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SINGLE-COMPONENT REGULARITY CRITERION AND INVISCID LIMIT
FOR AXTALLY SYMMETRIC MHD-BOUSSINESQ SYSTEMS

ZHAOJUN XING

ABSTRACT. In this article, we give a critical BKM-type blow-up criterion that only involves the
horizontal swirl component of the velocity for inviscid axially symmetric MHD-Boussinesq sys-
tems. We consider the inviscid limit for viscous MHD-Boussinesq systems, and the convergence
rate as the viscosity coefficient tending to zero.

1. INTRODUCTION

The MHD-Boussinesq system models the convection of an incompressible flow, which is driven
by the buoyancy effect of the thermal or density field and the Lorentz force generated by the fluid
magnetic field. In addition, it is closely related to Rayleigh-Bénard convection. This convection
occurs in a horizontal layer of conductive fluid heated from below, with the effect of the magnetic
field. For a more detailed physical background, interested readers are referred to [26] 27, [30, [32]
for further reading. In the following, we present the 3D MHD-Boussinesq system:

Oru+u - Vu— pAu+ Vp = h-Vh + pes,
O¢th+u-Vh—h-Vu—vAh =0,
Op+u-Vp—rAp=0,
V-u=V-h=0.

(1.1)

Here u € R? stands for the velocity and h € R? stands for the magnetic field. p € R denotes the
pressure. p > 0, v > 0 and k > 0 denote the constant kinematic viscosity, magnetic diffusivity,
and thermal diffusivity, respectively.

The MHD-Boussinesq system consists of a coupling between the Boussinesq equation and the
magnetohydrodynamic equations. When the temperature fluctuation can be ignored, the system
degenerates into the magnetohydrodynamic system. For the 3D MHD system, Liu [22]
established a regularity criterion for the system, while Jiu-Liu [I1] later proved global regularity
for the axisymmetric MHD equations with horizontal dissipation and vertical magnetic diffusion.
See references therein for more regularity results on the MHD system. On the other hand, when
we ignore the Lorentz force, the system reduces to the Boussinesq system. There have been
many studies on the well-posedness of the Boussinesq system. We refer readers to [8, [I8] 20]
and references therein for 3D results. For the full MHD-Boussinesq system, there are also some
works concentrated on the global well-posedness of weak and strong solutions. See [T}, 2] and
references therein for 2D cases. In the 3D case, Larios-Pei [I6] proved the local well-posedness
results in Sobolev space. Liu-Bian-Pu [I5] proved the global well-posedness of strong solutions
with nonlinear damping terms in the momentum equations. Li [I7] proved the regularity criterion,
which only involves the horizontal swirl component of the vorticity field, to a class of three-
dimensional axisymmetric MHD-Boussinesq system without magnetic impedance and thermal
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diffusivity. Later, Li-Pan [I9] proved the related criterion that only involves the horizontal swirl
component of the velocity field.

In recent years, Bian-Pu [3] proved the global regularity of a family of axially symmetric large
solutions to the MHD-Boussinesq system without magnetic resistivity and thermal diffusivity
under the assumption that the support of the initial thermal fluctuation is away from the z-axis
and its projection on to the z-axis is compact. Later, this result was improved by Pan [3I] by
removing the assumption on the data of the thermal fluctuation.

Our first aim is to prove a single-component regularity criterion of the 3D axially symmetric
inviscid MHD-Boussinesq system in Sobolev space H™(¥m > 3). Setting u = 0 of , we obtain

O+ u-Vu+ Vp=~h-Vh+ pes,
Oh+u-Vh—h-Vu—vAh =0,
Op+u-Vp—rAp=0,
V-u=V-h=0.

(1.2)

In the cylindrical coordinates (7,0, 2), i.e., for x = (z1, 22, 23) € R3,

T2
r=1/z?+23, 60=arctan—, z=ux3,
1

a solution of ([1.2)) is called an axially symmetric solution, if
u=u.(t,r,z)e, +ug(t,r,z)eg +u,(t,r,z)es,
h = h.(t,r,z)er + ho(t,r,2)eg + h.(t,1, 2)es,
p=p(t,r 2),
satisfy the system (1.2)). Here, the basis vectors e, ey, e, are
Tr1 T2 T2 T3
€, = (7777())’ €p = (_7777()), eZ:(O,O,l).
r’or r’or
From the local existence and uniqueness results, it is clear that one only needs to assume

ho - €. = hg - e, = 0, then vanishing of h, and A, holds for all time. In this case, Choosing
v =k = 1 for simplicity, (1.2)) can be simplified to

(ho)® | u3
oy + (40 + u0,) Uy + 0. P = - + 0
815”9 + (urar + uzaz) Up = _@7

Oyu, + (urar + uzaz) u; + 0. P = P

hou, 1
Biho + (ur Oy + 120,) he — GT“ - (A - ﬁ)hg,
Op + (U0 + u,0,) p— Ap =0,
V-u:&nur—k%—kazuzzo,

where P = p + 1|hg|*.
Let
D o(t) < cexp(cexp(---exp(ct?))), ¢>0, k>1

k times exponents

Our main result reads as follows.

