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SHADOWING PROPERTIES OF EVOLUTION EQUATIONS WITH
EXPONENTIAL TRICHOTOMY ON BANACH SPACES

KUN TU, HUI-SHENG DING

ABSTRACT. In this article we investigate the shadowing properties of the semilinear non-autonomous
evolution equation

W/ (t) = A(t)u(t) + f(t,u(t)), t>0
on a Banach space X. Here the linear operator A(t) : D(A(t)) C X — X may not be bounded,
and the homogeneous equation u/(t) = A(t)u(t) admits a general exponential trichotomy. We
obtain two shadowing properties under BSP type and L2 type Lipschitz conditions on f, re-
spectively. Moreover, a concrete example of parabolic partial differential equation is provided
to illustrate the applicability of our abstract results. Compared with known results, the main
feature of this paper lies in relaxing the Lipschitz conditions on f, considering the shadowing
properties under the framework of general exponential trichotomies, and most importantly, al-
lowing A(¢) to be unbounded, which enables the abstract results to be directly applied to partial
differential equations.

1. INTRODUCTION AND PRELIMINARIES

A key characteristic of chaotic dynamical systems, first noted by Poincaré [26], is their sensi-
tivity to initial conditions: even a minor alteration in the initial state can result in a significant
divergence in the output. However, many dynamical systems, such as uniformly hyperbolic dynam-
ical systems, display a remarkable and interesting property: although a small error in the initial
condition can ultimately result in a significant effect, there still exists a true orbit with a slightly
altered initial condition that remains close to the approximate trajectory. This phenomenon is
referred to as the shadowing property or shadowing lemma.

The pioneer works on shadowing property for diffeomorphism can be traced back to [T}, [10].
Since then, more and more scholars have begun to focus on shadowing lemma for diffeomorphism
(see, e.g., [2,[8 @, T3] 20]), shadowing lemma for difference equations (see, e.g., [12] [14], 22, 23] 24]),
shadowing lemma for differential equations (see e.g., [0}, 12} 14}, 15}, 18, 29]), and as well as shadowing
lemma for random dynamical systems (see e.g., [19] [I7]).

However, all the aforementioned literature establishes shadowing properties under dichotomous
condition. Despite its importance, the notion of exponential dichotomy is somewhat restrictive.
Does a shadowing property exist without exponential dichotomy condition? Although this is a
tricky question, there are still several interesting results. Palmer [2I] obtained shadowing lemma
for the autonomous system of ordinary differential equations ’ = f(x) under a special exponential
trichotomy condition with the constant of center space u = 0. Thereafter Backes and Dragicevié¢
investigated the shadowing lemma for nonautonomous and nonlinear differential equations

W (1) = A(tyu(t) + F(tu(), 20 (L1)

on Banach spaces. In [5], shadowing properties for (|1.1) was established in exponential trichotomy
condition with the constant of center space u < 0. Moreover, Backes and Dragicevi¢ [4] proved a
weaker version of shadowing lemma for (|1.1)) in a general exponential trichotomy condition.
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We note that {A(t)}:>0 are bounded linear operators both in [4] and [5]. In fact, to the best
of our knowledge, even in the case of exponential dichotomy, the only known result on shadow-
ing properties for with unbounded operators is [12], where a shadowing lemma is obtained
for with A(t) being independent of ¢. This is our main motivation to study the shadow-
ing properties for with {A(#)}+>0 being not necessarily bounded under general exponential
trichotomy.

Throughout this paper, let (X, | - ||) be an arbitrary Banach space, and B(X) be the space of
all bounded linear operators on X. It is well-known (cf. [25]) that a family T'(¢,s), t > s > 0,
of operators in B(X) is said to be an evolution system or evolution family on X if the following
properties holds:

(i) T(t,t) =1 for all t > 0,
(ii) T(t,s)T(s,7) =T(t,7) forallt > s> 71 >0,

(iii) the mapping {(r,0) € RT x R* : 7 >0} > (¢,5) — T'(t,s) is strongly continuous, i.e., for

each v € X, (t,s) — T(t, s)v is continuous.

