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NEW TYPE OF MULTI-BUMP SOLUTIONS FOR SCHRODINGER-POISSON
SYSTEMS

TAO WANG, XIAOYU TIAN, WENLING HE

ABSTRACT. In this article, we study the existence of non-radial positive solutions of the Schrédinger-
Poisson system

—Au+u+ V(z))®(x)u = Q(|z])|uP " u, =eR3,
—A® = V(|eu?, @ eR?,
where 1 < p < 5 and V, @ are radial potential functions. By developing some refined estimates,
via the Lyapunov-Schmidt reduction method, we construct infinitely many multi-bump solutions
when V, Q have some suitable algebraical decay at infinity. The maximum points of those multi-
bump solutions are located on the top and bottom circles of a cylinder. This result not only

gives a new type of multi-bump solutions but also extends the existence of multi-bump solutions
to a general class of potential functions with a relatively slow decay rate at infinity.

1. INTRODUCTION
We are interested in the Schrédinger-Poisson system
—Au+u+V(z)®(@)u = Q(|z))|ulf~tu, z¢cR3,
—AD = V(|z|)u?, 2z e€R3,
where 1 < p <5, V and @ are potential functions satisfying
(A1) V(jz]) = i + O (mw) as |z — +o0,
(A2) Q(lz]) = Qo+ mn +0 (|x\ﬂ+~) as |z| = +oo,

where Qq, 0, k,a > 0, b € R. This system has physical origins in quantum mechanics and semicon-
ductor theory (see for example [B] [6, [21]). As we see, there are numerous results on the existence
and qualitative properties of solutions for system , such as positive radial solutions, semiclas-
sical states, nodal solutions and so on. When Q(z) = 1,V (z) = A > 0, D’Aprile and Mugnai [9]
proved that with 3 < p < 5 admits a radial positive solution by using the Mountain pass
theorem, see also [§]. Ruiz [27] introduced a new manifold by using the Pohazev identity and
showed that has at least one positive radial solution for all A > 0 and 2 < p < 5. Moreover,
fo< A< i, the author established the existence of two positive radial solutions when 1 < p < 2
and one positive radial solution when p = 2. Ambrosetti and Ruiz [2] studied that has
infinitely many pairs of radial solutions for 2 < p < 5 and A > 0. For more related results, one
can refer to [II, T4 [I5, [16] 18, 23] 26] 28] 3T, B2] and the references therein.

In recent years, the existence of multi-bump solutions has attracted much attention from re-
searchers. When V has a positive local minimum, Ruiz and Vaira [29] established the existence
of infinitely many multi-bump solutions to via the Lyapunov-Schmidt reduction method,
whose bumps concentrate near the local minimum of V. When V and Q) have a fast algebraic
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decay, Li, Peng and Yan [20] and Ding, Li and Ye [II] constructed infinitely many non-radial
positive multi-bump solutions of concentrating near infinity on a plane, respectively. For
more related results, one can refer to [13| 17, 25 24, 22] and references therein. Motivated by the
above work, this paper is devoted to constructing a new type of multi-bump solutions for
when the potentials V' and @ just have a slower algebraic decay by using the Lyapunov-Schmidt
reduction method and some delicate estimates. Our main result is as follows.

Theorem 1.1. Let V,Q satisfy (Al), (A2). Then system (L.1) has infinitely many multi-bump
solutions whose mazimum points lie on the top and bottom circles of a cylinder, provided that
either 2m,n > % when p € (1,2), or 2m,n > 1/2 when p € [2,5).

Remark 1.2. Compared with [0, 20], this type of multi-bump solutions is new, which concen-
trates not on a plane, but on a cylinder in R?, which is one novelty. Besides, the range of m,n
is extended at least from 2m,n > 1 to a slow decay 2m,n > 1/2 when p € [2,5). This is another
novelty of this paper.

2. NOTATION AND ENERGY EXPANSION

Throughout this paper, we use the following notation.

