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EXISTENCE OF NONTRIVIAL SOLUTIONS FOR BIHARMONIC
EQUATIONS WITH CRITICAL GROWTH

JUHUA HE, KE WU, FEN ZHOU

ABSTRACT. We consider the biharmonic equation with critical Sobolev exponent,

A%y — Au— A@w?)u + V(z)u = \u|2**72u +afuP"%u, in RV,

where N > 4, o > 0, V(z) is a given potential, 2** = ]\?i is the Sobolev critical exponent

and 2 < p < 2**. Under the combined influence of the biharmonic, quasilinear terms, and
critical nonlinearities, looking for solutions with N € {5,6} is totally different from the case
when N > 7. For the case N € {5,6}, we show that this equation has a nontrivial solution,
using a variational method.

1. INTRODUCTION

We consider the existence of nontrivial solutions for the critical biharmonic equation

A% — Au— Awu+ V(z)u = u)® "2u+ alulP2u, inRY, (1.1)
where N > 4, a > 0, V(x) is a given potential, 2** = % is the Sobolev critical exponent and

2 <p<2v,
Equation (1.1) without the quasilinear term is the biharmonic problem

A%u— Au+V(z)u = |ul® "2u+ aluf2u, inRV.

The biharmonic operator A? is used to study the impact of higher-order dispersion terms in
the nonlinear Schrodinger equation with a fourth-order dispersion term [7, [8]. In physics, the
biharmonic equation can be simulating the static deflection of an elastic plate in a fluid [I§]. In
[11], this type of equation also furnishes a model for studying the traveling waves in suspension
bridges.

Recently, Liang, Zhang, and Luo [12] proved the existence and multiplicity of solutions for the
perturbed biharmonic equation

A%+ V(e u = u)® "2u+ h(z,u), zeRY,

(1.2)
u(xz) — 0, as|z| — oo,

by a variational method. In [2], the authors apply the concentration compactness principle to
obtain a nontrivial solution for the equation

A%y a(z)u = h(x)|u|? u + k(x)[ulP " u,  in RY,

1.3
ue€ H*RY), N >5, (13)
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where 1 < g <p<2¥ —-1= % and a, h, k are bounded, nonnegative and continuous functions.

Alves, do O, and Miyagaki [I] showed the existence of nontrivial solutions for the equation
A%u+ V() |u) e = |u)? "%u, inQcCRY,

1.4
u e DFP(Q), N > 5, (14)

using the mountain pass theorem and the Hardy inequality, where 1 < ¢ < 2** —1, 2** = 2. )
is an open domain and V is a potential that changes sign in €2 with some points of singularities in
Q. Additionally, we refer readers to [I77, 28] [6, 21 23] for more studies of biharmonic equations.

Equation (1.1) is also related to the known quasilinear problem with critical growth,
—Au— AW u+ V(z)u = |u)® "2u+ alu/f2u, inRV. (1.5)

Solutions of (1.5) are standing waves for the quasilinear equation

i+ AY = W (@)y + AR(P))E (%)% + (W72 + alpP~*)d =0, in [0,00) x RV, (1.6)
i.e. solutions of the form

P(t, x) = exp{—ift}u(z),

where W(z) = V(z) 4+ 8, h is a real function and 8 € R. (1.6) plays an important role in various
fields in physics. For example, it can be used for the superfluid film equation in plasma physics
[9). It also appears in fluid mechanics [10] and condensed matter theory [16]. We refer readers to
[20, 13] for more details of (1.6).

We mention some work relating to the quasilinear problems. Wang [24] used the method of

change of variables to establish the existence of nontrivial solutions for the equation

—Au+V(z)u+ gA(uQ)u =l(u), z€RY, (1.7)
where I(u) = A|ulP~%u + |ul97%u, p > 22%, 4 < ¢ < 22*, 2* = 28 Recall that 22* = 3,
N > 3, is the corresponding critical exponent for the quasiliner term A(u?)u. The problem
studied in [24] is critical or supercritical. The same change of variables was also used in [27] 5] 22]
to deal with quasilinear equations involving critical exponent. Wu and Wu [26] obtained the
existence of standing wave solutions for generalized quasilinear equations with critical growth by
the perturbation method. The existence of solutions for quasilinear equations can also be obtained
by Nehari method [I4] and minimization process [I5] [19].

In this article, we investigate the existence of nontrivial solutions for (1.1) with critical nonlin-
earities. Our main motivation in mathematics comes from the following fact. Compared to the
pure critical biharmonic problems and quasilinear ones, three different cases occur as far as (1.1)
is concerned:

(i) if N = 5, then 22* < 2**. The critical exponent 22* for the quasilinear term is actually
a subcritical one for the whole equation (1.1). In this case, it seems that the quasilinear
term has barely effect on the existence of the solution of (1.1).

(ii) if N = 6, then 22* = 2**. In this case the exponent 2** is the critical exponent for both
the biharmonic operator and the quasilinear term whose combined effects make our study
of (1.1) more difficult.

(iii) if N > 7, then 22* > 2**. In this case (1.1) is not a critical problem anymore, and 2**
is nothing but a common subcritical exponent. However, it is worth noting that, for the
case N > 7, the domain of the functional corresponding to (1.1) is not a vector space.

We will use the variational method to find solutions of (1.1). To do this, we need to estimate the
energy of the functional carefully. Some special techniques are also applied.
We make the following assumption of the potential V' (z).

(A1) V € C(RM,R) satisfies 0 < Vo < V(2) < limygo0 V(2) := Voo < 400.
Our main result is the following theorem.

Theorem 1.1. Let N € {5,6} and assume that (A1) holds.
(i) If % < p < 2%, then for any a > 0, (1.1) has a nontrivial solution.
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(ii) If one of the following two conditions hold:
(a) 2<p§% and Vs, = +00;

(b) 4§p§ﬁ and Vo < 4005
then there exists a constant o > 0 such that, for all @ € (a*,00), (1.1) has a nontrivial
solution.

Remark 1.2. From the above theorem, we see that the existence of solutions for (1.1) might
depend on «, p, and the limit V.. However, if ﬁ < p < 2", then the result is independent of
a and V.

In this article, we use the following notation: For p € [1,+oc], we denote the usual LP(RY)
norm by || - ||,. For y € RY and r > 0, we denote B,.(y) := {z € RN : |z —y| <}, B, := B(0,r).
C and C}; denote positive constants.

