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EXISTENCE, UNIQUENESS AND MULTIPLICITY OF NONTRIVIAL
SOLUTIONS FOR BIHARMONIC EQUATIONS

MEIQIANG FENG, YICHEN LU

ABSTRACT. We study the existence of nontrivial weak solutions for biharmonic equations with
Navier and with Dirichlet boundary conditions. This is done by using critical point theory for
even functionals, and the theory of strongly monotone operators. Also we analyze the existence
of infinitely many weak solutions. This is probably the first time that the theory of strongly
monotone operator is used to study biharmonic equations.

1. INTRODUCTION
Let Q denote a smooth bounded domain in RY (N > 4). We study the biharmonic problems
Ay = f(x,u) inQ,

1.1
u=Au=0 on 09, (1.1)
and
A2y = f(z,u) in Q,
(1.2)
U= @ =0 on 09,
ov
where A%y = A(Au) denotes the biharmonic operator, and the nonlinearity f satisfies the

Carathéodory conditions. More assumptions of f will be specified later on in the explicit state-
ments of the theorems.

For problem (1.1, we say a function u € H?(2) N H () is a weak solution of (L.1)) if
/ Au-Avdx = / f(z,u)vde for all v € H*(Q) N HL (), (1.3)
Q Q
where H?(Q2) N H}(Q) denotes the Hilbert space, endowed with the scalar product

(u,v)Q:/AuAvdm.
Q

This product induces the norm |ul| = ||Aul[z2(q), which is equivalent to the standard norm of
H?2(Q), see[42] Remarks 2.1 and 2.2].
For problem (1.2)), we say a function u € H2() is a weak solution of ([1.2)) if

/ Au-Avdr = / f(z,u)vde for all v € HZ(Q), (1.4)
Q Q

where H§ () denotes the standard Sobolev space with the norm ||Aul|2(q), see Corollary 9.10 of
Gilbarg and Trudinger [24].
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Such problems can describe static deflection of a bending beam [32], traveling waves in sus-
pension bridges [12] and other physical applications. For instance, when we consider the clamped
plate problem

A?u=f inQ,
ou
ufafo on 01},

we want to find out whether the positivity of the datum implies the positivity of the solution.
Or, in a physical sense, does upwards pushing of a clamped plate generate upwards bending?
Because of their profusion of applications and beautiful theory, biharmonic problems have drawn
the attention of many mathematicians and have become a subject of current interest, see [27] [14]
38, 15}, 191 211, 20, 46}, 491 35|, (22, 45], [T}, 18, 39, 40, 48, 52), 54, 511, 53] 16], B3], (0, 36 28], 29] 30, [31]
and the references cited therein.

Some special situations of and have been explored. For example, Abid and Baraketin
[1] demonstrated the existence of singular solution for problem when f(z,u) = uP. Assuming
that ¥ is a compact submanifold of  without boundary of dimension (N —m) and 4 < m < N.
They verified that problem admits at least one solution which is singular on ¥ when p > =
and close enough to this value. In [23], Gazzola, Grunau, and Squassina studied problem
and when f(z,u) = A+ |ul>"2u, where A > 0 and 2, = 2, denotes the critical Sobolev
exponent for the embedding H2(RY) «— L2 (RY). They analyzed, by a decomposition method and
a careful application of concentration compactness lemmas, the existence of nontrivial solutions
and nonexistence of positive solutions for these problems. In [6], when f(x,u) = Au|9™2u+|u|>~2u
(where A > 0 is a parameter and 1 < g < 2), Bernis, Garcia-Azorero and Peral proved that there
exists A\g > 0 such that the above problems admit infinitely many solutions for 0 < A < A\g. When
flz,u) = M+ |Ju|>~2u + g(x) (where A € R is a given constant and g(z) is a given function),
Deng and Wang [17] considered the existence of multiple solutions for problem via Mountain
Pass Lemma and the Ekeland’s variational principle.

Liu and Wang [37] applied a variant version of Mountain Pass Lemma to verify the existence
and nonexistence of positive solution for problem and problem when f(z,u) satisfies
the fundamental condition f(x,u) € C(2,R) and other appropriate conditions. Recently, when
f(x,u) = f(u), Feng [19] respectively studied the existence of positive solution for problem by
using a fixed point theorem on cone, the uniqueness and approximation of positive radial solution
to problem (L.1)) via iterations of the solution and the multiplicity of positive radial solution to
problem employing index theory of fixed points for completely continuous operators.

However, the theory of strongly monotone operators has been barely touched on in the literature
of biharmonic equations. As one would expect, the main difficulty in using such technique lies in
the constructing of strongly monotone operators. In this article, we will overcome the difficulty
by using the Riesz theorem of bounded linear functionals in Hilbert space. It should be pointed
out here that the use of the theory of strongly monotone operators in the present article will be
the ‘starting point’ for such techniques.

