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ZERO-VISCOSITY-CAPILLARITY LIMIT FOR THE CONTACT
DISCONTINUITY FOR THE 1-D FULL COMPRESSIBLE
NAVIER-STOKES-KORTEWEG EQUATIONS

JIAXUE CHEN, YEPING LI, RONG YIN

ABSTRACT. In this article, we study the zero-viscosity-capillarity limit problem for the one-
dimensional full compressible Navier-Stokes-Korteweg equations. This equation models com-
pressible viscous fluids with internal capillarity and heat conductivity. We prove that if the
solution of the inviscid Euler equations is piecewise constants with a contact discontinuity, then
there exist smooth solutions to the one-dimensional full compressible Navier-Stokes-Korteweg
system which converge to the inviscid solution away from the contact discontinuity. It converges
a rate of €1/ as the the viscosity pu = €, heat-conductivity coefficient o = ve and the capillarity
Kk = Xe2 and e tends to zero. The proof is completed using the energy method and the scaling
technique.

1. INTRODUCTION

The purpose of this paper is to study the asymptotic equivalence between the solutions of the
one-dimensional full compressible Navier-Stokes-Korteweg equations and those of the compressible
full Euler system when the viscosity, the heat-conductivity coefficient and the capillarity satisfy
some conditions. The one-dimensional full compressible Navier-Stokes-Korteweg (denoted as NSK
in the sequel) equations in Lagrangian coordinates are expressed as

vy — Uy =0,

Ut + Py :N(i}i)x—k%(%(%(%)x)x)x’ (1'1)
(o 5Dt e = (50), 4 (5 4wl ()., 5 ().

where v,u,0,p and e denote the specific volume, the velocity, the temperature, the pressure,
and the internal energy, respectively, and u, o and « are the viscosity and heat-conductivity and
capillary coefficients, respectively. Here x is the Lagrangian coordinate, so that x = constant
corresponds to a particle path. Here we only study the ideal polytropic gas, so that the pressure
p and the internal energy e are related with v and 8 by the following equations of state

p= RQ, e= i@ + constant, (1.2)
v v—1
where R > 0 is the gas constant and v € (1, 2] is the adiabatic exponent.

System is known to be a model system for two phase flow with phase transition between
liquid and vapor in compressible fluid. Based on the works of Van der Waals [27] and Korteweg
[17], the rigorous derivation of the corresponding equations is due to Dunn and Serrin [§] and
Heida and Mélek [13], respectively. Finally, one can see easily that when x = 0, the system
is reduced to the classical compressible Navier-Stokes equation.
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The compressible NSK equations have attracted a lot of attention of physicists and math-
ematicians because of its physical importance, complexity, rich phenomena, and mathematical
challenges. Here we only refer to some study results about the full compressible NSK equations
(1.1). Hattori and Li [I2] considered the local existence and global existence of smooth solution
for three-dimensional non-isentropic compressible NSK equations in Sobolev space. Haspot [11]
showed the existence results of strong solutions to the nonisothermal compressible NSK equa-
tions in R3. Chen, He and Zhao [3] obtained the global classical solutions of the one dimensional
full compressible NSK equations with large initial data. Hou, Peng and Zhu [I5] got the global
classical solutions for the three-dimensional non-isentropic compressible NSK equation with small
initial energy. Chen and Zhao [7] discussed the existence, uniqueness and nonlinear stability
of stationary solutions to the Cauchy problem of the three-dimensional full compressible NSK
equations. Cai, Tan and Xu [I] established the existence of the time periodic solution to the
three-dimensional full compressible NSK equations with a sufficiently small external force which
is periodic in the time variable. Zhang and Tan [31] showed decay estimates of smooth solutions
for the non-isentropic compressible fluid models of Korteweg type in R3. Kotschote [18, 19, 20]
established the local existence of strong solution, and global existence and time-asymptotics of
strong solution of the non-isentropic compressible NSK equations in a bounded domain with C3-
boundary. About the stability of basic nonlinear wave patterns such as the discontinuity wave,
viscous contact wave and the rarefaction wave of one dimensional compressible NSK equations,
we can refer to [4, [ [0 9, 24] 26] and the references therein.

Moreover, vanishing viscosity limit is one of the important problems in the theory of com-
pressible fluids. Goodman and Xin [I0] and Hoff and Liu [I4] pioneered, respectively, the study
on the viscous limit of piecewise smooth solutions for the hyperbolic conservation law, and on
the vanishing viscosity limit of the viscous compressible isentropic Navier-Stokes equations for
piecewise constant shock. After these work, the limit problem of the system of hyperbolic con-
servation laws and of the compressible Navier-Stokes equations is an important problem and has
been extensively investigated by many authors for the cases that the solution of the inviscid flows
is smooth, or contains singularities such as shocks and the vacuum state. Since the compressible
NSK equations are the capillarity approximation of the classical compressible Navier-Stokes equa-
tions (see [16]), one of the important topics about the compressible NSK equations is to study the
zero-viscosity-capillarity limit. Charve and Haspot [2] proved the existence of the global strong
solution of the one-dimensional isentropic NSK equations, and then showed that the global strong
solution converges to a weak-entropy solution of the compressible Euler equations. Li and Luo
[22], and Li and Zhu [23] showed zero-viscosity-capillarity limit towards rarefaction wave without
and with vacuum for one-dimensional the compressible NSK equations, respectively. Yin and Li
[29] also discussed the zero-viscosity-capillarity limit towards planar rarefaction wave for the two-
dimensional isentropic NSK equations. Nevertheless, it is more significant and difficult to study
the viscosity-vanishing limit for the non-isentropic (full) NSK equation from both physical
and mathematical points of view. Lastly, Wang and Yao [28], and Yin, Li and Qian [30] discussed
zero-viscosity-capillarity limit towards rarefaction wave for one-dimensional full NSK system, re-
spectively. Here, we are going to investigate the zero-viscosity-capillarity limit problem for the
one-dimensional full compressible NSK equations . For this, we assume that the coefficients
of viscosity, capillary, heat-conductivity u, x and « satisfy

p=¢e k=M a=ve (1.3)
Then, formally as € — 0, ([1.1)) becomes the well-known compressible Euler system

vy — Uy = 0,

Ut +px :07
2

(e+ %)t + (pu)y = 0.