Theorem 1.1. Given m € N and m > 3. Suppose (u, h, p) is the unique strong solution of
with initial data (uo, ho,po) € H™ x H™ x H™ rpg € L? and V -ug = hg-e, = hg-e, =0. Then,
(u, h, p)(t,-) can be smoothly extended before Ty if and only if a Beale-Kato-Majda-type condition
on the swirl part of the velocity holds.

Ty
/ IV % (ugeq)(t, )| L=dt < Cs < 0. (1.4)
0
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Now, (u, h, p)(t,-) satisfies the temporal asymptotic property
G, Py p)(E )Ty < @as(t),  VE< T

Remark 1.2. When uy = 0, the global well-posedness result for the inviscid axisymmetric MHD-
Boussinesq system can be found in [21]. If h = 0, [20] gave a single-component Beale-Kato-Majda-
type regularity criterion for inviscid Boussinesq equations. Our first result can be viewed as a
generalization of the above papers.

The problem of vanishing viscosity limit is one of the most challenging topics in fluid dynamics.
For the inviscid limit problems on bounded domains, we refer readers to [12}[33] and [6]. Since Kato
[12] and Swann [33], many authors have studied the convergence of the solution to the Navier-
Stokes equation as the viscosity approaches zero. In the last decades, Itoh [9] and Itoh-Tani
[10] investigated the inviscid limit of the equation for non-homogeneous incompressible fluids and
demonstrated the convergence in H? and W1 (p > 3), respectively. Dfaz-Lerena [7] investigated
the inviscid and non-resistive limit in the Cauchy problem of an incompressible homogeneous MHD
system by using the C%-semigroup technique developed in [13]. Majda [25] proved that when
p — 0, the solution u, of the Navier-Stokes equation converges to the unique solution of the Euler
equation in the L? norm and the convergence rate is (ut)1/2, assuming ug € H®, s > g + 2. Later,
Masmoudi [28] improved this result and demonstrated the convergence in the H® norm under the
weaker assumptions uy € H®, s > % + 1. Recently, Liu [23] proved that viscous axisymmetric
swirling flows converge to inviscid swirl-free solutions under a specific condition on initial swirl
velocity, in the exterior of a cylinder with the Navier-slip boundary condition. Maafa-Zerguine
[24] studied the inviscid limit of MHD system in Besov spaces.

Our second goal is to examine the inviscid limit of the 3D MHD-Boussinesq system with x =
v=1of

Oyuy +uy - Vuy, — pAuy, + Vp, = hy - Vhy, + pues,
Ochy +uy - Vhy, —hy - Vu, — Ahy, =0,
Otpy + vy - Vpu — Apy =0,
V-ou,=V-h,=0.

Here, the solution is also supposed to be axially symmetric,

(1.5)

Uy = Uy (b, 2)er +uyo(t,r,z)eg +uy, - (t,r,2)es,
hy =hur(t,r,2)eq +h,o(t,r,2)eg + hy, . (t, T, 2)ez,
pu = pult,r 2).
When the viscosity coefficient p is vanishing, the MHD-Boussinesq system appears to degen-
erate into the system . Our second main result quantified the rate of this convergence.

Theorem 1.3. Let (u, h, p) and (uy, hy, p,) be strong solutions to system (L.2) and system (L.5)
respectively with the same initial data. Then under the conditions as in Theorem[1.1], the following
asymptotic behavior holds

lup —ullpserz + hy — Rllpsore + [lop — pllrserz < (ut)@as(t).
Remark 1.4. [24] gave the inviscid limit of MHD system in Besov space, and in Theorem we

use a similar method to give the inviscid limit of MHD-Boussinesq system in L2.

The detailed statements of Theorems [I.1] and can be found in Sections 3 and 4. We next
introduce the notation, conventions and lemmas to be used in the proof.

