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WAVE-BREAKING FOR TWO-COMPONENT FORNBERG-WHITHAM
SYSTEMS WITH DISSIPATION

XI ZHU, MIN ZHU, YING WANG, KE WANG

ABSTRACT. In this article, we study the Cauchy problem for a two-component Fornberg-Whitham
(2FW) system in fluid dynamics, incorporating a dissipation term to account for energy loss. In
the 2FW system, the analysis of blow-up phenomena is complicated due to its non-integrable
structure and the lack of sufficient useful conservation laws. Adding dissipation term makes the
problem even more challenging, since the L? norm of u grows exponentially in time rather than
polynomially. Unlike previous works that focus on Riccati-type inequalities with polynomial
expressions, we consider a case where the involved term exhibits exponential growth. This in-
duces an extension of the Riccati-type inequalities to handle exponential forms, from which we
obtain a new blow-up analysis result. As a consequence, we establish a novel blow-up criterion
and obtain three blow-up results.

1. INTRODUCTION

Recent investigations in hydrodynamics have increasingly focused on the formation mechanisms
of wave singularities. A common characteristic of these wave models is the potential development
of singularities within finite time. It is now widely recognized that the interplay between dispersive
and nonlinear effects determines the occurrence of such singularities. In particular, when dispersive
effects dominate nonlinear effects, wave stability is maintained, precluding finite-time singularity
formation. A classical representative of this class is the celebrated Korteweg-de Vries (KdV)
equation [I7], which exhibits global smooth solutions and solitary waves due to its strong dispersive
nature. Conversely, when nonlinear effects dominate dispersion, the balance may break down,
leading to finite-time singularities such as wave breaking, where in the solution remains bounded
while its spatial derivative becomes unbounded. This phenomenon captures the essence of physical
wave breaking observed in fluids, where a wave overturns without necessarily reaching infinite
height.

To incorporate both nonlinear and nonlocal dispersive effects in modeling shallow water waves,
Whitham and Fornberg introduced a nonlocal nonlinear dispersive equation, now known as the
Fornberg-Whitham (FW) equation [IT], 20]

3
U = —iuum + Ay *u, (1.1)

where A = Le—7,

3 This equation reflects a fundamental departure from the KdV-type local dis-
persion, offering a more physically realistic representation of water wave propagation, especially
in regimes where the assumption of weak nonlinearity and long waves may not strictly hold. By
rewriting the nonlocal term explicitly, (1.1) can be expressed in the fully local form

9 3

Up — Uggt + Uy — “Uglpy — = Ulgzy — Uy = 0.

2 2 2
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Unlike the KdV equation, which admits smooth solitary wave solutions, the FW equation
permits the formation of peaked solitary waves (peakons) and finite-time wave breaking. A pro-
totypical peakon solution to is given by [11]

_Ll|p—4¢
u(t,x) = 3¢ Blo—3 |,
which is continuous but exhibits a discontinuity in its derivative at the wave crest, thereby cap-
turing the sharp interface characteristic of physical wave fronts.

Analogously, the Camassa-Holm (CH) and Degasperis-Procesi (DP) equations [3| 12], renowned
integrable models in hydrodynamics, provide alternative mathematical frameworks for character-
izing wave breaking phenomena. In contrast to the complete integrability of the KAV, CH, and
DP equations, the FW equation exhibits fundamentally different mathematical properties: it is
non-integrable and has no useful conservation laws. This absence of sufficient conserved quantities
significantly complicates the derivation of energy estimates and a priori bounds, thereby posing
substantial challenges to rigorous analysis concerning well-posedness and singularity formation.

In recent years, there has been a growing body of literature devoted to the mathematical
investigation of the FW equation . Holmes [I5] analyzed the local well-posedness of the
equation in Sobolev and Besov spaces, demonstrating that the data-to-solution map is Hoélder
continuous but not uniformly continuous with respect to the corresponding topologies. Zhou and
Tian [23] employed bifurcation methods to uncover a variety of traveling wave profiles, including
kink-like and anti-kink-like solutions. Further contributions by the same authors [24] applied
the time-reversing transformation u(t,z) = —%u(—t, x) to derive explicit expressions for peakons
and periodic cusp wave solutions. In parallel, Chen and Li [4] utilized phase plane analysis to
identify smooth solitons, periodic orbits, and ring-shaped traveling waves within the same equation
framework.

Motivated by these developments, Fan, Yang and Tian proposed a two-component extension of
the FW equation, referred to as the 2FW system [10]

Up — Uppp + Ug + Uly — SUglUpy — Wlger — pz =0, (t,2) € RT x R,
pr+ (pu)e =0, (t,z) € RT xR, (1.2)
(U7PX07$)::(UOaMﬁ($% z €R,

where u(t,2) denotes the horizontal velocity of the fluid, and p(t,x) represents the free surface
elevation relative to a flat bottom. Using bifurcation theory, the authors of [10] established the
existence of various traveling wave solutions to system , including smooth solitons, kinks,
anti-kinks, and an infinite family of smooth periodic waves.

In the study of blow-up phenomena, Constantin and Escher [7] rigorously established the blow-
up results for the FW equation. Their approach involved analyzing the temporal evolution of the
extremal derivatives of the solution

m(t) := inf u, (¢, ), M(t) :=supu,(t,x).
zER zER
By applying a Riccati-type differential inequality of the form y/(t) < —y(t)?, they demonstrated
that blow-up occurs in finite time if the initial data satisfy the condition

m(0) + M(0) < —;

Subsequently, Haziot derived an alternative wave-breaking criterion for non-periodic strong solu-
tions of the FW equation. Specifically, if the initial data up € H*(R), with s > 2, satisfies

5k inf ug(x) + ksupug(z) < —4,
z€R z€R

where k € (0,3/5), then the corresponding solution undergoes blow-up in finite time [14]. In
contrast, Hormann addressed blow-up criteria for periodic strong solutions. Wei in [18] refined
the aforementioned blow-up criterion and proposed a new wave-breaking condition. Subsequently,
based on the analysis of Riccati-type inequalities involving time-dependent functions, another
novel wave-breaking condition was established, demonstrating that the FW equation can exhibit
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wave-breaking phenomena even when the initial slope is small [19]. Wu and Zhang [2] investigated
blow-up dynamics for the FW equation in both unbounded and periodic domains. By combining
L?-conservation laws with L>-estimates, they obtained upper and lower bounds for blow-up rates,
thus providing a quantitative characterization of singularity formation. These results indicate that
nonlinear steepening effects in the FW equation can dominate dispersion, leading to gradient blow-
up in finite time.

For the 2FW system , the analysis of blow-up phenomena becomes more intricate due
to the absence of L2-conservation for u. Cheng [6] addressed this issue by developing two novel
blow-up criteria based on the conservation of the sign of p, the L'-norm of p, and a priori L?-
estimates for u. These criteria allow for the derivation of blow-up conditions even in the absence
of classical energy conservation. Building on this foundation, Bai, Wang, and Wei [2] employed
an improved pseudo-parabolic regularization method to prove the existence of weak solutions to
the 2FW system in H® x H*"! for s € (I, %} In addition, they derived sufficient conditions
under which strong solutions develop singularities in finite time. These contributions significantly
enhance the analytical understanding of the 2FW system and provide deeper insights into its
complex blow-up dynamics.

This article investigates the 2FW system with a dissipation term in fluid dynamics

Up — Uggy + Uy + Uy — BUplpy — Ulgpy — Pr + YUzz =0, (L, z) € RT xR,
pi+ (pu)z =0, (t,7) € RT xR, (1.3)
(U,p)(07$) = (UO7P0)(-73)7 z e R.