2. PRELIMINARIES
Throughout this article, we assume that N € {5,6}. Set
E={uc H*RY): V(x)uldr < oo},
RN
where
H*RY) :={u e L*(RY) : D*u € L*(RY),Va € ZY,|a| < 2}
is the usual Hilbert space with the scalar product

= D*uD*vd
(u, v) g2 Z/}RN uD%v dx

<2
and the norm |ju|| g2 = (u, u)gf We define the inner product
(u,v) = / [AulAv + Vu - Vo + V(z)uv] dz
RN

and the norm ||ul| = (u,u)'/? on E. Then E is a Hilbert space. Moreover, if Vo, = 400 in the
assumption (A1), then the continuous embedding E < L*(R"Y), 2 < s < 2**, is compact [3].
Consider the functional defined on E by
2 dx — g/ |ulP dx.
P Jr~

1 1
I(u) = f/ [(Au)? + |Vul? + V(z)u?] dx +/ u?|Vul? de — / lu

2 Jrn RN 2%* JrN
In view of the proof of [4, Proposition 2.1], for any v € C°(RY), we conclude from Sobolev
inequality that there exists a constant C' > 0 such that

||UH2* SC”VU”Q, H@lu 2% SCHV@[MHQ, fOri:172,...,N.

Z/ |5‘1-ju|2dx:/ |Aul?dz.
’i,j RN ]RN

[Vullz« < C|Aul.
Recall that N € {5,6}. It follows from Hélder inequality that

Notice that

Then we have

2/N . N-2
/ u?|Vul|?dx < (/ |u\Nda:) (/ |Vu|? da:) "
RN RN RN
= [lull % I Vull3-

< Clluli | Aul} < .

(2.1)

On the other hand,
1 . 2/2*
/ 2| Vul?ds = 7/ IV (u?)2da > c(/ () dr)
]RN 4 RN ]RN
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Therefore, the functional I is well defined in E. Moreover, it is easy to check that I € C'(E,R)
and

(I'(u), p) = /RN [Aulp + VuVe + V(z)uplds + 2/ (W*VuVe + up|Vul?) dz

RN
/ |u
RN

for all u, € E (see [3]). Clearly, solutions of (1.1) are critical points of the functional I.
The following lemma shows that the functional I has the mountain pass geometric structure.

2" 2upde — a/ |ulP~%up dx
RN

Lemma 2.1. (i) There exist constants p, 3 > 0 such that inf), =, I(u) > B;
(ii) There exists an e € E such that |le|| > p and I(e) < 0.

Proof. (i) By the Sobolev inequality, for each u € E with |Ju|| = p, we have

1

1 .
I(u) > f/ (Au)? + [Vul2 + V(2)ude — / uf2” da — 9/ lufPde
2 RN 2%* RN P JrN

27— Colful?

1
> Slull® = Callu

1 .
= 5,02 —Cip* = Cop?,
Choose p > 0 with %pg — C1p?" = Cop? = %p2 = >0, then inf, -, I(u) > 8.
(ii) Let u € E'\ {0} be fixed. Remark that N € {5,6}. For ¢ > 0, according to Hélder inequality
and (2.1), we have

rn) < 5 [ 10w+ VuP 4 v@lde ot [ i S [P
RN RN RN

2 o a2

t2
< 5 lull® + CtHull %[ Vu

Gex = —00

2 o
< 5||u||2 + Cot*[[ul | Aull; — Crt* lu

as t — 400, which implies that there exists a large ¢ > 0 such that I(tu) < 0. Let e = tu. Then

I(e) < 0. The proof is complete. O
We define the mountain pass level ¢ of I by

= inf I(~(t 2.2

¢ = Inf max (v(®)), (2.2)

where I' = {y € C([0,1], F) : v(0) = 0 and I(y(1)) < 0}.
To obtain nontrivial solutions of (1.1), we first estimate the mountain pass level value c. We
define the best constant S, for the Sobolev embedding D*2(RN) < L2 (RN) by

S = inf { (Au)?dx : u € D*2(RY), ||ul|a+s =1}, (2.3)
RN

where D%2(RY) is the completion of the space C°(RY) with respect to the norm |ulls2 =
(fRN (Au)de)l/Q. Clearly, D%2(R") is a Hilbert space with the scalar product (u, v) = Jon AuAvdz,
(see [6]). It is known that the best constant Sy, is attained by the function

c(N—1)/2

_ 2 N—4)/8
Ue = (N(N_4)(N _4))( / (€2+|x‘2)(N—4)/2’

Ve > 0,

. N . . .
2.. = S.4 and u. satisfies the equation A%y = u? ~1 in R,

see [17]. Moreover, ||Au||3 = ||u.
N > 5.

Recalling that the best constant S, for the Sobolev embedding D*?(RY) < L2 (RY) is given
by

S = [V7ul13, (2.4)

inf
u€DM? (RY)||ul|= =1



EJDE-2025/69 BIHARMONIC EQUATIONS WITH CRITICAL GROWTH 5

where DV2(RN) := {u € L? (RN) : Vu € L?(RY)} is the Hilbert space with the scalar product
v) = [pn VuVudaz. Let

S(N-2)/4

— N-2)/8
ve = (N(N — 2))( )/ (e2 + [z]2)(N-2)/4 ve > 0.

We know that the best constant S, is attained by the function v? for any € > 0, v? satisfies the
equation —Au = 42 ~! in RV, where N > 3. Moreover, by direct computation, we have

<§Wﬁf=$ (2.5)

if N =6.

Let 0 < R < 1 and w. = ¢u., where ¢ is a smooth cut-off function satisfying ¢(x) = 1 for
|z| < Rand ¢(x) = 0 for |z| > 2R. Moreover, by (2.5) and arguments as in the proofs of (5.1)-(5.6)
in Appendix, we have the following estimates

/ w.|? " dz = St + O(N) (2.6)
RN

/RN |Aw.[2dz = S+ O(eN—4) (2.7)

/RN \Vw,|*dz = O(eN ™) (2.8)

0(£?) N=5

V(w?)|?d ) 2.9

|, v {f§m+mﬁ,N: (2:9)

/RN jwefide = O(NHO), T < g < (2.10)

/ lwe|?dx = O(eN™4). (2.11)
RN

For the mountain pass level value ¢ given in (2.2), we have the following estimates.