_ p=1 p+1 U2($)U (y) L _2 p+1 _ P —11.
o A1 =10 Jos UPHY, Ao = - [os Jps o Az = o 7 Jps U = Jps UPe

e H'(R3) is the usual Sobolev space endowed with inner product (u,v) ng, VuVuv+uv)dx
and norm |[ul|? = [s(|Vul? + u?)dz;

e D"?(R3) is the completion of C§°(R?) with respect to the norm [[u]|%,, = [5s [Vu|?dz;

e Hj and Dj are symmetric Sobolev subspaces defined by

Hy = {u € H'(R?) : u(rcosf,rsinb, x3) :u(rcos (9—|— %),rsin (9+ %),xg),

j=1,...,k, and u is even in xg},

Dy, = {(b € DY?(R?) : u(rcosf,rsinf, x3) = u(rcos (9 + %)msin (9 + %),.’Bg),

j=1,...,k, and u is even in xg}.
By using the Lax-Milgram theorem, for every u € H!(R?), system (I.1]) is equivalent to the
single equation
—Au+u+ V(|z])®P, (x)u =Q(lz)uf"tu, u>0, x€R3

V(y)u®(y) dy

= . By using Hélder inequality

with a convolution term ®, defined by ® = 1= f]R3
and Sobolev inequality, we obtain

(9l = [ Buide < [Bullolul o < U@l ool e

/ O u2dz < Ollullt 1as < Offul.
RS

Moreover, if u € Hy, then ®,, € Dj. To obtain positive solutions of (|L.1)), we shall consider the

functional I : u € H'(R3) — R
I(u) = */ (|Vu|* + u?)dz + f/ V(z)®,ulde — —— Q(x) p+1d$.
2 Jps 4 Jgs p+1

which is well defined and is a C'—functional with derivative
(I'(u),v) = / (Vu - Vo +uv + V(2)®,uv — Q(z)ufv)dr, Yve H'(R?).
R3

Without confusion, we shall denote by w instead of uy for simplicity.
For j =1,...,k, we set

R SR 5./ (x1,22) 2j —Dm . 20 —Dry oW
Q= {x—($1,$27$3)€R .<|(m17x2)|,<cos 3 ,sin 3 )>*COSk}’
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Qj = {:c = (21, 22,23) € Qj,z3 > 0}, Q; = {x = (x1,%2,23) € Qj, 23 < O}.

Then ©; = Qj U Q; Let
Dy :[(W - a)klnk, (W +a)klnk}

y [(min{QTr;, n}+2 B ﬁ) k. (min{Qn;, n}+2 n ﬂ) lnkj},

where «, 8 > 0 are small constants. For (r,h) € Dy, we take 2k points
2(j—1 2(j —1 2(j —1 2(j—1
PjJr = (rcos g ’ )F, rsin g B )ﬂ-, h), P = (rcos (U 3 )ﬂ-, rsin g A )ﬂ-, —h).
Clearly, Pji € Q;t Hereafter, we always assume (r, h) € Dy.
Let U be a ground state solution of

~AU +U =U?, Uc H'(R?),
U(0) =maxU(z) and U > 0.
T€R3

As is proved in [12] and [19], U is radially symmetric, unique and satisfies

!
lim U(z)el®l|z| = C < 400 and  lim U'lz)

|| =00 lz|—oo U(2)

=1

We denote by Up+(z) = U(z — Pj+), Up-(x) =U(x — P; ), and set an approximate solution of

k
=3 (UPJ_+ (2) + Up- (x)) .

j=1
We firstly cite the following estimates.

Lemma 2.1 ([, Lemma 2.1])). For each n € (0,1], there is a constant C' > 0 such that for each
reQf,

k
Z (Upf () + Up- (x)) < CemmE e (mmle—Pr| Up-(z) < Cemhe=(=mle—F|

i=2 '
Lemma 2.2 ([4, Proposition 3.2]). There exists o > 0 such that

1
5 [ (9wl W) = — [ Qe

_ k[Al _2Bje 2"F (Tir) _ Ble*%(%) - b% n ”b;lg Tf; 4O (efzuw)w%) (2.2)

O 2(140) 9] 1 o) h2
+ 00 4 0u(557) + O ) |
To obtain some estimates, we establish the following integral estimate, which will play an

important role in our proof. It can be regarded as an extension of the well-known translation
estimate [3, Proposition 1.2] to the convolution case.