2. PRELIMINARIES

In this article, we use Cgp,c,... to represent a positive constant depending on a,b,c, ... and it
may be different from line to line. For A < B, it means A < CB. And A ~ B means both A < B
and B < A. [A,B] = AB — BA denotes the communicator of the operator A and the operator 5.
We give the usual Lebesgue space LP, Sobolev functional space W*?, and the usual homogeneous
Sobolev space W¥?. When p = 2, replace W*? and W*» with H* and H*. f € LP N L% with
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1 < p,q < oo, we shall denote its Yudovich type norm as || f||Lenre = max {||f|lre, || fllze}. Given
a Banach space X, we say v : [0,7] x R?* — R belongs to the Bochner-Banach space LP(0,T; X),
if [Ju(¢,-)||x € LP(0,T), and we usually use L} X for short notation of LP(0,T; X).

In this paper, we do not distinguish functional spaces for scalar or vector-valued functions since
it will be clear from the context.

Now we introduce some essential lemmas. First of all, we give the Gagliardo-Nirenberg inter-
polation inequality, which we will not prove here.

Lemma 2.1 (Gagliardo-Nirenberg). Fiz ¢, € [1,00] and j,m € NU {0} with j < m. Suppose
that f € LINW™"(RY) and there exists a real number o € [j/m, 1] such that
1 1 m\y l-a
fg*“(;‘?)* P
Then f € Wip (Rd) and there exists a constant C > 0 such that

IV fllze < CIV™ FIE Il

except the following two cases:

(i) 7 =0,mr < d and q = oo; (In this case it is necessary to assume also that either u — 0
at infinity, or u € L for some s < 00).
(ii)) 1<r<ooandm—j—3/r € N. (In this case it is necessary to assume also that o < 1.)

Next, we state the following estimation of the triple product form with commutators, the proof
of which can be found in [20, Lemma 3.8].

Lemma 2.2. Let m € N and m > 2, f,g,k € C(R?). The following estimate holds:
| [ (971 VgV kde] < CIV™ (0B IV ()l

The following inequality is related to the logarithmic Sobolev inequality.
Lemma 2.3. For any divergence free vector field g such that g : R — R3 and g € H3(R?), it holds
IVgllpoo sy S 1+ [V x gllz=log (e + |9 2 rs)) -

The following lemma can be obtained from the Biot-Savart law and the LP boundedness of the
Calderon-Zygmund singular integral operator; its proof ican be found in [4l [5].

Lemma 2.4. Let u = ure, + ugeg + uze, be an axially symmetric vector field, w = V X u =
wrep + wpeg +w,e, and b = u,e, +u,e,. Then we have

IVullzr < Cpllwle,

and
[VOllr < Cpllws| Lo, (2.1)
forall1 < p < oo.

Here is a famous lemma whose proof can be found in [14, (A.5)] and in [29, Prop. 2.5 |.

Lemma 2.5. Define Q := <. For 1 < p < +o00, there exists an absolute constant C, > 0 such
that u
||V7T(tv WNier < Cpll2(E, )| Lo (2.2)

Below, we give the one-dimensional Hardy inequality.

Lemma 2.6. Ifp > 1, 0 # 1, f is a nonnegative measurable function and F is defined by

F(x)z/omf(t)dt, (0> 1), F(x):/omf(t)dt, (0 <1).

0o B p p 00 B
TFPd —_ 7 Pd
/0 x r < (|071|)) /0 z~ % (zp)? dx,

Then,

unless f = 0.
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By Lemma we can get the following result whose poof can be found in [20].

Lemma 2.7.
w2 (t, )l Lee,

N | =

up
for any t > 0.
3. ProoF oF THEOREM [I.1]

Firstly, we derive the fundamental estimates for system (1.2 from the basic energy estimate.
Secondly, we define four special quantities to establish a reformulated system and derive a self-
closed estimate. Then, we derive a one-component BKM-type criterion for the MHD-Boussinesq

system. Finally, we conclude the proof of Theorem
First of all, we give the fundamental energy estimates of the system ([1.2)).

Proposition 3.1. We define H := % Let (u, h, p) be a smooth solution of (1.2)), we have
(i) forp€[2,00) and t € Ry,

t
1t )L + [VH(s, 2)[*[H(s, 2)|"~* dx ds < | Holl 7.,
0 JR3
[H ()l < [ Hollze,

t (3.1)
ot + [ [ 905,00 lo(s, )2 dods < ol
0 3
ot < lolle~-
(ii) for (uo,ho,po) € L? and t € R,

t
I )R + [ 19 (5. 3 ds < Caf1+ 0 (32)

0

where Cy depends only on ||(uo, ho, po)llLz-

Proof. From 4, we derive that
OH -+ (0, + D) H = (A+ %ar)w.
Multiplying the above equation by p|H|P~2H, integrating over R?, and using Vu = 0, we obtain
S + [ IR Pl P2 <

and integrating over (0,t) to obtain (3.1])1 o.
Similarly for equation of p in (1.3))5, one derives (3.1)3.4. The estimation in (3.2), can be
obtained by applying the standard L? inner product estimation for system (1.2)) and using (3.1]);.
O

Also, refer to [31], Proposition 2.1].

