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GLOBAL UNIQUE SOLUTION FOR 3D INCOMPRESSIBLE
INHOMOGENEOUS MAGNETO-MICROPOLAR EQUATIONS WITH
DISCONTINUOUS DENSITY

XIAO SONG, CHENHUA WANG, XIAOJIE WANG, FUYI XU

ABSTRACT. This article concerns the Cauchy problem of the incompressible inhomogeneous
magneto-micropolar equations in R3. We first prove the global solvability of the model when
the initial density is bounded from above and below with positive constants and the initial
velocity, angular velocity, and magnetic field in a critical Besov spaces are sufficiently small.
Then we obtain the Lipschitz regularity for the fluid velocity, magnetic field, and angular ve-
locity by exploiting some extra time-weighted energy estimates. We show the uniqueness of the
constructed global solutions by the duality approach.

1. INTRODUCTION AND MAIN RESULTS

The magnetohydrodynamic model is often regarded as a reasonable description of the dynamics
of a plasma, but it cannot describe fluids with microstructure and such complex fluids may be of
different shape. Moreover, they may rotate, independently of the rotation and movement of the
fluid. Therefore, it is necessary to refine the fluid models. Ahmadi and Shahinpoor [?] proposed a
magneto-micropolar fluid model, which extends the valid domain of MHD equations and accounts
for microrotation effect. If the density of the fluid cannot be considered a constant quantity,
a consequence of the complex structure of the flow due to, for example a mixture of fluids or
pollution. This requires that we look at the density as a nonnegative unknown function which
has constant values along the stream line. The simplest model which can capture such a physical
property is the so-called incompressible inhomogeneous magneto-micropolar equations [?, 7, ?]:

Op + div(pu) =0,

O (pu) +div(pu @ u) — (u+ ) Au+ VP = curl H x H + 2u, curlw,
pOiw + p(u - V)w — (cq + ca)Aw — (co + cqg — ¢o)Vdivw + 4prw = 2u, curlu,
O H —vAH = curl(u x H),
divu =divH =0,

(psu,w, H) =0 = (po, uo,wo, Ho),

where p = p(x,t), u = u(z,t), w = w(x,t), H = H(x,t), and P = P(z,t) describe the density, the
velocity field, the angular velocity vector of rotation of particles, the magnetic field and the pres-
sure, respectively. The positive constants pu, u., cg, cq, cq and v characterize isotropic properties
of the fluid; p is the usual Newtonian dynamic viscosity; pu, represent the dynamic microrotation
viscosity; cg, ¢, and ¢4 are called coefficients of angular viscosities; v is the magnetic diffusivity.
These new viscosities are related to the asymmetry of the stress tensor and in consequence related
to the appearance of the field of internal rotation w. Furthermore, these positive constants satisfy

co + cq > cq. Without lose of generality, we take u = p, = %, Cat+ca=1,co+cqg—cy,=1and

(1.1)

2020 Mathematics Subject Classification. 35Q35, 35A01, 35A02.

Key words and phrases. Discontinuous density; global well-posedness; critical Besov space;
magneto-micropolar equation.

(©2025. This work is licensed under a CC BY 4.0 license.

Submitted December 22, 2024. Published June 2, 2025.

1



2 X. SONG, C. WANG, X. WANG, F. XU EJDE-2025/58

v = 1. The body force curl H x H = H-VH — iV(|H|?) and curl(u x H) = H - Vu—u - VH if

2
divu = div H = 0. Thus, taking 7 = P + % and using transport equation and incompressible

condition, we first transform the original system (??) into the form
Op+u-Vp=0,
p(Ou+u-Vu) —Au+ Vo =H-VH + curlw,
p(Ow +u - Vw) — Aw — Vdivw + 2w = curl u,
OH+uw-VH—AH =H -Vu,
divu =div H = 0,
(p;u,w, H) =0 = (po, uo,wo, Ho)-

(1.2)

We would like to point out that the model (??) includes several important models as special
cases. In what follows, we briefly review some of the existing results for the system and related
models.

If we ignore micro-rotational velocity, i.e. w = 0, the system (??) reduces to the inhomogeneous
incompressible MHD equations. When the initial density is away from zero and is close enough
to a positive constant, local existence of strong solutions was recently considered by Abidi and
Hmidi [?]. They also proved global existence of strong solutions when the initial data are small
in some Sobolev spaces and Besov spaces. Global existence of strong solutions with small initial
data in critical Besov spaces was considered by Abidi and Paicu [?]. Precisely, [?] allowed variable
viscosity and conductivity coefficients, strongly oscillating initial velocity and magnetic field but
required an essential assumption that there is no vacuum. The results in [?, ?] have been extended
by Zhai, Li and Yan [?] in the critical functional framework to the model with one component of
the initial velocity and magnetic being large. We note that all the previously mentioned works
[?, ?, ?] assume the density to be at least uniformly continuous. When pg € L>°(R3) is bounded
above and below by positive constants, and the initial velocity and magnetic field are sufficiently
small in H*(R3) with 1 < s < 1, Chen, Guo, and Zhai [?] demonstrated the global existence
and uniqueness of the solution. Notably, the H® functional setting used here is not critical with
respect to scaling. Xu, Qiao and Fu [?] further lowered the regularity assumptions on the initial
data from [?] to a critical framework, and established the global existence of solutions in critical
Besov spaces. The uniqueness issue of the constructed global solutions was presented in [?].

When H = 0, system (??) becomes the inhomogeneous incompressible asymmetric fluids. Local
well-posedness of strong solution to the system was constructed by Lukaszewicz [?] when the initial
density is strictly separated from zero. Using a spectral semi-Galerkin method, when the initial
density is bounded and away from zero, Boldrini et al. [?] proved the unique local solvability of
strong solution and some global existence results for small data. In particular, uniqueness results
in [?, 7], though, are available only if one requires much more regularity for the solutions. Recently,
Braz e Silva et al. [?] constructed the global existence and uniqueness of the solution to the 3D
system when the initial density po € L®(R?),0 < a < pg < 8 < oo and the initial velocities
(ug,wo) € HY(R?) x H'(R3) satisfy a suitable smallness condition. More recently, Qian et al. [?]
further improved the result of [?] by relaxing the regularity restriction on the initial (angular)
velocity and obtained global existence of solutions of the model when initial density is bounded
from above and below by some positive constants and initial (angular) velocity in critical Besov
spaces are sufficiently small. In [?], authors proved the uniqueness issue for the constructed global
solutions in [?].

When p is constant, which means the fluid is homogeneous, the magneto-micropo-lar fluid
equations have been extensively studied, such as existence and stability of solutions [?, ?], large
time behavior of solutions [?, ?], blow-up criterion of solutions [?, ?] and so on.

Because of its wide applicability in physics and mathematical importance, the system (??) has
attracted considerable interests. In the 3D case, Zhang and Zhu [?] showed the global existence of
strong solution to the initial boundary value problem with vacuum provided that some smallness
condition holds. Yang and Zhong [?] constructed the global existence of strong solutions to the
Cauchy problem for the system with initial data being of small norm but allowed to have vacuum
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and large oscillations. Zhong [?] proved the existence and exponential decay of global strong
solutions to the system with some smallness conditions in a bounded simply connected smooth
domain with homogeneous Dirichlet boundary conditions for the velocity and micro-rotational
velocity and Navier-slip boundary condition for the magnetic field. In the 2D case, Zhong [?, 7]
studied the existence of local and global strong solutions to the Cauchy problem with the arbitrarily
large initial data and vacuum.

Here, it should be pointed out that all the previously mentioned works in [?, ?, 7, 7, ?] for the
system (?7) assume the density to be at least uniformly continuous, excluding cases where the
density has discontinuities across a hypersurface. However, in many practical applications, such as
modeling mixtures of two fluids, we are often interested in fluids with piecewise constant densities.
Motivated by [?, ?, 7, 7, 7], in this paper, we intend to investigate the unique global solvability of
the 3D Cauchy problem (??) in more general scenario where the initial density is bounded above
and below by positive constants and the initial (angular) velocity and magnetic field in critical
Besov spaces are sufficiently small. Here, we first note that the system (?7?) possesses a scaling
invariance. Namely, if (p,u,w, H) is the solution of the system (??) corresponding to the initial
data (po, UQ, Wo, H()), then

(pkv ux,wx, Hy, ﬂk)(tv J}) £ (p(A2t7 )\Jf), Au(/\2t7 )"1:)7 Aw()‘Qt7 /\J)), )‘H()‘Qta /\$), )\27T()\2t7 )\J)))

is also a solution with initial data (pox,uox,wox, Hox)(®) 2 (po(Ax), Mug(Ax), A\wo(Az), AHo(Ax))
for all A > 0, if we discard the terms curlu, curlw and the damping term w, which is the same as
the inhomogeneous incompressible Navier-Stokes system and MHD system. Thus, one can define
the critical spaces which is invariant under the above scaling.

For the system (?7), the incompressibility condition on the convection velocity field in the
density transport equation ensures that

ol = llpollLes - (1.3)

Our first main result on the existence of global strong solution to the system (??) then reads

as follows.

Theorem 1.1. Given p,p € (0,00), assume (po,uo,wo, Ho) satisfy p < po < p,

ug, wo, Ho, curlug — 2wg) € BY2 « Bl/2 X Bl/2 By Y2 1.4
2,1 2,1

Then there exist a constant eg > 0 depending only on p,p such that if

d
FEy ;f H(UO,WQ,H()) 1/2 + ||CIH‘1UQ — 2’11)0”3 1/2 < eo, (15)

Il 1
system (?7) admits a global solution (p,u,w, H) with p € L (R+ L>(R?)) and with (u,w) in
C([0, 00); B;/f) NL?(RY; Bg/f) x C([0, 00); BI/Q) NL?(RT; 32/1 ) satisfying for (t,z) € RT x R3

PEP=P, (1.6)
and

s, H) e a2y + s, B 72y + 1V, 0 H) e 202
+ ||\/zat(u7w7H)”L2 1/2 + H\/>V(U w PI)||L2(Bl/2 + ||tDt(u w H)||Loo(31/2

1)
S CEO)

) (1.7)

where Dy = 0y +u -V denotes the material derivative.
Our second main result on the uniqueness of strong solution is the following theorem.