Definition 1.1 ([I1]). An evolution family T'(¢, s) is said to have exponential trichotomy if there
are projections Pi(t), i € {1,2,3} and constants M > 1, A > 0 and pu € (—o0,)) such that
Pi(-) € BOR*,B(X)), i € {1,2,3}, and

(i) Pi(t)Pi(t) =0 for all t > 0 and i, j € {1,2,3} with i # j,

i

(i) P(t) + P*(t) + P?(t) = I for all t > 0,
(iii) T(t,s)P(s) = Pi(t)T(t,s) for all t > s and i € {1,2,3},
(iv) T(t, 8)|ker(pP1(s)) : ker(P*(s)) — ker(P'(t)) invertible for ¢ > s > 0 and hereafter T'(t, s) de-

notes the inverse of the operator T'(s, )[xer(p1 (1)) for ¢, s € RT with t < 's, where ker(P(t))
denotes the null space of P*(t),
(v) IT(t,s)P'(s)|| < Me ™ Mt=9) for all t > s >0,
(vi) || T(t, s)P%(s)|| < Me 271 for all s > t > 0,
(vil) || T(t, s)P3(s)|| < Mett=l for all t, s € RT.

Remark 1.2. The notion of exponential trichotomy has several variants, and our definition is
the same to that of [II]. For other variants of exponential trichotomy, we refer the reader to
[7, [16], 27, 28] and references therein.

Let A(t) : D(A(t)) C X — X, t > 0, be a family of linear operators (not necessarily bounded).
We say that T'(t, s) is an evolution family associated with z'(¢t) = A(t)x(t), t > 0, if for each s > 0
and v € D(A(s)), T(-, s)v is a solution of z'(t) = A(t)xz(t), t > s with x(s) = v.

Unless otherwise specified, in the rest of this paper, we always assume that T'(¢, s) is an evolution
family associated with z'(t) = A(t)z(t), t > 0 and T'(¢,s) has exponential trichotomy with the
constants p, A and M as in Definition

In this article, we consider the semilinear evolution equation , ie.,

o'(t) = Atz (t) + f(t, 2(t), teRT,

on X, where f : RT x X — X is Lipschitz in the second variable, i.e., there exists a function
L:RT — RT such that

1t 2) — F(t )l < LO) |z —yll, for all ¢ > 0 and 2,y € X. (1.2)
Definition 1.3 ([25]). A function x € C(R*, X) such that
t
x(t) = T(¢,0)z(0) +/ T(t,r)f(r,z(r))dr, VteRT
0
is called the mild solution of (|1.1)).

Remark 1.4. It is easy to see that x is a mild solution of (|1.1)) if and only if x satisfies

x(t) =T(t, s)x(s) —|—/ T(t,r)f(r,z(r))dr, Vt>s>0.
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Let p € [1,+00) and BSP(R™) be the linear space of all Lebesgue measurable functions f :
Rt — R with the property that

t+1
sup / |f(r)|Pdr < 4o0.
teRT Jt
It is well known that BSP(R™) is a Banach space with the norm
t+1 1/p
I£lse = swp ([ 1rrar) .
teRt t

Let L?(R*, X) be the Banach space of all Bochner measurable functions ¢ : Rt — X with the
norm

5\ 1/2
1€l 2+, x) = (/ lE@ dt) < +o00.
R+
Let v € (u, A) and
C, ={£ € C(RT, X) : [[¢]l, == sup e”*[|§(t)]| < +oo}.
teR+

It is straightforward to verify that (C,, || - ||.) is a Banach space.