In this article, we study the existence and multiplicity of nontrivial weak solutions for problems
and by applying the Mountain Pass Lemma and the critical point theory for even
functionals. Here, we extend the study of Gazzola, Grunau, and Squassina [23], Bernis, Garcia-
Azorero and Peral [6], and Deng and Wang [I7] from the special cases to a more general case of
f. In addition, comparing with Gazzola, Grunau, and Squassina [23], Bernis, Garcia-Azorero and
Peral [0], Deng and Wang [I7] and Liu and Wang [37], the uniqueness of weak solution is also
considered. This is probably the first time that the theory of strongly monotone operator is to be
used to deal with the uniqueness of weak solution for biharmonic equations.

This article is organized as follows. In Section 2, we review some definitions and lemmas
of Nemytskii operators and monotone mappings, which will be used in the subsequent sections.
Section 3 is devoted to analyzing the uniqueness of weak solution to problems and . The
results of nontrivial weak solution will be stated and proved in Section 4. In section 5, we will
prove that problems and admit infinitely many nontrivial weak solutions.
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2. PRELIMINARIES

In this section, we review some definitions and lemmas of Nemytskii operators and monotone
mappings.

Let Q be a measurable subset of RY and 0 < meas Q < co. For z € Q, —00 < u < 00, define a
Nemytskii operator

(Fu)(z) = f(z,u(x)),
where f(x,u) meets the Carathéodory conditions, that is, f(z,u) is measurable in u for all fixed
x, and is continuous in z for almost all u.

We refer to Brezis-Browder [7] and Krasnosel’skii [34] for an exhaustive treatment of the proper-
ties for Nemytskii operators. Guo [25] discussed some properties for Nemytskii operator in Orlicz
spaces. We refer the reader to [4l 13| ] for recent developments and applications of Nemytskii
type operators.

The following properties of Nemytskii operators in LP space can be found in Krasnosel’skii [34].

Lemma 2.1. Suppose that F maps LP*(Q) (p1 > 1) into LP2(Q) (p2 > 1), that is Fo(x) € LP2(Q),
for all ¢ € LP*(Q). Then F must be continuous.

Lemma 2.2. Suppose that F maps LP*(Q) (py > 1) into LP2(Q) (pa > 1). Then F must be
bounded.

Lemma 2.3. The operator F maps LP*(Q) (p1 > 1) into LP2(Q) (pa > 1) when and only when
there are d > 0 and c(x) > 0 with c(x) € LP2(2) such that

If(t,0)] < clz) +dju|? 7 €Q, —00 < u< +00. (2.1)

In the following, we review some known results of monotone mappings, which can be found
in Browder [§], Chang [10], and Minty [41]. Suppose that F is a real Banach space, E* is its
conjugate space. For every u € E, f € E*, write

(f,u) = f(u).
We also assume that 27 stands for the set of all subsets of space E*.

Definition 2.4 ([0, Def. 2.5.1]). Let D C E. A set-valued mapping T of D into 27 is called to
be monotone if for all u,v in D we have

(Tu —Tv,u—wv) > 0. (2.2)
A single-valued monotone mapping is said a monotone operator.

It is widely known that the requirement of the continuity for monotone operators is very weak.

Definition 2.5 ([10, Def. 2.5.2]). A map T : D — E* is said hemi-continuous at ug € D, if fo rall
v € E and all ¢, | 0 with (ug + t,v) € D, it holds that

T(ug + tpv) — Auo)
The map 7T is demi-continuous at ug € D, if for all {u,} C D, u, — ug indicates that T(u,) — uo.

Lemma 2.6 ([9,41]). Suppose that T is a set-valued monotone mapping of E into 27" . Then, T
is locally bounded in uy for all uy € int D(T), the interior of set D(T).

Lemma 2.7 ([9 41]). Suppose that E is a reflexive Banach space and T : E — E* is hemi-
continuous and monotone. If additionally T is coercive:

(Tu,u) _

then T is surjective.
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Lemma 2.8 ([9 4I]). Suppose that E is a reflexive Banach space and T : E — E* is hemi-
continuous, and satisfies

(Tu—Tv,u—v) > al|lu—2|)|[Ju—2o|, YuveE, (2.3)

where a(0) = 0, a(t) > 0 for all t > 0, limy_, o a(t) = +00. Then T is surjective, and T maps
E into E* injectively, that is, for every f € E*, there exists exactly one solution u in E of the
equation Tu = f.

Definition 2.9 ([41]). Let H be a real Hilbert space, and that T be a continuous strongly
monotone operator, i.e., there is ¢ > 0 so that

(Tu — Tv,u—v) > c|ju—|?|, Yu,v € H.