Theorem 1.2. Let (p1,u1, H1,m) and (p2,us, Ho, ) be two solutions of the system (?7) on
[0,T] x R3 constructed by Theorem ?? corresponding to the same initial data. Then

(p1,u1, w1, Hi,m1) = (p2,u2,w, Hy,ma)  on [0,T] X R3. (1.8)
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Remark 1.3. Compared with the existing results in [?, 7, 7, 7, 7], we obtain the existence and
uniqueness of the global solution to system (??) when the initial density is bounded from above
and below by some positive constants. In particular, the initial velocity, angular velocity, and
magnetic field have critical regularity indices.

The structure of this article is as follows. In the next section, we review fundamental concepts
related to Littlewood-Paley decomposition, Besov and Lorentz spaces, product estimates, and
relevant propositions. Section 3 is dedicated to the proof of Theorem ?7. The last section is
focused on proving the uniqueness result stated in Theorem ?7.

Throughout this paper, we assume C be a positive generic constant that may vary at different
places and denote A < CB by A < B. Let f and g be two operators; we denote [f,g] = fg — gf,
the commutator between f and g. We always define % =0;+u-V and @ = du+ u - Vu to be
the material derivative.

2. PRELIMINARIES

Let S(R?) be the Schwartz class of rapidly decreasing function. Given f € S(R?), its Fourier
transform F f = f is defined by

fie)= [ sty de

Let (x, ) be a couple of smooth functions valued in [0,1] such that x is supported in the ball
{€eRe: €] < %}, ¢ is supported in the shell {¢ € R? : % <l < %}, 0(&) :=x(&/2) — x(&) and

O+ p277¢) =1, VeR,

7>0

D w2778 =1, vEeR?\ {0}

JEZL
The homogeneous frequency localization operators Aj and S'j are defined by
Ajf =F Ne@7T)VFf), Sif:= Y A f forjel
q<j—1

We denote the space S; (R?) by the following subset of the dual space of S'(R?) = {f € S(R?) :

Def(0) = 0, where « is multi-index}, it also can be identified by the quotient space of S'(R%)/P
with the polynomial space P. The formal equality

F=>_A;f
JEZ

holds for f € S}, (R9) and is called the homogeneous Littlewood-Paley decomposition. One easily
verifies that with our choice of ¢,

AjAf=0 if |j—q>2 and Aj(S,_1fA,f)=0 if |j—q|>5.
Let us recall the definition of the homogeneous Besov spaces and some properties (see [?7,?, 7, 7, 7]).

Definition 2.1. Let S’ be the space of all tempered distributions. For s € R, 1 < p < oo, we
define the homogeneous Besov space B, ; to be

pl_{fesh

<oo},

with
Si={res:Y Ajf=res} and =D 2°lIA |-

JET ’ JET

We introduce the Besov-Chemin-Lerner space L% (B ( ) which is defined in [7].
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Definition 2.2. Let s < % (respectively s € R), (r,p,p) € [1,400]®> and T € (0,+0c]. We define
f@(B;J as the completion of C([0,T];S}) with the norm

I llze s = i f Ol o017

< o0,
o
with the usual change if 1 = co.

Obviously, LTBS 1= LTBp 1, By a direct application of Minkowski’s inequality, we have the

following relations between these spaces

LB, — LyBs ., r>p,
LhBs, < LABs ., p>r.

The following Bernstein’s inequality will be used frequently.

Definition 2.3. Given f a measurable function on a measure space (X, pu) and 1 < p,r < 0o, we
define

1/r
~ ti/p t'"ﬂ if r < 00,
1o e,y = (IO( I )t) ifr <oc (2.1)
SUP;~ /P f*(t) if =00

where
fE(t) ==inf {s > 0: pu({|f] > s}) < t}.
The set of all f with ||fHLp,r(X7H) < o0 is called the Lorentz space with p and 7.

Lemma 2.4 ([?]). Let 1 <p < q < +oo. Assume that f € LP(R?), then for any v € (NU {0})¢,
there exist constants Cy, Cy independent of f, j such that

supp f C {[¢] < Ao2’} = 1|07 fllg < C12 NG| £l

supp f € {4127 < [€] < 4527} = || f]l, < Co2771 s 1% £,
Bl=|vy

The usual product is continuous in many Besov spaces. The proof of the following lemma can
be found in [?, section 4.4] (see in particular inequality (28) page 174).

1£l5, . < Cllfl=lgls, +Clal<llfls, . ifs>0;

) d
1l orven-g < CllF s lgllsz, i 51,82 < e and s1 + s3> 0;
o

. d
sy Mollggz e 3 18l <5

Some embedding properties and interpolation inequalities about the Besov spaces can be found in
[?] are in order.

Lemma 2.5.

e For each p € [1,00] we have the continuous embedding BO — [P — BO

o I[fscR1<p  <py<ooandl <r; <rp <oo, thean,ﬂ,l<—>B;;r2(ﬁ_E .

e The space B /1 is continuously embedded in the set of bounded continuous functions (going
to 0 at inﬁmty if p<o0).

o Forl<p,ri,re,r <00, 01 # 09 and 6§ € (0,1), then
1£1l gorza-oms < CUFIZY 1S l1a -

Remark 2.6. Since LPP(X,u) coincide with the Lebesgue space LP(X, ), the Lorentz spaces
can be endowed with the quasi-norm

_Jp /T(fo (SH {If] > S})l/p)rds)l/r if r < o0, (2.2)

Hf”Lp*T(X,y,) ¥ .
sup,~q s p({[f| > s})"/? if 1 = oo.
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The following properties of the Lorentz spaces may be found in [?].

Proposition 2.7. For 1 < p,p1,p2 < oo and 1 < r,ri,re < 00, we have
(1) Interpolation. For all 1 <7,q < oo and 6 € (0,1), we have

(27 (s LoB®)): L2 (R LRY)) ) | = L7 (R LY(R?),

where 1 < p; < p < pg < 00 are such that % = (1;19) +

(2) Embedding. LP™ — LP"2 if ry <1y, and LPP = LP.
(3) Hoélder’s inequality. If% = p% + p%, and % =L 4+ L we have

1 ro’

S

1fgllzer S NfllovrillgllLrara.

This still holds for the pairs (1,1) and (0o, o0) with the convention LY = L' and L>>° =

L.
(4) For any o > 0 and non-negative measurable function f, we have ||f*||rr.r = || f]|$parra -
(5) For any t > 0, we have Ht_alRJr”Lg,oo =1.

3. PROOF OF THEOREM 77
For a clear presentation, we split the proof of Theorem ?7 into three propositions.
Proposition 3.1. Under the assumptions of (??) and (??), let (p,u,w, H) be a smooth enough
solution of system (??). Then we have (?7) and
[ (u, w, H)HifC(Bé{f) + [V (u,w, H)”Ef(B';)/f) <CE, forteR". (3.1)

Proof. Employing the classical theory on transport equation, (??) and (?7?), we can easily obtain

(??) for t > 0.
To bound (??), we first consider the following linear coupled system of (u;,w;, H;,7;):

pouj + pu - Vu; — Auj + Vr; = H - VH; + curlwy,

pOw; + pu - Vw; — Aw; — Vdivw; + 2w; = curluy,
OH; +u-VH; — AH; = H - Vuj, (3.2)

divu; = div H; = 0,
(uj,wjs Hj)ji=o = (Ajuo, Ajwo, Aj Ho),
where {m;};ez smooth functions satisfying suppm; C 27C and |[{27%|/m;||rr }jez|lir < oo with
0<5<%(lgp,rgoo)or,s:%(rzl).

Then we deduce from the uniqueness of local smooth enough solution to the system (?7?) on

[0, T*) that
u:Zuj, w=ij, HzZHj, WZZTI']‘, (3.3)
j€z JEL JEL JEL
which together the low-high frequency decomposition and Lemma ?7? yields that
HAJ‘(U,W,H)HL,?C(H) + ||VAJ(U,W7H)||L3(L2)
<> (HAj(uj’awj’aHj’)||L?°(L2) + HVAJ‘(UJ‘/,%‘/,Hj’)HLg(m))
J'>J
+ 27j Z (HVAJ(UJI,UJJI’ H]/)”L?"(LQ) + Hva]’(uJ",Wj’, H]')”Lf([?))
J'<J
SN (H(uj'awj'ij')||L:°(L2) + HV(UJ’»WJ’»Hj')||L$(L2)>

J'>3

=+ 2_j Z (\|V(uj/7wj,7Hj/)HL?o(Lz) + ||V2<uj'7wj’7Hj’)HLf(L2))'

J'<q

(3.4)

Now, we first bound the terms ||(u;,w;, Hj)lLoe(r2) and [[V(uj,w;, Hj)|12(z2) in the above in-
equality as follows. To begin with, taking the L2-scalar product of the first equation of the system
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(??) with u;, the second equation with w; and the third equation with H; respectively and the
combining together, and noting that
1
(w;, curluy) + (uj, curlw;) < 2|jw;||32 + §||Vuj||2L27

we conclude from the continuity equation (?7?), that
1d
2.dt Jgs

Integrating the above inequality over [0, t], we have

1 .
(phus 2+ ol + [HP)o + [ GVl + [V + [V P)o + [ | diva,Pda

1 1 .
5”(\/,5“3‘, Vi Hi)ll7 e 12y + §||Vuj||%,?(m) + ||ij||i§(L2) + HVHJ'H%f(L?) + 1l leWj“%g(Lz)

< I/ u0, V5 g0, Ay Ho) .
By (?7?) and (?7), it holds
(g, wis Hy) | oo 22y + 1V (g, wj, Hy) |l p22y < ClIA; (uo,wo, Ho)lz2 < Cd;277/?Ey. (3.5)
Next, let us turn to bound the terms ||V (u;,w;, Hj;)| Lo (r2) and ||V2(uj7wj,Hj)||Lg(Lz) in (77).
Taking the L2-scalar product of the first equation of the system (??) with d;u;, the second equation

with Jyw; and the third equation with 0;H; respectively, combining together, and using Holder’s
inequality and the embedding H'/2(R?) — L3(R?), we have

1(v/pOsus, /pOrw;, O H;) |3

1d .
" m(”v“"j“%z + || divew; |72 + |VH;||72) +

| &

(IVu;llZs + || curlu; — 2w;|72)

e
QU

t
- /RS(H VH; — pu-Vu;) - dyu; + (H - Vu; — - VH;) - 0,H; do — /R puVw; - Ow;  (30)
< Cll(u, H)|| 3 [V (ujs w5, Hy) | o [|s (uj, w5, Hy) | 2
< Cll(u, H) |l g2 V2 (g, wj, Hy) | 2| (VPO /pOswws, 0uHj )| 2.
For second order derivatives of (u;,w;, Hj;), it follows from (??), that
—Auj + Vr; = H-VH; + curlw; — pdyu; — pu - Vuy,
—Aw; — Vdivw; = curlu; — pdyw; — pu - Vw; — 2w, (3.7)
~AH; = H-Vu; — 0,H; —u-VH;.
Taking the L? scalar product of equation (??); with —Awu;, of equation (??), with —Aw; and of

equation (??)3 with —AH;, respectively, and then adding the resulting equations, we easily infer
that

IV2u;ll2 + V251 + |V div ey ||* + [ V2H; 17 + 2] Vw|?
= 2(curlwj, —Au;j) + (pOruj, Auj) + (pOww;, Aw;) + (0:H;, AHj)
+ (u-VH;,AH;)+ (H - Vu;, AH;) + (pu - Vuj, Au;) + (pu - Vw;, Aw;),

because of (curlu, —Aw) = (curlw, —Au). Hence by Cauchy-Schwarz’s and Young’s inequalities,
we conclude that

V2 (uj, wj, Hy)|| 2 < C(||(\/ﬁﬁtuj, VPOwwj, 0 )| L2 + [H - VHj| 12 + [lpu - V|2
+IH - Ve + - VH; g2 + - Vo 2)
< C(I1(V/p0uu;, /00w, OcHy) 2 + 1| s HDI|as |V (a0, Hj) o)

< C (VP05 v/pdhos O 2 + (s H) g |92 a0, Hj) 2 ).