2. MAIN RESULTS
In this section, we introduce two definitions of pseudo orbits and their shadowing properties.

Definition 2.1. Let § > 0 and v € (u, A). We say that a differential function y : Rt — X isa §
pseudo orbit of (1.1)) if y(¢t) € D(A(t)) for t > 0 and

e |A@y(t) + f(t,y(t) =y (@) <0, teRT. (2.1)

Definition 2.2. Let 6 € L?(R*,R). We say that a differential function y : RT — X is a § — L?
pseudo orbit of (L.1)) if y(¢t) € D(A(t)) for t > 0 and

[A@)y(t) + f(ty(t) —y' ()] < (1), ae. onR. (2.2)

Theorem 2.3. Suppose p € [1,4+00) and q is the conjugate index of p. If the function L in (|1.2)
satisfying L € BSP(R™") and ||L||ps» is small enough, then there exists a positive constant C' with
the property that for each 6 > 0 and ¢ pseudo orbit y, we have a unique mild solution z of (|1.1))
such that

(i) P(0)(0) = P'(0)y(0).
(i) Jlz =yl < C.

Proof. Let § > 0 and y be a § pseudo orbit. Obviously
y'(t) = Alt)y(t) +y/(t) — Al)y(t), t=0,
i.e., y is a classical solution of the equation
W (1) = A@)u(t) + ' (t) - Ab)y(t), >0, (2.3)
It is easy to see that y is a mild solution of equation , ie.,
o) =T+ [ T/ 7) ~ AW, ¢ -

If = is a mild solution of (|1.1)), then

z(t) =T(t,0)z(0) +/0 T(t,r)f(r,z(r))dr, t € RT,
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To find a mild solution of (1.1]) satisfying (i) is equivalent to finding a function z € C, such that
P1(0)2(0) = 0 and

2(t) = T(¢,0)z(0) +/0 T(t,r)(A()y(r) + f(ry(r) + 2(r) — 9/ (r))dr, teR*. (2.4)
By and P1(0)z(0) = 0, we have
Pl(t)2(t) = /0 T(t, )P (r)(A(r)y(r) + f(r,y(r) + 2(r)) — y'(r))dr, (2.5)

for all t € RT. Tt follows from (2.4) that

z(t) =T(t,s)2(s) +/ T(t,r)(A(r)y(r) + f(r,y(r) + 2(r)) = y'(r))dr, t = 5 =0,

which yields that
t

Pl(t)2(t) = T(t, 5)P'(s)z(s) + / T(t, )P (r)(A(r)y(r) + f(r,y(r) + 2(r)) =y (r))dr,

S

for all t > s >0 and i = 2,3. Since T'(t, 5)|ker(p1(s)) is invertible, we have
T(s,t)P'(t)z(t)

= T(s,O)T(t, 5)P"(s)2(s) + T(s,1) / T(t,r) P (r)(A(r)y(r) + f(ry(r) + 2(r)) =y (r))dr

= P'(s)z(s) + / T(s,t)T(t,r) P (r)(A(r)y(r) + f(r,y(r) + 2(r)) = y'(r))dr

— Pi(s)z(s) + / T(s, )P (r) (A(r)y(r) + £(ry(r) + =(r)) — o/ (7).

S

forallt > s> 0 and ¢ = 2,3. Then we have

P'(s)z(s) = T(s,t)P'(t)2(s) — / T(s,r) P (r)(A(r)y(r) + f(r,y(r) + 2(r)) = y/(r))dr,

forallt>s>0andi=2,3.
Next, we will show that

P(s)z(s) = */ T(s,r) P (r)(A(r)y(r) + f(r,y(r) + z(r)) — /' (r))dr,
for all s € RT and ¢ = 2,3. By exponential trichotomy of T'(t, s) and z € C,,, we have
IT(s, )P ()2(1)| < Me 72 |1z(1)| < Me eIz,

then T'(s,t)P%(t)z(t) — 0 as t — oo. To prove that
t

lim [ T(s,r)P?(r)(A(r)y(r) + f(r,y(r) + 2(r) =y (r))dr

= /ﬂo T(s,r)P(r)(A(r)y(r) + f(r.y(r) + 2(r)) — ¢/ (r))dr,
we need to show that S
/Ho |17 (s, 7)P2(r)(A(r)y(r) + f(r,y(r) + 2(r)) = ' (r))lldr < +oc.
By (1.2), (2.1), zind exponential trichotomy of T(t, s), we have