Next, we establish a reformulated system.
The vorticity of the axially symmetric velocity field w is given by

w(t,r,z) =V xu=w.(t, 1 2)e, +wp(t,r, 2)eg + w,(t,r, 2)e,,

where
Ug
wp = —0ug, wo = Oy — Optly, w, = Oplig + o

By taking special derivatives of ((1.3)1 2,3, one concludes that (w,,ws,w,) satisfies
Owr + (up0p + u,0,) Wy = (W 0r + w,0,) Uy,

1 1
Orwo + (urOp + 10, ) wp = %we + ;Gz (ug) - ;8z (hg) — 0rp, (3.3)

Ow; + (urOp + 1u,0,) w, = (WrOp + w,0,) us.

We denote 5 b
Q== Ji=2 N==E H=v
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From (3.3)) combined with (1.3))4,5, we obtain the following reformulated system for (9, J, N, VH):

O+ u- V= 2= — ) H? — N,
Ur

OJ +u-VJ = (w0 —i—wzaz)?,

2
atN+U VN— <A+ ;87*)./\[: azuzN— 87”,2%7

2 2
OVH +u- VVH + Vb VH — (A+20,)VH - V(5)o,H = 0.
Proposition 3.2. Let (Q, J,N,VH) be defined as above, which solves (3.4)) with initial data
(R0, Jo, No, Ho) € (L* N L) x (LN L°) x L? x (L* N H"Y).
Then, the following space-time estimate holds for any t € (0,T.]:

102, I)(t )1 Z2rps + IV, VH)E, I +/0 I(VN,V2H)(s,)||72ds < ®15(t). (3.5)

Proof. For the proof of , we first derive an estimate about VH from €2, and then an estimate
about N. Then, the estimate of ({2, J) is obtained from the first two parts. Finally, we combine
these estimates to get . The following is specific to the process:
At the beginning, we derive the estimate of VH. By performing L? inner product of VH, (3.4)4
follows that:
1d
2dt

3
= — Z/ Bzujajﬂaﬂ-ldx
R3

ij=1

2
2 2
IVH(t, )52 + | VEH(E, )32 — /R ;&VN-V/\/’dx = 9 ai(;)amam dx
i=1 :

Here, one can follow the same method as in [2I], Proposition 3.2] to carry out estimates. This ends
up with

t t
IVAH(t, )l +/0 V2 (s, )| 22 ds < [IVHollZ2 +/O 105, 17226 lIVA(s, )lI72 ds. (3.6)

Then, we obtain the estimate of A/. By taking the L? inner product with A" for (3.4),, then
integrating on R3, one has

1d e
3 NI + VN + 27 [ IN(0,2)Pd
0, '
= O u N?da — / Ortl, ZL N da.
R3 R3 T
Using the method in the proof in [T9, Proposition 3.2], (3.7) can be written as
t t
IN(E, )7 +/O VN (s,)|72ds < [[Nol| 7 +/O 12(s, ) Z2nre VAl Z2ds. (3.8)

Next is the estimate of (€, J). we perform LP (2 < p < 6) energy estimates of (3.4); and (3.4)2
respectively to obtain

d u
prLAL CRIIZS HTQ(L Mo | e + 10412t )L + IN(E )|z,

d Uy
ST e S Nl wr wa) (&) o [V = (8 ) e

By Lemma and using the identity V X (ugeq) = wre, + w,e,, together with (2.2)) of Lemma
2.5 we obtain

d
192G e S lws ) o< 1T lee + 11022 e + IV (|
SV x (ugeq)(t ) oo llT (¢ ) oo + 10 H2(E )l zo + IV ()l e,
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d U
1@z S UV < (uoes) (2, )| L= IV =2, )l Le
S IV x (ugea)(t, )|l Lo 2(E, )| -
Integrating with time and using (3.1])2, one derives that