Lemma 2.10 ([9],FEB,GIJM). Suppose that all the conditions of Lemma hold and «(t) is
continuous on (0,+00). If T is the gradient of a functional f, then the following conclusions hold:

(i) Tax = 0 admits a unique solution x*;
(i1) f admits a lower bound in E, letting d = inf,cg f(z), then

f@) =d, f(z)> f(z"), Vo # 7
(iii) If xn, € E such that lim,— o f(xn) = d (z, is a minimizing sequence), then
|zn, — 2% = 0 (n — o0).
3. UNIQUENESS OF NONTRIVIAL SOLUTIONS

In this section, we use the following assumptions on f:

(A1) f(z,u) Carathéodory conditions for z € 2 and —co < u < 4+00), and for fixed z € Q,
f(z,u) is a decreasing function, that is f(x,u1) > f(z,u2) when u; < ug;
(A2) There exists 0 < o < %2 such that

|f(z,u)| <a(x)+bdlul”, a(z)€ L%, b> 0. (3.1

Next, we discuss the uniqueness of nontrivial weak solutions for problem (|1.1)) and problem (1.2)
by using Lemma [2.10

Theorem 3.1. Suppose that (A1) and (A2) hold. Then problem (L.1)) admits a unique nontrivial
weak solution u* € H%(Q) N HL(Q), and the following functional on H?(Q) N HL(Q),

Y(u(x)) = /Q [%Au(x) - Au(z) — F(z,u(z))]dx (3.2)

admits a lower bound, where
F(x,u) / f(z,v)

Moreover, if there exists un(x) € H*(Q) N H () such that

li n =d= f n 5
v le) =d= it (@)

then ||un, —u*|| = 0 (n — 00).
Proof. Let
a(u,v) = /[Au cAv — f(z,u)vlde, Yu,v € H(Q) N HH(Q). (3.3)
Q

We first prove that o(u,v) iswell defined.
In H?(Q) N H}(Q), the scalar product and norm can be taken as

1/2
= ey = ([ |8uPdz) ™,

(u,v)g = / Au - Avdz.
Q
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Since N > 4, it follows from embedding theorem that W22(Q) — L%(Q) Hence, for u,v €
W?22(Q), we have u,v € L% (), and there exists a constant ¢ > 0 such that
[ull zx, < cffullz,2,
where || - ||2,2 denotes the norm of W22(Q). Since H*(Q) N Hy(2) € W22(Q2), we have
Jull g, < clull (3.4

On the other hand, by (A2), the Nemytskii operator Fu(x) = f(z,u(z)) maps L o into L ax

N+d’

which is continuous and bounded. This indicates that

/ flz,u)vdx
Q
exits for u,v € H2(Q) N H}()). So a(u,v) makes sense for u,v € H2(2) N Hi(Q), and

la(u, v)| < Jlull floll + [[Full 2 (o]l 2,

N+4

(3.5)
< (lull + ellFull 2x )],
which shows a(u, -) is a bounded linear functional in H?(Q)N Hg () for fixed u € H?(Q) N HE(Q).

Therefore, by the Riesz theorem of bounded linear functionals in Hilbert space, there exists a
unique w € H?(Q) N H () such that

a(u,v) = (w,v)2, Yo € H*(Q) N H (Q). (3.6)
Let Tu = w. Then T : H2(2) N HY(Q) — H2() N H(Q), and
alu,v) = (Tu,v)a, Yu,v € H*(Q)N H(Q). (3.7)

Because of the density of C§°(Q2) in H?(Q) N HY(Q), u € H2(Q) N HE(Q) is a weak solution
of problem when and only when T'w = 6. Therefore, we need to demonstrate that Tu = 6
admits a unique solution in H2(Q) N H} ().

In the following we verify that all conditions of Lemma [2.10| are satisfied. We first verify the
continuity of 7. Suppose that ||u, —u|| — 0 (un,u € H*(Q) N HL(Q)). Then it follows from
that [lu, — ul| 2 — 0. Hence, by (8.4), and the continuity of F, we obtain

|Tu, — Tul| = sup (Tu, — Tu,v)s

llvll=1

= sup [a(un,v) — a(u,v)]

llvll=1
< s | [ ) dvs] 4] [ (760, 5o

< sup [[lun —ull - o]l + [[Fun — Full g - o] g ]

< lwn, — ul| + || Fuy — Fu||]37§4 —0 asn— oo.

This indicates that T" is continuous.
Next, we declare T is strongly monotonic. Indeed, by using that f(x,u) is a decreasing function
for fixed x € €, we obtain

(Tu —Tv,u —v) = alu,u —v) — a(v,u —v)
- /Q [AGu—v) - Alu—v) — [f(@,u) — f(e,0))(u — v)da]

> / Alu—v) - A(u — v)dz
Q
= llu—vlZ2i) = llu—v]*.