+o0o
/ 1T (s, ) P2(r)(A(r)y(r) + f(r,y(r) + 2(r)) =/ (7)) lldr

+oo
= / T (s, ) P*(r)(A(r)y(r) + [ (r,y(r) + 2(r)) =/ (r) + f(r,y(r)) = £(r,y(r)) | dr
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+oo
< / I1T(s, ) P2 ()| (LAY y(r) + £, y(r) = ' (]| + 1 Oy (r) + 2()) = f(r,y())l]) dr

+oo
< Me_’\(r_s)(e_’”é + L(r)||z(r)])dr
—+oo
< Me A=) (e7V"§ + L(r)e™""||z||, )dr
—u@M(S )\ s+j+1 _()\+ )
— S V'I”L
C0 MM Z / (r)dr
67V5M5 e s+j+1 , 1/p s+j+1 O 1/q
Hy Iz, Z(/ o) ([ e 0 ay)
e’”sMé o — e~ ey 1/q .
e Mo s Lilne — () (s)
- Il Zn ||Bs( ey e

Meve5 1= 0N 1a M- Linsr ,
_ Me ( € ) el Llsselllly

Atv (A+v)q 1— e~ ()

Then for all s € RT,

Similarly, for all s > 0, we have

+oo
/ IT(s, ) P2 (r) (A(r)y(r) + f(r,y(r) + 2(r)) =/ () lldr

“+ o0
< M=) (€776 + L(r)e™""|| 2], )dr

e VSM§ s+j+1
+ Mehe| 2], Z/ == () dr

e VSMS s+j+1 1/p s+j+1 1/q

< —|—Me_’“||z\| Z (/ |L(r)|pdr) (/ \e_(”_“)r|qdr>
+j s+j

71/5M5 *(V KA\ 1/q )
< e V5|2 L BSP ( ) —(v—p)(s+j)

. (e ZII | —

CMS 1 e e Mo L] poolzlh
_« (e oyyadte ilporlell _

v T\ [—em

Moreover, by exponential trichotomy of T'(¢,s) and z € C,,, we have
IT (s, ) P2 (1)2(1)]| < M= |2(t)]| < M =De™ |z, t > s 20,

then T'(s,t)P3(t)z(t) — 0 as t — +o0. Obviously, for all s € R, we have

+oo
P?(s)2(s) = —/ T(s,r) PP (r)(A(r)y(r) + f(r,y(r) + 2(r)) —y/(r))dr.
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By , and , we have
2(t) = / T(t,r) P (r)(A(r)y(r) + f(ry(r) + 2(r)) — ' (r))dr

0

+oo

- /t T(t,r)P2(r)(A(r)y(r) + f(r,y(r) + 2(r)) — o/ (r))dr (2.8)
+oo

- /t T(t, )PP (r)(A(r)y(r) + f(r,y(r) + 2(r)) — o/ (r))dr.

We have showed that (2.4]) and (i) imply (2.8)). Then, it is straightforward to verify that (2.8) is
equivalent to (2.4)) and (i).

Now, we define
(Tw)(t) = /0 T(t,r) P (r)(A(r)y(r) + fry(r) +w(r) —y'(r)dr

“+o0o
_ /t T(t, ) P2(r)(A(r)y(r) + f(r,y(r) + w(r)) —y'(r))dr (2.9)