(3.8)

We denote
Tf £ sup {t < T : ||(u, H)| o 12y < €1} (3.9)
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Then for ¢; in (??) being so small that Cc; < 1, thus we infer for ¢t < T} that
IV2 (g wj Hj) | 2 < Cll(v/pOruz, /pOuws, OcHj) || e (3.10)
Combining (??) with (??) and Cc; < , for t < Ty, we have
d .
a(H(Vuj,Qij,QVHj)HZLQ + |[(2divw,, curlu; — 2wj)||L2> + |(V/pOsuj, /pOsw;, O, H;)|32 < 0,
which together with (??) yields

IV (ug, wyy Hy)llLeo 22y + V2 (ugy w5, Hy)ll 2 22) + | (VPOrus, /pOww;, 0 H) | 1212
< C|[(Vuy, Vw;, VHj, curluj — 2w;)i=ol| 2

< IVAjug, VA jwo, VA Hy, Aj(curl ug — 2wp)]| 12 (3.11)
< Cd; 297 E,.
Substituting (??) and (??) into (??), we have
1A (u,w, H)l|ge (£2) + VA (u, w0, H)|| 22y < Cd; 2772 Ey, (3.12)

which implies that

[l (u,w, H) |7 51/2) + |V (u,w, H) < CEp, fort<Ty.

=B Izzy72)
Using the contlnuous embedding B1/2(R3) < H'/2(R3), and taking e in (??) so small that
CEp < Cgo < 5 for ¢ given by ('7‘7). Thus, we deduce by using a continuous argument, that T}

determined by (??) equals any number smaller than 7. That is,

HW’“’H)HLgO(B;/f) + ||V(u,w,H)\|E%(B;{12) <CEy fort<T". (3.13)

Finally, we shall show T* = —+o00. Let co be a small enough positive constant, which will be
determined later on. We define

T £ max {t € [0,T%) : ||(u,w, H) 2y + |V (u,w, H) 1/2) < 2} (3.14)

00 (1 Iz 51/

We claim that T' = +oo provided that there holds (??). Indeed, taking co = 2Ceg, for t < T, we
deduce from (??) that

C2

||(U’W’H)||itx(3;/12) + HV(U7W7H)||£?(B;’/12) S OEO § CE() § 5,
which contradicts (?7?). Thus, we conclude that T'= T* = oo, and (??) hold. This completes the
proof. O

Proposition 3.2. Under the assumptions of Proposition 7?7, we have
||\/EV(u,w,H)||E?O(B;/3) + |Vt (u, w, H)l| 2322y < CEo fort € RT. (3.15)

Proof. Similar to the derivation of (??), we have
IVEA;Y (u,w, H) || pgo 12y + [VEA ;0 (u,w, H) | 12 (12)
<Y <||\/ZV(UJ",%",Hj')||L;°(L2) + ”\/iat(uj”wj”Hj')”Lf(L?))
3'>j (3.16)
+ 2_] Z (”\/EVQ(’LL]'/’W]'/7 Hj’)”LfQ(Lz) + ||\/£V3t(uj/,wj/, HJ’)HL?(Lz))

J'<3
Let us now bound the last two terms in the above inequality. For the terms ||v/¢V (uj,w;, Hj)| 12 (12)
and ||\/58t(uj,wj,Hj)||Lg(L2), it follows from (??) that

1d
IV gy, H) 3+ divesy 132 + (0, 0oy, )

=< CII(U»H)IILNIIV(%MJ» J)||L2||at(u]7wﬂ’ )z

< Ol (u, H) Lo |V (g, g, Hy) 22 + H(\fatuj,f@twj,@t IS
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Multiplying the above inequality by ¢ and using Bg’/lz (R3) < L>*°(R3) in Lemma ?? we have

d .
a(H\/ZV(uj,wj,Hj)H%z +[VEdivew;|72) + VE(VpOsuy, /pOhws, e Hj) | 72
< OV (uj,wi, Hy) |72 + CH(uvH)H2B§~/12H\/gv(ujijaHj)HZL?'
Applying Gronwall’s inequality and then using (??) and (?7), we have
IVEV (g, w;is H) |7 oo 2y + IVEAV @j [T e (12) + V(DO v/pOewsss O H) 172 12
< IV (uj,w;j, Hy)ll72(12) exp (C||(U»H)||i§(32{12))
< Cd3277 Ey,
which together with (??) yields that
H\/iv(uﬁw%Hj)HLf"(LQ) + ||\/£v2(uj7Hj7wj)”Lf(L2)
 IVE/Pus, /0005, DuH) 2 o (3.17)
< Cd;279/2E.

On the other hand, in order to bound ||vtV?(u;,w;, Hj)||peo(r2) and [[VEIVO;(uj, wj, Hj)llz2(z2)
n (??), applying 9; to the former three equations of the system (??) yields that

pOFu; + pu - Voyu; — Adyu; + Voym; = —piDyuj — puy - Vug + 0y (H - VH;) + 0; curlw,
p@fwj + pu - Vow; — Adww; — V div Orwj + 20iw; = —peDiw; — puy - Vw; + Oy curluy,  (3.18)
OfHj +u- VO Hj — A0 Hj = —uy - VHj + 0y(H - Vuy).

Taking the L2-scalar product of the first equation of the system (??) with d;u;, the second equation
with d;w; and the third equation with 0,H; respectively, and the combining together, we obtain

1d
5%”(\/55%’ VPOww;, 0.H;) |72 + IV 0y (g, w;, Hy) 172

=— /}R3 ptDyujOpuy dx — /R3 put - VujOyu; do + . Oy(H - VH;)0pu, dx
(3.19)

— / peDyw;Oyw; do — / put - Vw;Ow; do — / uy - VH;0 Hj do
R3 R3 R3

+ Bt(H . V’LLj)atHj dx.
R3

We bound term by term in the above expression as follows. For the term ng peDyu;Opu; dx, we
infer using the definition of material derivative that

/}RS ptDiu;Opu; do = /]RS pt|8tuj\2dac + /]RS pru - Vu;Opuj de. (3.20)

For the term o4 p¢|0yu;|?da in (??), by virtue of the transport equation of (??), integration by

parts and the embedding B%z — L in Lemma 77, Holder’s and Young’s inequalities, we deduce
that

[ plospan < [ div(pu) o, Pz
R3 R3

SC’/ puV |Ou;[*dx
R3

< Cllull o100 121V 0 2
< Cllulldy s IAdeus|13: + Vi |

(3.21)
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For the term fR3 pru - Vu;Ouu; de in (77), by the transport equation of (??) and using integration
by parts, we have

/ pruNVu; - Opuj dx
]R3
< / div(pu)u - Vu,;0pu; do
]RS»
< /]1@3 puVu - Vu;0pu; de + /]Rfi pu U V2uj8tuj dx + /11@3 pu-u- Vu; - Voyu; dx.

By using (??), Holder’s inequality, embeddings BS,/E (R3) < L*°(R?®) and 3217/12 (R3) < L3(R3) in
Lemma 77, we obtain

| [ o Vgoru da| < o |9l ol Vs VA0 1
< ClulldyallVu; 2l /B0rus | 2
< Clluls o lly/B0hs, /P05, 0 3
Similarly, we can deal with the term fR3 pu-u- V2uj8tuj dx as follows
| [ e VPugor da| < s o= 1920 1210
< Clulyys V0, /B0, O o
Along the same lines, we also have
| [ V09 0; da] < Clullie s Vol 90y 1
< Cllull g2 ||u||5>;(12||V2Uj|\L2||V3tUjHL2
< Ol Ly all/B0uus s + V005
As a result, |
| /  puDyugdyug da| < O (Ll )l s | (B0t /POy, OeH) o 4+ 0y 2. (3.22)
Similarly,
| /R  peDy Oy da| < C (U [l [l (V085 P00y, O+ € Vs 3. (3:23)

For fRS put - Vu;0pu; de, it follows from (??), Holder’s and Young’s inequalities that

| [ ot Vug)0uu; da| < 2195 01
R3
1/2 1/2 3.24
< Ol | Vg |21 9%, 12 B (3.24)
< Clluell7 Vsl 2 | (Vpdruj, /pOsw;, e Hy) | 2 + €|V Byu|| 7.
By a similar derivation, we also have
’ /Ra pug - Vw,; 0w, dx’ < Cllug|| L2 || Vw;| L3 ]| Opw; || Lo (3.25)

< ClluelZ2 Vw2 | (VpOruj, /pOsw;, O H) || 2 + €l V Oywwys |72
For [ps 0y(H - VH;)Opu; de, it follows from Holder’s and Young’s inequalities, (?7?), that

\ O, (H - VH,)dyu; dx’

’/RS VHj)Btujdx‘—k’/R (H - VO, H;)0pu; dx
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1/2 1/2
< CHill 2 |V H; 1127 IV Hy 122 1/p0vus | o + CILH | o= |1 | 2| V0, H | 2
< Oz IV Hyll 2 IV*H 12 + CIH I 2 llv/POeus Iz + €l Vs (g, Hy)ll 22
< Cli(us, H) |72 |V Hjl 2 [|(VpOsu;, /pOuw;, O Hj )| 2 + €]V O (g, Hj)I7 2
+ Ol B) /2| (VPOeuiy, /pOrswss D) -

The same estimate holds for — f]R3 uy - VH;0,Hj dv + fR3 O0i(H - Vu;)0.Hj dx. Then inserting the
above estimates into (??) yields that

H(\fat“w\[atwmat 72 + IV (uj,wj, Hy) |7
<C(1+H(U H)Hz1/2)Hu||23/2||(f8tu],\f5twj,3t D72 (3.26)
+ Cl|0x (u, H)|[7211V (uj, w5, Hy) || 2 (| (V/pOrws, /pOrw;, 0: Hy) || 2.