This indicates that (2.3) is correct, where a(t) =t is a continuous function. So, Lemma [2.8] yields
that T'u = 6 admits a unique solution u*.
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Finally, we demonstrate that T is the gradient of functional ¢ defined in (3.2): T = grady. On
the one hand, for u € H?(Q) N H (), it follows from (3.2)) that

il =| [ [3Au- du = Fo.u)]d]
= |/Q [%Au-Au—f(w,Tu)u]dﬂ

1
< SllullZe + 1@ 7w)

| 2 - |l 2x
N+4 N—4

| 2 -l 2x
N+4 N—4

1
= Ll + 1)
< +oo, for0<7(z) <1,

which indicates that ¥(u) is well defined for u € H?(Q) N H} ().
On the other hand, for u,h € H?(2) N H (), we have

Y(u+h) —p(u) = (Tu,h)2 = Y(u+ h) = ¥(u) — a(u, h)

_ /Q [%A(u +h) - Alu+h) — Fz, (u+ h))]dz
) (3.8)
— /Q [iAu~Au—F(x,u)]dx —/Q [AU'AU— f(x,u)h]dﬂc

_ %/ﬂAh.Ahdm—/Q[f(x’u_i_T*h)_f(x,u)]hdx,

where 0 < 7*(z) < 1. So, (3.4), (3.8) and the continuity of F yield
1

T 0+ B) = () = (T o] = T+ B) = () = o, )
< ﬁ [%thiz(g) + |[F(u +7°h) = F(u)] z, 1Al o ]
1

1 *
= WthHQ + |[|F(u+ 7%h) — F(u)|| 2~ _||h]| 21}4]

1 *
< Al + 1F (e + 77h) = F(u) || cax

— 0 as|h]—0.

This shows that 1 is Fréchet differentiable at u and ¢'(u) = T'u, that is T = grad . Therefore,
all conditions of Lemma [2.10] are satisfied. This completes the proof. (]

Theorem 3.2. Suppose that (A1) and (A2) hold. Then problem (1.2) admits a unique nontrivial
weak solution u* € HZ(Q), and the functional v (u) defined as in (3.2) admits a lower bound.
Moreover, if there exists up(x) € HZ(Q) such that
lim Y(uy(z))=d= inf Y(u,(z)),

n—00 u, EHZ(Q)
then ||un, —u*|| = 0 (n — o).

The proof of the above theorem is similar to that of Theorem [3.1} Hence we omit it here.

To the authors’ knowledge, this is probably the first time that the theory of strongly monotone
operator combining the properties of Nemytskii operator is used to study the uniqueness of weak
solution for biharmonic equations.

4. EXISTENCE OF NONTRIVIAL WEAK SOLUTION OF PROBLEM ([1.1))

In this section, we analyze the existence of nontrivial weak solution of problem (|1.1)) by using
the Mountain Pass Lemma proposed by Ambrosetti and Rabinowitz in [2], which is different from
that used in Section 3.
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Definition 4.1 ([55, Def. 1.39]). Let I denote a C'! functional on a Banach space. Every sequence
Uy, satisfying

sup |1 (up)| < +o0, I'(u,) =0 (4.1)
is said a Palais-Smale sequence ((PS)-sequence, for short). If any (PS)-sequence of I possesses a

convergent subsequence, we say that I satisfies the (PS) condition.

Zou [55] pointed out that the (PS) condition was first proposed by Palais [43], Smale [47] and
Palais-Smale [44].

Lemma 4.2 (Mountain Pass Lemma). Let E be a real Banach space, f : E — R be a C! functional
and satisfy (PS) condition, xo,x1 € E, Q be an open neighborhood of xg and x1 & . Suppose that

max{f(zo), f(z1)} < inf f(z). (4.2)
Let
¢= inf Jnax f(R(t)), (4.3)

where ® = {h € C([0,1], E) : h(0) = xo, h(1) = 1 denotes the set of continuous paths joining o
and x1. Then ¢ must be the critical value of f, that is, there exists x* € E such that

f(x*) =0 and f(z*) = c.
In this section, we suppose that f satisfies the following assumptions:

(A3) f(z,u) satisfies Carathéodory conditions for z € Q and —oo < u < +00), and there exists
0<o< % such that

If(z,u)] <a+bul”, a>0,0b>0; (4.4)
(A4) There exist 0 < ¢ < 1 and L > 0 such that

F(z,u) = / flz,v)dv < &uf(z,u), V|u|>L,xze; (4.5)
0
(A5) The following two limits hold
lim @) =0 uniformly for z € {; (4.6)
u—0 u
lim f) +o0o  uniformly for z € Q. (4.7)
u—+00 U

Theorem 4.3. Suppose that (A3—(A5) hold. Then problem (1.1)) admits a nontrivial weak solution
u e H?(Q)NHLQ).