In this paper, we aim to study the local well-posedness of system in Besov spaces after
introducing a dissipation term and to explore the conditions under which blow-up phenomena
may occur.

Analogous to the approach in [6], we utilize the sign-preserving property of p, the conservation
law for the L'-norm of p, and the prior estimate of the L?-norm of u to investigate the blow-up
behavior of system . However, in contrast to the non-dissipative system considered in [6], the
inclusion of a dissipative term leads to exponential growth in the L?-norm of u, as opposed to the
polynomial growth observed in the non-dissipative system. In [6l [T9], Wei and Chen respectively
employed the following Riccati-type inequalities to derive the blow-up results for the FW equation:

% < —am?(t) + A+ Bt ae. fort >0,
dd—zl < —am?(t) + A+ Bt* ae. fort>0.

In contrast, the Riccati-type inequality used in this paper is expressed as
drgit(t) < 7am2(t) +ae + ¢ ae. fort >0,

which leads to a new blow-up criterion (Corollary [3.8]). Based on this criterion, we further derive
the blow-up results for the system (1.3).

To compute the blow-up results for the system (|1.3)), we reformulate it into the nonlocal trans-
port form

up +uty = Ay * (p—u —yug), (t,r) € RT xR,
pr+ups +up=0, (t,x)€RT xR, (1.4)
(%P)(OJJ) = (u07p0)(m)7 z €R.

Subsequently, we introduce n = p — 1 and examine the following system to study the local well-
posedness of system (L.3):

g+ uty = Ay * (n —u —yug), (t,x) € RT xR,
e+ une +nug +u, =0, (t,x) € RT xR, (1.5)
(u,n)(0,2) = (uo,m0)(x), = €R.
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Here, n(t,z) — 0 as |z| — oco. To meet Hadamard’s criteria for well-posedness, we establish
the existence, uniqueness, and continuous dependence of solutions in suitable Besov spaces. Ap-
proximate solutions to (1.5 are constructed through linear transport equations, ensuring uniform
bounds over a maximal existence interval. Compactness arguments guarantee convergence to solu-
tions of , while uniqueness and continuous dependence on initial data follow from an adapted
method in [I5], incorporating the auxiliary variable 7.

The organization of this article is as follows. Section [2] presents some preliminary information,
including key definitions and properties of Besov spaces, as well as results on linear transport
equations. Based on these preliminaries, we establish the local well-posedness of the 2FW system.
In Section [3] we extend the classical Riccati-type inequality by incorporating a generalized time-
dependent function f(¢) (see (3.19)), which leads to a new blow-up condition of the 2FW system.
Section [4]is devoted to deriving three novel blow-up theorems for the 2FW system.

2. LOCAL WELL-POSEDNESS

In this section, we recall some facts on the Littlewood-Paley analysis and transport equation
theory. Then, we will prove the local well-posedness of the 2FW system (L.3)).

2.1. Preliminaries. Let S(R) denote the Schwartz space of smooth functions on R whose deriva-
tives of all orders decay at infinity. Then the set S’'(R) of temperate distributions is the dual set
of S(R) for the usual pairing,.

Proposition 2.1 ([§]). Let B:={¢ € RY,[¢| < 3} and C := {¢ e RY, 2 < |¢| < §}. There ewist
two radial functions x € C°(B) and ¢ € C°(C) such that

XE©+D e %) =1, VEeR?

q>0
lg—q'| > 2= suppp(27%) Nsuppp(277) = 0,
q > 1= supp x(-) Nsuppp(279:) = and

<X+ p(279)* <1, VEeR:
q>0

wl

Furthermore, let h := F~l¢ and h := F~'y. Then the dyadic operators A, and S; can be
defined as

Agf = p(279D) f = 29¢ /Rd h(2%)f(x — y)dy, for ¢ >0,

Sof =x@7D)f = > Apf=2"" [ h(2%)f(x—y)dy, forq€eN,
—1<k<q—1 Re

A_i1f:=8f and Ayf:=0 forg< -2
We shall also use the notation Syu := Zkgq—1 Agu. The formal equality u = Zq2—1 Aqu holds
in §'(R%) and is called the Littlewood-Paley decomposition.

Definition 2.2 ([1]). Let s € R and 1 < ¢,r < co. The nonhomogeneous Besov space B; . is
defined as
By, ={f € S'RY):||f|s;, < oo},
where
(Xkez 2ksr||Aka2q)1/r, for 1 < o0,

SUPLez 285 Ak f| e, for r = oo.

1fllBs, =

In the case s = 0o, we define B := Nser By
In the following lemma, we list some important properties of Besov spaces.

Lemma 2.3 ([8,9]). Suppose that s € R, 1 < q,7,¢;,7; < 00, i =1,2. Then we have

S

o 18 a Banach space which is continuously embedded in S’

(i) Topological properties: B
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(ii) Density: Cg° is dense in By ., 1 < q,r < 0.
(X_1
(iii) Embedding: BS , < B;,ﬁ;l 27 ifqr < qo and r < 7o,

q1,71

B;fr2 — B;}Tl locally compact, if s1 < Sa.
S

(iv) Algebraic properties: Vs > 0, B, N L™ is an Banach algebra. Moreover, By . is an

algebra, provided that s > % or s > % andr =1.
(v) Complex interpolation:
0
1.

17
lullsg, < lhull:¢

. Vue B 0B, € (0.1

q,m?

(vi) Fatou’s lemma: If (un)nen is bounded in Bj . and u, — u in S', then u € By . and

ullBs, < lim inf [unllBs , -

(vil) Let m € R and f be an S™-multiplier (i.e., f : R® — R is smooth and satisfies that
Va € N, 3 a constant Cy, such that |0 f(&)| < Co(1 + |£))™ 12 for all € € R™). Then
the operator f(D) is continuous from B; . to By ™.

Lemma 2.4 ([I]). Assume that 1 < q,r < oo; the following estimates hold:
(1) For s> 0:

If9llBs &) < C(IIfllBs, @ N9l L@ + | fllLemllglls.. @)

where C' is a constant independent of f and g.
(2) For sy < %, S >% (or s9 > % ifr=1), and s1 + s2 > 0:
£l Bz ) < ClUS N B, ) 91l 22, ()
(3) In the Sobolev space H® = B3 5, for s > 0, we have:

1£0ugllzs < C(I1Fllre+illgllzoe + Il 1029l ),

where C' is a constant independent of f and g.

Now we state some useful results in the transport equation theory, which are crucial to the
proofs of our main theorems later.
Lemma 2.5 ([I, 8, @]). Suppose that (q,r) € [1,00]* and s > —g. Let v be a vector field such
that Vv belongs to L'([0,T]; B5 ') if s > 1+ g or to L'([0,T); Bg,/,-q N L) otherwise. Suppose
also that fo € Bs ., F € L*([0,T];B;,) and that f € L>([0,T]; B;,) N C([0,T];S’) solves the

a,r?
d-dimensional linear transport equations

Of+v-Vf=F,
f‘tZOZfO-

Then there exists a constant C' depending only on s, q and d such that the following statements
hold:

(1) Ifr=1 07”87514-%, then

(2.1)

1fllss < I1fol

B;, T /t IF(7)|ls . dr + C/t V(D) f()lls, dr
or ’ ) 0
£, < eV (|f0||B;,T +/0 VO F(T)|5;, d7> (2.2)
hold, where
o IO e dr - if s <142,

t .
Jo IVo(7) ||B§;1 dr otherwise.

