Electronic Journal of Differential Equations, Vol. 2025 (2025), No. 54, pp. 1-18.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997 /ejde.2025.54

OPTIMAL CONTROL AND APPROXIMATE CONTROLLABILITY FOR
SECOND-ORDER INTEGRO-DIFFERENTIAL EQUATIONS WITH
STATE-DEPENDENT DELAY AND NON-INSTANTANEOUS IMPULSES

ABDELHAMID BENSALEM, ABDELKRIM SALIM,
MOUFFAK BENCHOHRA, GASTON M. N'GUEREKATA

ABSTRACT. This article concerns the optimal control and the approximate controllability for
second order integro-differential equation with state-dependent delay and non-instantaneous
impulses. We first establish the existence of mild solution for the control system. Then, based
on these results, we investigate the approximate controllability and show the existence of optimal
controls for Bolza problems by using the resolvent family of linear operators, Monch'’s fixed point
theorem, and the resolvent condition. Finally, we give an example to illustrate the effectiveness
of the results.

1. INTRODUCTION

Numerous physical phenomena, such as shocks and natural disasters, exhibit dynamics that are
susceptible to sudden alterations. These phenomena involve brief disturbances that are negligible
in magnitude when contrasted with the overall course of the evolution. Occasionally, these impul-
sive effects persist for extended periods, and they are referred to as non-instantaneous impulses.
The publications [I, 61 [7, [8, 13, 221 (36, [39] and their associated references contain the latest findings
on evolution equations with impulses.

A multitude of natural phenomena spanning diverse fields, such as electronics, fluid dynamics,
biological models, and chemical kinetics, can be mathematically modeled using integro-differential
equations. Conventional differential equations are typically inadequate for explaining the behavior
of the majority of these phenomena, thereby piquing the interest of a large number of mathemati-
cians, physicists, and engineers, as evidenced in [IT], 12} 17, 18] 22, B2]. Numerous publications
have investigated integro-differential systems with Y(6,e) = 0 using semigroup methods. Fur-
ther details can be found in the aforementioned references. Benchohra et al. [9] have shown
existence of solution for second order semilinear volterra-type integro-differential equations with
non-instantaneous impulses:

9"(0) = A(0)9(0) + K(6,9, (U0)(0)), ifde I, ke N,
9(0) = Tr(0,9(0;)), if € Jp, k€ N,
0'(0) = 0x(0,9(0;)), if 0 € Jy, k€ NJ",
V(0)=C eH, 90)=C eH.

The concept of controllability has long been recognized as having a significant role in engi-
neering and mathematical control theory. In recent years, numerous authors have investigated
the controllability of various nonlinear systems. Interested readers may refer to the papers
B, 10, 12, BT, B3] B7] for further study on this topic. When a system is deemed controllable,
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the question of how to obtain a control function that produces more, faster, better, and more
cost-effective outcomes naturally arises. To address this, an optimal control problem is proposed.
Optimal control problems play a crucial role in the design and analysis of control systems, and they
have numerous applications in diverse fields, including robotics, chemical process control, power
plants, and space technology. For additional information on optimal control problems, please refer
to [20], 29, [30] and their cited references.

This manuscript is devoted to the study of the existence and the approximate controllability
of mild solutions, as well as the existence of optimal controls for second-order integro-differential
equations with state-dependent delay and non-instantaneous impulses of the form

6
9"(0) = Z(0)9(0) +/0 Y(0,2)0(e)de +K(0,V5,94), (VI)(0)) +Pu(0), if0 € I, ke Ny,

9(0) = Ti(6,9(0,)), if 0 € Ji, ke N,
¥'(0) = 0,(0,9(6;,)), if6 € Jy, ke N,
V(0)=C( €H, 9(0)=p), ifocR_,
(1.1)
where Iy = [0,61], Iy = (€k,Ok+1] and Ji = (0k,ex], NI" = {1,...,m}, and Ni" = Ni" U {0}
with 0 = g < 01 <e1 <l <...<€m1 <0, <e,< 6m+1 =T,V = [O,T}, V= (—OO,T],
Z(0): D(2(0)) C H — H, Y(0,¢) are closed linear operators on H, with dense domain D(Z(6)),
which is independent of 6, and D(Z(e)) C D(Y(0,¢)), the operator ¥ is defined by

T
(W) (0) = /0 9(0,2,9(2))de.

The nonlinear term K : VXSXH = H, p : R_ = H, 3 : VXE = (—00,00), Tk, O : JuxH — H,
k € Nj, are a given functions, the control function u is give function in L?(V,%)) Banach space
of admissible control with %) as a Banach space. P is a bounded linear operator from %) into H,
and (H, || - ||) is a Banach space.

This article is organized as follows: in Section 2, we recall the notation, some concepts, hy-
potheses, and basic results about resolvent operator theory, phase space, and measure of noncom-
pactness. In Section 3, we prove the existence of a mild solution for problem . In section 4,
we investigate the approximate controllability result. We show the existence of optimal controls
in section 5. Finally, an example is provided to show the applications of the obtained results.

2. PRELIMINARIES

Let C(V,H) be the Banach space of continuous functions ¢ mapping V := [0,7] into H, with
[9]oc = sup [[9(0)]].
0ev

A measurable function ¥ : V — H is Bochner integrable if and only if ||| is Lebesgue integrable
[40]. Let L'(V,H) be the Banach space of measurable functions ¥ : V — H which are Bochner
integrable, with the norm

T
1)1 = / 10(6) do.