Proof. From the proof of Theorem it is not difficult to see that we only need to prove that
Tu = 6 admits a nontrivial solution on H2(Q)NHE(Q). Here, T : H2(Q)NH(Q) — H2(Q)NH(Q)
is continuous, and

(Tu,v)e = /Q[Au CAv — f(x,u)lde, Vu,v € H*(Q) N Hy(Q). (4.8)
Moreover,
Tu=1'(u), Yuec H*(Q)NH), (4.9)
where ¢ : H2(Q) N H}(Q) — R is a C! functional,
1
Y(u(x)) = /Q [iAu(;v) - Au(z) — F(z,u(z))]dz. (4.10)

In the following, we show that v satisfies the conditions of the Mountain Pass Lemma. We first
prove ¢ satisfies (PS) condition. Suppose that

{u,y C HAH(Q)NHY(S), [(u)| <y (nef{l,2,...,}), ¥ (un) =0 (n — +00).
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Let Q, = {z € Q: u,(x) > L}. Then it follows from (4.4]) and (4.5)) that there exist constants L;
and Lo such that

1
12 0(u) = gl — | Flau)ds
1
> Sl ~ [ Flaunde - Ly
Qp

1
> ey =€ [ unf(eu)do— L

1
> Sl @y =€ | waf@u)da Lo

(4.11)
= (5 = Ollwnlaoy € | A A — fa,ua)uslde — Lo
= (3~ ) llunllZace) + € (n), wa)s — Ly
> (5~ ) lunllFa(ay — €19 ()l 2oy funll ooy — Lo
= (5~ Ollunl* — € )] Junll — L (n € 1,2,...).

Since 0 < ¢ < 1/2 and ||¢'(uyn)|| — 0, it follows from (4.11) that {||u,||} is bounded. Let
s = 2%%. Then 1 < s < #2;. Hence it follows from embedding theorem that W2 — L,(§2), and
{un} admits a convergent subsequence {uy,, } on Ls(f2), that is, there exists u* € L4(£2) such that

[tr, — u*|ls = 0 asi— +oo. (4.12)

On the one hand, it follows from (4.4]) that Nemytskii operator Fu(z) = f(z,u) maps Ls(€2) into
L% is bounded and continuous. So we derive from (4.12)) that ||Fu,, —Fu* H% — 0 (i = 400),

which shows

[Ftn, — Fup, ||137$4 —0 asi,j— 4oo. (4.13)
On the other hand, it follows from (4.8)-(4.10) that
(V' (u),v)s = (u,v)2 — / f(z,w)vde, Yu,v € H*(Q) N H(Q). (4.14)
Q

So
(tn, = tn;, 0)2 = (¢ (un,) = ¥ (tn,), )2 + /Q[f(x, tn,;) = f (@, un,)]vdz.
Thus, it follows from that
|(tn, =, v)2] < 19" (un,) = o' (un, ) 2@ 10l 22 () + Fun, — Fun, || 2x (0]l 2x,
= 19 (un,) = ¥ (un V] + [Ftin, = Fui, || an 0] 2,
< (un) = @ (un )l - [0l +cf

Fuy, — Fug, || 2 - ol

N+4
Therefore,
”unz — Un; ” = Ssup |(um - unj’v)2|
lvll=1 (4.15)
< ||¢/(u7h) - '(/)/(UTLJ)H + C”Fu’m - FUTLJ” 2N .

N+2
Since ||¢'(un))|] — 0 as n — +oo, it follows from and that |[un, — wn,|| — 0 as
i,j — 400, which indicates that {u,,} is convergent on H?(Q) N HZ(£2). Hence 1 satisfies (PS)
condition.
In the following, we look for ug,u; € H2(2) N HE(Q) and the open neighborhood (denoted by
B,., where r > 0) of ug C H%(Q) N H}(Q) satisfying uy ¢ B,. By the Friedrichs inequality, there
exists 7* > 0 such that

/ |Vul*de = (—Au,u) > T*/ u?dx
Q

Q
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for every u € C§°(€2). Since

/|Vu\2dxg/[|Au|2+\Vu|2+|u\2]dx,
Q Q

we obtain [[u]3 5 > 7'*||u\|%2(9). Because the norm |[u|| = |[[Au||12(q) is equivalent to the standard
norm of H?({), there exists 7 > 0 such that
[ul® > 7llullZ: q)- (4.16)

Because of the density of C§°(Q) in H?(Q)NHg(2), (4.16) also holds for every u € H?(Q) N Hy ()
by taking the limit. On the one hand, it yields from (4.6]) that there exists § > 0 such that

f(z,u)| < %m, YO < |u| <8, z € Q.

