~ 4+ vp7) da +/ ([Vwg [P+ +wpt) do < Cl/ |f(z)] dx,
Ay (k) A_(k) A(k)
where C = COHSt(Tl,p_,p+, aop, bOv kOa 57 v, S, ROa )‘7 an C—, Cq, Wo, M) > 0.

Case gg # 0. In this case we choose € > 0 by (3.52)), positive gg < 1 such
. _\P— . P+
1 min{(%5)" 5 (5)}

go < < 2 1
(p+—1)2e—2+2=
8 MCuop (clyRY 7770 4 eyy)
and next )
2M FoN p—=1
kO Z ( ~ 2) 9
ao
where

—1

o_ _ 1
FQZmaX{C,(l—G,)E—l—Q,E 7 C}/ef{RS(lufl)%_’_M}ss,

p_—1
(p4—1)3c—242-1
=+ 9o (CJORO ’ T+ cg+>,
64—-1 1 -~ —p_ %
e (1—04)e+ 0,6 7 c;+ {RS(P+ DI }7;7_271} o3

(ps—1)x~2 42~

+go(cg+0~R0 7 +cg+)}.

Thus, by the above arguments,

/ (IVog|P~ +vp7) d:L'Jr/ (|Vwg|P+ +wi*) do
AL (k) A (k)

<o [ 1@l /MOUQRO)MW lg(a)lds .

where

02 = const (napfap+7a07b07k076a l/,,LL7S7R0,A,fo,go,CSOb,C,,C+,LU07M) > 0.

In both cases considered the inequalities ([3.34) together with (3.54) or (3.57)) gives

(/AJr(k) ’Uif# dx)P—/Pf n (/A(k) wz+# dw)m—/l’f

< max{c_,c+}03{[4(k) |f(x)\dx+/

as\, V> k.
(PfouQR, ) NA(K) l9(@) } 0

Now we use again the Sobolev boundary trace embedding theorem,

ot
o tas) " <o [ (vl o) d
A4 ()

( /(Ffﬂ UQg, ) NAL (k)

17

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)
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/ #
(/ wf;*# dS’)p+ " < C’sob/ (|Vwk|p+ —I—wf;*) dx.
(rfouQRy )nA_ (k) A_(k)

Thus, from , it follows that
# # #
</ sz# dm)p—/p, N </ w£+# i )P+/1’+ n (/ o ds)p—/p,
Ay (k) A_(k) (T0uQR, ) NAL (k)

/ #
+ ( / wi* dS)p+ o (3.59)
(rfouQry )nA— (k)
< 04{/ |f(a:)|d:1:+/ . \g(az)|dS}, Vk > ko.
A(k) (PFoUQR, ) NA(K)
At last, by the Holder inequality, we have
flx)|de < |f(x ,measlféAk; 5> > 1;
[, 1N < @ o (s 5> —
x)|dS < ||g(x meas { ([F° U QR ) N Ak 1/j,
/@UQRO)MW 925 < Mol (1m0, [meas { (T2 U 2,) 1 AGH) )]
for all k > ko and == < % < min {1, }. Next, from (3.59) it follows that
~ /% /v - /p*
(/ v dx)p : + (/ wyt dx)p+ " + (/ . vy dS)p :
Ay (k) A_(k) (rfouQr, )nAL (k)
/ #
+( / wfas)"
(FfOUQR )mA,(k) (3.60)
< Co{ 17 (@)1, meas' ™+ A(k)
1/5
+llg(@)lly, (r% 00z, [meas { (T UQg,) NA(k)}] a}7
_'/'TI
for all k& > kg, =—— we derive
# #
pZ 2 P+ 2
== >1, == > 3.61
p—  3—p- P+ 3—py (3.61)

Further, let | > k > ko. By (3.4) and the definition of the functions vy (x) and wy(x) we have

o > pi<<|u| B w2 imm k)

Therefore,

/ vp’ dz > (—k meas A4 (1),
AL () p

)
/A(l wyt dx>(—k) meas A_ (1),

vz’# as > (%)P— meas [(Ff“ UQg,) NAL(D)],

/(Ff“ UQR, ) NAL (1)

/(F wi+# ds > (l — k)p+# meas [(I‘EO UQg,) NA_(D)].