(1.4)
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Further, the Riemann problem to the corresponding Euler system (1.4]) with Riemann initial data

(v_,u_,0_), ifxz<0,

1.5
Vi, U ,9+, lfIE>O7 ( )
+

(v,u,0)(0,2) = {

where vy (> 0), ug, sy are given constants, has a contact discontinuity (see [21]), which takes the
form

o _yu_,0_), if 0
(V,0,0)(t,2) = ¢ (0o h e < (1)
(vg,uq,04), ifx >0,
provided that
RO_ RO
U- =Uy;, pP-= =— = D+ (1.7)
v_ V4

As in [25], we first construct the viscous contact wave (VP UCP @YD) (t,x) as follows. Let
the pressure of the profile (VCP UYP ©CP)(t,x) be almost constant, that is,

oD @CD
P ZRW ~p+ =P, (1.8)
it indicates that the energy equation (1.1))5 is
R O
Oyl =aSF) 1.9
o1t tpiUe =« v ). (1.9)
Substituting (1.8)) into (1.9) and using (1.1)); yield a nonlinear diffusion equation
O, -1
O; = aa(g)m, O(t,to0) =01, a= % > 0,
which admits a unique self-similar solution
A A T
(t.2) = 6(—~).
(t,2) i+t

Furthermore, @(t, x) is a monotone function, increasing if #; > 0_ and decreasing if 0 < 6_. Let
6CD =10, — 0_|, then O(t, z) satisfies
e .7:2
(e(1+1))20%0| + |O(t,x) — 0] < CPe™ 0| as |z — oo, k > 1. (1.10)

With ©(t,z) so determined, we can define the contact wave profile (VEP, UCP O°P)(t, ) as
follows:

vep = R—é U°P =u_ + Méﬁ 0P = 6. (1.11)
Py Ry &
Then (VEP UCP @¢D) satisfies
|VEP —V UCP —17,0°P — Q|| = O(e3)(1+ )%, p>1, (1.12)
and
UCD PCD _ U:I?D RCD
t + x - G(VCD )x + 1 > (113)
R ocr | (uePy
m@?D+PCDUED:Q(VcD)m+€ VD +R20D,
where

22

Rch _ O(éCD)el/Q(l 4 t)*%e_ec(cl){t)7
C $2
RS§P = O(5°P)e(1 4 t)~2e~ =00,

as |z| — oo. Now we state our main results in the following theorem.
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Theorem 1.1. For a given (v_,u_,0_), suppose that (vy,uy,0,) satisfies (L.7). Let (V,U,O)(t,z)
be a contact discontinuity solution of the form (1.6) with finite strength to the Euler system (1.4)).

Then, there exists constant €9 > 0, such that for each € € (0, €o], there is a smooth solution (v, u,d)
to (L.1)) on R x RT, with the same initial data as (VP UP ©YP), satisfying

(v—=V,u—U,0 —0)c C%0,+oo; L?),
(v,u,0), € C°0,400; L?), vz € C°(0, +00; L?),
(1, 0) 30 € L*(0,400; L?), Vpes € L*(0, +o0; L?).
Moreover, for each arbitrarily large T > 0 and small h > 0, it holds that

sup ||(v—V,u—U,0—0)(t-)|? < Ce'/?, (1.14)
0<t<T
sup (v =V, u—U,0 —0)(t,-)| < Ce'/*. (1.15)

0<t<T, |z[>h

Remark 1.2. Theorem shows the zero-viscosity-capillarity limit of the one-dimensional full
NSK equations with the same order of the viscosity and the heat-conductivity, and the higher
order capillarity, as the corresponding full Euler equations have a contact discontinuity. It is more
interest to study the limit for the one-dimensional full NSK equations as the viscosity, the heat-
conductivity and the capillarity have same order. Further, it is also important that we investigate
the limit with the heat-conductivity and the capillarity and without the viscosity as in [25]. Finally,
the convergence rate in may not be optimal. We conjecture that it can be improved to be
€!/2. These will be left for future study.

The remaining part of this paper is organized as follows. In Section 2, we reformulate the
problem and give the proof of Theorem We also collect the a priori estimates needed in the
proof of our main theorem, in Proposition Then, we establish the a-priori estimates for the
reformulated problem in Section 3.

Notation. Throughout this paper, ¢ and C' denote two universal positive constant which is
independent of time ¢ and may vary from line to line. LP(R)(1 < p < oo) are the spaces of

measurable functions whose p-powers are integrable on R, with the norm || - [[z» = ([ | - [Pda) v
For the case that p = 2, we simply denote || - ||z by || - ||]. And L*°(R) is the space of bounded
measurable functions on R, with the norm |- ||z = esssup,cg|-|. Furthermore, for a nonnegative
integer k, H*(R) denotes the usual L?-type Sobolev space of order k. We write || - ||, for the
standard norm of H¥(R). Finally, we denote by C([0,T]; H*(R)) (resp. L2?(0,T; H*(R))) the
space of continuous (resp. square integrable) functions on [0,7] with values taken in a Banach
space HF(R).