So
Flz,u) < %uz, Ylu| <6, z € Q. (4.17)
On the other hand, it follows from (4.7 that
b
F(z,u) < alu] + ?|u|"+1, V—o0o<u<+oo, z €l (4.18)
o
Since o + 1 < 2%, it follows from (4.16)) and (£.17) that there exists b; > 0 such that
F(m,u)§£u2+b1\u|%, V—oo<u<+4oo, z €. (4.19)
Hence, when u € H2(Q) N H}(Q), it follows from (3.4), ([4.16) and (4.19) that
T 1
/ F(z,u)dr < —||ullfaiq) + billull % < Zllull® + bic®||ull*, (4.20)
Q N—1 4
where o = %.
Thus, according to (4.10) again, we derive
P(u) > %||u||2 —bic®|Jul|®,  Vu € H2(2) N HH(Q). (4.21)

Because a = % > o0+ 12> 2, it follows from (4.21]) that there exists r > 0 small enough such
that

inf = 4.22
wéIBlBrw(u) ¢ >0, ( )

where
B, ={ue HQ(Q) N Hé(Q) Dl < T}
On the one hand, it is clear that the zero element § C H?(2) N H}(Q) satisfies
¥(0) = 0. (4.23)

On the other hand, take vg € H2(2) N Hg (2), which satisfies that ||vg|| = 1 and vo(z) > 0, fo rall
r € Q. Let ||vol/z2(q) = ao. Then ag > 0. By (4.7), there exists 79 > 0 such that

4
flz,u) > u, Yu>T1, v (4.24)
g

We define a function ¢(t) = ¥ (tvg). It follows from (4.10]) that
o(t) = ¥(two)

t2
_ 5||Av0||2L2(Q)—/QF(gc,mo)dx (125)
t2
=—— / F(x,tvg)dz.
2 Jo
Take 0 <t <ty <t3 <...,t, = +00, and define D,, = {z € Q: t,vo(x) > 79}. Then
Q\ D, ={r € Q:tyvo(z) <70} (n€{1,2,...}).
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So, by (4.24), we have

/QF(%tvo)dm = /Dn d:zc(/om-i-/;ov()(x)f(:c,v)dv) —I—/Q\Dn dx(/otov(’(x) f(z,v)dv)
2/ dm/tovg(m)f(x,v)dv—/ dx/TO|f(x,v)|dv—/Q\Dn ala:(/OTO | f(z,v)|dv)
2/ dx/tm vdvf/dz/ £ (@, v)ldv

27 (t2 ( )_To)dz_LS
a Jp,
2
> *tQ/ va(x)dx — Ly
ag D,
(4.26)
where
L3z = (a0 + b T YmeasQ, Ly= L3+ 27 eas ()
= (a7 r m = —-m
3 0t o ) 4 3 P

are positive constants.
Obviously, Dy C Dy C D3 C ..., and Q = U2, D,,. Hence meas D,, — meas ) (n — +00). So,
by the absolute continuity of Lebesgue 1ntegral there exists Ny > 0 satisfying n > Ny such that

2 d 2 d a% _ 2 a’g _ a%
] vg(z)dz > Q”o(ff) To5 = lvollz2(q) — 5 T (4.27)
Hence it follows from (4.26) and ) that
F(x,tvg)dx > t2 — Ly, Vn > Np. (4.28)
Q
Therefore, ) and (| - yield
1
¢(t) < *iti + L4, Vn > No.
This indicates that
o(t,) = —o0 asn — +oo. (4.29)
It is clear that
[tnvoll = tn, — +00  as n — +oo. (4.30)

So it follows from and that there exists n big enough such that ug = t,vg € H2(Q) N
H}(Q) satisfying

ug & BT, ’Qb(uO) < 0. (431)
Therefore, (4.22), (4.23), (4.31) and Lemma imply that ¢ admits critical value ¢* > ¢, > 0;
that is, there exists u* € H?(Q) N H}(Q) such that

P(u*) =c* and o' (u*) = Tu* = 6.

Since ¥(6) = 0, we obtain u* # 6. This completes the proof. O
Theorem 4.4. Suppose that (A3), (A4) . hold,
lim M =400 uniformly for x € Q. (4.32)
U—— 00 u

Then problem (L.1) admits a nontrivial weak solution u € H?(2) N HL(Q).
The proof of the above theorem is similar to that of Theorem [4.3| Hence we omit it here.

Theorem 4.5. Suppose that (A3)—(A5) hold. Then problem (1.2)) admits a nontrivial weak solu-
tion u € HZ(Q).

The proof of the above theorem is similar to that of Theorem [£.3] So we omit it here.
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Remark 4.6. It is not hard to find elementary functions that satisfy (A3)—(A5); For instance
flz,u) = pu?, where ¢ >1and 0 < p < (q + 1) are constants.

5. EXISTENCE OF INFINITELY MANY NONTRIVIAL WEAK SOLUTIONS

In this section, we analyze the existence of infinitely many weak solutions for problem (|1.1)),
using the critical point theory of even functionals proposed by Ambrosetti and Rabinowitz in [2].
This used in different from that in Sections 3 and 4.

Definition 5.1 ([2 Def. 1.1]). Let E be a real Banach space. Define
Y(E) = {A: Ais a symmetric closed set with respect to § in E and A C E '\ {6}.

Then A € 3¥(E) has genus N (denoted by v(A) = N) if N is the smallest integer for which there
exists T € C(A, RN \ {0}). v(A) = oo if there exists no finite such n and ~(0)) = 0.