t
120, )l e < 11€20]] e +/O IV x (ugeo)(s, )l|L=lJ (s, )| Lrds

. . (3.9)
Mol [ ot (slrds + [ NG5,
0 0
t
17w < Wolzs + |19 % (uoeo)(s, )1 [9s. . (3.10)
Combining (3.9) and (3.10)), we have
t
1(€2 )@, )lee < 11(€0, Jo)| e +/O [V x (ugeq) (s, )|lL=|[(€2 J)(s, )| Lrds
t t
lHalle [0, rds [ Ao unds
0 0
Using Gronwall’s inequality, we have
t
1, D) (¢, )ler S (\l(QoJo)lle + ||H0HL°°/0 [0-H(s, )| Lrds
t t
+/ IV (s, -)HLpds) exp (/ IV x (ugeq)(s, ')HLoodS).
0 0
By (1.4), for any ¢t < T\, we conclude for 2 < p < 6 that
[1(€2, )(E, )l Le
(3.11)

t t
SCC*(”(Q(MJO)”LP"‘||H0||Loo/0 ||8Z’H(s,')||mds+/0 ||N(s,~)||Lpds).

Finally, choosing p = 2 and p = 6 in (3.11]), one derives
t t 2
190 anze S 1901Eanse + [Holl ([ 10Hs e ds+ [ 103405, o)

+( A s, e ds + / NGl ds)’

Using the Sobolev inequality and the Holder’s inequality, one deduces
t t
1906 B anzo S 1913anse + ol ([ I9H e ds+ [ 192005, 2 )

t
(s WG+t [ VA d).
0

s€(0,t)

Substituting (3.6) and (3.8)) in the right-hand side, we have
122, ) 17220
t
< 120 Esnzs + Holloe (Il + Vol + [ 1900, e VhCs. ) ds)
t
+ (14 ) (Nl + [ 1906 s 19005, s ds).
This indicates, for any ¢t < T,

t
120, M Zonze S 1Q0lZ2nz0 + tHoll Lo IHollZn +t||H0H§oo/0 19(s, 726 I VA(s, )72 ds
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t
+ (1412 NollZ: +(1+t2)/0 1925, 726 [V (s, ) [72 ds.

Thus by the Gronwall’s inequality:

12t )72
< (192017200 + tHollZoe [IHollFn + (1 + %) [No]I72)

t t
X exp (t||7‘lo||2Loo [ VRGOl ds + (14 ) [ 190G, ds>-
0 0
Using the fundamental energy estimates (3.1)); and (3.1), one has

1t )7 2az6 < Cocn(1+ %) exp (Co (L+t7)) < @1 5(t), Vte (0,T5]. (3.12)
Substituting (3.12) in (3.6) and (3.8) respectively, using (3.1)), and (3.1}, one concludes

t t
IN ()2 + / VA (s, )2 ds + [VH(E )20 + / IV2H(s, )22 ds

=< @1,3(75)/0 (IVp(s, )72 + [[VA(s,)||7-) ds (3.13)

<®y4(t), Vte(0,T.].
Thus the proposition is proved by combining (3.12]) and (3.13]). O

The purpose of this next part is to derive a one-component BKM-type criterion for MHD-
Boussinesq system through the following steps: we first derive the ||rpl| Ler2nrzfn and then

get the [Vpll e p2np20- Next, we derive the |Vul[pse(z2nre)- Tt then follows that deduce the
(V0. H,Vh,V?h, Vzp)HLtooLQnL%Hl. Finally, we deduce the [|(wp, VI, V)|l 11 oo
We first give L°L? N L2H" estimate of rp and Vp.

Proposition 3.3. Under the conditions of Theorem|1.1), rp satisfies the space-time estimate

t
ot 3+ [ IV Go) sl ds < Co1+ )% (3.14)
where Cy > 0 is a constant depending only on the initial data ug, hy, and pg.

Next, we will use the weighted estimate of rp of (3.14) in Proposition to establish the
L°L? N L?H* estimate of Vp. This proposition can be found in [20, Proposition 3.4], so we omit
proof here.

Proposition 3.4. Under the conditions of Theorem[I1], Vp satisfies the space-time estimate

t
IV p(t, )2 + / 1V2p(s, )12 ds < @1.5(0). (3.15)

Before listing the estimate of the critical proof of the velocity field, we give a proposition to be
used.