Now, we consider the second-order integro-differential system [23]:
6

#"(0) = Z(0)(0) +/ Y(0,v)x(v)dv, e<0<T, 2.1)

. .

x(e) =0, (e)=x€cH,

for 0 <e <T. We denote A = {(6,¢) : 0 < e <60 <T}. We now present some properties of Y:

(1) For 0 < e <6 <T, YT(0e): D(Z) — H is a bounded linear operator, for every s €
D(2),Y(:, ) is continuous and

(0, )l < Bllllipz),
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for 8 > 0 independent of (g,0) € A.
(2) There exists Ly > 0 such that
[T (02,€)5¢ — T (61, )5 < Ly |02 — 61] [l [p(2)),

forall x € D(Z) and 0 <e <6 <0y <T.
(3) For 0 <o <e <0 <T, there exists by > 0 such that

[’}
||/ S(0,€)Y (s, 0)sede]| < bal|3||, for all 3 € D(Z).

Under these conditions, it has been established that there exists a resolvent operator (Q(6,¢))g>e

associated with (2.1).

Definition 2.1 ([23]). A family of bounded linear operators (Q(6,¢))s>c on H is a resolvent
operator for ([2.1)) if it satisfies:

(a) Q: A — L(H) is strongly continuous, Q(, -)sr is continuously differentiable for all »r € H,

0 0
Qe,e) =0, 55908, =1 and —-Q(0.e)|__, = —T;
(b) For each z € D(Z), the function Q(-, &)z is a solution for system (2.I)). This means
2

0
%Q(F),e)x = Z(0)9(0,¢e)x + /E Y(0,v)9(v,e)xdy,

forall0<e<O<T.

Thus, there are constatns Mg > 0 and j/% > 0 such that

||Q(075)H < MQv Q(G,{:‘)H < %7 (975) € A.

| 9
Oe
Furthermore,
6

PO)a = [ 16,50 vadez e D(Z), 0y <o<T.
can be extended to H. This expansion, denoted by similar notation P(0,v), B : A — L(H), is
strongly continuous, which is satisfied by

0
90, v)x =S0,v)x —|—/ S(0,e)B(e,v)xde, for all x € H.

It follows from this property that Q(-) is uniformly Lipschitz continuous, that is, there exists a
constant Lg > 0 such that

Q0+ h,v) — Q(0,v)|| < Lgl|h|, forall 6,0+ h,v e [0,T].
Lemma 2.2. Let N7 : LYV, H) = C(V,H),(q > 1) be defined by

6
N1 f)(0) = /O Q(6,¢)f(e)de.

If the resolvent operator (Q(0,¢€))g>. is compact then f, % fo in LY(V,H) implies N f, = N1 fo
in C(V,H), and N1 is a strongly continuous operator.

The proof of this lemma is similar to that of Lemma 14 in [I5]. We omit it.
Assume that the phase space (&, || - ||¢) is a seminormed linear space of functions mapping
(—00,0] into R, and satisfying the following [21]:

(A1) If ¥ € PC and 9y € &, then for every 6 € V:

(i) Uy € O,

(if) There exists 81 > 0 where [9(0)]| < B1||Y]|s,

(iii) There exist two functions B2(-) and B3() : Ry — Ry independent of ¥ with (s

continuous and bounded and B3 locally bounded such that

[Polle < B2(0) sup{ld(e)] : 0 <& < O} + B3(0)[|Volle-
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(A2) For the function ¢ in (A4;),9y is a & - valued continuous function on RT \ Jj.
(A3) The space & is complete.

We denote 32* = sup{B2(0) : 0 € V}, 83" = sup{B5(0) : 6 € V}, U = max{52", 33" }. Now, let
p € N§* and (vx)keny be a sequence defined by

e Vpt1— 0, ifk=2p+1, 0 R,
" le—0,  ifk=2p, R

Then, for I, = R~ \ {v; : k € NJ"}, we define the space
PC,(R™,H) = {0 :R™ — H : 9, is continuous and ~ I(v ), ¥(1;") exist with I(v; ) = 9(wy)},
and the space
C,:={1€PC,(R",H):_lim 1(7) exist in H},
U——00
with
1]l = sup{[A(@)[ : 7 < 0}.

Then, (A1)—-(A3) are satisfied in C,. So in all what follows, we consider the phase space & = C,,.
Consider the set

PC(V,H) = {19 Vs H e €6, 9]y, = Tike N9\, € C(Lu, H); k € NI,
9(0;),9(er, ), I(e;) and 9(6)) exist with 9(6, ) = 9(0x)and I(e;) = 19(€k)},

with

19l pe = sup{[9(0)]1}-
0ev

Definition 2.3 ([2]). Let X be a Banach space and Jx the bounded subsets of X. The Kuratowski
measure of noncompactness is the map x : Jx — [0, 00) defined by

x(B) =inf{e > 0: B C U} ;B; anddiam(B;) < €};where B € Jx,
where
diam(B;) = sup{||¥ — v||x : ¥,v € B;}.

Lemma 2.4 ([16]). If Y is a bounded subset of a Banach space X, then for each € > 0, there is
a sequence {Uy}7—, CY such that

X(Y) < 2x({Wn}py) +e
Lemma 2.5. ([34]) If {95}, C L' is uniformly integrable, then the function 6 — x({95(6)}3°,)

is measurable and
(1 /09“’“(5”5}:0_0) <2 / {00} o)de.