V(t) =
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(2) If s <1+ 4 and, in addition, V fo € L, Vf € L>([0,T] x R?) and VF € L'([0,T]; L),
then

IF@®lls;, + V)]l

t
< OV (||f0||B;§,,,. + IV follzee +/O OV () (HF(T)HB;,,,. + ||VF(T)||L<><>> dT)

with V() = fy IVo(r) gasar o 47
(3) If f = v, then for all s > 0, the estimate (2.2)) holds with V (t) = fot [|0z0(T)|| Lo dT.
(4) If r < oo, then f € C([0,T); B; ). If r = oo, then f € C’([O,T];Bg:l) for all s' < s.

We have established the local well-posedness of system (1.3]).

2.2. Existence and lifespan of solutions.

Theorem 2.6. Assume that s > max{2—|—%, 5}, with q € [1,00) and r € [1,00), and take (ug,m0) €

B; . % B;;l. Then, for system (L.5)), there ewists a solution (u,n) in the space C([0,T]; By, X

B;;l), where the time T meets the condition

1 1
T < min{ 77}.
4C(luoll s, + lImoll ;1) " 4C

Proof. Let {u™}n>0 and {n™},>0 denote sequences of smooth functions with initial conditions

u% =0 and n° = 0, solving the system below

up ™t =972 [0, (0 - — yul)]
it ut gt = gt —

w1 (2,0) = Xn41uo(

(

7"t (2,0) = Xn+170

z),
x),
where Y41 is a Friedrichs mollifier and ® = (1 — §2)2.

First, we establish that solutions to (2.3]) remain uniformly bounded over a common lifespan.
By applying Lemma [2.5] for constants C; and Cs that rely on s, g, r, we obtain

[ ()] 55,
t (2.4)
< OOy, +C [ IO o2 o, — " = ) )
' 0 a,r
and
||77n+1(t)”B§;.1
CaVn (t) V() iV () (2.5)
< OV O ]| o s + 02/0 OV 0=V (g (7) | s + (7 g )
where
t t
Va(t) = /O (7)1 dr < /0 e () 5., dr- (2.6)
By Lemma vii) , we have constant x; depending on s, ¢, and ~, such that
10720, (" — " — )y, < OOl s, + Al pas + [l ) o
< wa(llu” s, + 17" 53 0)
and by (vi) in Lemma for some constant ko = Ka(s,q,r), it holds that
0" u ()l gz-1 < w2llu”ll g (10" | g1 (2.8)
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Using (2.7) in (2.4) and (2:8) in (2.5), and setting K; := max{Ch, k1}, K> := max{Cs, K2}, we

obtain

t
||U"+1(t)||B;T < eKlvn(t)HuO”B;T +K1/ eK1Va(t)—KiVa(7) (Hu”(T)”B;T + Hnn(T)lB,jZl) dr
0 ,
(2.9)
and
t
||nn+1(t)HB§7.1 < eKan(i&)||770|B;;1 +K2/ eK2Vn(t)—K2Vn(T)”un”B;,T " Bt dr

0 (2.10)

t
+ K> / f V=V Oy | g, dr.
0

Taking C' := 2max{K7, K2}, we combine (2.9) and (2.10) to write
[ (0]l Bg., + 10" (1))

< O (Jug|

By,
! C c
Va(t)—CVy
Bs, + ”770”3;;1) JrC/O eCVn(t) (T)<||,un|

t
+C/O OOV ge || o1 dr

t
CV,(t)—CV,
Bs.. —+ ||T]O||B;71) +C/0 e Va () V; (T)<||un|

B;, + H77n||33;1> dr

(2.11)

< eV (Juo|

Bs,. T Hn"IIB;;1> dr

2
lunll By, + 1"l 5:-1)

t
I C/ ecvn(t)fcvn(f)(
0 2

Next, we present a lemma establishing the maximal lifespan.

dr.

Lemma 2.7. Let (u,n) be the solution of the 2FW system (1.5)). There exists a mazimal lifespan
T as stated in Theorem such that for alln € N and t € [0,T],

2([luollss . + ||770||Bg;1)
1 —4C(|luoll s, + ol ps-1 )t

la s, + ™ Ol 31 <

and
la™(®)lls5 , + ln"(®)] Bt ) (2.12)

Proof. We proceed via induction. For base cases n = 0 and n = 1, the result holds trivially. Let
Hy = luol| sz, + ol ps-1- Assuming the inductive hypothesis for n € N, applying (2.6) and prior
inequalities yields, for all ¢ € [0, T7,

pot < 2(||u0||B;’,, + [0

1
<—— — .
Va(t) < —55 In (1~ 4CHot)

Then for every t, 7 € [0,T],
eCVn) < (1 — 4CHut) Y2,
which implies
LCVa(O=Va(r) < (ﬂ)”z
1 —4CHyt
Plugging the results derived earlier into leads to:

. . H, 2CH, ¢ 1
I Ol + I Ol < (I —4CH)” " (1= 4CH)" /o (1 - 4CHyr)"?
2CH? t 2CHy
(1 —4CHyt)"/? /o (1—4CH)2 "
Hy

< Wy H 0 aoH™
- 0
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2H,
= 1/2°
(1 —4CHyt)
Hence, the proof of Lemma via induction is complete. O

Next, we aim to show that the sequence {(u™, n™) } >0 converges to a solution (u,n) of the system
(1.5). To do so, we apply Arzela-Ascoli’s theorem, with the objective of finding limit points u and
1 for the sequences {u"},>0 and {n"}n>0, where u € C ([0, T]; Bi ;') and n € C ([0, T}; Bi,?).

According to Lemma we know that the sequence {u"},>¢ is uniformly bounded within the
space C ([0, T]; Bf ,.), and the sequence {1" },,>0 is uniformly bounded in the space C([0,T]; B ')
For the application of Arzela-Ascoli’s theorem, it suffices to prove that the sequence {u"},>¢ is
equicontinuous in the space C ([0,7]; Bi,') and the sequence {n™},>0 is equicontinuous in the
space C([0,T7]; B;;Z). Take any t¢1,ty € [0,T]. By the Mean Value Theorem,

™ (t2) — " () o (2.13)

g1 < |ty —ta| sup [luf]
a, t€[0,T)

From ([2.3) we have

gl <l u]

Bt + ||<I>_28$ (77n_1 —u"t - ’YU;L_l> HBg;l-
As Bg7 ! is an algebra, using (2.7) we have

n71|

e T e o (i [T o Py § (2.14)
Using (2.12) in (2.14) and substituting the outcome into (2.13]), we obtain
[[u™ (1) = u"(t2)]| gy < M - [t — ta,

where My = 2Ho(k1 + 2Hp). Thus {u"},>0 is equicontinuous in C ([0,77; B;,') and converges
to a limit u € C ([0, T]; B;;l). Again, by the Mean Value theorem,

17" (1) = 0" (t2)ll ps=2 < [t1 — Lo sup 178 1| 2 (2.15)
’ telo, ’

Using (2.3, we have
¢
And as B;,? is an algebra, from (2.8) we obtain

”_1772\\33;2 + ||u;i_177n_1|

B2 S It B2 T ||u$_1||35;2.

nfl‘

1 ge < 0 g2 g + 2 (e g D™l ggz) + 0™ Hggr. (216)