Lemma 2.3. Suppose that S, T, K : R> — R are positive continuous radial functions satisfying
x| e 7S (jz]) = 1, |2|2e2 T (|2]) = cay 2K (|2]) = ez, as 7] — o0, (2.3)

where a; € R and b;,c;,d > 0. Then there is T > 0 such that

K(|z
[ R s avas = i [ [ SR v () @
as |§| — oo, where Se(x) = S(x — &) and Te(y) =T (y — &).
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Proof. By rotation, we can assume % = (1,0,0). Let 0 < A < 1, B = By¢(0) and B¢ =
R3\ B Al¢/(0). Then by (2.3) and Hardy-Littlewood-Sobolev inequality, there is some 7 > 0 such

that
K(|x y
/]Ra RS l |7 s |) Se(x)Te(y) dy dx
//+2// / / |a:+£|_ (|y+§|)‘9($)T(y)dydx
BC BC JBC |[L' y|
d dz + O
= g / IN=" (1)
c e~ Tl ) T
: |§|d //Bc |x y‘ |x|)|y| 2e” (b2—7)lyl dyd:p)
+O *2‘r>\|£|\/ / | Cc1C2 | ‘7a1e*(b177)|m|‘y|7a267(b277_)‘y| dydl,)
BC JBC | —UY
M e~ TAIE] s
—27A¢]
|§|2d O(|£|2d+7)+0( HE )+O<e )
M 1
G +O(|f|2d+‘r)’
where M = 5 Jes J S(\z)—g(ly) dy dx. The proof is complete. O

3. REDUCTION EQUATION

Let 2y = e 7, = 2eh ang

E = {ve Hy:(Z,v) =0 and (Zy,v) = 0}.

To apply the reduction method, we define a functional J : E — R by J(¢) = I(W,. 5, + ¢). Then
by the Taylor’s expansion, we obtain

T(9) = J(0) +1(9) + 5{L6,6) — R(6), (31)
where J(0) = I(W,.3),

0=/,
)
.

> (U + U ) = QUeWE) o+ [ Vel W

=1
(Lvy,vg :/ (V?]1V’U2+U1’U2—pQ(|$|)WTIj;1’UlU2)—‘r/ V(|z])@w, , viva
R3 R3
2/3 V(|w|)(/s mwnhvld@thvgdx, for all v,vy € E,
R R -
1
= [ vleh@sWoso+ 1 [ Vilahooe®
R3
1
g [ QU (W 0P =W = o W20 = 50+ oW ).
In particular,
(wo.0) = [ (168 +16F =pQUaDW2'6?) + [ Vil 0°
2 [ V([ ol iy )W
-

rs 4m|z — Y|

In the following, we prove that L is invertible and bounded in E, whose proof is slightly different
from [20], because of the presence of two variable quantities r, h of the points Pji.
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Lemma 3.1. There exists a constant p > 0 independent of k such that for any (r,h) € Dy, it
holds
[Lvll = pllvll, v eE. (3.2)

Proof. We shall prove it by contradiction. Suppose on the contrary that there exist (ry, hy) € Dy,
and vy, € E with |lvg||? = k such that as k — +o0,

[ Lok = o(1)[|vg]l- (3.3)
By using the symmetry, it holds that for any ¢ € E,

| (Fouvw v = pQUalWE ) + [ (VD 0)

Q
V(lyl)
2 — W, poedy W 3.4
42 | VU [ oy 2y Wenondy) Woaw (3.4)
1 1
p(ov) =o )Wl
Clearly, if ¥ = vy, then we have
/ (|Vop|? +v7) =1 (3.5)
(o1

and
| (190 + ot =pQUah W2 eE) + | (Vilah@u, o)
VyD
2 [ v W)y vedy YWk = o(1).
+ /Q1 (W)(/RS pr e LU y) vk = o(1)
Let oy (z) = vg(z — P;") and Ry > 0 satisfy Bg, (P;") C Q1. Then

/ (Vo +03) < 1,
Br, (0)

and thus there is some v € H'(R?) such that as k — 400, up to a subsequence,
U, — v  weakly in H'(R?),
v, — v strongly in Li (R?).

Since 7y, € E is even in xs, v is also even in x5 and satisfies

oUu oU
/ UP'—v=0 and Urt—v=0. (3.7)
R3 T R3 T3

For any Ry > 0 and ¢ € C§°(Bg, (0)) being even in xo, let
V(@) 1= Yl = Pf) € O (B, (P)1):

k
Then > 9y ; € Hy. Moreover, there are by 1,bx,2 € R such that
i=1

k
() = Zwk,j —bg1Z1 —by2Z2 €K, (3.8)
j=1
where by 1 and by o satisfy
( 1212 <Zl,zz>> (bk,1> (S 20 _y <<wk,17 zn) .
(Zv,Zy) || 2o b2 (X1 Y Za) (Y11, Za)
Observe that
ou ou
1221 = 2k (5P +0(1)), 1] = 2k (5P +0(1)), - (21, Z2) = ofk)