Lemma 2.6 ([2]). If 4 € PC(V;H) is bounded, then x(U(0)) < apc(W), for all 8 € V; here
() = {9(0);9 € sk C H}. Furthermore if i is equicontinuous on V, then x(4(0)) is continuous
on V and
apc(8h) = sup x(4(9)).
0ev
Theorem 2.7 (Monch’s fixed point theorem [34]). Let D be a bounded, closed and convex subset
of a Banach space X, such that 0 € D, and let 8 be a continuous mapping of D into itself. If the
implication
M =convil(M) or M = (M) U {0} = x(M) =0,

holds for every subset M of D, then  has a fived point.
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Lemma 2.8 ([]). Let ¥(0) and B(0) be nonnegative continuous function for 6 > «, and let

<a+/5 g)de 0> a,

where a > 0 is a constant. Then

3(0) < aexp (/: B(E)ds), 0> a.

3. EXISTENCE OF MILD SOLUTION

Let us recall the following special measure of noncompactness on the space X = PC’(%,’H)
which originates from [2], and will be used in our main results. For a nonempty bounded subset
S of the space X, and v € S, € > 0,K1, ko € V, such that |k; — ko] < e. We denote w” (v, €) the
modulus of continuity of the function v on the interval V, namely,

T (v, ¢) = sup{lle =" v(1) — e u(kz) | : k1, 52 € V),

wo(S) = liir(l)sup{wT(v,e) cv e S}

w

Finally, consider the function x pc defined on the family of subset of X by the formula
xpc(S) = wo(5) +x(5(0)),

where S(0) = {¥(0) € H : ¥ € S}. Note that the function ypc is a sublinear measure of
noncompactness on the space X.
In contrast to the advancements presented in [19] 23] 24], we introduce a new notion of a mild

solution for system (|1.1)).
Definition 3.1. A function ¥ € X is called a mild solution of problem (1.1), if the following hold:
(i) ¥'(0) = (o € H and ¥(0) = p(0); if 6 € R_.
(ii) The non-instantaneous conditions 9(8) = Y (0,9(0)),if 0 € Ji,k € N{* and ¥'(0) =
O©r(0,9(0,)),if 6 € Jy, k € N* are satsified
(iii) ¥ is the solution of the integral equations

"’%(Zf’ - Om )+ Q(6,0)¢o

2(6) = + [y Q(0,6)(K(e, Da(e,0.), (W) (e)) + Pu(e))de, it g eI,
R _% e, Trlern, 9(0)) + Q(0, ex)Ok (er, 9(6)))
+f59k Q(0,¢)(K(e, Vs (c,0.), (PI)(€)) + Pule))de, if € I, k € N

To guarantee the existence of mild solutions, we need the following assumptions:

(A4) K:V x & x H — H is a Carathéodory function and there exist positive constants &1, &2
and continuous nondecreasing functions 1,92 : V — (0, 4+00) such that

K0, 91,92)|| < &1vic([91]le) + L0 ([192]]),  for 1 € &,95 € H.

There exists a positive constant Ix, such that for any bounded set B C H, and By € &
and each 6§ € V, we have

X(K(0, B, W(BO))) <l (X(B(0) + sup x(Bv+0))).

vE(—00,0]
(A5) The function g : Dy x H — H is continuous and there exists ag > 0, such that
llg(0,e,91) — g(0,e,92)|| < gl — V2|, for each (0,¢) € Dy and 91,05 € H,
with
sup [|g(6, ¢, 0)]| = g5 < oc.

9
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(A6) The functions Z} : Ji x H — H are continuous and there exist LZE > 0, k € N{*, such
that
123(8,91) = Zj,(8,92)|| < Ly |91 — o], for all 91,95 € H, k € N{",
6,0 3 ) I

where

Zi{?b Z_ )
K, ©=2.

(A7) Assume that properties (1)-(2) of T hold, and that there exist Mg, Mg > 1, u > 0 and
Mp > 0, such that

009(0,¢)

= vy < Mo, [Pl = Mp,

1206, €)llx) < Mg, |

with MgLy, + MgLe, < 1.

(A8) Set R(S7) = {S(e,p) : (g,0) € V x 8,F(e, ) < 0}. We assume that §: V x & — R is
continuous.

(A9) The function § — gy is continuous from R(S™) into & and there exists a continuous and
bounded function L® : R(S~) — (0, 00) such that

lpelle < LP(0)[plle, for every 6 € R(S™).

The condition (A9) is frequently satisfied by functions continuous and bounded. For more
details, see for instance [26].

Lemma 3.2 ([25]). If ¥ : (—oo,+00) = H is a function such that ¥y = p, then
[Pelle < (Bs™ + L) [plle + B2 sup{[J(0)] : 6 € [0, max{0,e}]}, e e R(ST)UV,
where L = sup e (g-) LY(s).

Theorem 3.3. Assume that the conditions (A4)—(A9) are satisfied, then the system (L.1) has at
least one mild solution.

Proof. We transform problem (1.1]) into a fixed point problem, by considering the operator Z :
X — X define by:

8%?>5¢x>+gwox
+/00 ( e, 0.0, (T9)(<)) +Pu(5)>ds, it 0 € I,
=0(6) = —% e, Ti(er, 0(6)) + Q0,6k)Ok (e, V(6 )) | (3.1)
+ 1700, ( (e, 95(0.), (VO)(£) + Pule) )= ifO € Iy, k€ NP,
T4(0,9(07)), it 0 € Jy, ke N,
p(6), ifoeR_.

Let () : (—00,T] — H be defined by

~9900)|  5(0) + Q(8,0)Co, if 6 € Iy,
.’E(Q) = 0, lf 9 c (Hl,T],
©(0), ifoeR_.