Proposition 3.5. Under the conditions of Theorem[I.1], the LP estimate of hy satisfies
lho(t,)lzr < Paa(t), (3.16)
where for p € [2,00) is uniform.
Proof. For any p > 2, taking LP inner product of hy on 4, one derives
|hol”

1d P Uy —2
el . < N2 My oo P = —(p— 2 p
ot < IS o ot = [ B do = (p=1) [ (9o o™ do

Uy
< H7(t, Mrzellho(t, )7,



EJDE-2025/77 SYMMETRIC MHD-BOUSSINESQ SYSTEMS 9

Here using Lemma Lemma and m, one derives that:
U Uy 1/2 1/2 U 1/2 1/2
122l S I IV 2 I S IV IV ) e
r 1o 1o (3.17)
SR L 12, )H < @y 3(1),

then using the Gronwall’s inequality, one finds that

t
Uy .
ho(t, )lze < |lho - eql|Lr exp (/ ||7(s, IS ds) < Dy 3(t), uniformly for p € [2,00).
0
U

Based on Propositions [3.2] 34} and [3.5] we can now obtain the estimate of the velocity field.
Proposition 3.6. Under the conditions of Theorem the L? N LS estimate of Vu,
Vu(t,)||L2nre < P23(t),
holds uniformly for 0 <t < T,.
Proof. From ([1.3)2, =2 satisfies

ug

at%ju( V) +2 —0.

,
Multiplying |42 [P~2%2 and integrating over R3, one derives

dUQ

u ug
1= e < 2= () l[eee | == (2 )l o
Using Gronwall’s inequahty and , we have

t
Uug U u
12206 <152 allrexp (2 [ 1225, )l ds) < @aale), for any p € [2.00).
0
Thus, we can obtain the LP estimate of mg:

lwa(t, )[Le < llwo - eollr + IIwrllLlellfllem +lhollLge =0 H | Ly e + IVPll L1 Lo

[ o i 2l

By the Gronwall’s inequality, Sobolev inequality, Proposition (3.13), (3.15) and (3.16), it
follows that

Ug
[wo(t, )2 < (llwo - eollzz + lwrllLipoell—[lLzer2 + lholl Lo Lo IVH| L2 2 + [[Vpll L1 L2
t r t t

xexp / 122 s, ) <dls)
<[+ os(t) + Vidos(t )+\[]¢’23(t) < @y 5(1),

llwa(t; )z < (IIwO eollLs + ”WT”LlLOO” “Nlege o + ol e roe [ VH| L zo + HWIILlLe)

X exp /O||7(s,.)||mc ds)

<1+ @ 3(t) + @1 3(t) P2 3(t) + Py 3(2)|P23(t)
< By 5(1),

for all t < T,. Then from (2.1)) in Lemma we have
IVO(t, ) lL2nrs < P2 3(t).

Next, we also estimate V (ugeg). From Vx (ugeg) = wre, + w,e, and div (ugeg) = 0 and
using the argument of the Calderon-Zygmund singular integral operator, it only needs to prove
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the same estimate for (w,,w,). Therefore, performing the LP estimates for 1 and .3, one
derives

e { () o6} S [ (ol + o) 1901 da

S 19 % (uoeo) (¢ M= [ (Jol?™ + e 1) 98] do
R3

Using Holder’s inequality, it follows that

max { o (1, YW ot 12}
5HVX(Ueeo)(tw)||L°°<er( MG+ o )5 )1Vt -

By dividing (er( BT 4 flws (B ) on both sides, it indicates that

max { i llwr (2, ) e, cillwz( WMee} SV x (ugeo) (£, )| [V, ) Lo

Integrating with ¢, for any p € [2,6], one concludes that:

¢
| (wr,wz) (&, )lze Sl (wo - er,wo - €2) [|2r + ||Vb|\L;?°LP/ IV x (ugeq) (s, )| Loe ds < o 5(t).
0
So, the proof of Proposition is complete. O

Next, we derive the L; L™ estimate for the vector field (V x u,V x h, Vp), which is the key
to obtaining a higher-order estimation of the solution. And before we do that, we need to get an
estimate of VO, H, Vh, VZh and V?p.

Proposition 3.7. Under the conditions of Theorem the following space-time estimate of
VO, H,Vh,V2h and V?p holds:

t
(V0. H,Vh,V?h,V?p)(t,-)|3. +/ IV(VOH,Vh,V?h,V?p)(s, )32 < o s3(t).
0

Proof. Firstly, we can apply 0, on (3.4)4 and perform the L? inner product to handle the V9, H.
Then we obtain

t
VO 1 (L, )2 +/ V20, (s, )22 ds < Bas(t). (3.18)
0

Secondly, we deal with VA and V2h. Taking V and V2 on (1.2), and performing the L? inner
product respectively, we can conclude that

t
VA )2 + / IV2h(s, ][22 ds < ®y.5(0),
(3.19)

V2t ||Lz+/||v3 2a ds < Bys(t).

Finally, applying V2 on (1.3)5 and performing the L? inner product, we derive the estimate for p:

V20t )12 + / 173 0(s, )22 ds < ®o5(2). (3.20)

The proofs of the above estimates can be found in [2I]. By combining (3.18]), (3.19) and (3.20)),
we complete the proof of Proposition O

Now we give the L; L™ estimate of V x u, V x h, and Vp.