2. REFORMULATION OF THE PROBLEM AND PROOF OF THEOREM [I1]

In this section, we reformulate the original problem and in terms of the perturbated
variables, then give the proof of Theorem To begin with, suppose that U = (v,u, ) is the
exact solution to (I.1I)) with the initial data U(z,0) = (V¢P ,UP ©°P)(x,0), and define the
perturbated variables:

dp=v-VP Yp=u-U°P, (=6-0°P.

Let
T 1+t

Y= 27 T = E )

then from and , one sees that

¢7‘ - wy =0,
u, UZFP A1,
Urt (0= PPy = (2 = ep), 5 (2 (5),),), — B,
R 0 (,_)CD u2 (UCD)Q 51)2
ﬁ@ + (puy — PCDszD) - V(?y - VZ(JJD)y + (731 - %) +)‘“y(2T)Zé - %) — Ry,
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with the initial data
(]5(7'(),’!/) = w(T(hy) = C(T07y) = 07 (22)

where 19 = %, Ry = eR{P | Ry = eR§P and
OFVEP| +050CP| < Cere /T, |k IUCP| < ClofeCP), k=1

2 2 (2.3)
|Ry| < Ce¥/2e=0v /7 |Ry| < Cele™0¥ /7,

Set 71 = % Then we only need to show that for suitably small €, the Cauchy problem
and has a unique "small” smooth solution on R x [rp,71]. By the standard existence
and uniqueness theory (cf. [12]), and the continuous induction argument, it suffices to show the
following a priori estimate.

Proposition 2.1. Suppose that the problem [2.1)) and ([2.2) has a solution (¢,,¢) € C°(r9, 72; L?)
for some 19 € (79,71]. Then there exist positive constants €1, m1 and C, independent of €, such
that if

0<e<e, Toigpﬁ(llﬂbllz + (&, M) <m (2.4)
for small €1 and 1y, then o
s @ C oI + [y G o) dr < 0 25)
and o .
s by, ¥ys Cys Syy) (DI + /TO 1(Dyys Py Gy Dy P d7 < Ce/2. (2.6)

Suppose that Proposition [2.1]is true, we then are in a position to prove Theorem [I.1] as follows.

Proof of Theorem[1.1 For any T > 0, in view of (2.5)), we have

sup ||(v — VED o —UP 9 — (9CD)(t)||2
0<t<T

=e sup |[[(v-VPu-UP6-097) (1)

To<T<T1

< O3,
Then it follows from this and that
sup [[(v—V,u—U,0—0)()|?

0<t<T

< sup [|[(v—VP u—-UP 0-0P)t)|*+ sup [|[(VP -V, UP -U,0° —0)@1)|?
0<t<T 0<t<T

< Ce'/?

which gives (|1.14). Finally,
(0 = VP, u—UP,6 = 0P)(#)l|1= < Cll(d, 0, D21y 1y G < O™,
This, together with ([1.10)), yields (1.15). Hence we have completed the proof of Theorem O

3. A PRIORI ESTIMATE

In this section, we shall prove Proposition First, notice that the smallness of 77 in (2.4)
guarantees that
. ~ 9
2v+2v=VCD+¢2%, 20>6=6"+(> 7, (3.1)
where § = infy>0, zer O“P(t,2) and 0 = sup,>q g O“P(t,2). For the sake of clarity, we will
divide the proof of Proposition [2.1] into some Lemmas. That is, Proposition 2.1] can be obtained
by the following Lemmas [3.1}[3-3]
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First, we establish the first energy estimate for the unknown variable (¢, %, ¢)(¢, x) to problem
(2.1)-(2.2). For this, let us introduce the function ®(s) = s —Ins— 1, which is the convex function
for any s > 0. Then from ({2.1)), after a direct and tedious computation, we arrive at
‘ ROCP 6\ U36CP  ecD

v

o)+ b (gep)), + e

(3 L A5 + ROV

CD
+wfw%ww%f%mw N R T
0 @CD 0 CD
(= DE5)5), + POPUCP (10 5) + 8 ()
(), + Ul ) (- e () — ()

o5 (g e (2)
CD @CD @C’D@CD (@CD)2

+ %@ﬁy + V#CQ/ + VW(bCy - wawqx

QUCD (UCD)Z SUCD VCD (VCD)
Cy — QZ‘I/CD ¢C—A 206 (b +A w Yy — )‘Twy
5(¢y + Vy)2 _ Pyy + VUU)Q ¢

— R1Y — Ro=>.
206 v 0 1 20

Here we used

Jwﬂiéunnw=<2&«5gﬂ%+«ﬁg%g—%%n%%

R TRYVI)) Vv
= (72(7(7)y)yw+ ,05 - F)y - 'U5
(¢y VCD) Yy + 21/”1,1/711;3/ _ 61/’“2
06 v0 v7?
1,1,1 vy vy ViPw, oy o2
= (L CG),) et B T Nty Gy
5¢2UCD N V'yC:;Dwy B 51/’;1(‘@0]3)2
206 VP 206
with the help of (2.1));. Moreover, there exists a positive constant C; and Cy such that
Ci(s —t)? < @(g) < Oy(s —t)% (3.3)
Lemma 3.1. Suppose that the assumptions in Proposition [2.1) hold. Then it holds that
T2
w00 + [ 16yt G )P dr < CE2, (34
TOSTST2 )