2 gb/4 _
o =Sk s ” N=5
(5V6+ 5:v22)8:L°, N =6.
(i) If N84 <p < 2** then ¢ < ¢* for any a > 0.
(i) If2<p< N 1, then there exists a constant a* > 0 such that ¢ < c* for all o > ™.

Lemma 2.2. Let

Proof. Case 1: N = 5. (i) We first consider the case where 8 < p < 2**. Arguing in a similar
way to [27], we define t. > 0 satisfying I(t.w.) = sup;so I (tw.). We claim that there exist 9 > 0
and positive constants ¢; and 5 such that ¢; < t. <ty for all € € (0,&0). From (2.6)-(2.11), there
exists a small 5 > 0 such that

t? t 27 .
I(tw.) < — [ [(Aw)* + |[Vw:* + V(2)w?]dz + 7/ |V (w?)|*dx — / |we|* dx
2 R5 4 R5 2** R5
- (2.12)
5/4 t 5/4
< - - Hk
< S + T S
for all € € (0 €2). Slnce I(tew:) = sup;>q I(twe) and I(0) = 0, we have I(t.w.) > 0. Hence
t;* Sfﬁ <3 L7 55/ 4 , which implies that there exists a constant o > 0 such that t. < t5 for all
e € (0,e2).
Note that 5 < 8 < p < 2**. Again by (2. 6)—(2 11), there exists a small £1 € (0,e2) such that
¢ .
I(tw,) > — 5 (Aw,)?dx — 2** / lw.|* dx — a—/ |we|Pdx
RO

* ok

t2 P
> 15314 - Yk 5314 —aCe® 2P
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for all € € (0,¢1). Let n = maxogtgl(% -
can find a small g9 < &1 such that aCe®~ %

o*k

t

S )Si’&, it is clear that n > 0. Since 5 — & > 0, we
< 2 for all € € (0,0). Hence,

*ox

2
I(tewe) > max{ 55/4 L

5/4 5-54p1 > n
0<t<1 ek Ser” —aCe 287} 2 2"

It follows from (2.12) that 2 < I(t.w.) < 3 Sf& 4 - t;* S2/* which implies that there exists

a constant t; > 0 such that t >ty for all 6 € (0,g0). Hence, the claim is true.
For € € (0,¢0), by (2.6)-(2.11), we have

p -
I(tgwe)gé/ (Aw.)2dz / .2 da + 2 / V. |dz
Rs

2**
t2
+ 2 [ V(zx)widr + 72/ |V (w2)|*dx — a—l/ |we [P dz
2 R5 4 R5 P Jrs
t2 tg** 5/4 2 5_2
§(2 2**)5’ +0(e) + O0(e”) — aCe”2
< 28514 0(e) — aC4,

)

Noticing that 5 — § < 1, we see that I(t.w.) < %Sf& for small € > 0. Then we can find a small
€ > 0 such that

sup I (twz) = I(tzwz) < 55/4.
>0

Moreover, from (2.12), we conclude that I(twz) — —oco as t — co. Hence, there exists a t > 0 such
that I(twz) < 0. Let 7(t) = ttws. Then 7 € I and ¢ < maxyeo,1) L (Y(t)) < %SE,{‘I for all a > 0.

(ii) We consider the case where 2 < p < 8. For simplicity of notation, we rewrite the functional
I as I,,. Let wy € C°(R®)\{0}. We define t,, > 0 such that I, (t,wp) = sup;q La(twp). We claim
that t, — 0 as @ — +oo. Indeed, if the claim is not true. Then there exist a constant ¢, > 0 and
a sequence {ay,} such that o, — 400 and t,, > to for all n. Assume that «,, > 1 for all n. Set
tn =tq, and Iy = Iy|a=1, then 0 < I, (tnwo) < I;(t,wp), which implies that ¢, is bounded from
above. Moreover, we have

12 27 -
I, (thwo) = 5 / [(Awo) +|Vw0|2+V( )wo]der—/ [V ( wo |2 2**/ |w02 dx
RS
P
—a, = |wo|Pdx
P Jgrs
tQ

<5 /R [(Awg)? + |Vwo|? + V(2)wi]dr + 2 / |V (w3)] dx—an—/ |wo|Pdx
< C—an—o/ |wo|Pdx — —o0
P Jrs

as n — oo. This contradicts I, (thnwo) > 0. Hence the claim holds and ¢, — 0 as o — +o0.
Clearly,

t2 t4
Io(tawn) < 2 [ [(Qun)? + [Vuol + V@judldz + 2 [ [9(ud)Pda.
R5 R5

This implies that I, (tawo) — 0 as a — +o00. Hence, there exists a o > 0 such that I, (tawo) =
4
Sup; > Lo (two) < %Sfi

Case 2: N =6. (i) 4 < p < 2*. Arguing in a similar way to the proof of (i) with N = 5,
there exist g > 0 and positive constants ¢; and ts such that t; < t. < ty. For ¢ € (0,¢), by

for all @ > o*. Consequently, ¢ < %Sffl for all @ > a*.
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(2.6)-(2.11), we have

2 2
I(t.we) S;/ (Aw,) dw—Q**/ |we
2
13

e td
dx + £ /IV )[2dx

+ = V( de—&——/ |Vwe| dx—a—/ |we [Pd
2 (2.13)
t2 t2**
< (56 - 25** + gt‘*)sw +0(e?) + 0(e?) — aCeb?

( \f—I—ll\F) 324 O(e?) — aCe®P.

Note that 6 — p < 2. We conclude that ¢ < (ﬁx/t:)—k % 22) S5k 3/2 for any a > 0.
(ii) The desired result can be deduced by the same arguments we used in the proof of (ii) in
the case N = 5. O

Remark 2.3. If N = 6, then 2** = 22*. For this case, with the aid of (2.5), we can also take
Ve = ¢v. as a test function to obtain the same estimates in Lemma 2.2. We will show this
statement in the Appendix.

3. (PS). SEQUENCE

Recall that, for any ¢ € R, {u,} is a (PS). sequence of I if I(u,) — ¢ and I'(u,) — 0 as
n — o0o. We have the following results about (PS). sequence of I.