FouQR, )NA- (1)
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Because of A4 (l) C Ay (k), the obtained inequalities can be rewritten as

% #
meas Ay (1) < (lp_—_k)p /A o U],z’# dr, measA_(l) < (lp—;lc>p+ /A " wi+# dz,
+ —_

Ry p— p-7 p_*
meas [(FJF - QRO) n A+(Z)] = (l - k) (/(FfOUQRO)ﬂA+(k?) K ds)’

Ro pr P+ pit
e (% 00 14-0] = ()" ([ ot 09)

Let us introduce
(k) = meas A(k) + meas [T U Qp,) N A(k)].

From A(l) = A4 (1) U A_(1), we have
meas A(l) = meas (AL (1) UA_(I)) < meas A (1) + meas A_(I).

Further, we use well known the Jensen inequality

p—1

(a—&-b)% < 23=» (a% +bﬁ).

Now, from (3.62)), (3.60) with regard to (3.61)), (3.63) we derive
meas A(l) = meas (A4 () UA_(1)) < meas A (I) + meas A_ (1)

# #
p— p— p_# P+ P+ p+#
< -
= (lfk) /A+(k)“k d + (lfk) /A_(k) wi de

C3_
[
= (= kp-?

e (meas! ™ A) + [meas (T U ) 04GR 7T

{meas'™% A(k) + [meas (P U, ) 1 AGRY 77

p_—1
c3, - 2%

< B2
=0 k7
Py

cgx - 2377+

(I — k)p+7

{lmeas A()] ™75 1 [meas (D U g, ) 0 A(K)] 75 )

meas A(k)]" 75 + [meas (I U Qp,) N A(k) T L
+

for all I > k > ko. Similarly,

meas [ (I U Qg ) NA(1)]
< meas [(Ffa UQr,) NAL(l)] + meas [(Ffo UQg,) NA_(1)]

< W{[meas A(k)](l—%)ﬁ + [ meas (I‘f” UQg,) N A(k)]%?’}p* }
% 1y_ 2 1.2
+ e Lmeas A 4 [mens (1 U 0) 0 AG] T |

for all I > k > kg, where
es. = const(pp- @)y oy, 19N, | (pm00,)):
-1

cg- = const (ps, p+ *, £ (@)l g0y 9@l (FfOUQRO>).

J—1

19

(3.62)

(3.63)

(3.64)

(3.65)
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Thus, by the definition of ¥(k), it follows that

p_—1
c3, - 2°7P- 1—1y_2 1_2
v) < G {00 4 ) )
» (3.66)
C 237:+ (1-1)=2 1_2
8 —s)Ep i3=py
e (I )
Since p_ < py, we have
2 2 1 3—-p- _ 3—ps+
> = 1-- > =
A e — s° 2 T 2
1 2
1-- 1
( s) 3—p_ ’
-2 o
$73—py
Similarly, from (3.60) we obtain
1 2 1 2
- 1, - 1.
J3—p- J3—ps
Therefore, from (3.66)) it follows that for all [ > k > kg,
0 < G o k>
V() < CvLk) ifo<li—-Fk<1,

1
(I—k)p*#>

where 3> 1 and C = const(n, ps«, p*, o, ko, 6,,5,C2, Cf, Cgy, Cho, R0y Ax)-

By the Stampacchia Lemma, we have that ¥ (ko+9) = 0 with ¢ depending only on the quantities
given in being proved Theorem. This fact means that |u(x)| < ko + 9 for almost all z € G{¥. Thus,
we derive My = kg + ¥, where kg > 1 is sufficiently large and is defined by , with

and (B52) 0

4. COMPARISON PRINCIPLE

In Ggi“ we consider the second-order quasi-linear degenerate operator T' of the form

Tl = [ i, + o) ot [ S8 a2y s

R Tp(m)—l
’ ’ (4.1)
— [ Az, ug) cos(r, z)n(x)dQR,,  y(w) =97 =0
Qr,

for u(z) € NP (GLo) and for all non-negative 7(x) belonging to ml_f(;) (GEo) under the follow-

—1,00
ing assumptions: functions A;(z,£),b(z,u,§) are Caratheodory, continuously differentiable with

respect to the u, & variables in 901 = G(I)%O x R x R? and satisfy in 9t the following inequalities:
(i) %gjﬂggj > 6, [€[P(=2¢2 for all ¢ € R3\ {0} and ¢, > 0;
(i) /S0y |25 2 < by fuf g, L) > o] =2 by > 0, amd by > 0;
(ii) p(z) > p- > 1.
Proposition 4.1. Let T satisfy assumptions (i)—(iil) and functions u,w € mi’ffg(GfO) satisfy
T(u,n) < T(w,n) (4.2)
for all non-negative n € mi’?fg(Gf‘”), Also assume that
u(z) <w(z) on Qg,. (4.3)