Proof. Integrating (3.2)) with respect to 7 and y over [rg,7] x R (7 < 73) and using (1.3]), (3.1

and (3.3]) shows that
2 T ) 6 T
Voo ar+ [ NwngPar<e” [ [ Haar 39
T0O i=1 T0 R

H1 _ |UCDVCDC| + ‘UCD(VCD)QC‘ + |R11/J| + |R2C|,
Hy = (1057 +105PV,oP |+ (USP)? + [USTP (9 + ¢P)
+ 105 26¢| + [(USP)?¢¢| + [Ra| (67 + ¢),
= [USP gy | + 1052 CCy 1+ 105 P oy |+ [USP Caby | + [(ViEP)?Caby |
HUSTPVEPChy | + [V P Syl + UG Py,
Hy = [V Py + |(ViEP Py + U P62,

16 6:¢. 6 + [ '

where
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Hs = [VEPCoyy| + [USP L2,

Now let us estimate each term on the right hand side of (3.5). First, we employ Young inequality
and (2.3]) to obtain

//|UyCDVyCDC|dydT<e/ /|§\2dyd7+e //|UCDVCD2dydT
10 JR
e/ /|C\2dydT+C’e*1/ /(eefc"y /T~eefc°y2/7)2dyd7'
T0 R T0 R
2

_6/ ||C||2dT+C€3/ /6_49—y (36)
TO TO R
< e/ ||(||2dT+C’e3/ 12 dr
To 70
e/ <] d7 + Ce¥/2.
T0
Similarly, estimating the rest terms in fTTO Jg H1dydr, we have
| [ magar < [ Qi+ 10y dar o+ ). (37)
70 YR To

Next, utilizing Young inequality, (2.3) and e—coy’/T <1, one gets
[ [regPyociayar < [ [ (@2er i@y ayar < oe [ (olP+Ic ar. (35)
T0 R T0 R T0O

In the same way, we can deal with the remainder terms in [ [ Hodydr and the terms in
T . 0
fTO Jg H3dydr to obtain

/ / Hadydr < Cle + €2) / (61 + 1¢1?) dr, (3.9)

and

/ /Hgdyd7§0(61/2+e)/ ||¢||2dT—|—C’(el/2+e+63/2)/ <] dr
TO R T0 T0

e [ IwylPar+ces [ |ar (3.10)

MoEL / Iy 12 dr + Ce / by dr.
T0 T0

With (3.6) and (3.8]) in hand, it is easy to obtain

T 1 T T
/ /H4dyd7§ §/ ||1/)y\|2dT+Ce/ |y ||? AT + Ce'/2. (3.11)
70 JR 0 To
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Moreover, using (12.3)), Holder inequality, Sobolev inequality, (2.4) and Young inequality, and noting
e—coy?/T < 1, one obtains

/ ' /R Hsdydr < C / ' /R (|e/2e=<™ /¢ o 0, | + |ee™ ¥ /T¢H2|) dydr
<c / (/20N e Iyl | + ellClzoe 1y 12) dr
<c / (21l ey e |+ ell¢lin oy I ) dr (312)
<0 [ (@ mloylliy) +emlo|) dr

< C( + oy / Iyl dr + Ce /2y / iy |7 dr.
T0 TO

Finally, it follows from Hélder inequality, Sobolev inequality, Young inequality and (2.4)), that

/ / Hedydr < C / (2o 1, NSl + ¢z Iy 1y 1) dr
c / U8yl T + 1T Iyl 1) dr (3.13)

<o+ [ IolPar+ [ ol dr),
To To

Therefore, substituting the estimates of (3.7)), (3.9), (3.10), (3.11), (3.12) and (3.13) into (3.5)
and noting that e and 7; are suitably small, we have

l6.v.col+ [ |ogeeo| ar+ [ weia

Ce/ ||’L/JH2C1T+C(61/2+6+63/2+62>/ ||C||2d7'
o0 0

) T (3.14)
+(@2 ke &) ol ar Cletnad) [ llonlar

+C(e+e3/2+(61/2+6)n1)/ [yl dr + C (/2 + €/2).
To

Next, we deal with the double integral of ¢2 and ¢2,. We multiply (1.13), by Y to obtain

¢ & nn Y ;
(Gt 03+ OFGO), + 50, + B g 2O
Gy WV w%UCD R </> cp
= y+Ryy_ v;/ + v2y +(5_W> Uygy
_(72 T)%Vy + y?y ?ﬁy + Y %‘by
v (Vveb)2 vV v3 (3.15)
UyC'DvyCD(U+VCD)¢¢y 5¢§¢yy 6¢4 VCDQbyy !
B v3(VCD)2 +A( 7 _F s
2¢§V;;D L B0l VP 20 VPPV P 86y, (VD)2
V7 7 7
B 18¢2vyCD B 18¢§(VyCD)2 B 6¢y(‘/yCD)3) Rl@
v8 v8 v8 v
Here we also use that
1,1,1 10) oy 1,1 1,11 10}
CEG)) 2=l d))), 1), o,



EJDE-2025/74 SHORT ZERO-VISCOSITY-CAPILLARITY LIMIT 9

¢y 1,1 Uy Dy 2040
= (GG, + (), (- =)
Gy L1 v Vi Py 550 ¢2VCD
= (B3 (),),), + g S
8y VPP 20, VEPVEP 3¢y, (VEP)? 6¢§
o7 o7 o7 8