Lemma 3.1. Assume that the condition (A1) holds and: 2 < p < 2** if Voo = 400, and 4 < p <
2** if Voo < 4+o00. Then any (PS). sequence of the functional I is bounded in E.

Proof. Let {uy} be a (PS), sequence of the functional I. We deal with two cases separately.
Case 1: 4 <p < 2" and V, < +00. We have

e+ o(l) = I(uy) — %(I’(un),un)

1 1 1 1
=G 3) [ w4 [Vl + Vielde + (5 - 1) [ 9P

2 P RN 4 p RN

1 1 -
4 (= = U, | dx

(p 2**)/RN ‘
> (5 - 1)/ [(Aun)? + [Vun[* +V(z)uzde,

2 P RN

which implies that {u,} is bounded in E.

Case 2: 2 < p < 2 and V,, = +oo. In this case, we have lim|, o V(2) = +oc. Hence,
for each M > 0, there exists an R > 0 such that V(z) > M as |z| > R. This implies that
meas{z € RY : V(z) < M} <meas{zr € Bg: V(z) < M} < o0, where BR ={zr e RN :|z| < R}.

We define two real functions f(t) = |t|>” ~2t+«t|P~2t and F(t fo s)ds = o=|t]*” + 5t

tf(t)tzqF(t) =0, limy_su0 tf(t)t—qu(t) —

Also we choose a fixed constant ¢ € (4,2**). Then lim;
400, and lim;_ o, tf(ti;ifiF(t) =d > 0. Hence, there exists r > 0 such that

tf(t) —qF(t) >0, V[t|>r. (3.1)
Furthermore, for any € > 0, there exists a positive constant C'(¢) such that
|tF(t) = aF (t)] < elt? + Ce)tf*, Vit e R. (3.2)
It follows from (3.1) that
1
¢+ o(l) = I(un) — 5(1’(%) Un)
1 1 1 1
— (=0 [ @ VPl + (5 - 1) [ Viendda
2 q RN 2 q RN
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HG 0 [ V6P [ i e

q RN ¢
11 ) , 11 )
2 (5= 2) [ [(Aun)” +[Vun[Tdz + (5 = =) [ V(z)u;dx
2 q RN 2 q RN
1
b~ )
[un|<r q
By (3.2), there exists a constant M > V} such that
1 1 1
- — F(t)] < (5 — —)Mt? < :
<)~ FOI < (7 - M, Ve <, (33)
where Vj is the constant given in the assumption (A1).
By (3.3) and assumption (A1), we have
1 1 1
- — — Vacu,%dx—i—/ —fup)uy, — F(uy)|dx
G5 [, v@ g = F )
1 1 1 1
>(=— = qu%dzf/ = — —)Muldx
>3- [ V@ Gy
>G5 [ (V@ -
- - = z) — M)u:dx
4 2q Jup|<r "
> (5 5) V(@) ~ M)ud
> (- —— x) — M)u;, dz
420" Junisrv@sm
1 1
> (Z — 2—q)(V0 — M)r*(meas({z € RN : V(z) < M}yn{z € RY : |u,| < 7}))
1 1 9 N
> (Z = 2—q)(V0 — M)r“(meas{z € R" : V(z) < M}),
which implies that
(1 - 1)/ [(Aup)? + |V, [*dz + (1 = i) V(2)u?dx
1 1
< (Z - 2—q)(M — Vo)r2(meas{z € RY : V(x) < M}) + ¢+ o(1).
Hence {u,} is bounded in E. O

Lemma 3.2. Let p > 0 and {u,} C E be a bounded (PS). sequence of I. If 0 < ¢ < c*, then
there exist a sequence {y,} C RY and a constant £ > 0 such that

limsup/ |y |2dz > €.
Bp(?ln)

n—oo

Proof. Suppose that the conclusion does not hold, it follows from [25, Lemma 1.21] that
/ |up|*de — 0, Vs € (2,2%). (3.4)
RN

Case 1: N=5and c<c* = %5514. From (3.4) and (2.1), we have

o1) = (1), wn) = [ [(Bun)? 4 [Vuaf? + V@il — [ fun "+ o(1)
RS RS
This yields |[u,||? — [gs [un|? dz = o(1). We may assume that

lun]l? = b, /|un|2**dm—>b.
R5

Since ¢ > 0, it is easy to check that b > 0. From the definition of S,., we have

[unll* > [|Aunll3 > Swxllun3., (3.5)
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which implies that b > S**b%. Thus b > 539{4 and

c= nl;r& I(uy)

o
2 dx]

n—roo

1 1
= lim [f/ (Aun)? + |Vu,|? + V(2)ud)de + ~ \V( / [t
2 Jas 4 T e

2de]

1
> lim [f/ (Aun)? + [Vuy|* + V(2)u2)dz — / [t
2 R5 2** R5

n—oo
)b

11
_<§_2**
> 55/4

EE

which contradicts ¢ < 235/4.

Case 2: N =6 and ¢ <c* = (5V6+ 5 22)5’5:’42. Applying (3.4) again, we have

0(1) = (I' (un), tn) = |Jun|? +/ |V (u?)|2dx —/ |un|2**dx + o(1).
R6 RS
We assume that

||un||2 +/ |V(ui)|2dx —b>0,
]RG
/ lun|? da — b.
]RG
Recall that N = 6, we have 22* = 2**, It follows from the definition of S, that
. 2/2"
IV (2)2dz > s(/ ) (3.6)
RS RS

Combining this with (3.5) and (3.6), we obtain

- \2/27
(e | +/ IV (u2)|2dz > Sa|[tin || 5 +/ IV (u2)|2dz > S ||tin |3 —i—S*(/ PNE d:c) .
RS RS R6
Hence, b > S, b%/2"" + 6,62/2" > 0. Then we have
_S* + SE + 45** -3
> .
2 () 7
because b > 0. It then follows from (2.5), (3.4), (3.5), and (3.7) that
c= nh_}ngo I(uy)
= lim 12 4 Lz 4 L 22 1 g%
= Jim (ol + el + 5 [ V@2Pdr = o [ o
ol 1 1 -
> lim (Sl + G+ [ [902)Pdn) = 5 [ P
R R
=g gk
1 —S, 4+ /52 +48,.\ 1 1 /=8, 4+ /52 +485,.\"3
> - *% T oxsx
- 4S ( 25** ) + (4 2**)< 25, )

:(1 1 [ ) 3/2
:[<%¢mﬁm> (Vo4 V)83
z(?%\/é+ Vv22)82°

which contradicts ¢ < (E\/é + % 22)53/2 The proof is complete. O
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4. PROOF OF MAIN RESULTS

To prove Theorem 1.1, we need some lemmas. We define a C! functional I, : H2(RY) — R by
1 1 .
Ioo(u) = 7/ [(Au)? + |Vul? + Voou?]dx —|—/ u?|Vul?dr — —/ lul? dx — g/ |uPdz,
2 RN RN 2% RN P JrN

and define

Coo = inf max I (y(t)),
Inf max (v(¥))

where ' = {v € C([0,1], H*(RY)) : v(0) = 0 and I.(y(1)) < 0}.