Then u(x) < w(z) in GEe.
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Proof. Let us define z =« —w and ™ = 7u + (1 — 7)w, for 7 € [0,1]. Then
0> T(’U,7 77) - T(w7 77)

1 . T 1 T T
RO J 0 8 Tj 0 au;

1 . T
+ nz/ (=, v’ ug >da: - / ( 76“41(%%)(17) cos(r, ;) - zz;n(x)dQR, (44)
Qp, Vo Ouf,

+/PRO TZ(E:;L (/01 (uT|1gu|1T)(:c)—2)dT)Z(I)n(x)dS

for all non-negative n € N ’p(x)(GR‘)).
Now, we introduce the sets

(Gg*)* = {z € G§° | u(z) > w(x)} C Gg*°
(I‘f")+ ={z € Ff“ | u(x) >w(x)} C Ff“

and assume that (GJ°)T # () and (I‘f”)Jr # 0. Let k > 1 be any an odd number. We choose
n = max{(u — w)*,0} as a test function in the integral inequality (4.4). We have

1 7|,,T|p(x)—2 1
/ T ) e = (o) 1) [ | 2ar >
0 u 0

Then, by assumptions (i)—(iii) and n = 0, we obtain from (4.4]) that

Ro

k ! (z)—2 2 k+1 ! 2 (z)
k -1 T|p(z)=24 b + T|— Tp(z) g d
/(G§0)+{ SpZ (/0 [Vu™| T)|Vz| + boz (/0 [u™| 7= | VuT| 7')} x

1
gm/ zk(/ " | VT [P )|V 2.
(GoO)* 0

By the Cauchy inequality,
b2 V2| VT O = (Jur 7 ) (b2 2 ) )

(4.5)

IA

b?
%|u7'|72zlc+1‘vu7'|p(w)_’_27(1‘521671|VZ|2|V,LLT‘p(a;)727

for all € > 0. Taking € = 2bs, we obtain from (4.5) that

61 k—1 2 ! T p(z)—2
- z v 4 v“ dT d < . 46
(kgp b ) /(GOO)+ | ‘ (/0 ‘ | ) T ( )

Choosing the odd number k > max(l, 55 zg ), in view of z(z) = 0 on 3(G§0)+’ we obtain from

(£6) that z(z) =0 in (GEo)*. We have a contradiction to our definition of the set (G&©)*+. This
completes the proof. O

Remark 4.2. For the p(z)-Laplacian assumption (i) is satisfied with
¢ = 1, if p(x) > 2;
P pe -1, ifl<p. <p(x) <2

4.1. Barrier function and eigenvalue problem (2.1)). We shall study the barrier function
w(r,w) Z 0 as a solution of the auxiliary problem

—Dp w = pw | VulPr,  ze G

ow ow y _ R
P F’f:O’ |Vw|P+~ 26j+7+ cw|w|P+ 2=0, zelll, (4.7)

2
0§u<§, v=> 1
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By direct calculations, we derive a solution of this problem in the form

_ e,/ A _ b+ — 1
w=w(r,w) =r*y w), x=-———)\, 4.8
(1) @), =P (43)
where (), 1(w)) is the solution of the eigenvalue problem (2.1). For this function we calculate with
regard to y(w) = 15)((:)):
0 0 x
2 =N W), S8 = S S W)y (W),
or ow A (4.9)

a _ x r — 2
Vul = Zr ot ) () + 07 w) = S )R ).
Proposition 4.3. w € m&’fffﬁ(c:%.
Proof. From (4.8)), (4.7) and (2.5)) it follows that w € LOO(G(?"). Next,

—p() )P (@) 1 = (e=1)p(2) 1, XP(@) (1)) d.
/G§O T w x / T YIPEN (W) de

Ro
Gy

By assumption (Al), we have

o for s> 1:

pO P < pGe=Dp= i < 1

7«(%—1)1)(-’1;) S ,’,,(%—l)p+7 if r 2 1, (410)
o for 0 < <1t

r(%*l)P(I) < r(%fl)p_’ ifr> 1

re=Dp(@) < r(%—l)er’ i <1 (4.11)
° 1/)%1’(95) (w) <1, by "

It follows that
/ r—P@),P(@) qo S/ T(%*l)p(a})w%p(z)(w) dr. (4.12)
Gglo aho

If Ry > 1, then fof'O = fG}, +fGia0. We consider two cases: (1) 0 < > <1 and (2) s > 1.