Then a direct computation shows that there is some C' > 0 independent of k£ such that

mave{ b 1], by 2}] < C.
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This together with (3.8)), implies ||[¢x]|> < Ck. Then by inserting 1) = 1, into (3.4), we obtain

L(wmwmwwmeMMﬁ%wa+/<wmmmww@

2
V(lyD)
2 v ——W, d = —(L =
[ vl ([ o wondy ) Wb = o = o ) W
=o(1).
Thus,
(Lvg, 1 lLu Z¢ lqup 122: (L
ko Vk1) k ks koj) k ks Vi) Tz 4 ky 2.
- (3.9)
1
E<ka,1/1k + ;’Yk (V.15 Zi),
where
) _ (Lo 20\ (22 (2, Z)\
Vk,2 (Lo, Z2)) \(Z1,Z2) | 2| '
Let 1 € C§°(Bg, (Py7},)) be a cutoff function satisfying that
n=1inBr (Pf), [Vgl<CR™", and [V < OR;”.
A
Then by taking ¢, 1 = 1nZ; in (3.9)), we obtain that
> wilnZs, Zi) = (Loe,nZ;) + o(1) = (v, L(nZ))) + o(1) = o(1). (3.10)

Since (nZ;, Z;) = (Z;, Z;) + o(1), we see from (3.10) that

<||lel2 +o(1) o(1) > (Wm) _ <0(1)>
o(1) 122117 + o(1) ) \ k.2 o(1))”
which shows that 75 ; = o(1) for i = 1,2. Then by (3.9), we have (Lvy, ¥ 1) = o(1), namely,

/ (V”Ukvﬂfk 1+ v — pQ(lz )W), ’Uml)m) +/ (V(|z)®w,., vxtr,1)
R3 R3
2/ V(|z]) ( V(|y>Wr,hvkdy> Wi nk1 = o(1).
RS

o Iz — |

This implies that for any ¢ € C§°(Bg, (0)) being even in xo,

(L) = [ (V090 + 00 = pQUaDWE 0) + [ (V(lahw,,o0)
(3.11)
+ 2/ %4 \$| ” mwr,hvkdy) Wenth = o(1).

Next, we assert that

V(yD)

U gy, h@kdy) W, hw) S0ask— oo, (3.12)
s A7l —y[ ’

L, (Ve o+ 2v (el
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In fact, by (A1), (A2), Lemma and [3| Proposition 2.1], we have

[®w,.. [ID1.2 (0,

/ |V(I)Wr h
Q1

<o [ V0o (03 + (3 U + 205 ) ) o) 1ol
<c[( [ ey

+ (et ) ([ V(e B0 an) ",
o}

_2/ V(|z))®w,, W2,

D1.2(Q)

1 r 2 1
< C( + (einﬂf -+ einh> )”(I)WT ||D1*2(Q1)
| P | P "
C
< WH‘I’WW DL2(Q);
that is,
1@w,.. [l D12 (0r) < P

Then by (3.5) and [3, Proposition 1.2], we obtain that for any ¢ € C§°(Bg, (0)),

[ viabow,mo= [ Vijshow, o0
R3 Br, (0)

5/6
< Cltw, oo ( [ Vilahmn))

Br, (0)
C _ 5/12 5/12
Y
[P ™ N B, (0) Br, (0)
C
< — .
Now, we claim that
VW, 5.6/ < 6/5
L 0 shWon i < |p+\ o).
Indeed, note from [30], Proposition A.3] that for any ¢ > 0,
k
Ze—ﬁ\Pfr—Piﬂ < Ce~2™%  and e—ﬁ|Pl+—P;| < C«e—zﬂh7
i=2
and that
L 0w

<CZ/ VoS U2 )5 )

(3.13)

(3.14)

(3.15)

(3.16)

k
< O(/RS V6/5(‘y|)U6/5(y — P1+)’U2/5(y _ P1+) 4 Z/R3 V6/5(|y|)U6/5(y o PZ‘+)U2/5(ZJ _ P1+)

+ [ VU = PO - P)

=: C(Vl + Ve +V3),
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By using [7, Lemma 6.1.3], we see that

V1:/ VoA (ly + PO/
R3

1/2
< (/ V12/5(|y+P1+|)U12/5))1/2 </ vi2/5> (3.17)
R3

< o -

IP +|

By using the symmetry, (3 and the exponential decay of U, we have
k

s> ([ ve -2T<y—P1+>)1/2 ([omw-ronio-r) "