Multiplying the above inequality by ¢, it follows from (??) that

II(\F&u],fatwj,\th I Ze + VIV (uj, wj, Hy)| 72
< 1(VPOruj, /pOuws, OeH; )72 + ClIVE0: (u, H)I|72 |V (g, w5, Hy)[72 (3.27)
+ C (I8, )+ o H) ) | (VEp ety By V30 H, )
Thus applying (??) together with Gronwall’s inequality gives rise to
||(\F(’“)tuj7\r8twj,\/8t )||L°° )t ||\[V‘9t(uav%v ‘)||2L2(L2)
= C(||(f8tuj7\f6twj,3t HLZ(L2 + [Vt (u, H)”L2(L2 (3.28)
X 9 g5, ) e 1) exb (1100 D) + €l DI )
In what follows, we deal with the term |[V/#0;(u;, Hj)| 1212 in the above inequality. We deduce
from (??) and (?7?) that
1/2
||\4/£at(uj7Hj)HL%(L2) < Hat(uja )” ; Lz)”\[at(u]v )||L2(L2) < Od iEo,
which along with (??) ensures that

V200, )2 2y < S 1204 (g, H)) 231y < CBo. (3.29)
JEZ

By (??), (??) and (??), we arrive at

I(VEpOyuj, VEpdrw;, VIO H;) || poo (r2) + VIV Or(uj, wy, Hy)l| 1212y < Cd;27/? exp(Eo) Eo (3.30)
< Cd;2'/*Ey, '
which together with (??) implies that

IVEV2(ug,wj, Hi) L 22y + IVEVO: (g, wj, Hy)| 1212y < Cd; 272 B, (3.31)

Then plugging (??) and (??) into (??), we finally conclude that (??) holds for any ¢ > 0. This
completes the proof. O

Proposition 3.3. Under the assumptions of Proposition 77, we have
D12ty w0, H) | o a2y + 189 D, 0, )| o gy + VAV (1t w0, H) | g e
L 2B, 2

v (3.32)
<CEy forte R+.
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Proof. As for the derivation of (?7), we have

HtAth(uaw7 H)HLT(LQ) + HtAijt(u’w’ H)HL?(LQ)

<> (HtDt(uj’awj’aHj’)||L§°(L2) + HtVDt(uj’7wj’7Hj’)”L%(L?))
= (3.33)

+277 Z <||tVDt(Uj/ij/vHj’)HLgO(L?) + ||tV2Dt(Uj/7Wj/vHj’)HLf(Lz))
i'<i
Next, we bound the terms [tD¢(u;,w;, Hj)|lLeo(r2) and [tV Dy(uj, wj, Hj)|[ 212y in the above
inequality as follows. Multiplying (??) by ¢? gives rise to
POy, B0y, O s + 190 g5, I
< 2| (VEpdeuj, VEpdw;, VIO H) |72 + Cl| V0 (u, H)| 72 VY (ug,wj, Hy) |72 (3.34)
+ C (1101 HYIE + 1 H) ) 00, 00y )
Applying Gronwall’s inequality yields that
[t(v/POutj, v/POw;s O H) T oo 2y + 1V 0w, wiy Hy) 72129
< C(I(Vipdeuj, \/ipBew;, VIO Hy)[72 2 + | V104 (u, H) || Z3 129
< IV (05, H)) e ) ex0 (C1VED: (ot H) [ o) + Cll (s DI ).
which together with (??), (??7) and (??) ensures that
[t(\/POrts, /PO O H ;) || oo (12) + 6V i (uj, wy, Hy) | p2(r2y < Cdj277/2 Ey. (3.35)
It follows from (?7?), (??)and (?7) that
[tDe(uj, wi, Hy)llLee(n2y + 1tV De(uj, wjiy Hy) |l 2 (2
< |[t0(uj, wi, Hy)l Loe 2y + I[tw - V(uj,wj, Hi)|| e (22)
+ [tV (uj, wj, Hi)ll 2 12y + 16V (- V (uj, wi, Hj)) |22 12y
< |[t0(uj, w;i, Hj)|l Lo 2y + ||\/EUHL$°(L°°)H\/EV(UJ'7WJ'7Hj)||L§’°(L2)
169, (5,05, )l 2 2y + 90l 23 ooy 169 (5,05, Hll o (3.36)
+llull L2 o) 16V (g, w0z, Hj) e 22
<6045, H3) a2y + IVl ey IV G, L e
1090 oty Lz 1 + Ol g 1905, e 1
< Cd;27/%E,.
Now we turn to the terms ||tV Dy (u;,w;, Hj)|poo(r2y and [[tVZDy(uj, wj, H;)L2(z2)- Applying
the operator D; to the former three equations of system (?7?) yields that
pruj — ADyuj + V Dy
= [Dy; Aluj — [Dy; Vmj + Dy(H - VH;) + Dy curlw; = f; + Dy curlwy,
pDiw; — ADyw; — V div Dyw; + 2Dyw; (3.37)
= [Dy; Alw; + [Dy; Vdivlw; + Dy curlu; £ g; + Dy curluy,
D}H; — AD;H; = [Dy; A|Hj + Dy(H - Vuy;) £ hy,
where [Dy; Al = —Af-Vf—232  9u-Vd;f and [Dy; V|f = —Vu - Vf. Now, taking L? inner

product of (??); with D7u;, we obtain

|lv/pD?uj |32 —/ ADyu; D} dx —|—/ VDym;Diu; de = Dy curlw; D}u; do —|—/ fiDiu; dz,
R3 R3 R3

R3
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1d
— | ADyuj - Diujdx = 77/ |VDtuj|2dx—/ VDyuj - [Dy; V]Dyu; de,
R3 th R3 R3
It then follows that
ld 2 2, 2
3 g IVPeuslize + llvpDiu;]l 1
= Dy curlw; Diuj da:—/ VDym;Diu; dx—l—/ fiDiu; d:c—i—/ V Diu;[Dy; V] Dyu;j de.
R3 R3 R3 R3

Taking the L? inner product of (??)s with Dfw;, we obtain
o 2., Ld 2 : 2 2
IVpDFw; 72 + 5= (IV Dewyl|Zze + [[divDiw; ||z + 2/ Dew; [72)
= [ Dycurlu;Diw; dr + / g;D}w; dx — | div Dyw;[div; Dy Dyw; da
R3 ' R3 ' R3

+ VDyw;[Dy; VIDyw; dz,
RS

and by testing (?7); by D?H;, we obtain
1d

——||VD.H;|3> + | D H,||3- =/ h;D}H; dx+/ VD.H;[Dy; V|D:H; dx.
2 dt R3 R3

Moreover, we have
Dy curl uijwj dx + Dy curl ijtzuj dx
R3 R3

:/ [Dy; curl]u; Diw; d:ﬂ—i—/ [Dy; curljw; Diu; dx
R3 R3

—|—/ curlDtuijwj dm—i—/ curlththzuj dz

R3 R3

= / [Dy; curlw; Diu; da + / [Dy; curlluj Diw; dx + | Dywjcurl(Diu;) dx
R3 R3 R3

d
+ o . curl Dyu; Dyw; dox — . Dy (curl Dyu;)Dyw; dx

:/ [Dy; curl)w; Diuj d:rJr/ [Dy; curl]u; Diw; dx
RS R3
d
+ — curl Dyu; Dyw; dx—/ [Dy; curl] Dyw; Dyw; de.
dt R3 R3

Combining the above several equalities and applying the same argument as in (?7), we infer that

1d .

5 77 IV Dewj 72 + |[divDyws |72 + VDeHj|[72) + | (VPDEuj, /pDiw;, DEH;) |7z
1d .

+ ZE(HVDtUJH%g + || le Dtu3||%2 + || CHI‘I Dtuj — 2th]||2L2)

= VDyu;[Dy; V) Dyuj dx + / Vthijuj dxr + / ijtzuj dx
3 3 3
B B (3.38)
+ / ngthj dx + / Vthj [Dt, V]th]‘ dr — / diVDt’lUj [le, Dt]DtU}j dx
R3 R3 R3

+/ thZdex+/ VDtHj[Dt;V}Dtdeer/ [Dy; curlju; Diw; da
R3 R3 R3

—|—/ [Dt;curl]ijfujdm—/ [Dy; curl] Dyu; Dyw; de.
R3 R3
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Multiplying (??) by t? and then integrating over [0,t] give rise to
2([tVDy(w;, H )||L°°(L2 +2thlthw]HL°°(L2) + |[t(v/pD}uy, v/pDiw;, D j)||2L§(L2)
+ ||tVDtUjHLt°°(L2) + [[tdiv Dt“j”Lgo(L?) + [[t(curl Deuj — 2thj)||L§<>(L2)
< H\/iVDt(uj,wj7Hj)||2Lg(L2) + ||\/idithwj,thj||2L§(L2) n /Ot 72 /R3 VDyr; D} dv dr
/ / VDH; - [Dy; V]D H; dx dr + /t 72 VD - [Dy; VIDgu da dr
R 0 R

+/ 72 VthJ [Dy; V] Dyw; d:chJr/ / (fjD{u; + g;Diw; + hjD} H;) dx dr

/ / div Dyw;[div; Dy)Dyw; dz dt +/ / Dt;curl]uthij dxdr
R3

—|—/ 72 [ [Dy; curljw; Diu; dxdT—/ 72 | [Dy; curl] Dyu; Dyw; d dr.
R3 R3
(3.39)

In what follows, we shall bound term by term from the above inequality. For fot 72 ng ( f;iD?uj +
g;D}w; + thtQHj) dx dr, it follows from the definitions of f;, g; and h;, that