Then zy = p, and for each w € X, with @ (0) = 0, we denote by % the function

=(0) = w(0), %fH eV,
0, ifgeR_.
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If ¥ satisfies Definition then we can decompose it as ¥(0) = w(0) + 2(0), which implies
Y9 = wy + xg, and the function w(-) satisfies

foa (8, ¢) (K(ﬁ,w%(g,wg+$a) + T3 (e, 4a ) V(T +2)(€)) + Pu(e))ds,if 0 e Iy,
920  Ty(en, 9(0;)) + Q(O, 1) O (ex, 9(6;))

Oe e=¢€y
w(f) = ) .
12 Q(0,2) (K(e, 95(c.0.), (99)(2)) + Pule) ) de, it0 €, ke N,
T1.(0,9(6;)), if0 € Jy, ke N
(3.2)
Set

d={we X:w(0) =0}.
Let the operator = : 3 — 3 defined by
f(f Q(6,¢) (K(e, WS(e,m.t3.) T TS(e,m.4a.)> V(@ + 2)(€)) + Pu(s))ds, if 0 € I,
Se(8) = —99(6e) o Tiler, 9(6y)) + Q(6, ex) O (er, 0(6;))
+ 20,2 (K(e, O 0.y, (99)(2)) + Pule) ) ds, if6 €Iy, ke NP,

Tr(6,9(6,)), it g e Ji, ke N{".
Obviously, the operator = has a fixed point is equivalent to 2 having a fixed point, and so we turn
to proving that = has a fixed point. We shall use Theorem to prove that = has a fixed point.
Let Jg = {w € J: ||w|2 < S}, with 0 < max {37,93,935} < S, such that
37 = Mo (§Twk(6]) + &TUR(E) + MpT 2 |ul 2 ),
_ Mo + Mo(0) + &iTUk (57) + &TvE(55) + MpT"/?|[ull 12)
1—MgLy, — MoLyg,
S5 =L%, S+ TR,
07 = 52"+ [Bs" + £ + B2" (M| ooll + Mrl|Goll) 81] I,
b3 = T(ag(S + +Mgllpoll + Mzl|Coll) + 95);
05 = (agS + g3)T,
61 =08+ llplle)-
The set Jg is bounded, closed, and convex.
Step 1. 2(Jg) C Jg. For 0 € Iy, w € Jg and from (A4)—(AT), it follows that

3

)

W (e wetae) T TS(e we+a0) 1B
< Hw%(s,wg-i-ws)”B + Hx%(&wg-i-ws)”B
< B2(0) sup [w(0)] 4 (Bs(0) + L) |pllz + B2(0) sup [|=(6)]]

[0,e] [0,e]

< Bo* S+ (83" + L9)|plls + B* (Mrlpoll + M=[Gl)Billels
< B8+ B + £+ 8" (M lpoll + MrliGoll) 1] liplls = o7
and -
1% (w + 2)(e) | < T(ag(S + +Mxllpol| + Mz [IGoll) + g5) = 5.
Then, we have
0
1B (®)] < Mo / (0L (57) + Ex2(8) + | Pu(e)|l)de

< Mo(&TY%(57) + E&TYE(63) + MpT /2 ||ul 12) < 3.
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Now if f € Ij, and for each w € g, by (A4)—(AG), we obtain
1Tk (8, @) < L, (O)|w(0)]| + T}

and
10k(0, ()|l < Lo, (0)|l=(0)]| + ©3.

Hence, for &5 = (g + g3)T and 67 = U(S + |lplle ), we obtain
|1E@(8)]| < Mo(Lk, S+ YY) + Mo[Ly, S + 6% + & Tk (57) + &TY3(85) + MpTV?|Ju 12] < 3.

If 6 € J and for each w € g, from (A6), we obtain
IEw(0)]| < L%, S+TY<S
Thus, |Ew|3 < S. Consequently, 2(3Jg) € g and Z(Jg) is bounded.

Step 2. Z is continuous. Let {@w"}nen be a sequence, such that w, — w*. At the first, we study
the convergence of the sequences (wo(6 wn))nGN; e € V. If £ € V is such that S(e,w.) > 0, then
we have

Hwoswn) W?s(e,w;)HB < ”wg(s,w") w“(s wn) B+ [|lwg (s wn) wg(s,w;)”B

< ﬂQ*”wTL w || + ch\ (e,m2) — %(E,w;) B

which proves that wo(s ) wg( in B, as n — oo, for every € € V such that (e, w.) > 0.

€,w¢)
Similarly, if $(e, w.) < 0, we obtain

||W<» (e,m2) w;k‘(e wE)HB = ||pg(s,w§) - p%(f:‘,w;) B — Oa
which also shows that wo(e wn) = w@( - in B, as n — oo, for every ¢ € V such that (e, w.) <
0. Then for 8 € Iy, we have
I(E=")(8) = (E=")(O)] < M@/ K8, D5 (e mm) + 23 mpt0), U(@" +2)(€))

—K(e, wg, @) T TS (e @2 420)5 U(w™ 4 z)(e))||de.
By the continuity of g, we obtain
90, (@ +2)(c)) = g(0,¢, (@ +x)(€)) asn — +oo,
lg(0,e, (=" + )(c)) — g(b, ¢, (@" + 2)(¢))]| < ayllw™ — @ ||a.