Lemma 4.1. Assume that (A1) holds and Voo < +00. Then ¢ < co, where ¢ is the mountain
pass level given by (2.2).

Proof. By condition (A1), we have V() < Vi for any x € RN, then [ V(2)udz < [pn Voou?dx
for all u € E. Hence, I(u) < I(u) for any u € E. By the definition of I and T, we have I C T.
Therefore,

inf Io(~v(t)) > inf Io(~(t)) > inf I(~v(¢)).
it e T (7(6) 2 inf, mae Loe(1(4)) 2 inf oo 165(1)

The proof is complete. O
We define the Nehari manifold
M :={u € E\{0} : (I (u),u) = 0},
and m = inf e Loo (u).

Lemma 4.2. Assume that (Al) holds and Voo < 400. Then for any u € E\{0}, there exists
t(u) > 0 such that t(u)u € M.

Proof. Let u € E\{0} and f(t) = I (tu), t € [0,00). Then
ft) = Ino(tu)
t2
T2
s
T gk /RN |u

Obviously, we have f'(t) = 0 < tu € M which is also equivalent to

[(Au)? + |Vul? + Vieu?]dr + t4/ u?|Vul|?dx
RN RN

o tP
2 gy — £ |u|Pdx.
Db Jry

/ [(Au)? + |Vul® + Vaeu?]dx + tz/ IV (u?)|2dr = > 72 ||ul|3s + at? =2 ull?.
RN RN

It is clear that f(0) = 0, f(t) > 0 for small ¢ > 0 and f(t) < O for large ¢ > 0. Hence,
Maxye[o,00) [oo (tu) is achieved at some ¢ = t(u). So f'(t(u)) = 0 and t(u)u € M. The proof is
complete. O

Lemma 4.3. Assume that (Al) holds. If Voo < 400 and 4 < p < 2**, then for allu € M, it
holds Io(u) > Io(tu) for all t > 0.
Proof. Our proof depends on the following inequality. For all 1 < r < s, it holds
tr—1 t*—1
<
r s

., VYt >0. (4.2)

Indeed, it is easy to check that the maximum of function h(t) = % - % is h(1).
For u € M, we have (I’ (u),u) = 0, hence

/ [(Au)? + |Vul? + Voou?]dzx +/ |V (u?)2dx = / lu* da + a/ |ulPdz.
RN RN RN RN
Combining this with (4.2) we have

Too(u) — Ino(tu)
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1 t2 1 t4
=5 - —)/ [(Aw)? + [Vul? + Vagu?]da + (5 - 7)/ V() de
2 27 Jon 4 47 e
12" 1 - 1 p
+(2**f2**)/RN|u| d:z:+(gf;j)oz/RN|U\ da

>(5-5) /RN[(Au)2 VU Vaeu?ld + (5 — ) /RN V()P de

4 4
1 -
(== ul* deta | fulPdz]
RN RN

p D
11—t -1 11—t -1
=t )/ [(Aw)? + |Vaf? + Vieu?)de + (22 ¢ )/ V()| 2de
2 P RN P RN
The proof is complete. O
Lemma 4.4. Assume that (Al) holds and Vy < +00. Then m = Coo-
Proof. We define
cp = inf maxIo(tu).
u€E\{0} t>0
Note that p > 4. We see that, for each u € F
1
L) — § (Lo ) )
1 2 2 2 1 1 P (0% «
=- [(Au)® + |Vul* + Voou®ldz + (= — =) |u|* dx+ (= — =) |ulPdx > 0.
4 RN 4 2** RN 4 p RN

For each v € T, let h(t) = (I (y(t)),~(t)). By the Sobolev inequality, it is easy to check that
there exists a constant p > 0 such that

Hiﬂlf (I'o(u),u) >0

ull=p
and ||v(1)|| > p. This implies that there exists a t; € (0,1) such that h(¢1) > 0. By the definition
of T, we have h(1) = (I’ (y(1)),7(1)) < 4I.(y(1)) < 0 for all ¥ € T. Hence, there exists a
ty € (t1,1) such that h(t]) = 0, which implies that v(¢) € M. Therefore,

> ) > i =m.
max Toe (1(1)) 2 Too(7(t)) 2 inf Too(u) = m

Then

Coo = Inf max Io(v(t)) > m.
1ol B 1 (00)

On the other hand, for any u € E\{0}, we have Io(0) = 0, Ioo(tu) > 0 for small ¢ > 0 and
I (tu) < 0 for large ¢t > 0. Hence, there exists a t* > 0 such that I (t*u) < 0 for all t > ¢*. Let
Yu(t) = tt*u, t € [0,1], then v, € T. We conclude that

< = *u) <
Coo < tren[(;)l,}i] Too (70 (t)) tren[aaﬁ] Io(tt"u) < max I (tu),

which implies that

< inf I (tu) = ;.
Coo _uegl\{o}r?;(g{ o(tu) = a1

For w € M, by Lemma 4.3, we obtain I (u) > max;>o [ (tu). Therefore,

m = inf Io(u) > inf max I (tu) > inf max(tu) = c,
uEM weM >0 uw€E\{0} 20

and so m = cs. The proof is complete. O

Proof of Theorem 1.1. (i) Let ¢ be the mountain pass level given in (2.2). By the mountain pass
theorem [25], Theorem 1.15] and Lemma 2.1, there exists a sequence {u,, } C E such that I(u,) — ¢
and I'(un) — 0 as n — oo. From Lemma 3.1, {u,} is bounded in E under the assumptions of
Theorem 1.1. Up to a subsequence, we may assume that u, — u in E and u,, — u in L{ (RY),