IELDs: V1l 222y = 1EVu - Vgl parey < IVEVU e 1) IVEVT [ 12 (10),

[£[De; Alugll Lz (z2)
3

< C(HtAU V| z ey + 1Yt vaiuj”Lf(L?))
%

< C(H\/%V%L”Lf(ﬂ”)H\/Evuj”Lf"(LG) + ||\/iVUHL;o(LS)||\/£V2uj||Lg(L6))
> C(H\/iv2u||L§(L3)H\/EVZUJ‘HL?(L?) + ||\/iVUHL?c(B;(f)H\/EVQUJ'HLf(LG))

Similarly,

[£[D; V div]w;| p2(r2y < C(II\/W%HLg(LS)IIﬁV%jIILgO(Lz) + H\/iVulle(Bl/z ||\/Ev2wj”Lf(L6))>
140D Ay 22y < O (IVEV 0l ) VIV e ) + VIV 000 IVE 5 30 )
[[De; Al Hjll 2 (12) < C(H\/iv2u”Lf(L3)H\/iVZHjHLg"’(L"’) +IVEVUll o 172, I VEV? Hj||L§(L6))-

From (??) we deduce that

IVE(V2u;, V2w;, V2 H;, V1) 2 o)
< C(H\/%at(uj’wj’Hj)HL?(LG) + |Vt - Vgl g2 pe) + |[VEH - VHj| 12 poy
Ve VH; ey + IVEH - V51l 300 )
< O(IVEVO g 005, H)) ey + 1t )l o g VAV (g 05, H e ).
which together with (??) and (??) ensures that
IVH(V?u;, VPw;, V2 Hj, V)| 12 ey < Cd; 27/ B, (3.40)
On the other hand, from (?7?), we have
—Au+V7m=H: -VH + curlw — pdyu — pu - Vu,

—Aw — Vdivw = curlu — pdiw — pu - Vw — 2w,
—-AH=H -Vu—9H —u-VH.
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Now, let us take the L? scalar product of the the first equation of the above system by —Au,
the second equation with —Aw and the third equation by —AH respectively and then add the
resulting equations, we easily deduce that

||\/£V2(u, w, H) HL%(L3)

< C(IVE s, By gar2, + 1t )| ) IV (0, ) | e ) (3.41)
< CEj.
Combining this with (??), (??) and (?7?), yields
||t([Df, A]Uj, [Df, A]Hj, [Dt7 V]ﬂ'j, [Df, A]wj, [Df, VdiV]Wj)“L%(Lz) S Cdej/on. (342)

It follows from (?7), (?7), (??) and (?7?), that

[tD(H - VH;j) 1222

< [[t0u(H - VHj)||p2(z2y + tw- V(H - VH;)|| L2 (L2)

< |[tHy - VHjl[p2(z2) + [tH - VO Hjj| 1212y + [t(u - VH) - VHj[ 1212
+ ltu- H - V?Hj 1212

< C(||\/5Ht||L$(L3)||\/£VH]'||L§O(L6) + lull 2 Loy IVEV H]| Lge (13) [|VEV Hj | Lgo (19
+ ||\/£HHL?°(L°°)||\/E8tVHj||L§(L2) + HUHL,‘?O(LB)”\/£H||L,‘?°(L°°)H\/gvijHLf(Lﬁ))

< C(||\/?EHt|\L§(3;(12)||\/EV2HJ‘||L§°(L2) + |‘u||L§(B§{12)||\/£VH“L?C(B21{12)“\/EVQHj||L‘t’°(L2)
+ ”\ﬁHHLtoo((B;/f))”\/iatVHj”Lf(L% + ||U||Lteo(g;{12)||\/5H||L?o(gg(12 VEV2Hjl| 12 (1o))

< 0d;2'/*Ey.

Nl

The term |[(¢D¢(H - Vuy))| L2(12) may be treated along the same lines, we omit the process. Thus,
we have

1£(f5, 95, hi)ll L2 12y < Cd;297* Ey, (3.43)
which implies
t
‘/ 7'2/ ijfu]‘ +ngt2w]' + th?Hj dx dr
0 R3
< Cdj2 Ej + e|[t(y/pDifuj, /pDiwj, DI H;) 72 12

For the term f(f 72 [z VDyuj - [Dy; V] Dyuj da dr, it follows from Holder’s inequality that

(3.44)

t
‘ / 7 , VDeu; - [Di; V] Dyuj dz dT‘ < IVullpzrs) 18V Dewjl| 2 (o) [[EV Dy || Lge 2)
0 R

S ”u”Lf(BS/f) HthDt’LLj ”Lf(Lz) HtVDt’U,j ||Lf°(L2)-

To bound [|tV2 Dyu || 2(z2) in the above inequality, we apply the operator div to the first equation
n (?77?); thus
3
ADymj = Z A(Qu - Vu;) — div(pD?u;) + divf; + div(D; curl wy), (3.45)

i=1

where we have used that Dyu; = Z?:l &-u-Vu;-. Multiplying (??) by —D,m; and then integrating,
we have

3
IV Dyrrjl|2 = f/ (ZA(aiu.vu;i) — div (pD2u;) erivfj)DﬂTj dz
R3 Mim1

— [ div(D; curlw;)Dyrr; de,
R3
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where the last term on the right-hand side of the above equation reduces to

— / div (Dy curlw;) Dymj de = Dy curlw; VD dx
R3 RS

:/ [Dy, curl]w; VDym; dac+/ curl Dyw;VDym; da
R3 R3

= / [Dy, curllw; VDyrj d.
R3

From the above calculations, we infer that
IV Dimjllze S (IVTe(VuVug) |z + [|pD7uj, fill 2 + |[De, curllw;||2).- (3.46)

Next, taking the L? inner product of the equation (??); by —AD;u;, of the equation (??)s by
—ADyw; and of the equation (??)3 by —AD;H; respectively, and then adding them together, we
conclude that

V2D (|22 4 | V2Dsw;||22 + || VdivDyw;|| 22 + 2||V Dyw;||22 + | V2D Hj |2

= — D, curlw; ADyuj do — Dy curlu; ADyw; dx + / VDmjADyuj dx
R3 R3 R3
9 9 ) (3.47)
+ / pDiu; ADyu; dx + / pDiw;ADyw; dz + / D;H;AD.H; dx
R3 R3 R3
— / fjADtUj dr — / ngDt’lUj dr — / thDtHj dr.
R3 R3 R3
For the first term on the right-hand side of (??), noting that
[Dy; curl]lh = —Vuy, x Oh, (3.48)

and employing Cauchy-Schwarz’s and Young’s inequalities, we have

- D, curlw; ADyuj dx = —/

[Dy, curllw; ADyuj dx —/ curl Dyw; ADyuj da
R3 R3

R3

= _ . Vuy, X Opw; ADyuj dx — /]R3 curl Dyw; ADyuj dz (3.49)

< IVl L2 || Vw;]l 16 [V Dyuj |l 12 + |V Dyug| 12]] curl Dyw; || 2
1
< C|VullZs [ Vw;|l7s + §||V2Dtuj||2L2 + [IVDswy|[72,

where we have used that AF = VdivF — curlcurl F for vector filed F', and it satisfies |VF||2, =
| div F||3. + || curl F||3.. For the second term, it follows from Cauchy-Schwarz’s and Young’s
inequalities again, that

— Dy curlu; ADyw; do = —/ [Dy, curllu; ADyw; dx —/ curl Dyuj ADyw; da
R3 R3 R3

=— V(Vuy x Opuj) - VDywj de — / ADyuj curl Dyw; dx
R3 R3
< (IVull s IV gl o + 1V ull s [ V2u; || 6 ) |V Diwy | 2

(3.50)

+ 11V D3 + IV D
Hence, applying Cauchy-Schwarz’s and Young’s inequalities again, and then absorbing the small
terms, we deduce from (??) and (?7?), that
(V2 Dyu;, V2 Dyw;, V2D Hy) |17 2
SN (VpDiuj,/pDiwy, DEH; )72 + (£, 950 hi)llZ2 + [Vl 2s | Ve l|7e
+ (IV2ull s [ Vuglize + [ Vull 2 V25 £6) IV Dewy | 2
IVl IV 172 + IV ull 761V [ 76

(3.51)
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Now, we shall present a new estimate for the term [, curl Dyu;ADyw; dx in (??) and (?7?) as
follows

/ curl Dyu; ADgw; da < C(e)[|[V2 Dy |2 + €|V Dyw; | 2.
R3
By choosing e small enough and inserting (??) into the above inequality, and then applying (?7),
it gives rise to
|(V2Dyuj, V2 Dyw;, V Dyw;, V2D Hj)||22
S 1(VpDFus, v/pDiw;, DY Hj)| %2 + (£5:. 955 )72 + [ Vul2s] [ Vaw; |76
+ (IV?ull 3l Vug |l o + 1V ull 2o 1V 2w ]| o) |V Dyw; | 2
+ V2|7 V2050l 7 2 + IVl sl Vu; 7,

(3.52)

which together with Young’s inequality implies
(V2 Dy, V2 Dywj, V Dyw;, V2D H;)|[32
< I(VpDiuz, /pDiw;, DYH) 12 + 1(£5, 95, ) 122 + [Vl [ Vw; | 2o (3.53)
IVl IV 17 + IV ull 71V [ 6
Combining (??) with (??), (?7), (?7), (??), (?7?) and (??) yields
[#(V? Dyuj, V2 Dyw;, V Dyw;, VZDtHj)HL%(LZ’) + [V Demjll Lz (re)
< t(vpD}uj, \/ED?wijtZHj)HL%(L% + 1t(f5: 955 i) L2 L2y
VIVl VIV, ) + IVE Ul VIV iy (3.54)
+ VYVl g (23) VIV 05| 216
< d;27 By + |[t(ypDiu;, /pDiw;, DI H;) || 12 (12)-
Thus it follows from Young’s inequality that
t
| / 7 | VDuu; - [Di; V]Dyu; da dr|
0 RS
< (4,272 B + |1(y/pDFuj, /pD3ws, DY)z o )l o oo 10V Detsllae iy (3:59)
< OB B+ 0l o) 10V Dot e 1)) + N (V/pDR s, 5D, DY) 21

Similarly, we have
t t
| / 7 | VD - Dy VIDyw; d dr + | / 72 [ VD.H, - [Dy;V|D,H; dz dr
0 R3 0 R3

t
2 - '
div Dy - [div; Di] Do dz |
+’/0 ™ |, div Diw; [div; D¢] Dyw; dee dr (3.56)
< C(d?Qng + ||UH23(B'23(12)Htth(Wj7Hj)HQLf"(L?))
+5||t(\/ﬁDt2uj,\/ﬁwaj,thHj)“%g(H)'