Putting (2.12)) in (2.16) and substituting the result in (2.15) yields

10" (t1) = 0" ()|l g2 < Ma - [t1 — ta,
where My = 2Hp[l + 2(1 + ko)Hp]. Consequently, the sequence {n™},>¢ is equicontinuous in
C ([0,T); B; ) and converges to a limit n € C ([0,T]; Bi,?). By Cantor’s diagonalization ar-
gument, for any test function ¢ € C°(R), the quantities ||pu™ — cpu||B§—Tl and [|en™ — 9077”33;"’

converge uniformly to 0 on [0,7] as n — oco. Using the Fatou property of Besov spaces from
Lemma vi), for all ¢ € [0, T,

lu(t)l| 5, < liminf [lu" ()] g, ,
In(®)]

This implies uw € L> ([0,T]; B;,) and n € L> ([0,T]; B;,"'). Next, we demonstrate that u €
C ([O,T]; B;T) and n e C ([O,T]; B;;l). It remains to prove that for every fixed ¢t € (0,7),

Byt < lminf [ ()] g1

lim u(t) —u)|g: =0 (2.17)
[t—t'|—0 T
and
tm ln(t) — 9] s = 0. (2.18)

|[t—t'|—0
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Let € > 0. To establish (2.17)), it suffices to select § > 0 such that ||u(t) — u(t’)]
t,t’ € [0, T] satisfying |t — t'| < §. For any n € N, by the triangle inequality,

lu(t) = u()lls; . < llult) —u" @)y, + [w" () — u™ ()55, + [lul) —u"(t)lls;, -

Bs, <€ for all

By the Fatou property stated in Lemma Vi), we know that the sequence {uy, },>0 converges to
u in L*([0,TT; B ,.). Thus, there exists an No € N such that

€
3
Choosing N > Ny sufficiently large, from (2.19)) we have

g

3 for all n > Ny. (2.19)

||u(t) _ u"(t)HB;r < and ||U,(t/) — un(t/)”B;r <

2e
lu(®) = w)lls;, < 5+ [u® () = u™ ()| 5; .-

Since v € C([0,T7; B; ) by Lemma there exists 6 > 0 depending on N such that
1 (8) — uN ()3, < % whenever |t — ¢'| < 4. (2.20)

Hence, ([2.20) implies (2.17)), and ([2.18) follows by analogous reasoning. Therefore, we conclude
that (u,n) € C([0,T]; B, xB: '), proving the existence of a solution to the 2FW system (2.3). O

2.3. Uniqueness.

Proposition 2.8. Let s > maX{Q + %, g}, q € [1,00], and r € [1,00). Consider two solutions
(™, M) and (u®,n®)) of the 2FW system ([2.3)) in the space C([0,T]; B, x Bi'), correspond-

ing to initial data (u(()l),m()l)) and (uéz), 77(()2)) in By, x By 1. Define the difference variables

(1) () (1) (2)

2)’ 'U:T’(l)*'f](z), wO:UO 7“0 9 UOZT’O 7770 :

w=ub —ul

Then, for some 8 € R, the following inequality holds
@) pss + Nl -2 < (ol + 1ol s ) (2.21)

Proof. To establish the uniqueness of solutions to the 2FW system (2.3), we analyze the differ-
ence between two arbitrary solutions and apply Gronwall’s inequality. Specifically, consider the
difference variables w and v defined above. By leveraging the a priori estimates from Lemma [2.5]
combined with the algebraic properties (iv) and transport properties (v) of Besov spaces stated in
Lemma we derive the differential inequality

B:‘;?)'

d

= ()]
Applying Gronwall’s inequality to this linear differential inequality yields the exponential bound
([2:21), which implies that the solution map is Lipschitz continuous with respect to the initial data.
This Lipschitz continuity guarantees the uniqueness of solutions in the space C([0,T7; B; ,. x B;;l).
The detailed computations follow standard techniques for hyperbolic systems and are omitted here
for brevity. O

st + 10Ol g2 ) < Bl g + o)

2.4. Continuous dependence on initial Data. To demonstrate the continuous dependence of
solutions on initial data, we shall prove that the sequence of solutions (u,n") ;>0 corresponding
to the approximating initial data (uf,7);s, converges to the exact solution (12, 7) in the space
C([0,T); By, x Bi71), ie., B

Jim{|u’ —ullcqorym;,) =0, (2.22)

Zlggo " — 77||C([0,T];B;;1) =0. (2.23)



10 X. ZHU, M. ZHU, Y. WANG, K. WANG EJDE-2025/70

For an arbitrary € > 0, consider the solution (ul,n:) to the 2FW system (1.5) with regular-
ized initial data (Xl/sué,xl/sné), and similarly denote (uc,7.) as the solution corresponding to
(X1/cU0, X1/£M0)- By the triangle inequality,

lu* = ulleory:ms ) (2.24)
< ju* — uiHC([o,T];B;ﬂ + [Jul — uellcqo,;Bs,) + lue — ulleo,m);Bs.,)-

The first and third terms on the right-hand side of (2.24) display analogous analytical properties,
thus only one component requires estimation. For simplicity, we focus on the final term. Let
(u™,n™) denote the approximate solution to the linear transport system (2.3) with initial data

(Xnu07 Xn77()) This yields
flue — UHC([O,T];B;T) < lue = un”C([O,T];BS,T) + flu™ — UHC([O,T];B;T)- (2.25)

From the lifespan analysis in Section the convergence limy, oo [|u"™ — ul|c(jo,77; Bs,) =0 holds.
This ensures the existence of Ny € N such that

3
||U” — UHC([QT];B;,-) < 6 for all n > Nl.

Let (ul,nl) stand for the approximate solution of system (2.3]) that corresponds to the mollified
initial data (xnX1/:%0, XnX1/eM0). Then, by examining the first term on the right hand side of

(2.25)), we arrive at
lue = u"lleqoryisy,) < llue = wlleqorys; ) + lud = w"leqor:s; - (2.26)

As Sectiondemonstrates that limy, o ||ul 7“£”C([0,T];B; = 0, there exists N» € N such that
€
flul — UEHC([O,T];B;’,P) < P for all n > Ns.

Let w? = u? —u™ and v? = nl —n™. Then (w?,v’) satisfies the linear transport system (2.3))
with initial data

w?(oa .’E) = XnX1/su0(5r) - Xnuo(x),

02 (0,2) = XnX1/eM0(2) — Xnno(2).
Taking 1/e sufficiently large and applying the linear transport estimate from Lemma we obtain

13
lwZ llcqo,m:Bs,) < lIXnX1/eU0 — Xnuo\IC([o,T];B;T) <33

Hence, from we deduce that ||us—u™ ||C( 0,7] Bs T g foralln > Ns. Let N3 = max(Ny, Na).
Then shows [ue = ullc(o,r);m:,) < § and ylelds that for all i > N3,

[u* = ull o)y, < § + llut = uelloqo.ryss ) + §‘ (2.27)
Given that the mollified initial data (x1/eub, x1/:7m6) and (x1/:u0, X1/em0) lie in Bt x BS | the
corresponding solutions (uf,7%) and (ue,7:) belong to C([0,T]; Bii' x Bj ). We define w! =
ut —ul, vl =nt —nt, and (wl,vl) obeys the linear transport equations
Owt + ucdpwl = —wLpul + &[0, (vh — wh — y9,wl)), (2.28)
atvé + Uaawvé = —wiaﬂlé - U;(?xué - naawwé - 8zw; '

Using Lemma on the first equation of system ([2.28)), we have

luz = uell;, < llug —uoll5;,-

Since {u{}i>0 converges to ug, there exists an ng € N such that ||ul —
Set ny = max(Ns,ng). Therefore, (2.27) implies that for every i > nq,