=2

= |l

1/2 1/2
<S (Lt npws) ([ v r - poo”)
i=2 \JR? R3
k 1/2
< ¢ v (/ 6—27|y+P1*—PrU;2/5)
|P1+|3m i=2 R3 (3.18)
k 1/2
C / —or| +_p+| 12/5
< e Ty|€27'\P1 P; |U
<mm (L k
1/2
< c 6271’7% / 672T\y|v12/5
- |P+|%m R g
< o -
|P+|
By using a similar argument as (3.18]), we can deduce that
C _ 12/5 1/2 6/5
Vs < e2mh </ e 2mluly (3.19)
o < ™ (. : < |P+| _[[0%/7].

Obviously, the claim (3.15) follows immediately from (3.17)-(3.19). Furthermore, by using the
Hardy-Littlewood-Sobolev inequality and (3.15]), we obtain

[ vt ( [ ) W
o[, wWea@n” )" ([ v wawn)"

(3.20)
1275\ 5/12 5/12
o[ W e )Y ([ )y
B, (0) Br, (0) [P
C
< — .
< e IOl e
This together with (3.14)), gives
. VD) _ vk
V(|z|)® 2V L)y wdy ) W, )
L (Vlehwe o+ 2v e ([ i Wty W) < el
Thus the claim (3.12]) follows immediately from 2m > 1/2.
Now, by letting k — 400 as in (3.11)), we deduce that
VoV + v — pUP tohp = 0 (3.21)

R3
for any ¢ € C§°(Bg,(0)) being even in x2. Moreover, for any ¢ € C§°(Bg,(0)), let o(y) =
U(y) + ¥ (y1, —y2, ys3) in (3.21)). Clearly, ¢ is even in x5 and (3.21]) holds for ¢ = ¢. Since v is even
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in x2, (3.21) holds for ¥ (y1, —y2,ys3). So (3.21) holds for all ) € C§°(Br,(0)). Namely,
~Av+v—pUP 'y =0 inR3. (3.22)

Since v is even in x9, by the non-degeneracy property of U we can get from (3.22)) that there are
c1,¢2 € R such that v = ¢ 8U + ¢ gU Insertlng it into , we obtain easﬂy that c1 =co = 0.
Thus v = 0. Therefore, for large k, fB (P v =o(1). ThlS implies

/ (|Vvk\2 + 02 — pQ(lz)WY, vk> > ;4—0(1) (3.23)
Q

In view of (3.14) and ([3.20)), we can use a similar argument to deduce that

(vl ot +2v e ([ )W)

. (3.24)
< ———||vk|| = 0, as k — +4o0.
Inserting (3.23)) and (3.24)) into (3.6), we obtain a contradiction. So (3.2]) holds and the proof is
complete. 0
Recall that
Wt = [ (3 (U +U) = QW2 )0+ [ VilahOw, Wons.  (329)
i=1 ’
Compared to [20], the following estimate is more acurate.
Lemma 3.2. For (r,h) € Dy, there exists some o > 0 such that for k large enough,
. Co . ifl<p<2,
||lk|| < km(lfa) min{2m,n}—1 (3.26)

Co if2<p<5,

where Cy > is independent of k.
Proof. By a similar calculation as for , we can deduce that fQ (Jz))W, )3 < c

= e
Then by the symmetry, we obtain

[ viabouw, Wers < [ Viisl)tw, ,Wono
R3 Ql
3 1/3
< O, s (| (V)W) dr) lzzcan

' 13 (3.27)
3
< CVEIRw, oo ([ (VaDWen) dz) ol o
CVk C
< el < g leln e,

Recall from [4], (4.15), (4.16)] that there is a small number o > 0, such that

K c . -
/ (Z (Up + Up ) _ th)(b < k#(l*&) xnin{Z'm,n}*% ||¢||H (R3)7 lf 1 < p < 2’ (328)
R3 i1 7 =) minc'{Qm,,n}f% ||¢HH1(R3)7 if2<p<5
and from [4, Lemma 4.2] that
h >~ 1 Hl Rd) .
[, Qe < == lel (329)

Thus (3.26) follows immediately from (3.25)) and (3.27)-(3.29). The proof is complete. O
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In view of (3.1, Lemmas and to find a critical point of J is equivalent to solving
¢=A(¢) :=—L ) — L™ 'R'(¢). (3.30)

A direct calculation as |20, Lemma 2.3] shows that there is some constant C' > 0, independent of
k, such that

IR (@)l < Cllglf™ D=7 i=0,1,2, (3.31)
where R’ denotes the derivative of i order for R. Here we omit the details of the proof. Then we

have the following result.