We shall deal with the term [} 72 [, VDym;D2uj dz dr as follows. First, from the definition of
Dy, we have

VD;rj- Diujdx = | VDymj- (0fu; + Opu- Vuj +u- 0 Vu; +u-VDyu,)dr
R3 R3

= VDtTrj . (8tu . Vuj + 8tu]' -Vu+u- VDtuj)dx'
R3
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It follows from (?7), (?7) and (?7), that
t
‘ / 7'2 VDtﬂ'j . (Btu . V’u]) dx dT’ S ||tVDt7rj||L3(L2)H\/iatuHL%(Ls)||\/fVuj||L$o(Ls)
0 R3
< C||tVDt7TjHL$(L2)||\ﬁatUHLg(B;/f)||\/£V2UJ'HL;>°(L2)
< Cd22I B + e|t(y/pDRus, /pD2wy, DEH,) |25 10,
t
‘ / 7'2/ VDtﬂ'j . (atuj . Vu) dl‘dT’ S C”tthﬂ'jHL%(L?)||\/EVU||LOO(B;/12)||\/£8tvuj||L?(L2)
0 R3 t ,
< Cd22 B2 + el|t(y/pD2uz, /D%y, D)2 o)
t
‘ / 7'2/ VDtTrj . (u . VDtuj) dLEdT‘ < C”tVDtﬂ'j”Lf(Lz)HUHL2(B3/2)”tVDtujHL;’O(L?)
0 R3 t (P2
< O(d32/ B3 + lull y oo, 167 Drvt [ 1)
+el|t(v/pDiuj, /pDiwj, DY Hy) |72 (12
Then
t .
‘/O 2 [ VD - D?u, dxdT‘ < c(dngEg + ||u\\i%(33(12)HtVDtujnigo(LQ))
+ellt(v/pDiuj, /pDiwj, DY Hy) |72 12)-

For the term fot 72 a5 [Dy; curlju; Diw; dx dT—l—fOt 72 [s[Dy; curllw; D u; dedr, recalling (?7), (77)
and (?7?), we obtain

t t
/ 72/ [Dy; curllw; Diu; do dr = —/ 7'2/ (Vauy x Opw;)Diu; dv dr
0 R3 0 R3

< IVEVull e (29) | VEVW; || L2 (16) 1EDF 5] 2 129

(3.57)

(3.58)
< ||\/EVUH%gc(Ls)H\/iijuig(m) +elltDiuil7a (12
. 1
For the other term, we observe that
t t d
/ 7'2/ [Dy; curl]uthij dxdr = —/ 7'2—/ (Vuyg x Ogu;)Dyw; dz dr
0 R3 o At Jps 359
¢ (3.59)

+/ 72 D(Vuy, x Opu;)Dyw; dadr.
0 R3

Applying integration by parts, it follows from (?7), (??), (?7?), (??) and (??) for the first term on
the right-hand side of (??) that

“yd
—/ 7'2—/ (Vuy, x Ogu;)Dyw; dz dr
TS

t
= —/ t2(Vuk X Opu;)Dyw; dx + 2/ 7'/ (Vuy x Oguj)Dyw; do dr
R3 0 R3

1
= —5/ t2(Vauy, x Opu;)(curl Dyuj — 2Dyw;) da
R3
1 t
+ 5/ t2(Vug x Oku;) curl Dyu,; dx + 2/ 7'/ (Vug x Ogu;)Dyw; dx dr
R3 0 R3
N H\/iquLf"(Li‘)||\/ivuj||L§°(L6) ( (|t (curl Dyuj + 2thj)||L;;<>(Lz)

+ ||t curl DtujHL?C(L2)) + IVull 223y [Vl oo (L2) [[EDyw; || 2 o)



EJDE-2025/58 GLOBAL SOLUTION FOR, MAGNETO-MICROPOLAR EQUATIONS 19
<waE2+1Hu rl Dyuj + 2Dyw;)||3 + ||t curl Dy, |3
=~ ' 0 4 cu tUj tW; L$°(L2?) cu tUj L$°(L2)

1
+ 3*2||t(\/,5Dij, VPDwj, DY Hj) |72 12

As for the second term, we see that

t
/ 72 Dy(Vug x Oguj)Dyw; d dr
0 R3

t t
= / 72 D:Vuy, x OpujDyw; da dr —|—/ 72 Vuy x DiOgujDyw; do dr
0 R3 0 R3

t t 3.60
_ _/ 72/ (Vu - V2uy) x du; Dyw; da dr +/ 7 | VDyuy x Oyu;Dyw; d dr (360
0 R3 0 R3

— /t 72 . Vuy x (Vu - VOoguj)Dyw; de dr + /t 72 . Vuy, X Op DyujDyw; dx dr
=1 3-12 +RI3+I4- i )
For I, applying (??), (??) and (??), we infer that
I < ViVl Lo ) IVEVul L2 (1) | VEV U | Lo (1) | VEDw; | 12 o)

S H\/EVUJ'\|L§°(L6)(\|\/iatwj||L§(L6) +[[Vtu - ij”L’;’(LG))
S VIVl g o) (IVEVOw; || 2 12y + [V Eul L= (120) Vw05 L2 (12))
S E.

For Iy, it follows from the integration by parts and (?7?), (?7), (??), that

t
I :/ 72 VDuy X OpujDyw; de dr
0 R3
t
S / ||\/£Dtu||L3||\/£V2u]||Le (Ht (curl Dtu] — 2thj) HL?O(LZ) + ||tCUI‘lDtUj||Lt00(L2)) dr
0
t
+ [ IVED a5 Va1 69 Dy | 2
0

t
< C'/ |[VtDyul|2, <||t(curl Dyuj — 2thj)||2Ltoo(L2) + It curlDtujHQLtoo(Lg)) dr
0
+ CH\/iVQ“jH%f(L(*) + €||tVthj||if(L2) + C”\/iDtu”QLf(Lﬂ H\/EVQUJ'H%fO(L?)
t
< C/ IVtDeu| 7 (||15(Curl Dyuj — 2thj)”%t°°(L2) + |t CUﬂDt“j“%f@(L?)) dr
o ;

+ OBV B + (/5D BDF w5, DEH) 5 1,
where we deduce from (??) and (??) that
IVED |32y < Vsl 2 1oy + VEw - Vul T2 sy
< H\/z&uH%%(LS) + ||UH2L%(L°°)H\/7?VUH%§°(L3) (3.61)
< EZ.
For I3, applying (??) and (??) again, we conclude that

t
I3 = —/ 72 Vu - VQUjVthwj drdr
0 R3

IS H\/ZvunthOO(Li")H\/EVzuj”Lf(LB)H\/Zthj”Lf(LG)
S IVEVUl oo (1) VIV 05| 12 (16 [ VED w; | L2 (o)
S A3 ES.
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As before, one has the estimate for I, that

t
Iy = f/ 7'2/ VDiu;VuDyw; dx dr
0 R3
t
g/ 167 Dy || o | Vull s (l¢(curl Doy — 2Dg,) |12 + |[Eeurl Dy | 2) dr
0

t
< C(s)/ ||Vu||%3 (Ht(curlDtuj - 2thj)||%2 + ||tcur1DtujH2L2) dr
0
+ etV Dyug |72y
. 1
< OBV + o H(y/BDF s, pDRwg, D) 3 1o

t
e / I7ull2s ([[t(curl Dyu; — 2Dyw;) |25 + [[teurl Dyus |25 dr.
0

Finally we deal with the term fot 72 [4s[Dy; curl] Dyu; Dyw; dae dr. Applying (?7), in view of Iy, we
also have

t
’/ 7'2/ [Dy; curl| Dyu; Dyw; doe dr
0 RS
. 1
< Cd;2'Eg + 3*2Ht(\/ﬁDt2Uj7 VPD}w;, DY Hj) |2 12

¢
+ C/ V|| (||t(curlDtuj — 2thj)||2L2 + ||t curl Dtuj||%2) dr.
0

Inserting the above estimates into (??) and absorbing some suitable small terms, we have

[#V De(uj,wi, Hj) oo 2y + I6(v/pDuj, /pDiwj, DYH )| 2 1)
+ ||t curl DtU;jH%toc(Lz) + |[t(curl Dyuj — 2thj)||2Ltoc(L2)

< € (IVH(V Dyu;, VDiw;, VD Hy, Dy 1))
e (3.62)

t
+Cd§2JE§+/O (IVull/2 + llulli ) 16 De(uj, w;, Hy)l[72 dr

t
+ C/ (||\/£Dtu||2L3 + HVuHig)(Ht(curl Dy, — 2thj)H%2 + ||t curlDtuj||2L2)dT.
0

Furthermore, we deduce from (??), (??) and (?7?) that

IVEV Dy (uj,wj, Hy) | 2 (r2y < |VEVO(uj,wy Hy) | p2cn2) + [l 2 ooy IVEV? (g, w5, Hj) || oo (22)
+ IVl 2oy [ VEV (s, wj, Hj) || o= (o)
< VitV (ujwj, Hy) L2 (n2) + \|u||Lg(Bg(12)||\/iv2(uj7wijj)||Lg°(L2)
< Cd;2% E,
IVEDw; || L2 (12) < IVEew; |l 212y + IVEu - Vwj | L2 (12
< Vtdw; a2y + IVEull Lo (o) Vw3 | L2 (22
< d;2% Ey.
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Then (?7?) becomes
[tV D (uj,wj, Hj)1ge (12) + [t (V/pDFuj, /pDiws, DYH))| L2 12
+ ||tCUY1DtUj||2L;>°(L2) + [[t(curl Dyu; — 2thj)||2L;?°(L2)

t
S LYER + /0 (IVulZ0 2 + ul2 ) |6V Dyuj, VDyw;, VD, Hy) |2 dr (3.63)

t
+ [ (IVEDls + 9l ) (Ieteurl Dra; ~ 2Dy + e curl Dyas )
0

Applying Gronwall’s inequality and using (?7?) gives rise to
[#V De(uj,wi, H)|[ e (12 + IH(v/PD}uy, /pDiwy, DY Hy) |2 12
S @22 B expl(Cllull2 s s/, + CIVED il 1)) (3.64)
< 32 ER,
which together with (??) and (??), yields
[#V De(uj, wi, Hy)[[1oe + £V Dy (g, wy, Hy) 7212y < Cd52 B (3.65)

Putting (??) and (??) into (??), we conclude that (??) holds for ¢ > 0. This completes the proof
of Proposition 77. O

Proof of Theorem 7?. Let js be the standard Friedrich’s mollifier and define
Py =ds*po, pP<ph<p
ug = Js * U, wg = Js * wo, Hg = js *x Hp.