By the Lebesgue dominated convergence theorem,

/T g(0,e, (@™ + x)(¢))de — /T g(0,e, (@ +z)(g))de, asmn — +oo.
Thus, by the cc(;ntinuity of K, and Lebesgueodominated convergence theorem,
I(E=™)(0) — (E*)(0)]| = 0, asn — +oo.
If 6 € I, we obtain
IE@")(0) — E(@")O)]
< Mo Ti(er: (&™) (0;) = Yil(er: (@) (0 D)l + Moll®k(er, (&™) (6; ) = Ox((en, (&) (6;)]

+ Mg /f IK(e, @G (e comy, U(@")(€)) = K(&, @§ ., or), Y(@7) (€)) | de.
Similarly, b; the continuity of g, K, Tj and O, we obtain
|E=™)(8) — (E=*) ()] — 0, as n — +oo.
Now for 6 € Ji, we have
IE@™)(0) = E(@)O)] < I1T(0, (=")(0;) = T8, (=) (0;))]-

By the continuity of Yy, we obtain that ||(E™)(6) — (E@*)(#)|| — 0 as n — +oo. Thus,
continuous.

is
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Step 3. For II C g, w € II, and k1, ko € Iy, with k9 > K1, we have

|Ee (k1) — Ew(ro) S/O 1Q(k1,€) — Qlrz, )| (€19 (87) + E20 (83) + [ Pule)|)de

+ [ 10t € 67) + 026 + [Pule) e

1

: /Kl 1Q(k1,€) — Qlkz, &) | (Wi (7)61 + Vi (83)€2)de
0

0
+ MP(/ 1Q(k1,€) — Qlka, ) [I*)!/2de]ul| 2
0

+ Mo (v (07)é1 + ¥%(55)62) (K2 — k1) + MoMp (ka — k1)"/?||ul| 2.
By the strong continuity of Q(-) and assumption (A4), we obtain
2w (k1) — Ew(ka)|| = 0, as k1 — Ka.
Now for k1, ke € I, we obtain
B (k1) — Ew (k)|
< [1Q(k1, k) — Qlrz, ex) 1Ok ek, (@) ()l

b 22 090220y, ooy

4 [ 100012) — Qe ) (€0 57) + €203 (5) + [Pue) )

4 [ 19002 (610 5 + V25 + [PulE)] )

Q(k1,er)  0Q(k2,ex)
Oe Oe

+ (GG +0REE) [ 100, - Qlia,e)]de

€k

< 1Q(k1, e1) — Qlriasen)| (L, 5+ OD) + |12 (L5, S + 1)

w2tp( [ 1901,9) ~ @ 2)2) el

+ Moz — 1) (W (0161 + ¥ (05)€2) + MoMp (2 — 1) '/* ul| 2.
By the strong continuity of Q(-) and assumption (A4), we obtain
|2 (k1) — Ew(ka)|| = 0, as k1 — Ka.
For k1, k9 € Ji, we obtain
1Ew (k1) — Ew (k)| = [[Tk(r1, (6 ) — Ti(r2, @ (0,)]-
From (A6), we obtain | S (k1) —Ew(k2)|| — 0, as k1 — ka. Hence, the set Z(II) is equicontinuous,
then wo(Z(II)) = 0.
Now, let S be a subset of g, such that S € Z(S) U {0}. S is bounded and equicontinuous;

therefore, the function 8 — ¢(0) = x(5(6)) is continuous. From the properties of the measure y,
we obtain

0(0) < X((E(9))(0) U{0}), < x((E(9))(9))

Now for any g > 0, there exists a sequence {w*}?°, C S such that for 6 € Iy we have

6) < x / 0(0,€) (K (e, @a(e . 4.) + P56 w2y, U@ + 2)(0)) + Pule))de - w € S )

< 2X / Q(G,S)K(s,wg(sywé,ﬂg) + T3(e w4 a)s \I/(w”C +z)(e))de : w € S}) +o0
0
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0
<t [ Mole(x(TED + swp (T +)))de+ o
0 vE(—o00,0]

0
< 8/ MQch,O(ef)dE + 0.
0
Since g is arbitrary, we obtain

¢@)§8A9Mgmw@Ma
From Lemma [2.8] we obtain ¢(8) = x(S(6)) = 0. Now if 6 € I, we have
#(0) < Mox({Ti(er, =(07) : @ € §}) + Mox ({O(er, (7)) : € S})
x| 9 Q0. ) (K(e. e oy, W) (€) + Pu(e)) e : w € 5} Big)
< (MoLy, + MoLe,)X(5(9))

6
+4 [ Mol (({IE) + swp X({1I+ D) e + e

vE(—o00,0]
Then
8 o 0
() < — / Molxy(e)de + —— .
1—MgLy, — MgLe, Jey 1—MgLy, — MgLe,
Since o is arbitrary, we obtain
8 9
P(0) < —— / Molgp(e)de,
1-— MQLTk — MQL(_)k 0

From Lemma 2.8 we obtain ¢(6) = x(S(#)) = 0. If § € Ji, by (C3) we obtain

@(0) < L, x(S(9)),
then
lella < Ly el
implies that |||z = 0, thus ¢(0) = x(S(6)) = 0. Consequently S(8) is relatively compact in H.
Therefore, S is relatively compact in Jg. Applying now Theorem we conclude that = has at

least one fixed point w*. Then ¥* = w* + z is a fixed point of the operator =, which is a mild
solution of problem (1.1J). O

4. APPROXIMATE CONTROLLABILITY

In this section we investigate the approximate controllability for System . First we provide
a definition of the approximation controllability idea.

Let 9(T, (o, g, u) be the state value of at terminal time 7" corresponding to (o € H, p € B.
To define the notion of approximate controllability we introduce the set

R(T, Go, ) = {I(T. o, 0 u), ul(-) € L*(V : D)},
which is called the reachable set of system at terminal time 7. Its closure in H is denoted
by R(T, Co, ).
Definition 4.1. System is said to be approximately controllable on the interval V = [0, T
if R(T, (o, p) is dense in H, i.e. R(T, (o, p) = H.

To study the approximate controllability of system ([1.1)) we introduce the following operators:

Or41
FZZH = / Q(Ok+1,6)PP*Q* (041 — €)de,

€k

R(A,TZ) = (AL + T2,
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where g = 0, 011 = T k € Nj*; P* and Q* denote the adjoint of the operators P and Q
respectively. It is straightforward to see that the operator rﬁ:“ is a linear bounded operator. So
we assume that for all & € N, the operator R(\, Fg’,j“) satisfies

(A10) AR(A, I‘g:“) — 0 as A — 0% in the strong operator topology.