+oo
- /t T(t,m) P2 (r) (A(r)y(r) + f(r,y(r) + w(r)) = y'(r))dr

= (Tw)(t) — (T2w)(t) — (Fzw)(t),

(
for w € C, and ¢t € RT. Firstly we need to prove I'(C,) C C,. For each w € C,,, by (1.2), (2.1)
and exponential trichotomy of T'(¢, s), we have

sup e”'[|(Tyw) ()]
teR+

gmme“AnTme%nmvwww+ﬂnmm+ww»—yvnwr

teR+

sSweW/nﬂumﬁvwMAmmm+fmmw+wu»—ymwm

teRT

Smm@”/HTtr O (IAE) ) + 1 5() =5/ )]

teRT

Ly () + w(r) = Fry ()] )dr

t
gmme”/mM€““4N6”5+LﬁmeWWT
teR+

t
< sup e”t/ Me M=) (e 5 + L(r)e ™" ||lwl|,)dr

teR+
M§(1— e =)t
< sup (1-e )+ sup Me~ A=), Z/ AT L(r)dr
teER+ A—v teRT t

M
—(A=v)t )\ v)r
<M nwn§j/ L(r)dr
t—j

MS§ Vp, (173
< + sup Me= A=t |ly]|, / L(r)|Pdr /
A=V Rt el z_: ( t—j—1 L)l ) ( t—

1/q
- |e(’\_”)r|qdr)
e

<

) 1 — e (A=ray1/q ,
(A=v)t (A=v)(t—3)
_y—l— sup Me™ lw]], ]EOHLHBSP( 0=y ) e J

< MY (e VMLl
“A—v (A=v)q 1 — e~ (A-v)

< 400
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Similarly,
s 1 — e~ a1/ M||L| gse ||w|
vt T t < ( ) V
sup 2 (T2w) Ol < 377+ (=, e
< +o0,
s 1 —e~W=ma\1/a M| L| gs»||w|
| ) i t _ . ( ) v < 400
tel]gjr e ||( 3w)( )H =V _u (V — ,U)q 1—e(w—n)
Hence

sup e’ [|(Tw)(#)]| < sup e’ [[(T1w)(t)]| + sup e”*[|(Taw)(t)]| + sup e”'[|(Tzw)(t)|| < +oc.
teR+ teR+ teR+ teR+

It is straightforward to verify that I'w is a continuous function, and thus we know that I'(C,) C C,,.

Next we show that I" has a fixed point on C,,. For each wi,ws € C,, by (1.2) and exponential
trichotomy of T'(t, s), we have

[Tywy — Fywsl, < sup e”/ 1Tt )P (r)(f (ryy(r) + wi(r) = fr,y(r) +wa(r)))||dr
teRT 0

t
< sup e”t/ Mef)‘(tf")L(r)le(r) — wa(r)||dr
teR+ 0

| (2.10)
< sup el’t/ MefA(t*’”)ewa(T)le — walvdr
tER+ 0
(1 B e_(A—u)q>1/q M||L|| gs» l[wy — ws
SUoong ) 1oeom v el
and
||F2w1 - F27«112”1’
+oo
< sup e [ TP 90 + r) = Fy(r) + () [dr
te t
+00
< sup e [ AN OLE () = o)l
oy (2.11)
+00
< sup th/ Mer=De™ " L(r)|lwy — ws|,dr
teR+ t
(1—67(A+V)q)1/q MHL”BSP H —w ||
“\ (A +v)g 1 — e~y 101 T2
and
||r3w1 —T3wsll,
+oo
§ Sl]gi eyt/ ||T(t7 r)PB(’/’)(f(T’ y(rp) =+ wq (’I”)) - f(ra y(r) + ’LUQ(’I")))HCZ’/‘
te t
t e (r=t)
< sup e Me MO L(r)||wy (r) — wa(r)||dr
e, Ywn (r) = wa ()] (2.12)
“+o00
< sup el’t/ Me Hr=Ye="" [(r)|jwy — wol|,dr
teR+ t

w1 — wall,.

- (]__e_(V—M)q)l/q M||L||sr
BANCEN AR T
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Therefore, by (2.10)), (2.11) and (2.12) we have
[Twy — Tws|, < |Tiwy — Tywsll, + |Towy — Tawsl], + [[Tzwy — Tzwsl|,

- (1 767()\711)‘1)1/q M]||L| ps»

- (A=v)q 1—e (=)

w1 — wall,

L— e Iny/a M L] psr

( (A +v)q ) 1_ e (Ao Jwi — w2l (2.13)
L—e v/ M|L|psr

(o) T o —

=: kl||lwi — wa,.