4.2. Case 0 < » < 1. By assumption (Al), (3 —1)ps < (3r—1)p(x) < (3r — 1)p_, therefore with
regard to (2.5)):

J

because (s — 1)py + 2 > 0; in fact, it is obvious for p. < 2; if py > 2, then, by A > % (see
E3)) and i € [0,2/3),

p+ —1 3(py —1)°
» = A > = (x—1)pyr +2>
p+—14+p = py(3py —1) ( )+

220&)0

1
(e=1)p(z) 1, % p(z) (e=)pr+1 7,
T P w dm§2z0wo/ T Tdr = —
) 0 (3= 1Dpy +2

1
0

1
Perl ooy,
3p+—1

Similarly,
1 . Ro ) ) (()%—1)p_+2 -1
/Gf“ r=DP@), 5P () dar < onwo/l p= P+ — QZowo—(% B —
and, because p_ < p,, by the above, we have
(c—1Dp_4+2>(c—1)pr +2>0. (4.13)
From the inequalities obtained above, we derive

— _ (se—1)p—+2
/ 7= P(@),P(T) do < 220w { (1 =) (p+ —p-) Ry
Galo

(e —Dps + 2z —Dp—+2) " Ge—Dp_+ 24 (4.14)
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Case s > 1. Again, by assumption (Al), (3 — 1)p_ < (3c — 1)p(x) < (3¢ — 1)p4; therefore,

/ 1
Go

(e—1p_+2

) Ry RUDpet2

/ r(=DP@) ), XP(3) (1) da < QZOwO/ I e uis UN—
Gf’o 1 (% — 1)p+ +2

1
PGP 5P () dar < 22000 / PP+ g
0

It follows that

(=1)p_+2

(A=) (p+—p-) R :
/ P@),P() do < 220w (Ge=Dp++2)((—1)p-+2) + (}?;—12)’]@1ﬁ7 fO<xst, (4.15)
Galo (=) (p+—p-) + Ry ife>1
((e=1)p4+2)((3c—1)p—+2) (2—1)p4++27 :

From (4.9) with regard to (2.12]) we obtain that
/ w™ ! Vw[P@) dz
G0

0
- p(z)/2

20\ p(x) .
= — (p(z)=1)3e—p(z) ), (p(x)—1) ¥ —p(2) 22 /2
/G:;o (A) ' v PO W) (M) +97 @) da

SzZ)(();L—l)%—znr/ F(P(2)=1)5—p(x) ()\eryz(w))p(x)/z d

cho
0
(P——1)%—p+ (p(z)—1)3—p(z) (2 , ,2\P@)/2
< A /GROTP p ()\ —|—y0) dx.
0
Since /A2 + y2 = const(v, u,wo, p+) = Yo, (see (2.6)) and p(z) € [p_, p4], we have

()\2 + yg)p(z)/Q < Cl = COHSt(’Y,M,UJO,pﬁ»,pf)-
From the above inequality we obtain that
/ W | VwlP® de < 011/}8177—1)?—% / p(@@)=1)3=p(2) 10
Go® a (4.16)
_ Clrlllj(()l)—_l)%_PJr / r(%—l)(p(:v)—;ur) . T(%—l)er—% dx.

alo
Now, by assumptions (Ai) and (A2), for 0 < r < 1 we derive that
(1—3)L :
P D@ -py) < )T >
1, if 2¢ < 1.
Using the well known inequality
1
rlnr] < —, VYa>0,0<r<1,
ae
where e is the Euler number, for s > 1 and « = 1, we establish the inequality
L(>—1)

I=Ar < o™ 0<r<l1. (4.17)
Thus, from (4.16])-(4.17) it follows that
L(>—1)

1 .
/ w™HVw|P®) de < 26'120cuo1/)((f)7_1)7_1)+ / PO P2ty ) € C ?f x> 1
Gl 0 1, if 22 < 1.