From [I4], hypothesis (A10) is equivalent to the fact that the linear control system corresponding
to system (|1.1)) is approximately controllable on [0,7]. More precisely, we have the following
theorem.

Theorem 4.2. The following statements are equivalent:
(i) The linear control system corresponding to system (1.1)) is approzimately controllable on
[0,T].
(ii) If P*Q*(0)3 =0 for all 6 € [0,T], then s = 0.
(iii) The condition (Cy) holds.

The proof of this theorem is similar to that of [3, Theorem 2] and [14, Theorem 4.4.17], so we
omit it here. We are now in a position to prove the approximate controllability of system ((1.1)).
For any given n%+1 € H and A € (0, 1], we take the control function u*(#) as follows:

uM0) = P*Q* (Orr1,€) RN TE+) A+ ,0); ke NJ™.

Where ,
APe,0) = %1 — Ag(0) — [ Q0 — &)K(e, Vs z.0. ), (VD) (e))de,
(e,9¢)
£k
and
A (0) _ _%L:O@(O) + Q(H7O)<07 lf k = 0,
’ — 09| Ti(er, 0(0)) + Q0. ex)On(er, 9(0)), if ke N

Theorem 4.3. Assume (A4)—(A10) hold, the function f is uniformly bounded, and the resolvent
operator {Q(0,€)}o>e is compact. Then, (1.1)) is approzimately controllable on [0, T].

Proof. According to Theorem we know that system (1.I)) has at least one mild solution
&* € Jg. Then we obtain

Or41
EMOr+1) = A (Bs1) +/ Q(Ok+1,€) (K(8,95(c g2y (T9)(€)) + Pu(g))df

€k

Or41
=~ 8uOr) + [ Qe 2) (Ko 9 (0V) () ) e

€k

Okt1
" / QO 41,8)P(P* Q" (Ok11,€) RO\ TEH) A 41, Oy 41) )de

€k

= P (FZZHR(/\a Fg:Jrl) — AR+, 0 11)
_ n9k+1 + )\R(A’Fg:+l)A(n9k+17Hk_,’_l).
So
162 Brs1) = 0| < IROLTZ)[7 — Ag (O]
Ok+1
+rorg| [

€k

QOh+1, 0)K (0, Vo 3y, (W9°) (0)do] |
We infer from the uniform boundedness of K(-,-, ) that there exists Mk > 0, such that
T
I gy (W)@ < T

Therefore, the sequence {K(E,ﬁg(s 927 (U9M)(g))}a is bounded in L?(V,#H), then there exists
subsequence still denoted by {K(e, 92 (W9*)(£))}x that weakly converge to the limit K(¢) in

S(e,02)
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L*(V,H). The compactness of (Q(6,¢€))p>- implies that

A e 0
H/ 0(0,2) (K (e, 93 . gn)» (#0%)(0)) — K(e) ) del] —».
Then we obtain

162 (k1) = 51| S IR TE) % — Ap(Op41) — O(Oxs1,Y0,.,,)]
9k+1 ~
RO [ @bk, o) (K(e, 03¢y (00)(0)) - R(e) )] |

Okt1
+]|R(A,rg:+1)[/ Q(Oh 1, 0)R(e)de] | —> 0.

. A—0

Thus, £M(0k11) — n+1 holds. Therefore, we obtain the approximate controllability of system
(1.1), and the proof is complete. O

Remark 4.4. We can eliminate the uniform boundedness condition on K. From the growth
condition on K and the continuity conditions on % and ¥Z, we can deduce that K is uniformly
bounded on each bounded subset of the space J. This is sufficient to construct a sequence that
converges weakly in L?(V,H).

5. EXISTENCE OF OPTIMAL CONTROLS

In this section, we prove the existence of optimal state-control pairs of the Bolza problem
corresponding to system . From now, we suppose that ) is a separable reflexive Banach
space from which the controls u take its values. The multifunction w : V = 2% has closed, convex
and bounded values. w(-) is graph measurable and w(-) C B where B is a bounded set of U, the
admissible control set

Vaa = {u € L*(V,B) : u(f) € w(h) a. e.}.
Clearly, Daq # 0 (see 27]) and Yaq C L*(V, B) is bounded, closed and convex. Consider the
following optimal controls Bolza problem (BP):
Find an optimal pair (9°,u") € X x Yaa, such that

0 (5.1)
Z(W¥°,u®) < Z(9*,u), for all (9, u) € X X Daa,

where the cost functional is
/‘Jaw 9%(2), u(e))de + (@ (1)),

where 9" is the mild solution of system (1.1)) corresponding to the control u € 9,4, and P €
L*(V,L(Y, H)).

To establish the existence of optimal controls, we impose the following additional assumptions:

(A11) (i1) The functional J : V x & x H x 2) — R U {oo} is Borel measurable.
i2 ( ,+ ) is sequentially lower semicontinuous on & x H x 2) for almost all § € V.

(i2)
(i3) J (6, 32,9, is convex on Q) for each » € &, ¥ € H and almost all § € V.
(4) There exist constants ro >0, 71 > 0,75 > 0, and J € L'(V,R), such that

T (0, 52,9,u) 2 3(0) + roll e + r1l[9l] + raullf-

(i5) The function T' : H — R is continuous and non-negative.

Now, we provide the following result on existence of optimal controls for problem (5.1).