18¢2%CD N 18¢§(VyCD)2 N 6¢y(VyCD)3

8 8 8

v
Then integrating (3.15) with respect to 7 and y over 19, 7] X R (7 < 73) and using (|1.3]) and (3.1))
yield

6/ + [ (l6ulP + lomlar

T 5 T
Cl@|? + / loyl2dr + 3 / / Ldydr).
) i—1 770

Here we used the inequality

Jwtmas; [amarc [ @oa

and I;(i =1,...,5) are given by
I =Gyl To= 6%+ 62|y,
Iy = [V, P by + [V PV Pyl + (Vi P2 by + (V7P )Py + [ Ry,
Iy = [Vi7 Py | + (U Py | + 105 P ooy | + VP (C+ )yl + |USP ¢y + USSPV P by,
= [V Pydy| + (VP oy + (Vi Pyl + (V) 205 + V7P 65

Now we estimate each term on the right-hand side of (3.16| - First, using Holder inequality and
Young inequality, it is easy to obtain

T 1 T T
/ /Ildydrg g/ ||¢y|\2d7'+0/ I¢, |12 dr. (3.17)
T0 R T0 T0

By Holder inequality, Sobolev inequality, Young inequality and ([2.4), it holds that

| [ rtwar < [ o, elog?ar+C [ 6= 10164,
70 7o 70

(3.16)

. . (3.18)
< Clm +72) / 6,1 dr + Cmy / 6yl dr.
Moreover, as and . we have
/ /IgdydT <= / ||¢yy\|2dr+e/ by ||? AT + Ce'/?, (3.19)
and
[ [ ndvar <c@2vev ey [ ol +lo,Prar+ C@2 4 [ ol ar
0 JR B} T0 T0 (320)
Rl / (ICI” + ey ) dr
TO
Finally, similar to and ( , one obtains
/ /I5dydT
o IR (3.21)

<Cel [P+ et i) [ o,* dr+ et [ o, |Par
70 70 70
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Then substituting estimates (3.17)-(3.21) into (3.16)) and noting that € and 7, are suitably small,

we have

61+ [ (U617 + Iyl
Cl@)? + / (12 + 16 I1P)dr + (€2 + € + €8/2) / 1] dr

(61/2+e)/ ||¢||2d7+61/2/ ICI2 dr + €V/2),
T0 T0

which together with (3.14)) and the small behavior of € and n; yields

16,8, ) ()12 + / 1Sy 8y Cor Suy) P T
n . (3.22)
<SC(P e+t e?) / (@, Q)1 dr +C('/? +¢) / 1)1 dr + C(eV/? + /).

Then we can conclude from (3.22) by using the classical Gronwall inequality for 7 € [rg, 72] and
the smallness of €,

16,6, ¢, 6,) (DI + / 1By, Gy Gy by dr < CV2,

which is (3.4) in Lemma This completes the proof. O

Next we derive the derivative estimate. For this, let us multiply (L.13])2 by —,, and 9, (1.13))3
by @cp We have

Lo ROCP 2 L >‘ 2 gy UyCdejy CD
(iq/jy (VCD) (b yy)r + v + ( v - ¢T¢y (P ¢
PEPCY, v CURPU VSTV 11
Y Y 02 vV CD (VC‘D)Q
qpnyCD By N W0V PV ey, 15(VFP)% 0, Vycy{f%))
5 v v6 7 Vb Y

RO ROP  ROCP R ROP il
-G e * (ch)2¢5 vep )yt + (pepp)s® = (pem) o), v
1 ROCD ¥ qS 0 Py Pyy VP
+5 ((VCD) )-8, + VCDcywyy R inQ
¢y7f1yyUCD ucp yebyeb 5\ CD
02 + ( i}y - q)2y )ty — 206 by (Y +U;0)
5(dyPyy + 2¢yvy61;D + ¢nyyCD) B 15(¢; + SQ%VZJCD + 3¢y(VyCD)2)
v6 or
VEPVED  15(VEP)P VED ucr  yepyep

26 7 - Z:jéy )y'(/)y - (Vng - (VCD) ) Yy + Ritpyy,

(3.23)

A

+ A(

)¥yy

and

% v e
(QQ%D)T + vOCD Cz?y + (WT/’yCy - ;1/@@ - @c?jg (;)y
v(OGPy —05Pu,) B¢, (USP),  AGu, 52
220CD Gy — 0OCD vOCD — QCD (2U6 o )

AU 5(V7P)? VP Gy

QcCD ( 206 Y ) + R» @CD)y

_ 1 R9 ROCP 1 RO ROCD
= 3(500):5 + (gen)y 6oy~ oo ) + gentin(y ~ om

Vyy
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ROCP cyUyCD<Re ROCP RO  ROCP (USP

1
h @CDwyCy( VCD )y_ ecp \, = ycCD )y_ (7_ V€D ) ©CD

TR R G il i
©CD >vY 02 ©CD v2 y>Y
_ 1/( 1 ) ¢ (nyv - Cy%) - (CyVyCD + %95]3) + (@%DU B ®5DVyCD)
ecD/y>Y v?
+V( 1 ) C @5yDVc'D _ egDvyCD B (V 1 @yCyDvCD _ egDvyCD) C
QCD/y>Y (VCD)2 QcCD (VCD)2 y>Y
(¥, +UTP)? 1 wgP»? . 1 vy + 20, Uy
- v (@CD )yCy - VCD (@CD )yCy - vOCD Su
5y +VEPY? by +VSP L1
CcD Y vy
— Mty + Uy )( 2U6y - v = )(@CD)yCy
LT Xty SO VI by 4V
VCDQCD/y>Y eCD 26 0o