Lemma 5.2 ([2 Lemma 1.2]). Let A, B € %(E).
1) If there exists an odd T € C(A, B), then v(A) < ~(B);
) I AC B, then 7(4) <1(B);
) If there exists an odd homeomorphism h € C(A, B), then v(A) = v(B)y(h(A));
4) If v(B) < oo, Then yA\ B = v(A) —v(B);
) If A is compact, y(A) < oo, and there exists a uniform neighborhood Ns(A) (allpoints
within § of A) of A such that v(Ns(A)) = v(A);
(6) If A is homeomorphic by an odd homeomorphism to the boundary of a symmetric bounded
open neighborhood of 0 in R™, then v(A) = m;
(7) A€ X(E), V be a k dimensional subspace of E, and V* an algebraically and topologically
complementary subspace. If v(A) > k, then ANV+L = ().

Let F be a real Banach space. Define
B, ={ueE:|ul|<r}, S, =90B, (r>0),
By and S; will be denoted by B and S, respectively. Let f: E — R. We define
fO ={xeE: f(z) >0}

Suppose that f(6) = 0 and satisfies

(A6) there exist p > 0,a > 0 such that B, C (¥, and f(x) > a for all x € S,;

(A7) if Ep is an infinite dimensional subspace of E, then Ey N f(© is bounded.
We define B

I = {h|h: E — E is an odd homeomorphism, h(B;) c f©)}.

Let ho(z) = pz for all z € E. Then hg € T'. So we derive that " # () when f satisfies (A6). We
also we define

I', = {K C E: K is compact, symmetric with respect to § and v(K N h(S1)) > m,Vh € T'}.

where m is a positive integer. Because h(S) C E \ {0} is closed and symmetric, v(K N h(Sy)) is
defined.

Lemma 5.3 ([2, Lemma 2.7]). Suppose that dimE > m, f : E — R satisfies (A6) and (AT).
Then

(1) Lo # 0;

(2) m—41 C me

(3) K CT,, and A € 3(E) with y(A) <r <m implies K — A€ T,_,;

(4) If o : E — E is an odd homeomorphism and ¢~ (f©) c f© then p(K) C T, VK €
r,,.

Lemma 5.4 ([2, Theorem 2.8, Corollary 2.9]). Suppose that E is an infinite dimensional real
Banach space, f : E — R is a C1 functional and satisfies (A6), (A7) and the (PS) condition. For
eachm € {1,2,...}, let

b = inf max f(z). (5.1)
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Then
(1) 0 < a<by < +00,by, is a critical value of f m € {1,2,...};
(2) by =bmy1 =+ =bmar—1 =b (r > 1) mplies v(Kp) > r, where

Ky={z€FE:f(x)=0,f(x)=0}
(3) by, <bpmy1 (me{1,2,...}), and b, > +00 (M — +00);
(4) f admits infinitely many critical points and admits infinitely many critical values.
Theorem 5.5. Under conditions (A3)—(Ab), if [ satisfies
(A8) f(z,u) is an odd function of u, that is
flx,—u) = = f(z,u), Ve, —oco<u< +oo, (5.2)
then problem (L.1)) admits infinitely many weak solutions in H(Q) N H ().
Proof. From the proof of Theorem it is not difficult to see that we need only to prove the C*
function 9 (u) defined by (4.10]) satisfies all the conditions of Lemma In fact, it follows from
the definition F(z,u) and (5.2)) that

F(z,—u) = ; [z, v)dv

/fac—t —t) (let v = —t)

—/f(:c—t)dt
/f;z:t
/fa:v

= F(z,u),

which indicates that F(z,u) is an even functional of w.

In addition, in Theorem we have verified that v satisfies (PS) condition. Thus it follows
from that (A6) holds.

In the following, we show that (A7) also holds. First, by and , we have

lim fla ) _ lim Jaw) _ +00
u——+oo —U u——+o00 U
uniformly for x € Q, which implies
fm L@ L (5.3)
U—r — 00 u

Next, we prove that (A7) also holds by means of reduction to absurdity. We suppose that (A7) does
not hold, that is, there exists finite dimensional subspaces X C H2(Q) N H}(Q) (let dim X = s)
such that X N¢(® is unbounded, where

0 = {u e H2(Q) N HL(Q) : ¢p(u) > 0}.

So there exists u,, € X with |lu,|| = 400 such that

D(un) >0 (ne{l,2,...}). (5.4)
Let )

ty = ||unll, vn= T un € X.
Then

P(un) = P(tnvn),  lonll =1 (ne€{1,2,...}). (5.5)
Since X is finite dimensional, the unit sphere in X is compact. Hence {v,} admits convergent
subsequence. To simplify the symbol, we assume that v, itself converges, that is, v, — vy (vo € X,
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llvo|| = 1), which indicates ||v, —vg|| — 0. Moreover, it follows from (4.16) that ||v, —vo| r2(q) — 0.
So, there exists subsequence of v, , which almost everywhere converge to vg on 2. To simplify the

symbol, we assume that v,, itself almost everywhere converge to vy on 2.
Let

Qo ={x€Q:v(z) #0and v, = vy (n = +00)}.