By using the similar method as in [?], one can prove that the 3D incompressible inhomogeneous
magneto-micropolar equations (??) has a unique local smooth solution (p°,u?,w?, H%) on [0,T9).
Moreover, we can show that (??), (??) and (??) hold for (p?,u°,w®, H?). In particular, Proposition
?? implies that Ts = co. As in [?, ?], we can complete the existence part of Theorem ?? based
one the uniform estimates (??), (??) and (??) for (p°,u’,w’, H%) and a standard compactness
argument, which we omit details here. To prove (?7), it remains to show that

||tat(ua w, H) Hifo(le/f) < OEO7
It follows from the law of product in Besov spaces and (??), (??7) that
600 o, Bl e 2y < 6D (s, B e s+ IVEV (0 Dl e gy [Vl 372
< CEyp.

4. PROOF OF THEOREM 77
First, we develop some extra time-weighted energy estimates for proving Theorem ?77.
Proposition 4.1. Let (p,u,w, H,m) be a global solution of (??) constructed by Theorem ??. Then
(tVDyu, tVDw, tVD, H) € L*(Ry; L*(R?)),  (tDyu,tDw,tDH) € L*(Ry; L®(R?)).  (4.1)
Proof. Thanks to the embeddings
ByP(R?) < L3(R®) and By (R®) — L™(R%),
we conclude from (?7?), that (??) holds. This completes the proof. O
Proposition 4.2. Let (p,u, H, ) be a global solution of (??) constructed by Theorem ??. Then
tV2(u,w, H) € L*(0,T; LS(R?)),  V#(V*u, Viw,V?H,Vr) € L*1(0,T; L*(R%)).  (4.2)
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Proof. Assume (p,u, H,Vr) is a solution to (??) on [0,7] x R3. As in [?], let us observe the
coupled system (??). Combing (?7?), (??), (??), (?7?), (??) and (?7),

IVE(V2uj, Viw;, V2 H;, V)| 2072 + [tV O (), w;i, Hj)|| £20,7:r%)

+ 16V (uj, wi Hy) | o,z rey) < dj277/2 By with Zdjl =1 (4.3)
JEL
and
IV (g s Hj) | 220,73y + V(Y P, V205, V2 H, V) || oo 0,1:02 83))
+ [tV O (u;, wj, Hj)HLOC(O,T;LZ(]R3)) < d??j/QEO with Zd? =1. (4-4)

JEZ
Using the following interpolation of the Lorentz space in Proposition ??(1), we have
L2(0, T3 LA(RY)), L= (0, T; L*R®) ) = L (0,5 L(R?
(220,15 P2®), L2 (0. T L2 (RY) )| = L4 (0,73 L2(RY))

and (?7)-(??), we infer that

||\/7E(V2uj, VQOJ]‘, VZHJ', VWj)||L4=1(O,T;L2(R3)) S Odon. (45)
It follows from the first three equations in (??), that

—Au; +V7n; =H -VH; — poiu; — pu - Vu; + curlwj,

—Aw; — Vdivw; + 2w; = curlu; — pOiw; — pu - Vw;, (4.6)

7AHJ' =H- VUj — 8tHj —Uu- VHJ

From the classical regularity theory of elliptic equation and the standard LP estimate of elliptic
operator, for any p € (1,00), it follows that

JAusllie + 197520 < C(llpdrusllis + lpu- Vgllos + [ H - THl|o + || curlws s )
|Aw]l, < C(”patwj“p + [lpu - Vsl + || Curluij),
[AH;|L» < C(HH “Vujllpe + |0:Hyl [ Lo + ||u - VHj”Lp)v
which together with (?7?), Holder’s inequality and the embeddings
By2(R?) — L®(R®) and H'(R®) < LS(R?),
yields
16V 2wy, tV75) | L2 0,7520 ®3)) + 18V 2wjl| L2 (0,750 R3)) + 1EV2 H || L2 (07500 (R5))
< C(H’fvat(ujawﬁ Hj)llz2 0,02 ®9)) + 1H L2 0,750 @) 16V (ug, Hy) || Lo (0,722 83))
+ [lull L2 (0,73 Lo (ro)) 18V 2 (wg, wy Hy) || Low (0,73 L2(R3)) + Htvz(ujvwj)||L2(o,T;L2(R3))) wn
4.7
< C(Htvat(ujijvHj)||L2(O,T;L2(R3)) + 1 H|| 20,5150 (o)) 1EV? (s, H) || Lo 0,752.2 (R2))
+ [lull 20,7 poe roy) V2 (ug, wyy Hi)ll poe 0,702 ey + tl/QllﬁVQ(upwj)llLZ(o,T;Lz(W)))
< Cd}27/?E,.
Similarly, we have
160V u;, V)| Lo (0,710 (r3y) + 1EV2Hjl Lo (0,750 %)) + [[EVwj || Lo (0,726 m3))
< C(HW@(umwy‘, H) Lo (0,72 (m2)) + /2 IVEV2 (w0, w05) || oe (0,702 (r2))
+ [IWEH || oo (0,73 1 (r2 ) | VEV? (u, H) || e 07522 (%) (4.8)
+ ”\/EUHL”(&T;LN(DW))||\/iv2(uj7wj7Hj)||L°°(0,T;L2(R3))>
< Cd32'/?Ey.
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Using the following interpolation property again,

(LQ(O,T;Lﬁ(R3)),LOO(O,T;LG(R?’))) = I41(0,T; LS (R?)),

1

)

[N

we conclude from (??) and (?7?) that

||tv2’Uj||L4,1(0’T;L6(R3)) + HtVQWj||L4v1(O,T;LG(]R3)) + ||tV2Hj||L4v1(O,T;L6(R3))

< CdjEy, with Y dj=1. (4.9)
JEZ

Combining this with (??) and (??) for all j € Z, we deduce that
16V (u,w, H) || a0, 1:06R2)) + [VEHV?u, V2w, V2H, V)| La10,7:12r3)) < CEo. (4.10)

This completes the proof. O

Proposition 4.3. Let (p,u,w, H,m) be a global solution of (?7?) constructed by Theorem ??. Then
(Vu, Vw, VH) € L'(0,T; L>(R?)). (4.11)
Proof. Tt follows from Gagliardo-Nirenberg inequality, Proposition ??(5) and (?7?), that
T
|19 ) eyt

T
30/ 192 (0, HD)[2 0 [92 (1,0, H)| 2

L2(R3) LG(R3) (4 12)
_3 1/2 1/2 '
< I3 g oo | VEIT2 (0, B g e 18419 (s o, ED e[
1/2
<Ot~ i || ,00 HtVQ(U w H)HL{; 1 0T;LS(R?’))”\ﬁVz(U,WsH)||L4,1(0,T;L2(R3))
< CEy.
This completes the proof. O

Proof of Theorem??. Denoting 6p £ p; — pa2, 0u 2 up — ug, dw = wy —wy, 6H £ H; — Hy, and
dm £ 1 — my, we obtain

(6p)t +0u-Vp1 +us-Vép =0,
p1(0u)s + prug - Vou — Adu + Vi
= —dpDius — p16u - Vus + IHVHy + HiVIH + curl dw,
p1(0w) + prug - Véw — Adw — V divdw = —dpDywy — p1ou - Vws + curl du — 20w,
(0H); + w1 VOH — ASH = 6uVHy + §HVug + HiViu,
(6p, 0u, dw,H)|=0 = (0,0,0,0).

(4.13)

In our framework where the density is only in L>(R?), following the duality approach initiated
by Hoff in [?], we shall actually prove the uniqueness for the density in H~'. In what follows, we
need to explain the fact that (du,dw,dH) is in the energy space. Obviously, it follows form the
original system (??), that

pur = —pu-Vu+ Au—Vr+ H-VH + curlw.
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Employing Hoélder’s inequality in the Lorentz spaces (see Proposition ??(3)), (??), (??), Proposi-

tion ??(5) and the embedding B;{f (R3) — L3(R?), we have

ol 310 op2 ey

< lew Vel g o o gesyy + 1AL g0 0 op2 s

+HV7T||L%,1 —|-||H'VH||L%,1 +||cur1w|\L%,1

(0,T;L2(R3)) (0,T;L%(R3)) (0,T;L%(R3))
< || (u, H)||L°@(0,T;L3(R3))H\/ZV2(U’H)HMJ(O,T;L?(RS))||t71/2||L2,oo
+IVEV? (u, H) | Lo 0.1:02 @) £ 2 | 2o + IVEVT| L (0732 R3)) 1E 1 L2200
+ VYWl a0, riz2@sy 12 L2 < 00,
which together with (??) implies that
u, € LY31(0,T; L*(R%)).

Similarly, we have
H, € LY*1(0,T; L*(R?)).
From (?7),, we have
pwr = —pu - Vw + Aw + Vdivw — 2w + curl u.

(4.14)

(4.15)

(4.16)

For the estimation of w, introducing w; = Pw; + Qw;, where P = Id +V(—A)~! div which denote

the Leray projection operator. Using the second equation in (??), we obtain

—AQu; — VdivQuw; + 2Quw; = —Q(pdw;) — Q(pu - Vw;).

From (?7?), (??)Ece, Holder’s inequality and embedding relation B;_{f (R3) — L3(R?), we obtain

IVEV2Quj | Lo (0,732 @3)) + 1VEQu; | Lo (0,732 3))

< C<||\/iatwj||L°°(O,T;L2(]R3)) + ([ Vi(u- VWj)HLoo(o,T;Lz(RS)))

< C(H\/iatwj||L°°(0,T;L2(]R3)) + ||U||Loo(o,T;L3(R3))||ﬂij|\Lw(o,T;L3(Rs)))
< Cd;29?E,.

Similarly, from (?7?), (??), Hélder’s inequality and embedding relation BS,/IQ (R3) — L*>(R3), we

obtain
||ﬁV2QWj||L2(o,T;L2(R3)) + ||ﬁij||L2(O,T;L2(]R3))
< C(IVidw; llr20.102w0y) + IVEw - Vo) |20 min2ey) )

< C(”\/gatwj||L2(O,T;L2(]R3)) + ||u||L2(O,T;L°°(R3))||ﬁij|‘L°°(0,T;L2(R3)))
< Cd;27/%E,.
Employing the following interpolation of the Lorentz space in Proposition ?7?(1),
(L2 (0, T; L2(R3)), L (0, T; LQ(R?’))) T L0, T; L2(R)),

we can get vtw € L*1(0,T; L*(R?)) such that

prt”L%'l(O,T;LQ(R?’))