Proposition 3.8. Under the conditions of Theorem the following L} L™ estimates of V x
u, V X h and Vp follows

t
/ (o, Vi, Vo) (s, )| s ds < o s(t).
0
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Proof. From the definition of wy,
Uy

1
Oy + (g, +1:0:) g = oy + -0 (ug)* — 1. (hg)?* Dy

Integrating this along the particle trajectory start at € R3, one knows that
t
Up 1
wolt, X (t,x)) = (wo - e9) () + / (% + 1. (0)? — 10 (he)? — 01p) (5, X (s,)) .
0

Taking the L> norm with = € R3, one derives from the previous estimates:

llwe (t, )l Lo
< ue
lwo - eql[Lo + || M llwo(s, N zoe ds + llwellro,e,no) =7 iz 0,0,22)
+ HazHHLl(o,t,W)Hh9||L°o ©.t,2%) + IVpllLio,e,m2)
t
Uy
< Coa() + [ N7 (s ) o llwa(s, )l o ds.
0
Using Gronwall’s inequality, it indicates that
t
Uy
lwa (£, )| < P 3(t) exp / H—(s,)HLoo ds) < By 5(1). (3.21)

By Lemma [2.1] u and Holder’s inequality, together with (| -, one derives
/ IVh(s, Mz ds S / IVA(s, 12 IV3h(s, I 2 ds
3/8
< VAl e 0,22 / IV (s. 22 ds) " 1208 (3.22)
0

< Do 5(t) (Po3(t)*/517/8 < @y 4(t).
Similarly, using the estimates (3.15)), we obtain

¢
19005 e ds < @240 (3.23)
0

Combining (3.21)), (3.22) and (3.23), we complete the proof. O

3.1. Completion of the proof of Theorem|[I.1} In this part, we will use the estimates obtained
above to reach the conclusion of Theorem . Applying V™ (m € N;m > 3) to 1 55 and

performing the L? energy estimate, we can obtain

;;HV’"(U hp)(, )72 + VA )2 + V™ () 122
= —/]RS V™ u- V] uVmudx+/RS V™ h-V] thudsc—/R3 V™ u-V]hV"hdx
s S S (3.24)
+ /RS V™ h-V]uVT™hdx — /]RB V™ u-V]pV™pdr+ - V™oV dz,
Iy Is Is
where we have used
. h-VV™h - -V™udz + . h-VV™u-V™hdzx = 0.
By Lemma we hRave that I;,...,Is sautisfy]R
L S V™ (s o p) (8 )22V (s by p) () e, Vi = 1,2,3,4,5, (3.25)

and Iy satisfies
Is < IV p(t, ) L2 IV ults ) L2 < 1V (us by p)(E )72 (3:26)
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Substituting (3.25)) and (3.26)) into (3.24)), we obtain

(u, by p) (8 )i < C L[V (ws oy p)(E, ) 2oe) ([ (s s p) (&, ) |- (3.27)

4
dt
Let
Em(t) = |[(u, b, p)(t, )| Fm, V8 < T
Then by Lemma (13.27) can be written as
E, () S L+ IV xu, V x b, Vp)(t, )|l log(e + Em(t))) (e + Em(t)).
Using Gronwall’s inequality twice, one arrives at

€+Em(t) < (e+Em(o))exp(cfJ(l+H(V><u,Vh,Vp)(s,-)||L00ds), vt < T.. (328)

Recalling Proposition [3.8] one has
t
| @+ 50, Th, )5, ) ds < B2t
0

Substituting in (3.28)), one concludes that

sup |[(u, h, p)(s, )| Fm < Pas(t),
0<s<t

for all m € N. This completes the proof of Theorem [T.1]

4. PROOF OF THEOREM [L3|

This section is devoted to study the inviscid limit of the viscous system (1.5). Let (uy, by, pyu)
and (u, h, p) be a solution of (1.5) and (1.2)), respectively. We denote

Uy = Uy — U, B;L:h,u_h7 Du=Du—Ds Pu=pPp—P-

Direct calculations show that (@, h,, p,) satisfies
Oty + (U, +u) - Vi, — pA(ay, +u) = =i, - Vu+ hy - Vh+ hy, - Vhy, — Vp, + pues,
Ohy +uy - Vhy, — Ahy = —t, - Vh+ hy, - Vu+ hy, - Vi,
Depp + UV — Ap = —1, - Vp,
V-u,=V-h,=0.
By a standard L?-energy method, combined with V-1, = V- i_zu = 0, we deduce from 1 that

ld, _ 2 - 2
—— @, (t +u/ Va,(t, x)|“dx
sl @+ [ (95,0.0)