Then meas Qy > 0. We define
(f, )™
ag = vg (x)dx .
0 o, 0

Then ag > 0. So it follows from (4.7) and (5.3|) that there exists 79 such that

f(zau)Z%U, VUZTO, er?
ap

flz,u) < %u, Vu < =79, « € Q.
ag

We define D, = {x € Q : t,|up ()| > 70}. Then
Q\ D, ={z € Q:tylvn(2)| <70}, Dn=DLUD2, D}ND:=0,

where
D! ={zxecQ:tyw, () >0}, D2={rcQ:tyu,(z)< -7}

So, by (@A), (5:6) and (5.7), we obtain

/F(m,tnvn)dac
tnUn () —70 tnUn ()
/dw/ / zvdv /dw/ / zvdv)
D} D2
tn’l}"(I)
—|—/ dx(/ f(z,v)dv)
Q\D,,
tnvp ()
/ dw/ 2vdv—/ dac/ f(z,v)|dv
DL DL
/ da:/ 2vdv—/ dx/ |f(x,v)|dx—/ dx/ |f(x,v)|dv
D2 tnon(z) Q0 D2 —To Q\D,, —To
tnvn(T) 4 0
2/ d:E/ —Q(ti[vn(x)]Qng)dvf/ dx/ |f(x,v)|dv
D} Dn 0

tnvn(x) 0 o
/ dx/ T / dm/ |f(;v,v)|dx—/ de/ |f(z,v)|dv
D2 ag —To O\ Dn o

trnvn ()
= — dx/ (t2[vn(2)]* — 78 dv—/dm/ f(z,v)|dv
a
0 —To

=t /D fnlo)de — L,

is a constant.
On the one hand, when n — +o00, we have

|(/D vi@)da:)”?f(/ (@) )”2»<(/ (2 () — v8 (2))dr)

D,
<( /Q [2(z) — w8 (x)]dz) 2

= ||’Un — UoHLz(Q) — 0.

n n

(5.8)



14 M. FENG, Y. LU EJDE-2025/52

Hence, there exists N; > 0 such that

) 1/2 ) /2 q
(/ vn(m)dx> > (/ vo(:r)dx) ——, Vn> Ni. (5.9)
D, Dy 4
We define D} =Ny, Di. Then DT C D5 C D5 C .... We also define D* = U2, D,,. Then
D, > D}, D} C D*, measD] — meas D" (n — o). (5.10)

So there exists Ny > 0 such that

(/D v%(:r)d:zc)l/2 > (/ ) 118(x)dx>1/2 > (/ ) 118(:10)cix)1/2 — %, Vn > Nj. (5.11)

On the other hand, it follows from the definition of 2y that

1/2 1/2
(/ vg(x)dx) > (/ vg(x)dx) = ag. (5.12)
* Qo
Therefore, (5.9), (5.10) and (5.11)) yield

172 g2
(/ vi(x)dm) > EO, Vn > N = max{Ny, Na}. (5.13)
From (j5.8) and (5.13)) it follows that
/ F(x,tyv,)dx > t2 — Ls, Vn > N. (5.14)
Q

Therefore, (4.10)), (5.5) and (5.14]) yield
Y(un) = w(t Un)

_ ”||vn||2 /Fm byon)d

t2

== —/ F(z,tpv,)dx
2 Ja
£2

==z —/ F(z,t,v,)dx
2 Ja

t2
< —En + Ly, Vn > N.
Since t,, — 400, we obtain
ngr}rloow(un) = —0o0. (5.15)

which contradicts (5.4). Hence condition (A7) holds. This completes the proof of Theorem

Theorem 5.6. If (A3)—(Ab), (A8) hold, then problem (1.2)) admits infinitely many weak solutions
in H3().

The proof of the above theorem is similar to that of Theorem [5.5] So we omit it here.

Remark 5.7. It is easy to find elementary functions that satisfy (A3) (A5) and (A8). For
instance, f(z,u) = pu?, where ¢ > 3 is an odd number and 0 < p < (q + 1) is a constant.

Consider the following biharmonic systems:
A?uy = fi(z,u1,u9) in Q,
A?uy = fo(z,u1,uz) in Q, (5.16)
w1 = ug = Au; = Aug =0 on 99,

and
A%uy = fi(2,u1,us) in €,
A’up = fo(w,u1,uz) in Q, (5.17)
ulquZ%z%:O on 0,

ov ov



EJDE-2025/52 NONTRIVIAL SOLUTIONS FOR BIHARMONIC EQUATIONS 15

We believe the conclusions of Theorems and also hold for systems
(5.16)) and (5.17)), but we cannot prove that these results yet.
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