2 < s < 2**. Hence (I'(uy,), p) — (I'(u), o) for any ¢ € C°(RY), that is, u is a weak solution of
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problem (1.1). We have to show that u # 0 or find a nontrivial solution if v = 0. We distinguish
two cases:

Case 1: V,, < +00 and % <p< 2% If Vo # V(x), we verify that u # 0. Indeed, suppose
by contradiction that u = 0. Since lim|,|_,o V(7) = Vi, for all £ > 0, there exists an R > 0 such
that |V (z) — Vool < € as |z| > R. Hence,

) = Tl =15 [ (Vi) = V)il

1 1
< 7/ V(@) - Vi [u2da + 7/ V(@) — Vi |u2da
2 Jrm\BR(0) 2 JBr(0)
1
< *E/ udx + C u?da
2 JRV\BR(0) Br(0)
< Ce+o(1)

asn — oo. Combining this with I(u, ) — ¢, we have I, (u,,) — c. Moreover, for each ¢ € C>(RY),
(T (un), @) = (I (un), 0}

= | (V(z) = Voo Junp dz|
RN

<[ W@ Vallwlidlde+ [ V@) - Vil de
RN\Br(0)

Br(0)

< / \un||so|dm+0/ funll] de
RN\Bg(0) Br(0)

/ /
= E(/RN\BR(O) i dm>1 2(/RN\BR(0> ¢ d”T)m * C(/BR(O) “i dx)w(/BR(o) ¥’ d”)l 2

< Ce+o(1)

as n — oo. Combining with I'(u,) — 0, we have I’ (u,) — 0. Therefore, {u,} is a (PS).
sequence of the functional ..
By Lemmas 2.2 and 3.2, for a fixed p > 0, for all a > 0, there exist {y,} C RY and & > 0 such
that
lim sup/ |, |2da > €. (4.3)
Bp(yn)

n—oo

It is easy to verify that {y,} is unbounded in RY. Indeed, if {y,} is bounded, then there exists an
r > 0 such that B,(y») CQBT(?V) According to (4.3), we have £ < fB;(yn) [uy |2dr < {BT(O) |un |2da.
Recall that u, — u in Lf, (RY). We obtain § < limn o0 [55 (o [unl’dz = [5 ) |u[*dz = 0. This
is a contradiction. Thus, {y,} is unbounded. Up to a subsequence, we may assume that |y,| — oo
as n — 0o.

Recall that V(z) # V. It follows from condition (A1) that there exist a constant p > 0,
xo € RN and a neighborhood Bj(x0) of g such that o := Vo — V(z9) >0 and Vo — V(z) > %a
for all x € Bs(xo). Let vp(x) = un(z + yn — x0). Then {v,} is bounded in E. We may assume
that v, — v in E and v, — v in L2 (R"™). By (4.3), we have

loc

/ |v(z)]2de = lim v, (2)|*da
BP(QTU)

n— oo B, (x0)

= lim [vn (2 — yn + z0)|*dz (4.4)

n—roo Bp (yn)

= lim [, (z)|?dz > €.
nroo Bp(yn)

This implies that v # 0 and

/ (Voo — V(z))v?dz > / (Voo — V(2))v?dx > 105 > 0.
RN By (o) 2
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Moreover, since {uy} is a (PS). sequence of I, then {v,} is also a (PS). sequence of I,. Thus
v is a critical point of I, and v € M. Applying Lemma 4.4, Fatou’s lemma and the weak lower
semi-continuity, we have

Coo =M ulélj{/[ Io(u) < Ino(v)

1
= In(v) = {T5(0),0)
1 1 o
- / [(AV)? + |[Vo]? + Viev?da + (= — )/ ]2 dx+(979)/ |v|Pda
RN 4 2** RN 4 p RN

2 dx

/ [(Av)? + |Vo|?)dz + 1lim inf V(x +y, — 20)v2dr + (1 2 )/ v
RN 4 n—oo RN 4 2% RN
+ (g — g)/ [v|Pda

4 -

1 1
< — liminf [(Av,)? + |V, |?]dz + ~ lim inf V(2 + yn — 20)v2dx
4 n— oo RN

n—oo RN

1 1 .
+ (7~ g liminf [ 0|2 da + (% ~ %)nnrgigf [ lenl?da
1
< - liminf/ (At (z + yn — 70))* + Vo (@ + yn — 20)|?
4 n—oo JpN

1 1 .

+ V(x4 yn — xo)|un(z + yn — x0)|2]dx + (= - —)liminf/ [ter (@ + Y — .1‘0)|2 dx
4 2%* n—r00 RN

(G = timint [ fun(a oty = a0) P

< lim (I(uy) 1<Il(un),un>) =c.

T n—oo - Z
It then follows from Lemma 4.1 that
c=I.). (4.5)
We define m' = inf,cpp I(u), where M’ = {u € E\{0} : (I'(u),u) = 0} Arguing in a similar
way to lemmas 4.2 and 4.4, we conclude that ¢ = m/ and there exists a to(v) > 0 such that
to(v)v € M'. Note that 2** > p > & > 4. In view of (4.5) and Lemma 4.3, we have

= Io(v) > max1.
c=1Ix(v) > max oo (t)

This is a contradiction. Hence, u # 0 is a nontrivial solution of (1.1) if Voo # V()

Now we turn to prove that (1.1) has a nontrivial solution for each a > 0 if Vo < +oo,
V(z) = Vo and % < p < 2**. In this case, the conclusion follows if u # 0. If u = 0, by the
same argument as used above, {u,} is a (PS). sequence of the functional I,. Moreover, we can
find a sequence {y,} C RY and a constant p > 0 such that |y,| — co and

limsup/ [ |2dz > €.
n—o0 Bp (yn)

We define v, (x) = un(xz + yn). Then {v,} is a bounded (PS). sequence of I,. Assume that
vp, = v in E. Then v # 0 is a critical point of I,. Notice that I = I,. v is a nontrivial solution

of (1.1).
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Case 2: Vo = 400 and 2 < p < 2**. It is known that the embedding E — L?(R") is
compact if Vo, = +00. Thus u,, — u in L?(RY). Again by Lemma 2.2 and Lemma 3.2, for a fixed

p >0, for any a > 0, there exist {y,} C RY and £ > 0 such that

limsup/ |, |2dz > €.
Bp(yn)

n—oo

This implies that
/ u?dr = lim [, | da > €
RN N

n—oo R

and v is a nontrivial solution of (1.1).
Conclusion (ii) can be shown in the same way as in the proof of (i) in Theorem 1.1. The proof
is complete. O

5. APPENDIX

The aim of this section is to give some critical estimates for the test function v. we mentioned
in the Section 2. We mainly focus on the case N = 6. As a result, the same estimates as ones of
Lemma 2.2 are obtained if N = 6. Recall that

c(N=2)/4

— N—2)/8
ve = (N(N — 2))( )/ (e2 + [x]2)(N-2)/47 ve > 0.