It is easy to see k < 1 provided that || L||pse is sufficient small. Setting w = 0 in (2.9)) implies that

Mo Mo
o, < . 2.14
| 0||7A_V+)\+V+V_u (2.14)
Let
M M M
C= + +

A-k)A=v)  (A-k)A+r) A=k -—pn)
For each w € C,, satisfying ||w||, < C4, by (2.14) and (2.13]) we have
[Twlly < [[Tw —TO[, + [[T0], < kC3 + (1 = k)Cs = C4.

Hence, I' has a unique fixed point z € C,, satisfying ||z||, < C9. It is straightforward to verify that
z is the unique solution of (2.4]). Then x = y + z is a unique mild solution of ([1.1)) which satisfies
(i) and (ii). O

Before presenting the other shadowing property of equation (1.1)), let us recall a variant of the
Young’s convolution inequality from [3, Proposition 1.3.2].

Lemma 2.4. Let p € [1,+0), ¢ € L*(R,R) and ¢ € LP(RT,R). Define
¢ xY(x) = / oz —y)Y(y)dy, = € RT.
R+

Then ¢ v € LP(RT,R) and ||¢ * Y[l Lo@+ ry < [0l ®r) - 19U e+ R)-

Theorem 2.5. Assume that the constant p in Definition [1.1] is negative and the function L in
(1.2) satisfies L € L?>(RT,R). If | Ll z2(r+ ) s small enough, then there exists a positive constant

C with the property that for each § € L?>(RT,R) and § — L? pseudo orbit y, we have a unique mild

solution x of such that
(i) P*(0)z(0) = P*(0)y(0), i = 1,3,
(i) llz —yllrz@+ x) < Clldll 2@+ m)-

Proof. Let § € L2(RT,R) and y be a § — L? pseudo orbit. To find a mild solution of (1.1]) satisfying
(i) is equivalent to finding a function 2z € L?(R*, X) such that P?(0)z(0) =0, i = 1,3, and

2(t) = T'(t,0)2(0) —I—/O Tt,7)(AM)y(r) + f(ry(r) + z(r)) —y/(r))dr, ae. on RT. (2.15)
By and P*(0)z(0) =0, i = 1,3, we have

P(t)z(t) = /0 T(t,r) P (r)(A(r)y(r) + f(ry(r) + 2(r) = y'(r))dr, ae. on R, (2.16)

P3(t)z(t) = /0 T(t,r)P*(r)(A(r)y(r) + f(r,y(r) + z(r)) —y/'(r))dr, a.e. on RY. (2.17)
It follows from that
2(t) =T(t,s)z(s) + / T(t,r)(A(r)y(r) + f(r,y(r) + 2(r)) —y'(r))dr,
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for a.e. s € RT and a.e. t € [s,+00), which yields that

P2(t)2(t) = T(t,s) P*(s)2(s) + / T(t,r)P?(r)(A(r)y(r) + f(r,y(r) + 2(r)) = /' (r))dr,
for a.e. s € RT and a.e. t € [s,400). Since T'(t, 5)|kex(p1 (s)) is invertible, we have

T(s,t)P?(t)z(t)

= T(s,)T(t, 5)P*(s)z(s) + T(s,1) / T(t,r)P?(r)(A(r)y(r) + f(r,y(r) + 2(r)) = y'(r))dr

s
t

= P*(s)z(s) + / T(s,r)P*(r)(A(r)y(r) + f(ry(r) + 2(r)) — ¢/ (r))dr,

P2(s)z(s) = T(s,t) P2(t)=(t) — / T(s,r)P*(A(r)y(r) + f(r,y(r) + 2(r) — y'(r))dr,

for a.e. s € RT and a.e. t € [s,+00). Since z € L2(RT, X), for a.e. s > 0, we can choose a sequence
{tn}nen such that ¢, > max{n, s} and ||z(¢,)|| < 1. Then