S Hpu : VWHL%’I(QT;LQ(RB)) + HAW||L%'1(O,T;L2(R3)) + ||vdivw”L%,l(O’T;Lz(RS))

+ I Cur1u||L%71(0,T;L2(R3)) + ||2w||L%71(O,T;L2(R3))
S HU||L°°(0,T;L3(R3))||\/iv2w||L4v1(0,T;L2(R3))||t71/2||L2’°°

+ [IVEV2w] zaa o2 @ey It 2 | L2 + [VEVU|| Lo 0,7 n2mey) [t 2| L2
+ ||\/iw”L‘*vl(O,T;L?(RS))Ht_1/2||L2~°° < 00.

(4.17)
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Thus, we can deduce from (ug,w;, Hy) € L3 (0,75 L*(R?)) and (u,w, H) € Cy(0,T; Bl/Q(RS))
which implies that (u(t) — uo,w; — wo, H(t) — Ho) € C(0,T; Bé’/lg (R?)) (nonhomogeneous Besov
space). Owing to the classical embedding B;,/lz (R3) — H'/2(R?), we obtain

(u(t) — uo,wr — wo, H(t) — Hy) € C(0,T; L*(R?)).

Now, we claim that
(Vu, Vw, VH) € L**(0, T~L2(R3))

Indeed, one takes two constants gg and ¢; such that 1 < qq < < q1 <00 and + == . For
all v € (0,1) and i = 0, 1, by using the mixed derivative theorem we obtain
W3 (0,7 x R®) £ W7 (0,7 x R?) — W7 (0, T; W5~ (R?)), (4.18)

where the space Wi’(lq T,)(O, T x R3) is defined by

Wp( (0,7 x R?) 2 {fec(o T, Boy ' (R)); £, V2f € Lq’T(O,T;LP(R?’))}.

Taking v = , it follows from the Sobolev embedding, that

W22 (0,T; W3 (R?)) — L (0,T; Wy (R%)) - with — = — — = (4.19)
On the other hand, from the proof of [?, Prop.2.1], we find that

W2 (;4571)

By using (??) and (??) with ¢ = 0 and 4 = 1, we have

(0,7 x R3) = (qulo(o T x R); W21 (0,7 x R?’))

Wl (0.7 x B?) < (LSU (0, T; W3 (R®)); L* (0, T Wg(R3))) . (4.20)

,1

N

We notice that, the definition of v, s; and ¢; ensure that
1,1 1 1,1 1 11 1 1

_ 1
e A R R I}
Hence, employing Proposition ?7?(1), we see that the interpolation space in the right of (?7?) is
Lt (O,T; ng(R?’)) That is,

W;’é)n(o,T x R3) « LY (0, T; W; (R)), (4.21)

which together with (?7?), (?7?), (??) and (??) implies

(Vu, Vw, VH) € L*(0,T; L*(R?)). (4.22)
This along with Proposition ??(2)-(3) yields

(Vu, Vw, VH) € L?(0,T; L*(R?)).

Therefore,
(Ou,dw,6H) € L>(0,T; L*(R®)) N L*(0, T; H*(R?)).

Let us denote ¢ £ —(—A)"'dp (such that 10l f-1(rsy = [IV@llL2(rs)). Taking the L2-scalar
product of the first equation of the system (?7?) with ¢, and using div u; = divus = 0, we obtain

thHv¢HL2(R3) / VUQ V¢®V¢)d$—/ pl(S’LL V(bd.%‘

< [Vl @) |V @ VIl 1 eoy + lIpall 1 = ) VP10l L2.) [ VB 12 )
Through time integration, we find that for all ¢ € [0, 77,

t t
IVolliaen < [ 1V0alm ol olizgendr+ [ Nonl2 e Vool mydr. (023
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For convenience, for all ¢ € [0, T], we denote

X(t) = sup 7 H6p(T)l| -1 gy
T€(0,t]

1/2
Y(t) = ( SUP] V/Pr6u(r), /16w (r), (SH)(T)[|72 @y + IV (8w, 6w, 6H) (72 xws)) 2.

T€[0,t

It follows from the mass conservation and (?7?), that

t
X(t) g/ gXdr + Ry*Y,
0

EJDE-2025/58

where g(t) £ ||V (ug,wa, Ha)|| o (r3), Ro £ sup,eps po(x). Then applying Gronwall’s inequality

gives rise to

t
X(t) < Ré/QYexp( / ng).
0

(4.24)

Next, we need to bound Y'(t). Multiplying (??)(2), (??)(3) and (??)4) by du, dw and 6 H respec-

tively, we conclude that

1d
—— Sul*d Vould
51 [ mibuPdes [ Vo
= — 5thuQ~5udm—/ p1(0u - Vug) - dudr + 0HV Hs - dudx
Rd Rd Rd
+ H1V(5H-5udac+/ curl dw - du dx,
R4 R4
1d 2 2 : 2
—— p1]dw|*dx + |Vowl|“dx + | div dw|“dz
2dt Jpa R4 Re

f/ dpDyws - dwdx — / p1(0u - Vws) « dw dx
Rd Rd

+/ curl5u~6wdx72/ dw - dwdx,
Rd R4

1d
—— H|? H|?
2dt/Rd|6 |dx+/Rd\V6 2da

= — 0uVHy-0Hdx +0HVuy - 0H dx + HVéu-6H dx.

R4 Rd
Do you In particular, using
mean ) 1 )
/8- )? /Rd curl dw - dudx + /Rd curl du - dw dz < 2|[dw||72(gs) + gHVéuHLz(Rs),
and combining (??) and (?7), we deduce that

1d 1d
Z— Sul?d Sul?d 77/ Swl|?d
th/de1| U| a:—i—/]RdN U| x+2dt de1| W| v

—|—/ |V6w\2dx+/ | div dw|?dx
R4 R¢

< — dpDyusg -(5udx—/ p1(6u - Vug) - dudx + 0HV H, - Sudx
R4 R4 Rd
+ H\V§H - Sudx — 0pDiws - dwdx — / p1(du - Vws) - dw dz.
Rd Rd Rd

(4.25)

(4.26)

(4.27)

(4.28)

In what follows, we bound term by term in (??) and (??). Employing Hélder’s and Young’s

inequalities and Sobolev embedding H'(R?) < LO(R?), we have

—/ 6pDyus - dudx < (|6p]| g1 g [ Deuz - Sull o (s
Rd

< X(||ITVDyus - (5u||L2(R3) + || Dyus - V(5u||L2(R3))
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S X(”TthUQ HL3(]R3) H5u||Ls(R3) -+ ||7Dtu2 ||Loo(R3) ||v5u||L2(]R3))
< X”V(SuHLz(Re,) (”TV.DtUQ HLS(]RS) + ||7—Dtu2||Loo(R3))
1 c?Xx?
< §||V5u||2L2(]R3) + T(HTVDtu2||L3(R3) + |7 Dyus|| Lo g3))?
c?Xx?

1
< §||V5u”2L2(]R3) + Tf27

where f(t) £ [[t(Dyuz, Dyws, DiHa)| L= (ms) + [tV (Dyug, Dyws, DyHy)||Lsgs). It follows from
Holder’s inequality, that

— /d pl(du . VUQ) -dudr S HVUQHLOO(RZS)”\/ﬂTéUH%2(R3).
R

Similarly, we obtain the estimate for [, dpDyws-dw dx and [, p1(du-Vws)-dw dz. Using Holder’s
and Young’s inequalities, we have

. 6HVH2 -dudr < C||6H||L2(R3) ||(5u||L2(R3) ||VH2||L00(R3)
R

< C|I0H 172 ge) IV Ha | oo 3y + Cll6ullZ 2 ey |V Hal| oo (R3),

. H1V5H -dudx < C’||5uHL2(Rs)||V5HHL2(]R3)HH1HL00(R3)
R

1
< Cl8ul|Z2 oy | H 7o gy + §||V5H”%2(R3)7
-/, 6uVHsy-6H dx < CHVHQHLoo(Rs)||(5u||L2(R3) ”(SHHL?(]W)
R

< Clléul L@ IVHz || oo ) + ClOH |72 gs) | V Hall L (Ro)

- ; 6HVU2 -0H dx < C||5H||%2(R3) ||VU2HL00(R3) + C||6HH%2(]R3)Hvu2||L°°(R3)a
R

) H1V5U -0H dx < ||H1||L00(R3) ||V5u||L2(R3) ||5H||L2(R3)
R
1
< ClH1 |17 me) 10H |72 s + §||V5U||2L2(R3)-
Plugging the above estimate into (??) and (??), and integrating on [0, ], we have
t t
V2 <V2)+C [ 1" (g Hill ) V2ar +.C [ X
0 0
where 7o = inf,cgs po(x). It follows from Gronwall’s inequality that
t t
Y2 < exp (C/ ro (g + 1HAI o o) dT) (Y2(0) +0/ £2x2 dT),
0 0
which together with (??) implies that

t t T
Y2 < exp (C/o o (g + HHlH%"O(RS)) dT) (Y2(0) + CRO/O exp (2/0 ng)f2Y2dT>.

As a result, applying Gronwall’s inequality again, yields

t —1

Y2 < eCRoUS £ exp(2 g gdn) o€ Jo o (a1 e ) 47y2 ). (4.29)
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Finally, we conclude from (??) and (??), that

and

sup 71600 1+
T€[0,¢]

C t t
< 35/2“(\/?06110,\/,Toéwo,éHo)HLz(Rs)exp <§RO/O f2drexp (2/0 ng)) (4.30)

c [t
<exp (5 [ 50+ 1) o)

t
I @50t/ 05 0). GO e + [ 1V, i V) [
¢ ¢
< ||(\/,%5u0,\/;Toéwo,éHo)H%Z(Rg) X exp (CRO/ f2drexp (2/ ng)) (4.31)
0 0

t
<exp (€[ 15 o+ 1D e o) 7).

which together with (??), (??) and (??) implies that (p1,u1, H1, V) = (p2,us2, Ha, Vm2) on
[0,7] x R3. This completes the proof of Theorem ??. O
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