It is known that ||Vv2|3 = [|[v2|3 = S¥ and v? satisfies the equation —Au = u* ~1in RN, N > 3.
We are in the position to verify the following estimates
/ 0.2 de = S +0(eN) (5.1)
RN
/ V() 2de = S +O(=N"2) (5.2)
RN
- 2
/RN A Pdr = 2534 0(), N =6, (5.3)
/ Vi 2de = O(= "2 |ine]) (5.4)
RN
/ 0.]9dz = O(eN-4N-2) 9% < g < 2% (5.5)
RN
/ 5. [2dz = O(e™52), (5.6)
RN
We see that
Ove _ (N-2)/8 (N-2)/0 N 2 Ti
ox; (NN =2)) c (- 2 )(52 T |z[2)(N+2/4
_ _ N-2 |z
2 _ oy (N—2)/4 (N—2)/2(_ 2
‘V’UE‘ - (N(N 2)) € ( 2 ) (52 + ‘SC|2)(N+2)/27
N -2 Ne? + N22 )2
_ Cony(N=2)/8, Y T2\ (N-2)/4 p
Av, = (N(N - 2)) ( )e £ LR
Then,

/ WE X dr = / |¢1}8|22*d$ = / ‘U8|22*d$ +/ |¢)U€‘22*d$,
RN RN lz|<R R<|z|<2R

/ |Ua|22*dl'§/ |v5|22*d$+/ 0|22 dx
|z|<R RN RN\|z|<R

N N 1
=57 + (N(N — 2)%“’/ S E—;
RN\ [z|<r (€2 + [z[2)N

and
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N N +oo T‘N_l
=52 N(N —2)2wpy_ —d
S+ (N( ) 2w I/R/E 1+ )N r

N N +oo TN_1
SS*2 +(N(N_2)7WN71/ Wdr
R/e T
N
<82 +ceN,

where wy_ is the surface area of the unit sphere in R. Similarly, fR<\z|<2R |¢>vg\22* dx < CeN.

Hence, [pn 0% dx = S*% + O(e") and (5.1) holds. Moreover, we have

[ V@ Pdo= [ VAR + 26T 02)02V e 4096 da
RN RN

- / V(2P + / oV (02) P
|z|<R

R<|z|<2R

+/ 2¢2V(v§)’vgv¢2d$+/ v} Vo2 [2de,
R<|z|<2R R<|z|<2R

RN\|z|<R

/ LI / IV (02) [2dz + / V(02) 2 de
x| N

¥ N_2 - |z
=82 +(N(N —-2)"2 (N —2)%V 2/ — L __dx
( I
) +(N(N —2)" 7 (N - 2)%w /+OO e dr
— P - - N—-1 1 . o\N
re (L+72)N
_ +oo  N+1
<8I+ (N(V = 2)" (N = 2%0n / o
R/e T
<87 4+ N2
and
1/2 1/2
/ 2¢0°V (v2) 2V pPda < C’(/ |V(v?)\2dz> </ v?dx)
R<[2|<2R R<[z|<2R R<[2|<2R

N-—2 1 1/2
< N—2\1/2 _ 72 _N-2
<N =) TN [ )

B QR/E N—1 1/2
_ N—21/2 _ o2 2 r
(22 (NN —2)" T wN,l/ (HTQ)N_er)

< (C€N_2)1/2(CEN_2)1/2

=CeN72,

Similarly, fRSlfL’\SQR #*V(v2)|?dz < CeN~2 and fRS\EIQR v3|V@?|2dr < CeN~2. Therefore,
Jan [V(@02)]2dz = 8.2 + O(eV~2) and (5.2) is true.
Since A(¢v.) = div(V(¢v.)) = v:Ad + 2Vv. V¢ + pAv., we obtain
/ AT dx = / [(Ag)*02 + 4(VVre)® + (Ave)*¢” + 4 AV Vlda
RN RN

+ / [AVv VoAb + 2v. ApAv.pldz,
RN
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/ (Ap)*v2dx < C/ v2dx
RN R<|e|<2R

N-—2 N—-2 1
SO ) T [
R<|z|<2R (€2 + |z]?) 2

N—2 N+2 2R/E N 1
= O((N(V - 2)) T Py, / L
R/e (14+7r2)"2z

<CetT,
/ (VoVo.)?dr < C |V |*dz
RN R<|z|<2R
N2 N — :E2
= o - 2) 7 (Ve .
R<|z|<2R (2 + |z]?) 2
N2 N —2 N—2 2R/e PN+
= C((N(N —2))" 7 (E=2)2 " / —
e O L e

It is easy to check that

s N2, noa N2t W22 1000 4 (N 9) Ne|g)?
() = (N — 2" (V22 o AN

2 (e2 + |z[?) 2
N2e* + 4|x|* + 4Ne?|z|?