< g for all i > ny.

lu = ulleqo,rys;,) <&

which proves (2.22)).
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Now we prove (2.23]). Similarly, we have

In* — UHC([OA,T];BS,?])

et , (2.29)
< |1n* = nlleqo,risgst) T 12 = nell e o,y pasny + Ime = nlle o,y
Applying the triangle inequality to the last term on the right-hand side, we obtain
llne — 77”0([0‘7“];33;1) < |- — 77"||c([0,T];Bg;1) + (0™ — 77”0([0’7“];3;;1)- (2.30)

Similarly, lim,,_, « ||n™ —77HC([07T];B;;1) = 0 as shown in Subsection hence there exists Ny € N
such that ||n™ — 77”0([0,T];B§;1) < ¢ for all n > Ny. The first term on the right-hand side of
implies
l[me — nn||c([o,T];Bg;1) < - Wsn”c([o,T];B;;l) + [Ine" — Un“c([o’T];Bg;l)- (2.31)

Using a similar technique to that in (2.26]), we obtain N5 € N such that [n." — 77€||C([0,T];Bg;1) <
g/12 for all n > N5. Recall that w.™ = u.™ — u™ and v." = 7. — ™. Then system with
initial data is solved by (w.",v.™), which implies

w?(0,2) = XnX1/:u0(2) — Xntio(),

v (0,7) = XnX1/a770(95) — Xn7o(T).

Reapplying the linear transport estimate from Lemma and selecting 1/e sufficiently large, we
derive

||U8an([07T];B;‘;1) < HXnXl/eUO - XnTIOHc([o,T];Bg;l) < 1%
Replacing this in yields that ||n. — 77””0([077,};3;;1) < ¢ forall n > Ns. Set Ng =
max{Ny, N5}. Then we have ||n. — nHC([O,T];Bg;l) < £ from (2.30). Consequently, im-
plies that for all ¢ > Ng,
||77Z - "7||c([07T];B§;1) < % + ||775z - 775”0([0,1“];33;1) + % (2-32)
Now, using Lemma for the second equation in we obtain

||776i - nsHB;;l < ||770i - 7]0”133;1-

Given the convergence of {no’};>0 to 7o, there exists no € N such that ||n.? — n.]| pizt < s for all
i > ny. We define ng = max{Ng,na}. Then, applying ([2.32)), we derive that for every i > ns,

" = 77||C([0,T];B;‘;1) <g,

thereby establishing ([2.23]).

This completes the proof of local well-posedness for the 2FW system (1.5) in Besov spaces
B; . x B! where s > max{2 + %,g .

3. BLOW-UP CRITERION

We now establish a blow-up criterion for solutions to (|1.4). To this end, we first introduce the
ordinary equation governing the flow generated by u:

dq(t, x)
dt (3.1)

x € R.

= u(taq(tvx))a reR, te [OaT)v
= 1‘7

q(0,z)

Consequently, equation (3.1) yields a unique solution ¢ € ([0,7) x R) where ¢(t,z) is strictly
increasing in x satisfying

Gz (t, ) = exp (/Ot Uy (7, q(7, ) d’T) >0,



12 X. ZHU, M. ZHU, Y. WANG, K. WANG EJDE-2025/70

for all (¢t,z) € [0,T) x R. Additionally, the mapping ¢(¢,-) : R — R is a diffeomorphism for
each t € [0,T). As a result, for any u € L>°(R), the flow generated by ¢ preserves its L°-norm,
specifically,
u(t, )l = lu(t, q(t, 2))| Lo
By employing an approach similar to that in [13], we establish the following lemma.

Lemma 3.1. Let (ug,po) € H* x H*"! s > %, and T be the mazimal existence time of the
corresponding solution of (1.4)). Then we have

p(t,q(t, 2))qa(t, ) = po(x).
To establish the blow-up criterion for system (|1.4)), we first introduce the following lemmas.

Lemma 3.2 ([16]). Ifr > 0, then H" N L™ is an algebra. There exists a positive constant C' only
depending on r such that

gl < CUf L llglla + gl llfllm-)-

Lemma 3.3 ([16]). Letr >0, if f € H'NW'> and g € H" ™' N L™, then there exists a positive
constant C' only depending on r such that

1127, flgllze < C(10ufllzee |27 gllrz + lgllze|®7 fllr2),
where [A, B] denotes the commutator of the linear operators A and B, ® = (1 — 92)'/2.

Lemma 3.4 ([5]). Letr >0, if f € H"F'N WL and g € H" N L™, then there exists a positive
constant C' only depending on r such that

@7, flosgllee < C(I10: fllze 19" gllLe + gl 97 £l|22),
where ® = (1 — 92)1/2.

The following lemma establishes the conservation of ||p||r: and shows that ||u||r2 has an expo-
nential bound in time ¢.

Lemma 3.5. Let (u,p) be the strong solution in Lemma . If po does not change sign on R,
then

1
ol = lpollzr,  ullre < llpollz luollzz )e* = —llpollrr, ¥Vt € [0, 7).
4 4

Proof. By considering the second equation in , we infer that

d
% :——/pumtx dxr = 0.

By the sign-preservation theorem (as established in [22]), the ||p||: remains conserved provided the
initial density pg does not change sign on R. Multiplying the first equation in (1.4) by u, integrating
by parts, and invoking Holder’s inequality together with Young’s convolution inequality, we deduce

1d
||UHL2£”“HL2 = 2 dt u? dx

—/uQuwdx—/u(A*ul.)dx—F/u(A$*p)da:—’y/u(A*u)dx+7/u2da:
R R R R R

lull 2 [l Aa * pllze +yllullZs +Ylull2llA .

VAN

IN

1
Sllpollzrllullze + 2v[lullZe.
Therefore,
d 1
Zllullzz < Sllpollzr + 2y|lullze.
Using ODE theory we obtain that

1
fullze < (80 & fugfza)est = Lol

The proof of Lemma [3.5 is therefore complete. O
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Now, we present ta blow-up criterion.

Lemma 3.6. Let (ug, po) € H® x H*™1 with s > 2, and let (u, p) be the unique solution to system
(1.4) corresponding to this initial data. Suppose T > 0 is the mazimal existence time. Then, if

T < o0, it must hold that
T
| el e =

Moreover, the solution blows up in finite time T > 0 if and only if
lim inf mf ux(t x) = —00. (3.2)

t—=T
Proof. Observe that Ax f = ®~2f. Applying the operator (®*u)®* to the first equation in system
(1.4) and integrating over the spatial variable x, we obtain

1d
Py — | ®%uP?
% ( )2 dx /R u (uuz)dx—i—/

P ud2p, dr — / O u & 2u, dr
R

R
+7/<I>Su<1>5udx—’y/(l>su¢>572udx
R R

—/@Sués(uux) dm—/@sflux o pdr (3.3)
R

R

’y/@sufl)sudx—’y/@Su(I)S*Qudx
R R

7/@mﬂwﬂmf/@*wﬁ4wwﬂwﬂﬂ-
R R

Using Holder’s inequality and Lemma we have

|/<I>Su<I>S(qu) dx|

- ’/@S ]y dx—i—/u(I)Su(I)Sul dx‘
R
1 3.4
< 0 w9l 2 + (0, @) 4
s—1 s 1 2
< C (luall 197 uallzz + 1970l 2 ol o) lullae + 5l oo Tullz-
< Ollug |l pe [lullF--
Similarly, we obtain
‘/ Qs_luw<1>5_1pdx| < Cllullms|lpllgs-1- (3.5)
Substituting (3.4) and (| into (| gives
T R(‘I’SU)Q dr < Cllullgs (luellze lullzs + lpllga—r + 2v[ulla-) - (3.6)

Next, applying (®*~1p)®*~! to the second equation in (1.4) and integrating over R, we find

Ld s— s— s— s— s—
§E/R(CI> 1p)2dx:—/<1> Lpd l(pzu)dm—/@ Lp® = (puy, )de.