5(vCD)2 VCD UCD R (UC'D)Q
+ )‘(( vae - f}, >®yCD)yCy ~ yCD PyyCy + (Uéﬁ)ygy
_ AgyyéngD (5(¢?24 +20yV,"") _ %) + R Sy ).

e 206 v QcD/y

Lemma 3.2. Suppose that the assumptions in Proposition [2.1] hold. Then it holds that

T2

‘|(7/’yy,<yy)||2d'r

sup 1|6y tys Gy buy) (T2 + /

To<T<T2 To

SC(61/2+6)/ ||(Z5yy||2dT+C(77%+6%+€)/

70 70

T2

[Gyyyll® dT + Ces.

11

(3.24)

(3.25)

Proof. Taking a suitable linear combination of ([3.23)-(3.24]) and integrating the resultant equation

with respect to 7 and y over |19, 7] X R (7 < 73), we obtain

T 6 T
1641 tys Cyr ) (DI + / |y )P dr < €Y / / J, dydr,
) i=1 70

where
Ji = |9y Pyy| + CCyyyl + [y Cyyl + 08y Cyyl + [CyDyCyy| + |Gy thyy |
+ |15 Cyy| + 10y PyyCyy| + 105yl + [0y 0%yl
Jo = byt (057 + VIR + [y (VEP + 65P) + 03U P + |G Us P
+ 16Uy P+ by oy (U PVIP + UG P + 1605 PV P
+160y((057)? + 03, + 05 PV,IP + (USSP + [0y ¢, Uy Peg "
+ 16y y (VT PV P + (VPP + Vi )+ [y 6,05 P (V7P)? + VD)
1y (U PV P05 + UFP(VEP)2 + Uy PVEP)),
Js = 0wy (V7 POTP + O07 + (V722 + VEP) + ¢y (V;70)? + VigP)|
+1(0 + OGUSP |+ 00y (VIPULP + Ugl + (VIP)PUSP + Vi PurP)|
+10G (05 (05 + Vi + (V722 + (U7P)%) + (657) VP + o)
+05 VP VPP + U PUs P,
Jy = |¢ywyyUyCD| + |¢u¢w(VyCyD + (VyCD)Z)| + |Cy<yy(@5D + VyCD)|
+ 10y GOy P + [0y Gy Uy P+ 104y U POT P+ Gty (V) + VD)
+ |¢y§yyUyCDVyCD| + |Cy¢ynyyCD| + |¢yy§yyUyCD|7

(3.26)
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yyy Yyyyy
+1¢ U P (VP2 egP + Vy?f’@i” (%CD>3+VyCDVyiD Vi)
+USPVEPY? + USPVEP)| + |RaCyyl + |R205P¢,

Js = 1020y, ViIEP | + 160,05 | + (026,057 | + 162¢,, US P + |0a¢, US P05 P

+ 02y ¢y OF P + |1y byy ¢y OF P + [0y by G ViIEP O P + [ Cyytby by ViIEP |
+1(Cy + B0y 05",

Now let us estimate each term on the right-hand side of (3.26)). First, using Young inequality,
Sobolev inequality (2.4) and (3.4)), one obtains

and

<o / [ Gyauar € [ UG I+ o N ) ar
<51 [ Gaarec [ UG+ 1olonlIc ) ar

1
a1 [ [ Guaaric sw <Gl [ v dr

I A

T() T T

(3.27)
+C sup 6yl / 16,12 dr

T[) < ST

T 2
< //nydydTJr* sup |G lI*+C sup 1¢]1? / [y dr)
ST 16 1,2 .

<r<r To<T<T

2
+gg s Ny P +C sup 6yl ( / 16,12 dr)
To

48 ’T(] < ST T() 7' T

1
2 2 3 2
<gi ) [Gdurs g s 161 g s o+ O

| [ 003l + W ul) e

1 7 T
=21 / /R@?ydydfw / (leyllZee + 1 6yylZe)llwyl* dr
T0 T0

IN

1 T T

o / 1oyl dr+C / U s | + I llldpay D 1y 12 dr
T0 TO

1 T 1 T T

51 | Nl dr+ g [l ar 40 [ w1 ar

e / Ubyl12 + lbyuy )16, dr

IN

<gi | Il ar s [Cnltar v cosp g [ Rar
To

TO T T

+C s o / ||¢y||2d7+c sup_ 0y / |Gyl dr
T0

T() 7' T T() T T

<51 ) Il g [ lPar - Crte s
70

TO T T

£ sy ol + Ot [ 617 dr
70

To 7' T
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In the same way, we can deal with the remainder terms in f T fR Jy dydr. Then we have

[ [anar<g / (ol + 16 b+ O 6430 o

1
( + Cnie'/?) sup l6y1” + 5 sup 1¢yl1? (3.28)
T(] T T TO 7' ST
+ (4 CE2) sup (bylP+CrE? sup [y + CEY2.
8 To<7<T To<7<T

Next, employing (3.4)) and using a similar process to (3.8), we have

/ / Jydydr < C(e+e3/2 + €2 +65/2>. (3.29)
T0 R
By (2.3), Holder inequality, Sobolev inequality, Young inequality and (3.4)), we obtain
/ / [V.EPOSTP g, | dydr
170 JR