r(

0

O
Now we verify that (s — 1)py —2+2 >0 = (> —1)(py —1)+1 > 0. If 5 > 1, this
assertion is obvious. Let 3 < 1. For 1 < p;y < 2 we have (>r — 1)(py — 1) +1 > 5 > 0. Let us

»x <1, 2 < py < 3. For this case we derived from the above that » > i%*pi:l_);. It follows that

(%_1)(p+_1)+1> p+(3p+_1)

>0 forpy €(2,3). (4.18)
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Therefore,
4 (p——1)Z—p 2zp0wo 6@, if 22 > 1,
w | Vw[P®) dr < Chapg AP (4.19)
5 (e—Dpyr—2+2 |1, if 2 < 1.
Further, for » > 1 we have
(3e—1)p— fx<li
r if 5
-1 —x< ' -
(e = L)ple) =2 < {r<%—1>1’+—1, if 5 > 1;
therefore, with regard to (4.13)),
/ w™HVw|P®) da
Ggho
Getp 42 _ 4.20
(- —1)% - o pCertigy = B 1 if e <1, (420
< Cl%p Py P+2z0w0 g R(nf(ﬁpﬁﬂfﬂ
f1 0 pGe=Dpt (g = W7 if 20> 1.
Adding (4.19) and (4.20]) with regard to (4.18) we obtain
/ w™ | Vw[P@) dz
Gl
(—1)p_+2
(1=3)(py —p_)+5 Ry : . (421
5 + if0<x<1
_—-1)E- w— n— — x— — ’ — 7
< C'ﬂﬁ(()p )R P49 0w 4 (FDP+FRGe—Dps —42) ;(%}ziﬁf
21 if 22 > 1.

_|_ 0
(G Dps 742 (e Dp+1) | G Dpy i1

5. PROOF OF THEOREM [[3]
Let A > 1, and let w(r,w) be the barrier function defined above. By the definition of we
consider the operator
Q(Aw,n) = /GRO <AP(I)_1|Vw|p(I)_2wxi77mi + a(x)Ap(””)wp(w)n(x)
0
+ b (Aw, AVw) n(x)> dx + / y(w) AP@ = Lpl=p@) P @) =1y (1) 4§ (5.1)

Ro
ry

_ 2o OW
= [ otomds = [ 4TSy dan,
ro QR "

for all non-negative 7 € ml_{(g (GE0). Integrating by parts, we obtain

Ap(w)—1|vw|p(z)—2wwi Ne, d

Gyo
= _/ i(Ap(””)_l|Vw|p(””)_2wm>n(x) d:v+/ Ap(w)—l‘vw‘p(w)—2dﬂn(x) ds
Gf” dx; ° rfo dn
d
+ / N Ap<w>*1|w|p<w>*2dﬂn(a:) ds + / Ap(z)*l|Vw|p(”3)*22—wn(:c)dQRo.
rlo n Qr, T

From (5.1, with regard to problem (4.7)), it follows that

Q(Awm) = JG?O + JFfO + JQRO, (52)
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where
1 _ _ d|Vw|P®) =P+
= p(z)=1,,-1 p(x) _ gp(z)—1 p+—2
JGé:‘O _/(;[’}0 <,uA w™ | Vw| A |Vw[P+ 2w, dz
Ap(z)—1
- aaiwxl IVw[P@ =2 4 () AP@wP@) 4 b (Aw, AVw)>77(x) dz,
s
! (5.3)
_ Aw\rx)—1 'r'|Vw| p(z)—p+
T = . 1) (S = () ) as - [ (9055

ow
Jon, = / Ap(””)*l|Vw\”(z)*25n(x)dQR.

Rq

At first, we assert that Jrfo > 0. Indeed, by (4.9),

(T 347

and the desired inequality follows from Proposition and assumption (A5). And it is obvious
that Jo, > 0. Thus, from (5.2) it follows that

Q(Aw.n) > Jyn. (5.4)
Further, we proceed to the estimating of integral Jr,. Setting W (z) = |Vw[P®) =P+ we calculate
0
L oW _ 9p p(z) — p+ d[Vu|
1 - )l - 9 _ 9P, p&) — b+
d _ —pi 0P p(x) = py d|Vul
il p(@)—p+ ) — p(@)—py (22 +
- dx; (|Vw| ) |Vl <8o:i n Vel + |[Vw| dx;