Recall that ©*~(pu,) = [®571, pluy+p®°*~'u,. Employing Lemmas([3.2] [3.4]and Holder inequality,
we arrive at

|/‘I’S’1p<1>5’1(pxwdxf = ’/@Sflp[‘?s’l,U]pxdaﬁL/ufbs’lpés’lpxdac’
R R R

< Cllluallzeellplzre—s + llulla-

pllas=1pllL=)
and

|A¢“%@*@%MﬂSCWM&MMM&W%hw+WMwMMm4)
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From the above, we obtain

d

T R(‘I’Sflp)de < Cllplae= (luell 2o lloll e+ + llullz= o]l L) (3.7)

Adding (3.6)) and (3.7)), followed by the application of the Cauchy-Schwarz inequality, yields
d S S—

7 R[(‘I’ w)® + (257 1p)?ldz < O(llullfye + l|pllF-) (1 + 2y + [Jugllz= + [lp]lr=).
By Gronwall’s inequality, we obtain

(@))% + o)1 3e—1 < Ce€ Jo A2 Fllus(Dllzee +llp(T)llLoe) dr

where C' > 0 is a constant depending on ||ug||g= and ||pol|gs-1-
Since ||p||L can be controlled by ||u||re (via Lemma [3.1)), it follows that if the maximal
existence time T' < oo and

lim sup({|u(t)[|zs + [|p(t)]| -1) = o0,
t—=T

then necessarily

T
/ tta(8)]| oo dt = oo (3.8)
Now assume that is not satisﬁgd, i.e., there exists A > 0 such that
ug(t,x) > —A, V(t,z) €[0,T) xR. (3.9)
Then Lemma [3.1] implies
|p(t, q(t )| < |po(@)]e. (3.10)

As a preliminary step, we establish an a priori bound for ||u||g: + ||p||z2. Applying the operator
®2 =1 — 92 to the first equation in system (1.4) yields

_ 2
Ut — Uggt = *(I) Uy + pz — Uy — "Yux:c

By multiplying equation by u and integrating over R, and using the Cauchy-Schwarz inequality
together with assumption (3.9), we derive the following estimate,

1
Ld (u2—|—ui) dac:—/uQuIdx—i-/u@i(uux)dx—k/upwdx

R
—/uuxda:—’y/uumda:
R R

:/uuxumdx—/puxdm+7/uidx (3.11)

R R R

1
:—f/uidx—/puzd:ch'y/uidz

2 Jr R R

1 1 1
§fA/uida:Jrf/uid:chf/pzderfy/uidx.
2 Jr 2 Jr 2 Jr R

Similarly, we next multiply the second equation in (1.4)) by p, to find after some computation that

1d 1 1
f—/de;U:—/ppzudx—/pzurdm:—f/uzp2dx§ fA/p2dm. (3.12)
2dt R R R 2 R 2 R

Combining (3.11)) and (3.12]), we obtain

d
pn R(u2 +u? 4 p?)de < (1+2y+ A) /}R(u2 +u? + p?)da.
Using Gronwall’s inequality, we have

[ullFr + [lpll7. < CetT2rrat, (3.13)
holds for every ¢ € [0, T'), where C = C(||ug|| g1, ||pol|L2)-
We fix z € R, and denote

i
plt) = waltg(t,2)) - 3,
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for t € [0,T), where q(¢,x) is determined in (3.1). Differentiating the first equation in (1.4]) with

respect to o and using the identity 02A * f = A x f — f lead to
uwt—i-ui—l—uum:A*(p—u—vuﬂ—(p—u—v%). (3.14)

Using Young’s inequality, the Sobolev embedding H*(R) < L*>°(R) for s > % and (3.14)), it follows
that

d
T = =2+ Ak (p—u =) = (p = u = yu)
2 2 1 1+
< —(u2 = yua + 1) + Lo+ 1ol + ul + Slloll= + 5 full2 (3.15)

2
0% 3 3+
<=p*+ 4 5lelee + == Clluflan

Combining (3.10)), (3.13) and (3.15)), we derive

2
P < 12+ Lt Solee? + 2T o)
4 2 2
2 (3.16)
142
< —p? + L+ O+ + llpoll =) )
We introduce the function
2 12y
F(t) = p(t) ~ lluo.ol| 1~ - \/ Oty + o] e el T2
At t = 0, it holds that
F(0) = g 7’
(0) = o — 5 = lluollz= =/ - + CA+7+ lpoll =) <O.

We now claim that

F() <0, vtelo,T). (3.17)
Assume to the contrary that there exists ¢ty € [0,7) such that F(tg) > 0. We define

t1 := min{t < to : F(t) = 0}.
Then F(t1) = 0 and F’(¢1) > 0, which imply that
2 142y
p(t1) = [luo.oll = + ¢ O+ folle)el = A
and (a2 )
C(l+~+ <) (B2 4 A)el T2 A
pity) > C0T ol /(5 )e > 0. (3.18)

- 1+2~
2[5 + O+ 7+ ol ) B
However, from (3.16) it follows that

2 iz 2
() < (ol + \/ 4O+ + pollz)e M)
7
4
which contradicts (3.18)). Therefore, (3.17)) holds. Since x € R is arbitrary and the flow map ¢(t)
preserves the L-norm, we conclude that for all ¢ € [0,T),

+ L O+ + |pollp ) <

2 142~
sup {us (t,2) — 3 [+ V T+ OO+ [lpol ) A

R 2} S ||u0,z
T

Hence, we obtain the estimate

ug (£, )] < Ce(F +A)t7

where C' = C(|luo||z=, ||pol| gs-1). Combining this with (3.8) yields that the maximal existence
time T" = oo, which contradicts the assumption T' < oo.
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On the other hand, due to the Sobolev embedding H*(R) < L*(R) for s > 1, we conclude

that if condition (3.2]) holds, then the corresponding solution must blow up in finite time. This
completes the proof of Lemma [3.6 O

In deriving the finite-time blow-up results of the 2FW system , our initial step involves
analyzing the Riccati-type inequality
dm(t)
dt
Proposition 3.7 ([19]). Let o be a positive constant, f(t) (2 Const.) be a positive, differentiable,

and nondecreasing function for t > 0. Assume that m(t) is a continuous and almost everywhere
differentiable function satisfying (3.19). Additionally, suppose that the initial value mo = m(0)(<

0) satisfies
mo < _\/alto(/ot“ f(S)ds—mo)7

where tqy is the smallest positive root of the equation am3 — f(t) = 0. Then there exists a finite
time T € (0,to] such that m(t) is monotonically decreasing in [0,T) and blows up in the time T
in the sense that

< —am?(t) + f(t) a.e. for t > 0. (3.19)

lim inf m(t) = —oo.
=T

Moreover, the blow-up rate can be estimated by

m(t) < —% ast —T.

In this article, we define f(t) = ae’ + ¢, where a,b,c > 0. Based on this definition, we derive
the following important results, which extend the applicability of Riccati-type inequalities and
offer new insights into the blow-up behavior of system (1.4]).