T cou?
gc/ /|ee*72‘1 o, | dydr
T0 R

<c / ell bl byl or /5 dr

<O [ el 47

1
: 24/ Il dr +C / 61/ s, |28/ 512 dr
1
<51 [ Wl ar w0 [ eperse o [ o car
1 [ B .
< o7 | IWnlPdr+C sup [92€¥ /2 40 sup [y, |27/ 2 70
24 To<T<T ro<r<r
1
=2 / [yl dr+ 0/ sup [|9] + CeH sup oy |
24 To<T<T To<T<T

1
S24/ Hwyy”2d7+064/3 sup H¢y”2+062/3
To<T<T

We can similarly estimate the other terms in f T fR Js dydr to obtain

[ [sanar < g [l + lwl®yar+ e [ ol ar

FCATO sup G+ O+ %) sl 330)
To<T<T ToSTST

+ /0 sup [|gy |2 + O (2% + €35 4 €23/12 4 (6124,
To<T<T

Moreover, utilizing (2.3)), Holder inequality, Sobolev inequality and Young inequality, one obtains
T T e 2 .
/ / USP dytbyy | dydr < C/ / lee ™Y /T p by, | dydT
70 YR 70 YR
<c [ dinllolrdr
70
<C [ el 6, /4 dr
To

1 T T
<1 | WowlParece [ 6,12y, ar
70 70
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1 T T T
1 / gy I? dr + Ce / by |2 dr +C / by 27 dr
64 To To To

1 T T
5 | WwlPdrsce [ o, Par o s o)
70 70

T(] ‘f' T

Similarly, we estimate the other terms in f: Jg Ja dydT to obtain

[ [mavar < [l 160 ar + 0@ +) [ o ar

+O(ez+e)/ [ pyyyll” A7 + C (/% + €+ €7) sup ¢y ||°

To<T<T (3.31)
+Ce® sup Hwy||2+Ce sup ||¢>yy|\2
To<T<T To<T<T
+C(e+€e+€%) sup [¢l*
To<T<T

With (2.3)), Holder inequality and Young inequality in hand, we have

/ / ((VEPY2VEP Y, | + | Rythyy ) dydr

T 3 o
< C'/ /(|e e T
< C/ 2||wy||71/4d7+ / ||¢yy”2d7'+06 / / dydT

<c syl [ g [ lonl?ar+ o / /2 dr
To 70 To

To<T<T

32eme0v Ty, |) dydr

T 3/2
<Cét swp [l +5 [ ol dr+Ce
70

To<T<T

1

sup [0y + 5 [ ol dr+ Ce2,
To

87'07—7'

Hence, we obtain

/ / J5 dydT

1 1 (3.32)
<< / (g1 + N Gul?) T + = sup [l 12 + sup Gy 11° + C (2 + 72).
8 8 To<T<T 8 To<T<T
By (2.3), Holder inequality, Sobolev inequality, Young inequality and (3.4)), we have
/ / |UyCD¢§ny| dydr < C/ / |ee*00y2/r¢§<yy| dydr
T0 R T0 R
<Ce [ aylilGalirt/dr
To
<Ce [ ol llGulr ar
o (3.33)

<P / 1oyl dr + CE/2 / 16y 1216y 1272 dr

<z [T, IPdr+C sup 16,11 l16y11”

TO ’T() 7' T

<2 / [Gull2dr + O/ sup 6y,
T0

T(] T T
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nc 2
Noting e~ "+ < 1, for n € N*, similar to (3.28) and (3.33)), one obtains

[ [reawr <c@ 49 [ JoplParscé’ [ g, (e e
7o YR To To

1 T
+(§+Cel/2)/ gy 2dr + C (/2 + e+ €/2) sup [y 2 (3.34)
70

To<7<

+C(61/2+61/477f+6) sup ||Cy||2+C'(61/2+6+63/2) sup Hl/)sz.

To<T<T To<T<T

Substituting these estimates (3.28)-(3.32)) and (3.34) into (3.26) and noting that € and n; are
suitably small that we can prove (3.25)) for 7 € [y, 72] in Lemma This completes the proof. [

Finally, we deal with the estimations for [ [|¢,y[|>dr and [ [|¢yyy|/>dr. To this end, we
multiply 9, 2 by ijy to have

2
yd Agp o Lo (RO, R
- 2t 2 3, - Ry B, - B
(Uﬁ,};% - QUyC?’JDvyC’DQSy UyCD‘/yCyDgﬁy N QUfD(VyCD)2¢y
V2 v3 v3 vt
USBe, | WSPVEPs, | USOVEPe, | AEPVEDPe,
LV CD ’U(VCD)2 ,U(VCD)Q ’U(VCD)?’
CcD CDy/CD CD
ey, o VO VPV | 1P,
v vt Y v o7 v®