Proposition 3.3. There exists an integer ko > 0 such that for each k > kg, there is a C' map
¢ : Dy — Hy, ¢ = ¢(r,h) € E satisfying (3.30). Moreover, there is a small o > 0 such that

Cs
, if 1 2
16l < it (1-20) min{2m,n}—3 ifl<p<2
hS c.
if 2<p<b5h.

k(172a) min{2m,n}—3
Proof. Define

C

e
#(1—20) min{2m,n}— 5

ifl<p<?2,
Bi={¢cE:|o] <{* }

i 1
k(l—?o) mm{27n,n}7§

if2<p<B5.

where ¢ > 0 is a small number as . With the aid of Lemma and 7 a standard
argument can show that there is a sufficiently large number C, > Cy such that for k£ sufficiently
large, A is a strict contraction map such that A(B) C B. Then by the contraction mapping
theorem, there is a C! map ¢ : Dy — B such that J’ (¢(r, h)) = 0. The proof is complete. O

4. ENERGY ESTIMATE

With the help of Lemmas [2.2] and we obtain the following energy expansion of approximate
solution. We firstly recall from [I0, Lemma A.6] that

k
r 1 1
= — 1). 4.1
klnk;ugfr_]giﬂ 7r+0() (4.1)

Then by using a similar argument, we can prove that there is some Cy > 0 such that
k

1
= Cy+o(1). (4.2)
L

Proposition 4.1. For all (r,h) € Dy, there is a small number o > 0 such that

a2A2 ma2h2A2 bA3 nbA3 h2 _onT k
[(Wrn) = k[Al + p2mo o p2mi2 s pn * 5 gniz o016 (%)
B —Qh(i) a?AskInk  a?AsCoklnk  ma?Ash?kInk
1€ 2h 71-7~27n+1 T2m+1 7r742m+3
ma?AsCoh’kInk a?As ma?Ash 1 h?
4.3
+ r2m+3 T oppam T gamis T Ok (T2m+a') + Ok (r2m+2+0') (43)

05755 + 0 i) +0(samies ) + 0 (mrtie) + 0 )
+ O( ) + O (6_2(1"'”)”%) + O (6_2(1+”)h)],

where A;, By are defined in section 2.

T2m+2+a
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Proof. For fixed R > 0, by using Lemmas [2.1] and [2.3] there is some ¢ > 0 such that for k large
enough,

|x| V(YD) ;2 2
oy Wi (@)W (y) dy d
/BR(P+)/BR(Pi) |z —y| (@)Wen(y)

‘$| (|y|)(U .+ C(e‘"% + e—"h)e—(l—n)|fﬂ—Pfr\)2
Br(P;") J Br(PF) |z —yl P

X ( pt + Cle "% + e_"h)e_(l_”)ly_Pi N2 dy dx

(UzDV{yD) ;72 772 1
2 2/BR /BR(pi) o — | —=U +U i+0(|Pl+|2m+g)

V(i + POV (y+ PE) o, oo 1 (4.4)
LU () U (y) + O(—————
/B>/B a—y+pyr—pr| U WO )

a? 1
= U(2)U?(y) + O+
8w|P+|2mZ/ o>/BR<o>|xy+P1+R-i| W) + O prames)

a2A2 1 1
+ 0
prpe 2 P e O

k
a2 A2

1 1
= + O( ).
| P2 ; P~ P | P [2mte

Then by (4.1) and (4.2), it follows that

=DV (YD) 12 2 a?Ay klnk 1
— W (@)W, (y) dy dz = +0
/BR Pt )/BR(P+) |z — | (@) Wen ) w|P2m (|P1+|2m+g)

N 02 AaCo Knk .
— Wi (@)W, (v dyde = o~ —— + O )-
/BR o /w o=y Ve@Wea) e O

(4.5)

As for (4.4), we have

|$| V(Iyl) 12 2 a’A, 1
Win(@)W5y (y) dy do = +0 . (4.6
/BR(P+) /BR(P ) |:L'—y| h () ’h( ) 2h|p1+|2m (|P1+‘2m+0') (4.6)