Corollary 3.8. Assume constants o >0, a > 0,b >0, ¢ > 0 and a continuous, almost everywhere
differentiable function p(t) satisfying

dp(t)

3 < —ap*(t) +ae’ + ¢ a.e fort>0. (3.20)
If the initial value po = p(0) < 0 satisfies
1 /a a
< /= (Lebto + ety — ff) 3.21
Do < \/a (be + cto — po b)) (3.21)

then, there ezists a finite time 0 < T < T such that m(t) decreases monotonically on [0,T) and
blows up in the time T in the sense that

llgglfp(t) = —00.

Here, T is bounded by
2
0<T <in20=C
a

Proof. We introduce an auxiliary function defined as

t
P(t) = apit — / (ae® + ¢) ds + po.
0
The first and second derivatives of the function are given by
P'(t) = apt — (ae® +¢) and P"(t) = —abe®.

Note that ¢, is the smallest positive root of the equation ap? — (aebt + c) = 0. Follows directly
from the properties of f(¢) that

P'(t) > P'(tg) =0, Vte[0,t],
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this implies P(¢) is monotonically increasing over [0,tg]. Given P(0) = py < 0 and P(ty) > 0
(from (3.21))), the Mean Value Theorem ensures the existence of T' € [0, ¢o] such that

P(T)=0 and P'(T)>0. (3.22)

Specifically:

(1) If P(to) =0, set T = to.
(2) If P(to) > 0, applying the Mean Value Theorem to the continuous function P(t) on [0, to]
guarantees the existence of T' € (0,tg) such that

P(T)=0 and P'(T) > P'(tg) =0,
this thereby verifies (3.22)) holds.
For the time T established carlier, we assert that if p(¢) is defined on [0,7) and satisfies the

inequality (3.20) with the constraint (3.21)), then
p(t) <0, Vtelo,T). (3.23)
Given condition (3.21)), we derive that

1 a+c
< —y)— to — po) < —
Po < \/ato ((a+c)to — po) P

furthermore, the inequality (3.20]) implies p’(0) < 0. Assuming the contrary, there exists a time
t € (0,T) such that
p'(t)=0 and p'(t) <0, Vtel0,i).
Invoking ([3.20) and (3.22)), we derive
0=p'(D) < —ap?(D) + f(D) < —ap?(0) + f(T) = ~P'(T) <0.

This contradiction necessarily implies the correctness of (3.23) for all ¢ € [0, T ). Additionally, we
obtain

p(t) <po <0, Vtel0,T). (3.24)
Re-examining (3.20)), for ¢ € [0, f), (3.24) directly implies
2
/ 2 p (t) 1 2
p'(t) < —ap”(t) + f —f(t) —a)p(t
(1 0+ 757/ 0 = (370 = a) )

! 1<1/Umd t, telo,T)
—_ T N ) S s — at, ) 9
po  p(t) = p§Jo
thus,
o1t -1 p2 -
< (——-= s)ds+at) == tel0,T).
p()_<po 5 Jo (=) ) P(t) 0.7)

Given the monotonic increase of P(t) over [O,f ) and the condition P(T) = 0, the preceding
inequality implies that p(t) decreases monotonically and undergoes finite-time blow-up at T' < T,

~ ~ 2
where the critical time T satisfies 0 < T' < In “P2—<_ So, the desired result follows. O

Remark 3.9. Unlike the form of f(¢) commonly used in existing studies on Riccati-type inequali-
ties, this paper adopts an exponential form for f(¢). This choice is motivated by the inclusion of a
dissipation term in system , which causes the L?-norm of u, to be governed by an exponential
function. Through this corollary, we extend the functional form of f(t) in Riccati-type inequalities
and derive the following blow-up results.
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4. BLOW-UP DATA

In mathematical models for water waves, wave breaking refers to the scenario where the solution
remains uniformly bounded in amplitude, yet its spatial derivative becomes singular within finite
time. Understanding the formation of such singularities is essential for the theoretical study of
nonlinear wave dynamics. In this section, we investigate the onset of wave-breaking behavior
and establish new blow-up conditions for the Cauchy problem associated with system . In
addition, we examine the influence of different classes of initial data on the development of finite-
time singularities, highlighting the critical role played by the initial wave profile.

We now present the three blow-up results of this paper. As a direct consequence of the gener-
alized Riccati-type inequality established in Corollary [3.8] we rigorously prove the first blow-up
scenario under critical energy conditions.

Theorem 4.1. Let (ug,po) € H® x H*™! for s > % If po does not change sign on R and there
exist some xg € R such that po(zo) = 0| and

B B
“0,:8(330) < _\/2762'”0 + Cty — uo,x(mo) - % +

po 2
—~
e~
—_
~—

Then the solution to (L1.4)) blows up at the time Ty estimated by 0 < Ty < In % where

2 2
+2y+142v—-2 +3v+2
B (TR L 2 2 o)),
8 27y
492 + 13y — 1 7’
=" T .
= ol + 3

Proof. By examining the dynamics of u(t, (¢, o)) along the characteristics ¢(t, zq) given by (3.1),
we derive

uw(t,q(t,x0)) = (up + uug)(t, q(t, 20))

= Az * (p—u —yug)(t,q(t, 20))
= (Az x (p—u) +yu —yA xu)(t, q(t, 20)),

then, by convolution young inequality and Lemma we have

dt

’(i%t — yu)(t, q(t,xo))\ < Ag* (p—u)(t,qt, o)) — yA * u(t, q(t, z0))
< [ &allz lollzs + szl + AT 2 ]2
= plonllzr + X [(V 4 uafza )2 — ool ]
= ol + (=loler + 5 ol )
Therefore,
(G~ rtatzn) < ol + (T ool + 15 uollzs ),

invoking the classical theory of ordinary differential equations, we derive that

S 3y—1 e +1 +1 .
use| / (L pollzre™ + (T pollee + L5 ol )7 ds + o]
0 0l 8y 2

|2y — 2| +r+1
< (Fgr ol

3y = 1]
82

1 1
Juollzs + ol et + Lo,

similarly, we have

3y—1

1
Juollz )]

(B )t gt 20)) > —

v+1 v+
- lollzs + (Tg~lollz: +
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and

2y =2|+r+1 v+
wz [(B2E

1 By —1|
52 Juollzs + luol )€ + lpollze]

T8
S0, we obtain

2y —2|+y+1 y+1
< (B2 s + 5 o + ol )
(4.2)
4 B =1l Vt e [0,T
W pollLt, €10,7).

Set m(t> = ’U/z(t,q(t,fo)), ’I’L(t) = p(t,q(t,xo)), p(t) = uw<t7q(tvx0)> - % Along with the
trajectory of ¢(t, o), one has
dn

E =
combining this with n(0) = po(z¢) = 0, we have

n(t) = n(0) exp (f /0 t m(r) dT) =0.

Next, differentiating the first equation of ([1.4)) with respect to x, we obtain, with the help of
the relation 92A x f = —f + A x f,

—mn,

Uy + Ullgy = —ui —(p—u—yuz) +Ax(p—u—ryuy),
which together with (3.1) and estimate (4.2)), leads to

B (e + w401, 70)
= —uz + [u—p+ug + Ak (p—u—yua)](t q(t, 20))
< (e - gf but 1\|po|\u + T e+ T
<=+ gl + 2+ B2 21' Ioolls = 3ol
' (—'27 2 gl + L3 ol + ol )2 )
-
+ (T Il + 5 ol )
< =l
n (72 + 2y +8}Y;- |2y — 2| lpollzs + WUOHL? + |u0\)62”.