(€ +[z2)N

(Aug)? = (N(N — 4)(N? = 4) "5 (N — 4)2%eN 4

If N =6, it follows from (2.5) that

1/2 _9\3
/ (A’l)g)2dil':1 N N.Sﬁv 2) N-4/ (AuE)de
RN 4(N-4)7F (N+2)77 Jry
_1 NN -2E s
4N-4) T (N+2) T
2.8
fgs*

which implies

2425 _ 2 242
/RN(AUE) 0] dx—/leR(Avg) dm—i—/ (Ave)“¢=dx

R<|z|<2R
Avg

Avs dx+/ (Av.)?d
RN\ |z|<R

2.4, (N=2)% 14 _ 20,12
(N(N—Q))N‘Zz N -2 ¥N ¥+ 7 |£C| +(1{7\£ Q)NE |.%'| .
RN\ |z|<R 2 (e2 + [x]*) =

+oo .N—1 +oo .N+3 +oo  N+1
N _3 T N r N _ r
+Che? / g dr + Coe2 3/ g dr + Cae2 3/ — s dr
R/e T R/e T R/e T

IA \
\|

WINDWIN W Wl
n
*opz
+

[¢]

w\z

<

O)

Frolz

<I8F 40t 4 Coe T 4 Coe 7

o

*ulz
4
b

<

_|_
Q
™

Similarly, fR<|x|<2R(AvE)2¢2dx < Ce”=". Therefore, Jan (Av.)2¢?da < %S*% + e 5.
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It is easy to verify that
/ Ve APV Vo dr = / ve APV Vo dx
RN

R<|z|<2R

1/2 1/2
< (/ v?dx) (/ |Vv5|2dx)
R<|a|<2R R<|e|<2R

< Ce N2—2

Similarly, we have [,y Vo-VoAv.¢dr < Ce™7 and Jan veAPAv P dr < Ce™32. Therefore,
N _

Jan |ATPde = 257 + O(e™=") and (5.3) follows. L

By the same arguments as in the proof of (5.1)-(5.3), we have fRN V. |2de < Ce™2 |lngl,
Jan [0=]9dz < CeNTEN=2) 95 < g < 2 and [y [v.]?dz < Ce™=". We then conclude (5.4)-
(5.6).

According to (5.1)-(5.6), we have the following conclusion.
Lemma 5.1. Let N =6.

N
() If =5 N+2) <p <2, then ¢ < (V64 52v22)S4 for any a > 0.

N
(i) If2<p< (J{,V_f), then there exists a constant o® > 0 such that ¢ < (35—2\@—1— ;—é 22)S4

for all a > a*.

Note that % = ﬁ if N = 6. Hence, if N = 6, then the results in Lemma 5.1 are the

same as ones in Lemma 2.2.

Proof. Case 1: 4 < p < 2**. Arguing as in [27], we define t. > 0 satisfying I(t.v.) = sup,>q I (tv).

We claim that there exist ¢g > 0 and positive constants t; and t such that ¢; < t. < t5 for each

€ € (0,&0). From (5.1)-(5.6), there exists a small 5 > 0 such that
t2

I(tv:) < 5 [(AT.)? + | VT |? + V( )~2]dx+—/ |V (02)[?
RS

SO
2" dx

2 (5.7)

<—S3 —53—
ST T o

for all € E (0,2). Since I(t.v:) = sup;»qI(tve) and I(0) = 0, we have I(t.v.) > 0. Hence
2** 53 L Sf + %Sf, which implies that there exists a constant to > 0 such that ¢. < ¢ for all
e € (0, 52).

Note that 2* < 4 < p < 2**. Again by (5.1)-(5.6), there exists a small &1 € (0,e2) such that

SS

P o
I(tv.) > — [ (AV.)dx + —/ |V (02)2dx — / [0.|? dx — a—/ [ve |Pdx
2 R6 2**
52 2
> X 75;? + fsf -5 sg’: — aCebPep

for all e € (0,e1). Let n = max0<t<1( £t T t;: )52, it is clear that n > 0. Since 6 — p > 0, we

can find a small g9 < &1 such that aC’56 P <L " for all € € (0,&p). Therefore,
2 " 2

I(teve) > 3 —
(b0e) = 0@?2(1{ St S 2%

53— aCsG’ptp} > g
It follows from (5.7) that 7 < I(t.v:) < ;Sf + fS’f 2** Sf, which implies that there exists a
constant ¢; > 0 such that t >t for all € € (0,g9). The claim is true.
For € € (0,&9), by (5.1)—(5 6), we have
I(t5.) < = / (A%

2**

d:c—i——/ |V (02)2dz

t2
+£
2 Jre

V(x)agdHl/ |V'175|2dm—a—1/ 0[P da
2 Jge P Jgre
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B S

< (£ 3 + 74 ~ om 1S3 + O(£%|Ine|) + O(e?) — aCe5P
11 /11

< 3 2 _ 6-p

_(72 3 +24)S + O(e?|lne|) — aCe

Noticing that 6 — p < 2, we see that I(t.v.) < (/L + 2)S? for small £ > 0. Combining this
with (2.5), we have I(t.0:) < (52v/22 + 556)S: S2/2. Hence we can find a small > 0 such that

sup (1) = (1272 < (3sV22 + = V6)S2L%

>0
Moreover, from (5.7), we conclude that I(tvz) — —oo as t — oo. Hence, there exists at>0such
that I(tvz) < 0. Let 5(t) = ttvz, then ¥ € T and ¢ < maxyepo,1] 1(7(t)) < ( V2 —I— 6)Sx 3/2 for
any a > 0.
Case 2: 2 < p < 4. We first rewrite the functional I as I,,. Let 75 € C2°(R%)\{0}. We define
to > 0 such that I,(ta00) = sup;>q la(t0). We claim that t, — 0 as a — +oo. Indeed, if the
claim is not true, then there exists a constant ¢ty > 0 and a sequence {«a,} such that a,, = 400
and t,, > to for all n. Assume that a,, > 1 for all n. Set t,, = to, and Iy = I4|a=1, then
0 < 1I,,(tnvo) < I(t,0o), which implies that t,, is bounded from above. Moreover, we have

Lo o) = % [ (330 + Vil + V@iglan + % [ 9

—/ |0 |Pdx

4 tP
[(AD)? + | Voo | + V (z)vd])dx + f/ |V(17’20)|2dx—an;"/ |00 |Pd
R6 R6

tQ**

RCE
2%

U0
RG

t2
_2 o

< C’—ozn—o/ [vo|Pdx — —o0
D Jre

as n — oo. This contradicts I, (t,09) > 0. Hence the claim holds and ¢, — 0 as o — +o0.
Clearly,
2

.t N . . £ .
Ln(tafi) <2 [ (&%) + VAP + V(e)ifldo + 72 [ V@)
RS R6

This implies that I,(t,0) — 0 as & — +o0o. Hence, there exists a constant o > 0 such that
A > 11 5../6)83/2 11
I (tato) = sup;>o La(tvo) < (g5V22 + 55v6)S5i" for all a > a*. Consequently, ¢ < (g5v22 +

= 6)53/2 for all a > a*. O
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