P2(s)z(s) = T(s,tn) P*(tn)2(tn) — / (s, r)PAAW)Y(r) + F(ry(r) + 2(r) — o/ ().
As n — 400, by exponential trichotomy of T'(¢, s), we have
+oo
Po)as) = [ T PAWY(0) + Fny(r) +20)) =y ()dr, (235)
for a.e. s > 0. By (2.16)), (2.17) and (2.18)), we have
2(t) = /0 T(t,r) P (r)(A(r)y(r) + f(ry(r) + 2(r)) —y'(r))dr

+o00o
— /t T(t,r)P?(r)(A(r)y(r) + f(r,y(r) + 2(r)) — ¥/ (r))dr (2.19)

+ /0 T(t,r)P3(r)(A(r)y(r) + f(r,y(r) + 2(r)) =y (r))dr,

for a.e. t € RT. We have showed that (2.15) and (i) imply that (2.19) holds. It is straightforward
to verify that (2.19) is equivalent to (2.15)) and (i). Now, we define

(P2)(t) = /0 T(t,r) P (r)(A(r)y(r) + f(r,y(r) + 2(r) = y'(r))dr
+oo
- /t T(t,r)P*(r)(A(r)y(r) + f(r.y(r) + 2(r) — y/(r))dr

+ /O T(t,r)P3(r)(A(r)y(r) + f(r.y(r) + 2(r)) = ' (r))dr

= (F12)(8) = (Ta2)(1) + (D32)(1),

for z € L2(R*, X) and ¢ > 0. Similar to the proof of Theorem we show that T': L2(R*, X) —
L?*(RT, X) and T has a fixed point on L*(R*, X). For each z1,20 € L*(R*,X), by (1.2) and
exponential trichotomy of T'(¢, s), we have

([ 100 - )™

+o0 R R R R
< ([0 = Ereo) - Fan)r) + Faza)lPar)

+ (/0+OO ||(f321)(r) _ (f3z2)(T)||2dr> 1/2
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+oo t
<( [ vl [ TP +210) = Foale) + 22

1/2

oo 2
- / T(t,r)PA(r) (£, y(r) + () = Sy () + 22(r)))dr | dt)

+ (/Om‘ dt>1/2

+o0o t N 400 N ) 1/2
<([ 1 ML) — wallar+ [ ML 1 (r) - a0 )
+oo 2 1/2
+ (/0 d)

+00 +00 1/2
([ il [ a6 () — (o))
0 0

. (/O+°° th)l/z

By Lemma [2.4] we have

+oo
(]
. M(/;‘” efzwld,n)w /0+oo L) |z1(r) — 2(r) | dr

< MAY2|L|| o s myll21 — 22ll L2+ x)s

2

/0 T(t, )PP (r)(f(roy(r) + 21(r) = f(r,y(r) + 22(r)))dr

/0 Me“‘t_rlL(T)HZ&(T) — zo(r)||dr

/0 MePt=mIL) |20 (r) — 2o(r)||dr

+oo 2 1/2
/ Me L)z (r) = 2o(r)dr| dt)
0

and
2 (12
dt)

1/2
dt)

/O Me ML) |20 () — 2o(r) | dr

-
Iy
()
(

2

+oo
Me "=TIL(r) |21 (1) — 22(r)]||dr
0

/0000 62Mr|d7’>1/2 /0+°° L(r)||z1(r) — 2z2(r)||dr

<
<M
< M (=)Ll e gy 21 = 22|22 e x)-
Then, we have
oo ) 1/2
( / |(F21)(r) = (F22)(r)]ar)