- VyCDVCD(by N 1O(VyCD)2VyCyD¢y _ 15(VyCD>4¢y) + Pybyy
v

yyy
7 v8 9
ig _ RGCD) @ _ R9¢y¢yy + RGydyy - R @)
v VeD Jy gy v3 02 oy
CD CDyY/CD CDy/CD CD (1/CD\2
(i) 2 +(Uyyy _ 2Uyy Vy _ Uy Vyy _|_2Uy (Vy ) ) 6
2/ 7YY 2 3 3 vl y Y

c CcDy/C CcDy/C c c
_ ( UyyZ . 2UnyVy P Uy DVny 2Uy D(Vy D)2

wVCD ~ y(VCD)2 (VD)2 + o(VCD) ), by
L 200 (B Wy + Up”) 90 V™) (UG P)G5 00 Vi
v3 V3
20y (by + ViEP) by + 2050 (65 + 20, ViEP) by,
ot
VA2 10y ¢DPyCD 15(1/CD)3
v6 v’ 8 Y
CDy/CD CD\2y,CD cD
VYR 100G 1!
o7 8 09
4 2 (L0 600y + 100,57
v U6
15(g5 + 305V, + 30, (ViEP)?) o
o7 yyy
i i (d)yyy + Vygi) _ 10((153; + VyCD)(d)yy + VyCyD)
v2 vd 6
15(¢, + V,7P)? 1 1
+ Ty)@éy‘ﬁyy - (5)T¢y¢yy + (;)yd}?ﬂ[}yy
Pyyy 10(dyyy + ¢yVyCyD + byy)
’U5 1)6

—(
1
T2

), %y

c
AVEP

02

(
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N 15(¢3 + 3¢2V,EP 4 3¢, (V,P)?)

R
o7 )byy + W¢95D¢yyy

RO R
v73)y¢y - (Uﬁ>yCy)¢yy

¢¢ynyyCD - Rl (%)y

L N

(%
ROCP (v +vEP)
v3(VCD)2

Lemma 3.3. Suppose that the assumptions in Proposition [2.1] hold. Then it holds that

R
+ U—qubynyyCD - (3.35)

T2
sup [l ()] + / 1(Gyys by |2 dr
T0<T<T) 7o
(3.36)

<Csup (60 GO +C [ GG+ Ce

To<T<T2

Proof. Integrating (3.35)) with respect to 7 and y over |19, 7] x R (7 < 73), we have

oy (1)]1? + / 16y, Sy dr

; 7 (3.37)
<+ [ 1w amitar+ 3 [ [ Kavr),

where
+ 15y Uyl + V5 dyy| + |85byuyl + [y Sydyyl + 8505, + Syduyl,
Kp = |¢22/(Uycz;ly) + Uzg;DVyCD + UyCDVyC@;D + UyCD(VyCD)Q)‘

HIBVEPVED + (VEPPVEP + (VEPY),

yyy Yyyyy
CDy,CD CDy,CD

K = [yt Vy P+ [y by (Ve ” + (V7)) [0y by (U PV7P + U

by 0y (Vi + Vi PV + (VTP 16y byy (Vi ” + (V7P)?)
+ |¢yy¢ynyyCD| + |¢y¢yyU5D| + |¢y¢yy(VyCD + @5D)|
+16bu Vi P 10 VP L+ 163,001+ 165, (V7))
+ |¢y¢yyy(VyCD + @5D)| + [R1¢ydyyl,
Ks = |¢yy(VyCDVyC;5 + (VyCD)2VyCyD + (VyCD)4 + Vygz?y + (VyCyD)2)|
1y (VY Vg + Vi Vi + Vi Vi + (V0P V"
+ VyCD(VyC;,D)2 + (VyCD)S)‘ + [ R1¢yyy| + |RlVyCD¢yy|a
Ko = |05 0yyyVy P+ [0y 05, Vi P14 10565, (Vig” + (V7P)?)]
+ |¢§¢yyUyCD| + ‘¢y¢y¢nyyCD| + |¢f,¢nyyCD|,

Ko = [0 USH + USPVED +USPVEP + USP (VPP

Firstly, similar to (3.28)-(3.32]) and (3.34]), one obtains

T 1 T
| [ mrauar <G [ 601 + 1l + 161 ar
70

70

1
(5 +Onte?) sup [y, (3.38)

To<T<

+Cnte!?(sup (lgyll* + sup |vyl*) + Ce2,
To<T< To<7<
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T
/ / Ky dydr < Ce*/?, (3.39)

T 1 17 35
[ [ madur < ¢ [Clgular+c(F +8) s I
) 7o

To<T<T (340)
+ C’(e% + e%),

T 1 T
| Eadur < g [ U0 + 10l + 161 + o 1) ar
70 7o

+C€ sup [|GIP+C(E+ € +€0) sup oyl (3.41)
To<ST<T To<7T<T
JFC(E +e )( sup M’sz SUP ||¢yyH )s
To<1T<T To<T<T
| [ Raavar < 4 [ogmlPar+ 3 s (66012
5 T — T - 5
e 8, 8 ro<rr 0 (3.42)

+ 0(63/2 + 55/2),

//Kﬁdyd7§0(61/2+5+51/2771)/ ||¢yy||2d7'+061/2/ ||7f1yyH2d7'
70 /R To To

T (3.43)
Lo / IouelPdr + C(2 +€) sup byl + Cle+ ).
T0

To<T<T

It follows from ({2.3]), Holder inequality, Sobolev inequality, Young inequality and (3.4]) that

T T coy? coy?
/ /K7dydT§C’/ /|e2(e*00y2/T+e*2°7 +e ) g2 dydr
T0 R T0 R

<ce / 16]17/4)16, 2 dr
To

<ce [ ol oy dr
T0

<ce / 6y, |2 dr + Ce? / l$l12r/2]1 g, 12 dr
) 70

<ce / opl*dr+C swp 9l sup_ [,
To

TO T T T() ‘I' T
-
<C 2/ l|byyl|? dT + Ce3/2, (3.44)
Substituting estlmates 1 into (3.37) and noting that € and n; are suitably small, we
can prove - for 7 € [TO, 7'2 in Lemma 3 This completes the proof. O
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