Similarly,

i(Apm—l) _ Ap(x)—lélplnA_

dl’i €Ty
By (5.3), we obtain that

Tano > / oA w2 (™ Vol — (Tp- Fw)(In A + In|Vu)
GO

G

i (5.5)
- p(T)V;|p+ Wy, |da:ZU| > + a(x) AP@wP®) 4 b (Aw, AVw)}n(x) dx.
Passing to polar coordinates, we calculate
dVw| _ 0w d|Vw| 1 0wI|Vu|
Yodz;  Or  Or 72 0w Ow

Now, by (5.4) and (5.5)) with regard to assumption (A6), we obtain that

Q(Aw,n) > / o, AP [ 2 (g0 [Vl (V- Vu)(In A + In[Vu)
G 0
0 (5.6)

p(x) —py (Qwd|Vw| 1 0w d|Vuw| o
ow 1 0w d|Vuw| . .
[Vl (6r or + r2 0w Ow > + Aa(z)w }n(x) z,

w—29, if p>0;
o=
v, if u=0,

with

where § is defined by (3.8).

Taking into account (4.9)), condition (A2) for p(z), and ﬁ/((:’)) = y(w), we calculate the following

3 items:
(1)
[(Vp-Vw)(In A+ 1In|Vw|)| < |Vp| - |[Vw|(In A + |In |[Vw]|)
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< Ly|Vw|- (In A+ | In|Vuw]|).
By (4.9), (2.5),and (2.12), we derive
1 [Vul] < [0 %] 4 e = 1] ] + 25 ings 4 2 4+ 57())
< lng + %|ln()\2 +y2)| 4 [ —1| - |In7|
—1nCy(ps) + e — 1| I,
Note that Cy(py) = p*:%l”m > 1: indeed,

p

* py = 2: from boundary condition (2.8)) we have
CL(2) = L+ u)/ X + 35 > (L+ wlyo| =71+ p)* = 1,

since u > 0, v > 1, by assumption (A4);
* 1< pg <2: by (2.16]), we have

A it A A\
|y0| > —fyl’ur—l E Cl(P+) > —|y0| > <> ,,-Yer—l > 17
P P ~
* py > 2: from (2.11) we obtain

A1 pi=2 1 A\ Pt A\P+2 pp-2
ol < =47+ T = (M +yl) T =—7(= > (= yret > 1
% N »

A 1
= Ci(ps) > /A2 +y2 > ;7“’1 > 1.

Therefore,

|(Vp-Vw)(In A+ In |[Vw]|)]
< Logr;ﬁ%%(w) A2 - y2(w)<Ro In(AC1) 4 | — 1| Ry lnR0>, r < Rp.

(2) 25 = =2 V),

or
d|Vuw| » Y (w) py —1 y'w)
T o (5 s ) e = v (P i ) v

by (4.8)). Then

pe —pla) (Q09IVul | 10w 0lTu)
|Vw]| or Or r2 0w Ow

w 2 — "(w
= x(p+ *p(l”))73<%* 1+ yj (erpt 1-51-M DY Z—/F(yQ)(cu)> >

From (2.10) we have that
Y (w) e DEP N+ (2 pi)A
)\2 + yQ(w> (p+ _ 1)y2 + )\2
implies
py —1 yw o 2 —py .y py —1 Y2+ N
pr—14+p N+y*w) —  (p+—Dy?+ A Tpp—1+p(pr — Dy + A2
2 — p+ ’y2 =+ A2

s — D+ X MR
It follows that
yz( py—1 + Y (w) )
A\p+ —1+p N +y?(w)
1 y?

> —Xm«? — )X+ u(y® +A%)
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2 2

‘ ; +A

— if py > 2, since 7(”{1”2“\2 <1,
2-py  p(yg+r?)

, , .2 . and [y(@)] < [yl
Tl Aps—1) if 1 <pi <2, since ey —
It follows that

Pt —p(x) (Owd|Vw| 1 dwd|Vul w
o> = > - w,
|Vl <6r or r2 0w Ow ) > —LoCo(p+, A, [yol, 1) p

(3) Jw| 2 Vw]? = (2)® P 20% (W) (A2 + 12(w)):
From item (1)—(3) it follows that

vl p(x) —py (OwO|Vw| 1 0w d|Vu|
- : InA+1 — ow 1 ow
o (VP V’UJ)( nA+iIn |Vw|) |V’w| (87" or r2 0w Ow )
> (;)270!—2@/)7(&)) ()\2 + yQ(w)) <o’ _ ol nA— OiRO InC, — wRO In Ry — OCORO>.
V4

22
(5.7)

From assumption (A3) and (4.8]) we have

ao(I)AwZD(m) > Aaor(%fl)p(m)7%w§p(m)(w).