(4.1)

=/ RSAu~ﬁud:c—/Rg(ﬂH-Vu)%iudx—i—/ (hy - Vh) -, dx

R3
- / (hye - Vi) - by, da +/ (Pp - Up) d.
R3 R3

Using the same method for B# and p,, we obtain

1d, - - 2
—— ||k, (¢ 22+/ Vh,(t,z)|" dz
thH Moll? R3| u(t, )|

:_/ (ﬂu~Vh)~7szx+/ (ﬁu.vu).ﬁﬂdﬁf (hy - Va,) - hy da,
R3 R3 R3

and
ld, _ 2 _ 2 _ _

S gz + [ IVpu(t,2)" do =~ | (4 -Vp)- puda.
R3 R3

Combining with the above estimates, and

u/ |V, (t, z)>dx > 0, / |Vh,,(t,z)*dz > 0, / |V pu(t, z)|*dz > 0,
R3 R3 R3
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we derive

1d , _ . _
577 UEn®lzz + ROl + 172 (0)]72)

<u Au-ﬂﬂd:ﬁ—/ (ﬁH~Vu)-ﬁ#d:v+/ (ﬁu~Vh)-ﬁ#dar—/ (- Vh)-h, dz
R3 R3 R3

R3

+/ (Bﬂ'v“>'ﬁud$_/ (ﬂu'vP)'ﬁudx"‘/ (P - Up) d.
R3 R3

R3
Using the Cauchy-Schwartz inequality, it follows that

1d , . _
577 @7z + [l + 14 @)1172)

< laullce (ullAullp2) + 1@l 218 - Vull 2 + 1@l 22l - VAl + 1l 2216 - VA 2
+ 2l - Vullze + 11pull 2l - Vollz + 1ppll 2 | 2

Now, we integrate the above inequality over time. Noticing that (@, h,, p,) has zero initial data,
we derive

@l Foope + 1l Foo p2 + 17pll7 0 2
Slallee 28 - Vullpize + 1l ze 2 | - VAl pize + 1Pglloe c2 1@, - VA L1z
+ Al e 2 1Py Vulpizz + 1ol eIt - Vollpize + [|ppll per2 1a.ll oy 2
+ |8l g 2 (]| Aul| 1 2).-
Young’s inequality yields
||ﬂu||%g°L2 + ”B#H%;"’LZ + ||ﬁu||%§OL2
Sl - VullFy gz + b - VRN 2 + 1@ - VAT (4.2)
+ 7y, - VUH%}H + [l - VPH%}L? + HauHZLgm + (M||AU||L}L2)2-
From Young’s inequality it follows that
2 (|t Lo 2 | hpll oo 2 + N1l oo 2 Al Lo L2 + Nl Loe L2 1l oo £2)
<2 (0l 1 + Il 2+ Nl 12 ) -

Combining with ([4.2)), (4.3 and employing that (a + b+ ¢)? = a? + b? + ¢ + 2ab + 2ac + 2bc, we
obtain

(4.3)

(il 52 + Wl e 2 + 17 e 2)”
Sl - VulZype + - VhIZy 2 + @ VAT,
1P - Valldy o+ 1 - Vol3a e + laall3 s e + (ullAullpz)”.
This indicates that
@l Lee 2 + hullee 2 + [Pl Lo 2
Sl Vullprpe + 10 - VAl gz + @ VAl e (4.4)
+ -Vl e + 1@ - Volloize + @l nie + pllAull gy e
We denote
L(t) = [t Lo r2 + Nhpllpse 2 + 1Pullpser2 -

Clearly, .£(0) = 0. Then applying Hélder’s inequality and Young’s inequality for the right-hand
side of (4.4), we obtain

2(t) < u/o [Au(r)l|L2dr +/O L+ [[Vu(m)lzee + IVA(T)|[L + V(7)) Z(T)dT .
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Gronwall’s inequality leads to

t
L(t) < eSS THITUE oo HIVRE) o IV o)l soe) dr (u/ HAU(T)HdeT). (4.5)
0

Using Sobolev interpolation and Hélder’s inequality, if m > 3, from (4.5)) it follows that

il g2 + NPl g e + Pl ge 2 < (ut)lJull Lo -

Recalling Theorem 1.1} we arrive at

llup —ullpsorz + Ay — bllzsorz + o — pllzsorz < (ut)Pa3(t).

This completes the proof of Theorem
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