Theorem 5.1. Assume (A11) and the conditions of Theorem[{.3 hold. Then problem (5.1)) admits
at least one optimal pair on X X qq.
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Proof. If inf{Z(u) : u € Yqa} = +00, then there is nothing to verify. Now assume that inf{Z(u) :
u € Yaa} = J < +00. Using (All), we obtain
T

T
Tw) > [ () + rollo2] + rl " @Dz + o [ Ju(e) e + DH(T)) =~ > ~oo,
0 0
where ¢ > 0 is constant. Hence, 3 > —¢ > —oo. By the definition of infimum there exists a
minimizing sequence of feasible pairs (97, u?),en C Agq such that
Z(uP) =y asp— +oo,

where Agq = {(¥,u) : ¥ is a mild solution of system (1.1)) corresponding to the control u € 944}
Since (uP”)pen C Yad, {uP }pen is bounded in L*(V,9)) there exists a subsequence which is still
represented by {uP}, and v® € L?(V,9)) such that

u? — v’ in L*(V,9).

Since 9,4 is closed and convex, by Mazur’s Lemma, we obtain u® € 9)44.
Let 9P denote the corresponding sequence of solutions of system (|1.1)) with respect to u? and
satisfying the integral equation

89,;3 €>|€ 59(0) + Q(8,0)¢o
+f70 ( e, 0% gy, (WOP)(2)) + Pu(e ))ds, it 0 € I,
_ag(a,s)
P b |E Tk (2 0P(07)) + Q0,20) Ok (=, 97 (67)
—i—fsk Q(0,¢)(K(e, V%, (e97) , (TIP)(e)) + PuP(g))de, if @ € Iy, ke N,
Tk(ﬁ,ﬂp(ﬁk )), if 0 € Jg, kENlm,
0(0); ifoeR_.

Let K, (8) = K(6, 191;(9 97); (TYP)(6)). Then by (A4), we deduce that K, is a bounded continuous

operator from V to H. Hence, K,(-) € L*(V,H). Furthermore, {K,(-)} is bounded in L?*(V,H),
and there exists a sub-sequence, relabeled as {K,(-)}, and K(-) € L?(V,H) such that
K,(-) S K(-) in L3V, H).
By Lemma we have
MK, () S MK()  in X.
Now, we consider the controlled system

9 (0) = Z(0)9(0) + /6 Y(0,2)9(c)de + K(0) + Pul(9), if 0 € Iy, k € N,

9'(0) = ©,(0,0(07)), if6e Jy, ke N,
9(O0)=CoeH, 9(0)=p(0), ifOecR_.

By Theorem it is clear that system ([1.1]) has a mild solution
_% __o9(0) +Q(0,0)¢o + f(f Q(0,¢) (K(a) + Puo(a))da, if 6 € I,
—290| _ TulersD(6;)) + Q(6,21)0n (e, V(7))

(0) = § + ffk Q(h,¢) (K(s) +Pul(e))de,if 0 € I, k € NJ",

Tr(0,9(0;)), if 0 € Jy, ke N,
4pt)p(0), ifgeR_.

For each 0 € I, 9P, Ve X, we have

0 1/q
0) - 301 < [ 100,y (€) ~ Eelae + M7+ ( [ Pwre) - Puepirae) "
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If 6 € I}, we obtain

197 (6) — D(8)l|
< Mo Tr(er, 9% (6; ) = Yrlen, 9(0;))l| + Mo Ok ek, 97 (6; ) — Or(er, 9(6;))|

0
+ [ 100,21, (2) - Q6. K e
o q
+MQT1*%(/ ||(73up(6)—Puo(s))qua)l/.

Now for 6 € Ji, we have
197(8) = 9(O)| < L, [197(8) — (O)].

We keep in mind that g, K, Ty, and Oy are continuous, and LY, € (0,1). By strongly continuity
of P, we have

|Puf — Pull||pa — 0, asp— +oo.
Thus
|97 (8) — D(B)|| — 0, as p — +oo.

Furthermore, using (A4) and (A5), we obtain

Kp() = K(, g5, (BD)(-), in X asp— oo,

Hence, K(0) = K(Q,ﬁ%(e,%), (©9)(0)). Thus, ¥ can be given by

9209  0(0) + Q(60,0)Go + Jy ©(0,0)(K(e) + Pu(e) ) de, if 0 € Iy,
— 920 | _ Yilen, D0;) + Q0,5k)On(er, D(0;))

9(0) = { + [0 Q(8,e)Big(K(e) + Pul(e))de, if0 €I, ke N,
Tr(0,9(60;)), if € Jy, ke N™,
o(0), ifoecR_,

which is just a mild solution of system (1.1 corresponding to u". Since X — L'(V,H), using
(A11) and Balder’s Theorem, we conclude that

T
B0 x 0.0) [ F(e,0.(0),906), u(e))de,
0
is sequentially lower semicontinuous in the weak topology of L?(V,H) C L'(V,H), therefore, T is
weakly lower semicontinuous on L'(V,H). Thus

T
7= lim T (,97(e), 97 (¢), u(e))de + T (97 (T))

p—o0 0

> /T T (,9:,0(),u’(€))db + T(H(T)) = Z(u®) > 5.
0

Which implies that Z attains its minimum at (J,u°) € X X Dgqa. O
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6. AN EXAMPLE

In this section, we give an example to illustrate the above theoretical result. Consider the
partial integro-differential system

92¢ (9, 92¢(9, o 9%C (e,
%(29 @) = %(sz) +/0 ING; —5)7?;(22@%
e |C(0 + 0(0,C(0 + v, 1)), ) |2
+/_OO Boe Vi@t v 2120 +1)
/“ cosh(f) sin(r 4+ =) (1 + [|¢(€)]|2)
0 460€2/T(1 + 202 + £2)el1?
+5J(9,£C), ifoel UIQUI37 IG(O,TP), (61)

de + 5(0)¢ (0, z)