< MAY2L| 2 @e o1 — 2all L2+ x) + M (=) 2L 2 myll21 — 22l L2+ x) < 400,

ie., I'z; — 'z € L2(RT, X) and

A

D21 — Tzol 2@+ x) < A2+ (=) VM| L) 2z ) 121 — 2]l 22+ x) (2.20)

k|2 — 22|l L2+, x)-
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It is easy to see that k < 1 provided that | L|| L2 (R4 r) is sufficient small. Moreover, by (2.2),
Lemma and exponential trichotomy of T'(¢, s), we have

(/0+°° H(fO)(r)IIQdT)U2
< ([ 1o - domiear)

) (/O+oo +oo MeNeri5(0ydr :dt) 1/2 N (/O+°° | /Ot Meultré(r)dr|2d? v (2.21)
([ () o

< (/O%o e)‘|tdr>(/0+006(r)|2dr>l/2+ (/Om e“ltdr)</o+oo|5(r)|2dr)l/2

< MATH|8|| L2 my — My 16| L2 e -
By (2.20) and (2.21)), for each 2z € L?(R*, X), we have

A 1/2 A N
([ IEmIar) ™ < 1E0lame 0 + Elzloe x) <+,
R

—+oo

(a0 2ar)

0
“+ o0

+oo
Me=Mt=rls(rydr / Mett=rl§(r)dr
0

ie,ze LR, X). Let
A MO —ph)

A1 —k)
For each w € L*(R*, X) satisfying ||w| 2@+ x) < C||0]|L2z+ r), by (2.20) and (2.21)), we have
ITwl 2+ x) < [Fw —T0| g2+ x) + I1T0] L2+ x)
< kC16) L2 my + (1= B)C16]| 2 e+ )
= é||6‘|L2(R+,R)-

Hence, T has a unique fixed point z € L2(R*, X) satisfying ||IA’zHL2(R+7X) < CA’||6||L2(R+,R). Then
x =y + z is a unique mild solution of (1.1) which satisfies (i) and (ii). O

3. EXAMPLE

As an application of the abstract results in this article, we consider the partial differential
equation

drw(t, ) = a(t)0?w(t, z) + a(t)nw(t,z) + h(t)sinw(t,z), (t,r) € RT x (0,1),

w(t,0) = w(t,1) =0, (3.1)

where a € L}, (R,RT), n € RT and h € BSP(R") with p € [1,+00).
Let X = L?(0,1) and A : D(A) — X;¢ — 92¢p, where D(A) = H}(0,1) N H%(0,1). By [28]
Section 3.8], A has eigenvalues

2

Bn = —n’n?, forn € N,

and the corresponding eigenvectors e, (x) = v/2sin(nrx), n € N, which form an orthonormal basis
for the space X. Moreover, A generates an analytic semigroup e'* with the form

+o0o
(eo)(x) = Z e < b,en > en(x), forallp € X andt € RT,

n=1
Now, equation (3.1]) can be written in the abstract form
u'(t) = A(t)u(t) + f(t,u(t)), forteRT. (3.2)
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on X, where u(t) = w(t,-) is regarded as an abstract function of ¢ with values in X, and linear
operator A(t) = a(t)(A+n) for t > 0, as well as nonlinear term f : RxX — X; (¢, ¢) — h(t)sin¢(-).
Furthermore, the associated evolution family T'(¢, s) of

u'(t) = At)u(t), t>0

is the form of
+oo .
T(t78)¢) = Z €(5n+77) Js alrydr < g,en>en, pEX, t>52>0.
n=1

If B, + 1 = 0 where ng € N with ng > 1, then evolution family T'(¢, s) has exponential trichotomy
with constants M = 1, A = (2ng — 1)72, u = 0, and projections

“+o00 no—1
Plt)p= >  <oen>en, PX()o= Y <oen>en, P())=<b en, > en,
n=no+1 n=1

for all ¢ > 0. In addition, the nonlinear form f is Lipschitz in the second variable since

15.0) = el = [ 1n0sinote) ~ hoysinw)Pds) " < o - vl

for ¢, € X and t € RT.
Late v € (u, A). If ||h|| se is small enough, we can apply Theorem [2.3| to equation (3.2)).
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