Applying Corollary-to , we establish that if ug(x) satisfies the initial condition (4.1)), then
there exists a finite time T} such that

lim inf u, (¢, q(¢, 20)) = —o0.
t—Ty

This, combined with Lemma and the finite-time boundedness of u ensured by (4.2), yields the
desired wave-breaking conclusion. O

Remark 4.2. The introduction of dissipative terms into the 2FW system induces significant
qualitative distinctions in blow-up dynamics compared to its non-dissipative counterpart. Cru-
cially, the temporal window for singularity formation becomes confined within a bounded interval
T* € (Tmin, Tmax), yet defies precise determination. This analytical limitation fundamentally
stems from the exponential asymptotic behavior of the Riccati-type differential inequality gov-
erning f(t), where the transcendental equation am? — f(t) = 0 resists closed-form solution for
its minimal positive root. Finally, through innovative analysis of a newly developed Riccati-type
inequality governing the amplification dynamics, we derive rigorous temporal bounds for solution
blow-up in the dissipative system.



20 X. ZHU, M. ZHU, Y. WANG, K. WANG EJDE-2025/70

Utilizing the monotonicity of the exponential function in (4.3)) over [0,T], we adopt an alterna-
tive method to establish the second wave-breaking result for the 2FW system.

Theorem 4.3. Let the initial data satisfy (ug, po) € H® x H*=" with s > 3 5, and assume that pg
does not change sign on R. Suppose there exists a point x1 € R and a constant T > 0 such that
po(a1) = 0, and

G1/4 + G1/2 _ 8(k+1)
uo,z(21) < —k( \/ (2k—vVI)T ) + %, for k>1, (4.4)
where
49+ |y — 1] v P +6y+1 v2 43y +2 -
GT = 1 —_— (7 1 _— ) 2y .
(1) 82 lpollzs + 1 + 82 [pollzs + 2y luoll L2 + [uol )e

Then the corresponding solution (u, p) to system (1.4) blows up in finite time, and the lifespan Ty
satisfies the estimate

—2(k+1) <T
2k — \fUOx (x1) +\/—u0m z1)GYAT) —
Proof. From inequality -, it follows that

%< P2+ G(T), telo,T).

T <

Assumption (4.4)) yields

14T 1/24(T _8(k+1)
G —|-\/G T k- f)T) < —KGV(T).

p(0) = uo.(@1) = 3 < —k(
By a standard continuity argument (see also Corollary -, we deduce that p(t) remains continu-
ous, hence
p(t) < p(0) < —kGY*(T) <0, te]0,T). (4.5)
We now define the auxiliary function
t) + v/ =p(O)GY(T)
From (4.5)), it follows that
() = =/ =p(O)(v/=p(t) = GY*(T)) < —/=p(0)(v/—p(0) — G"*(T))) = (0) < 0.
Moreover, since p(t) < 0 and p(t) < —kG/?(T), we obtain
~/ / 1 G1/4(T) 1 ! 1 2
= S S - < (1 ——— _
PO =r0li-5 =] < (1= g0 <-(1- 5 2) (P - o).

On the other hand, expanding p2(t) gives

P2(t) = p2(t) = p()GYA(T) + 2p(t)—p()G(T) < (1+ %) (v* - G(T)),

so that

d<1ﬁm>*w%%—ﬁ (46)

dt \ p(t) pAt) T 144 2(k+1)° '
Integrating this inequality over [0, t], we obtain

1 1
p(t) <
(0) T 2(k f)t w0,z (@1 Jr\/wlO o (x1)+2TGL/4(T) + 2(k+\1f)t
This leads to
p(t) <p(t) = —o0, ast— T,
where
2(k+1)

T < —
YS9k — Vi uoa (1) — 3 + /—to. (1) + 3GYA(T)
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Assumption (4.4)) ensures that

(o) Y AT (g ) 2D
oalen) 43 = G —uaalw) 4 5~ T 0

This completes the proof. O

2

Remark 4.4. From (4.3), once the initial value ug ,(x1) is determined, we can always find a
specific T' based on monotonicity such that ug , (1) satisfies condition (4.4]), thereby determining
the blow-up time.

We now present the final blow-up result. The proof relies on a refined time estimation tech-
nique, involving the construction of a suitable time parameter T5 (see (4.8)) to ensure that the
desired inequality is satisfied. However, the presence of the exponential term Y2 in the original
formulation prevents the derivation of an explicit expression for T5.

To address this, we adopt the inequality relaxation technique, utilizing the lower-bound approx-
imation of the exponential function ¢?”2 > 4Ty (which holds when 75 > 0). This transforms the
problem into a more tractable quadratic inequality. Ultimately, we successfully derive an explicit
lower-bound estimate for T5.

Theorem 4.5. Let the initial data satisfy (uo, po) € H® x H*~! with s > % Suppose there exists
a point xo € R such that

In(1+ 2
Uo,x(@) < _(1 —I—€)Aexp (27 g) + %7

2Ay
where
5724+ 3y — 1|+ 2y +1+ 2y -2 ¥ 2+ 3y 42
A= \/ | | 82 | |||P0||L1 + e + THUOHLZ + |uo

and e > 0. Then the corresponding solution (u, p) to system (L.4) blows up in finite time. More-
over, the maximal existence time is bounded above by

2
In (1+ 2)
24y
Proof. From (4.3)) we have
dp(t) 2, 4?2+ [3y -1 72
N <t - =5 A s
e
2 2
YEA+2y+ 142y -2 + 3y +2
+( P L )
gl 2y
42+ 13y — 1 +72+ 27+ 1+ [2y -2 v? 4.7
< pley? 4 (DB A 27 =2 g+ L 41
8 4
2
v+ 3y+2
+ T ol e + Juol ) e
Y
= —p(t)? + A%,
where
59243y — 1] + 2y + 14 |2y — 2 7?3 +2
A:\/ | | 82 | |||P0||L1 +Z+T||U0||L2+|UO|~

Taking

[In(1+ 2)
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and K (Ty) = Ae"2 it is found that
2 2 2
2Kumﬂr4n@+g):2Awﬂn44no+g)zQAﬂgfh(1+g)zu (4.9)

By the assumption of the theorem, we have
p(0) < —=(1+e)K(T2),

implying
0<p(0)—K(T2):1_ 2K (T>) <142
p(0) + K(T2) p(0) + K(T3) €
It then follows from that
1 p(0) — K(T3)
In <Ts. 4.10
2K (L) " p(0) 1 K(D) 10
From (4.7), we have
dp(t
% < —p*(t) + K*(Ty), Vte[0,Tx]N[0,T). (4.11)
Since p(O) < —(1+¢e)K(Tz) < —K(T) and (4.10) holds, the standard continuity argument shows
p(t) < —K(Ty) for all t € [0,T2] N [0,T). Solving (4.11) yields
p(0) + K(T3) e2K(T2)t _ 4 < 2K (T3) <0.
p(0) — (T2) p(t) — K(T2)
From 0 < % < 1, there exists
p(0) — K(T3)
0<T< 1 <,
2K (Ty) <p<o> + K<T2>) =
such that lim; ,7 p(t) = —oo. This completes the proof. O

Remark 4.6. As can be seen from Theorem the lifespan of the solution changes with the
positive parameter €. As € > 0 increases, both the required initial condition mg and the lifespan
T decrease. This implies that the steeper the slope of the solution at a certain point, the more
rapidly the blow-up phenomenon occurs.
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