¢(0,z) = 6713 cos(v/m0)¢(0~, ), iffe JyUJy xe(0,m),

KD (OO, ), H0€h U, e (0,7)
€(6,0) =¢(0,1)=0, forfel,
0,z
aCE’)H |9 _o = G(x), C(0,2)=p(0,z), if6ecR_ze(0m),

where I = [0,7], k1 = 16, = % % -
Jl :(k17k2]7<]2 (k37k4] o VXR%R U [ ]
We consider the cost function

/ / / 1C(0 + v)||3dv + |C(8, )| + |u(b, &) >d5d9+/ |C(m,€)|de.

and the Hilbert space

Iy = (0,k1], Io = (ko, k3], I3 = (k4, 7],
] — H, and €1, €5 are positive constants.

H=9:=L*0,7)={u:(0,7r) > R: /0 lu(z)?dz < oo},

with scalar product (u,v) = [ u(z)v(x)dz, and norm

fulla= ([ tuto)Paz)

We define the control set 94q = {u € L*([0,7]) : ||u(-,0)|2 < @(0) a.e.}, where w € L*(V,RT).
On the other hand, let the phase space & be BUC(R™,H), the space of bounded uniformly
continuous functions endowed with the norm

[¥]le = sup IIw( )2, € &.

—oco<r<

It is well known that & satisfies the assumptions (Al) and (A2) with K = 1 and 35(6) = B5(0) =
(see [26]). We define the operator Z induced on H as follows:
Zx=x", and D(Z)={sec H*0,7): 2(0) = s(r) = 0},

Then Z is the infinitesimal generator of a cosine function of operators (Cy(6))ger on H associated
with sine function (So(6))ser. Additionally, Z has discrete spectrum which consists of eigenvalues

—n? for n € N, with corresponding eigenvectors w,, (r) = \/%eim. The set {w, : n € N} is an

orthonormal basis of H. Applying this idea, we can write
Z (s, Wy YWy, € D(Z)
The cosine family associated with Z is given by (Cy(0))ger is given by

Co(0)2 =Y _ cos(nd) (s, wn)w,, 0€R,

n=1
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and the sine function is given by

S0 =S v 9eR.
(0= 32 )
It is immediate from these representations that [|Cy()|] < 1 and that Sy() is compact for all
§ € R. We define Z(0) = Zs + 5(0)3 on D(Z). Clearly, Z(6) is a closed linear operator.
Therefore, Z(6) generates (S(0,¢)),c)ea such that S(,¢) is compact and self-adjoint for all
(0,e) e A={(0,e): 0 <e <0 <1}, (see [23]).

We define the operators A(6,¢) : D(Z) C H — H as follows:

A#,e)c=T(0 —e)Z3, for 0<e <0 <1, € D(Z).

Then assumption (A7) holds under more suitable conditions on the operator I'. Moreover, it is
evident that conditions (1)—(3) of T are satisfied, indicating the existence of a resolvent operator
that is compact. More details can be found in [23] B5].

Now let P : Q) — H be defined by Pu(8)(x) = (0, z), z € [0,7],u € Y, where U : [0, 7| x[0, 7] —
H is linear continuous and for p € BUC(R™,H), we put (0, 9)(¢) = o(6,{(0 + v,z)), such that
(A9) holds, and let § — gy be continuous on R(J~). We put ((0)(z) = ((¢,x) and define

e 0 + 0 (0,910 + v, @), 2) |2, cosh(B)da(6)(x)

K(6, 91, 92)(z) = /,Oo 1551/ ((0 4+ v)2 + 20 + 1) dv + degelld
B [T sin(r 4 e )1+ 91(2)]2)

V2(0)(w) = W(D)(z) = /O 115/7(1 + 262 + £2) de,

40, 9(6)) (@) = o cos(Va0)I(07, ),

01(0,9(67)) () = % sin(y/70)9(0~, 7).

These definitions allow us to depict the system ([6.1)) in the abstract form (|L.1).
Now, for 6 € [0, 7], we have

1—e 167 /1 1
K(0, ,Y2(0 <7(7 ) —cosh(f)e ¢ 0 .
I, 710y 2Oz < 55753 (51l ) + ;o (@™ ((he(6) )
So, E(H(H) = 29—7:5 ¢ = 0,1 are continuous nondecreasing functions, and we have
1 —e 167 cosh(rm
b=—Fr— &= ()
31061 462

And for any bounded set IT C H, and Ily € &, we obtain
X(K(6,11p, U(I1(0)))) < & sup  x(II(v 4 6)) + Lx(I1(9)).

ve(—o0,0]

Now, about g, T, and Ok, we obtain
1
“9(9;57’}’1) - 9(676772)”2 S 7”71 - 72”27
115
_ _ 1
150, 71(03)) = Tr(0: 720 )2 < g5l = 72lle,

_ _ 1
18%(8,71(6))) = O (0, 72(0,))ll2 < =l = 722

Furthermore, we have
MoL~y, + MgLe, <0,0289.

And for €1 > 14 ||v1lle,. €2 > 1+ |22, for all 11 € By,
gammasg € H, we obtain

1—e 17 cosh(w)
+ .

K(- Nl <
K 3100092( Dl € —go5— + o0
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Thus under appropriate conditions on the operator il the corresponding linear system is approxi-
mately controllable, then all the assumptions of Theorems [4.3] and [5.1] are fulfilled. Consequently,
the problem ([6.1)) is approximately controllable and has at least one optimal pair.
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