Then, using , (4.9), and ([2.5)), it follows that

|vw|p(x)—2<aw—1|vw|2 —(Vp-Vw)(In A+ In|Vw|) — p(T)V;|p+
ow d|Vw| 1 0w 9|Vuw| p(z)
x (87" or r2 Qw Ow )> + do()Aw

p(x) B S
> (’;) 7@ =D =p(@) X (2D (1)) (A2 1 2 (w)) 25

2

X <0+Aa0 — Lol InA— @mcl — Lol — 1|
» >

LoCoR,
Roln Ry — =050,

»
Lemma 5.1. Let e be the Euler number. Then for all x > 1 and k € (0,¢] it holds x > klnx.

10

5 /

-10 -5

-10

FIGURE 3. Graphs of functions y = = and y = eln(x).



28 M. BORSUK EJDE-2025/51

Proof. 1t is obvious that for k£ = e and = = e the equality x = klnz is fulfilled. From graphs of
functions y = z and y = elnx (see Figure [3) it follows that

x>elnz, Vx>0 = x> klnz, Ve > 1, Vk € (0,¢],
see Figure [4 O

10

-10 -5 5 10

-10

FIGURE 4. Graphs of functions y = z, y = kln(z), 0 < k < e

At first, by Lemmalp.1} for all A > 1 the inequality A > 2221 In A is valid. Tf 222fi2 < ¢, than

2L
ag > 2oRo (5.8)
e
Next we can choose A > 1 as follows:
Co <1
A Z 2LOR0 (ln Cl + > ), c for R() = 17 (59)
xag | (InCy+|»x—1]InRy + %2), for Ry > 1.
Therefore we can rewrite inequality as
|Vw|p<w>—2<aw—1|w|2 — (Vp- Vw)(In A + In |Vuw|)
p(x) —py (OwO|Vw| 1 dw I|Vw] (x)
_ et ittt Bd | AwP(=
V| (3r or r2 0w Ow )> T ao(@)Aw (5.10)

> 5P (@) 0@~ )=p(@) o301 (yOwO%P+ - 1)
= )
> gogr - Dp(@) 5

where

. ( p+—1> wPr o if < 1
o = €X wox
0= S ooy b= i s> 1,
From (5.6) and (5.10)) it follows that

Q(Aw,n) > 0’%0/ AP@) =Ly Ge= (@)= (1) g,

Rq
Gy
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Since p(z) > p_ > 1 and A > 1, we have AP(*)~1 > AP-—1 Therefore, taking into consideration
assumption (A3), the above inequality takes the form

Q(Aw,n) > J%OA”*_I/

Rq
Gy

PG DP@) =5 (1) dp > 0309 AP / @) (z) de

o
Gy

> [ ooz [ 5@ e

[¢]

> [, f@hn()ds = Quun), by (D).
Gy°

0

for all non-negative n € ‘J’(i’ffg(GoRo), if A > 1 satisfies

A> (ﬂ)ﬁ (5.11)

~ \ox
Further, we show that u(z) < Aw(x) on Qg,. By (4.8) and (2.5,
w(@)lan, = Ro™¢*/(w) 2 Ro"ug”™.

Because |u(x)| < My for all z € G&°, we can choose A such that

A> Mo

> (5.12)
RO%wO />\

and therefore,
Aw(z)ap, = ARYY;™ > My > u(x)|ap, -

Thus, if we choose a large A > 1 according to (5.9), (5.11)), and (5.12]),

i)f 2LoRy | (InCy + S2), forRogL}
" oxag | (InCh+ | —1In Ry + <2), for Ry > 1, )

M,
A > max {70/)\, (
Réqpa‘ o

then we come to the Comparison Principle
Qu,n) < Q(Aw,n) in GF; w(z) < Aw(z) on Qg,.
Thus, the Comparison Principle implies that
u(x) < Aw(z) in GEe.

Similarly, we derive the estimate u(z) > —Aw(x) in G§° when we replace u(x) with —u(x). By
this and (2.5]), we obtain the required estimate

lu(z)] < Aw(z) < Ar”,  in G°.
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