By the exponential decay of U, Lemmas [2.1] and 2.3 we have

V(|x
/ / MWTQ (z )th(y)dyda:
of\Br(P) Jre |7 =Yl

SC/Q‘*’\BR(P‘*’)/]RJ Ix(lyzlj)l (U2+ (ZUP+ +ZU ) ) n(y) dy dz

QH\Br(P;) /RS \I*Z/| (4.7

+ (ef’l]ﬂ‘% + efnh) / / (‘yD 72(17n)\szl+|Wr2h(y) dy dr
QH\Br(P;") /RS \33 —yl '

< C(e_R + (6_7]‘”% + e_"h)z)

C
- ‘P1+|2m+0 :




12 T. WANG, X. TIAN, W. HE EJDE-2025/72

Therefore, by Lemma and (4.5)-(4.7), we obtain
1

1 [ v o, w2y o)

4 R3 " ’

1
z|) —V(y VVT2 y)dy Wf x)dx
/ ( | Z/BR(Pi /1R3\(Ef“=1 BR(Pli)) )47T|Jc—y| ) ’h( ) ) ’h( )

= W ()W (y) dy de + kO
8 QfNBr(P") /Br(P") |{E y‘ 7h( ) 7h( ) k(

k V(lx
vel ] / +Z/ [ ), w2, ) dy s
T NJoFnBr(P) JBr(PT) QfnBr(P") JBr(PT) |z — vy

=2

=)
‘P1+ |27n+o

k k

% (U2 () + O (Up () i Ups(y) + i Up- (1)) ] dyda + kO, (%)

k( a’As klnk GQAQCOICIH]C) k( a?A, )

8 \alPFm v |PFPe e 8w \2h| P
k 1% PV P 1
87 JatnBr(0) JBr(0) |z -y | Py [2mte
1% PV P .
+ kOk(/ / (|LL’ + 1 |) (‘y + 1 |)U2(:L,)U(y)e—(1—17)|y\ (6—7]71'? + e—nh) dydl‘)
QFNBRr(0) J Br(0) lz -yl
( a?4, klnk a2A5C, klnk) ( a’A, )
w| P | P2 2h| Pi|2m

a?As 1 a?As klnk a?A5Cyklnk a?As
:k+k0k<)+k( + )—l—k()
| P [2m | Py [2mte m|PrEm |Pm 2h| P [2m

a?As  ma2h?A, 1 h? a?AskInk  a?AsCoklnk
= k|: sz - r2m+2 Ok( 2m+0) + Ok <r2m+2+a) ’/TT2m+1 T2m+1
ma?Ash’kInk ma?AsCoh’klnk a?A, ma®Ash 0 klnk h2klnk
+ 7-[-7.2m+3 r2m+3 2h7n2m 27«2m+2 + (r2m+1+a ) (T2m+3+(r )
1 h
+ O(r2m+ah) + O(T2m+2+o ):| .
(4.8)
Note that
1 2 2 1 2
I(Wrn) = 5 (|VWr nl? + Wenl?) Q | DIWen P75+ 2 . V(|z|)®w, , Wy
Then ({4.3)) follows from and ( 1mmedlately. The proof is complete. O

5. PROOF OF THEOREM [L.]
Let ¢, = ¢(r, h) be the map obtained in Proposition We define a function F : D — R
by
F(T, h) = I(Wr’h + ¢r,h)~
With the same argument in [4, Proposition 5.3], we can easily check that if (r, h) € Dy, is a critical
point of F(r, h), then W, j, + ¢,.5, is a solution of (1.1)).

Proof of Theorem[1.1 In view of Lemma Proposition and (3.31), by using the Taylor
expansion, we can deduce that

F(r,h) = I(Wyn) + Ox(lle]l 9]l + 1611)
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2 272 2
a*As  ma“h®Ay %4_ nbAs h B2 (i)

:k[A1+ p2mop2md2 2 2 27

B (1) 04 (s ) + Ok (g ) + Ok () + Ou ()
+ O, (672(1“)%‘) + O, (672(1+U)h>i| '

Then by following the same arguments as [4, Lemma 5.2], via the Miranda theorem, we can prove
that F'(r, h) has an interior maximum point (7, hg) € Dg. Then up = W, n, + v, 1, is a solution

of (L.1), where ¢, », € E satisfies Proposition which implies [os (|Vor, n|? + [rene|?) = 0
as k — oo. The proof is complete. O
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