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NORMALIZED SOLUTIONS OF FRACTIONAL KIRCHHOFF EQUATIONS
IN THE DEFOCUSING CASE

ZHENYU GUO, TIANQING ZHANG

ABSTRACT. In this article, we focus on the normalized solutions to the fractional Kirchhoff equa-
tions with subcritical nonlinearities in the defocusing case. By applying distinct suppositions
to the coefficients of nonlinearities, namely ¢ < p, we prove the existence and nonexistence of
normalized solutions. Also we obtain new results on the characterization of ground states of the
fractional Kirchhoff equations.

1. INTRODUCTION

The aim of article is to study the fractional Kirchhoff equation
(a +b |(—A)S/2u\2dx> (—=A)*u = Au+ plu|?%u + |ufP%u  in R (1.1)
R3

with a prescribed mass

/ uldx = 2. (1.2)
R3

In this article, except for additional statements, we assume that a,b,c > 0,0 < s < 1,2 < ¢ <
p <2t = 3_628 (2% is the Sobolev critical exponent), N = 3, A € R is a Lagrange multiplier and
w < 0 is a parameter. For equation , we name the focusing case when p > 0, and defocusing
case when p < 0. In equation , (=A)*® with s € (0,1)), namely the fractional Laplacian, is
generally specified as

(—A)sv(x):C'sP.V./ Mdy

s |z —y[Pr2e
= C, lim v@) ~ vy) - fg{}
e—0t R3\ B, (z) |.Z‘ — y|
1, [ vlety) ol —y) - 2
3 o e

(1.3)

dy

for v € S(R3), where S(R?) denotes the Schwartz space of rapidly decaying C*° function, B (z)
represents an open ball of radius e centered at x, P.V. is the principle value, which is defined by

the latter expression in ([1.3)),
1—cos(&) , .\t
R TGP

For u € S(R3), the fractional Laplacian (—A)* can be regulated by the Fourier transform (—A)%u =
FY(|€]?* Fu), F denotes the usual Fourier transform.
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When setting a = 1, s = 1 and b = 0 (that is to say, (1.1]) turns into the Schrédinger equation),
in 1997, Jeanjean [13] studied the existence of the normalized solutions to the Schréodinger equation
in the case of the corresponding energy functional

1 LR
F(u :f/ Vu(z))?dz — : / w(z)|7 1 2da
=3 [, Vuefe =3 5 | luta)

is unbounded from below on the L?-constraint set
S(c)={ue HY(RY), llull L2 myy = c}

initially. Lately, such type of problems have attracted extensive attention in the field of partial
differential equations. For instance, Soave [24] gave the existence and some properties of ground
states for the nonlinear Schrédinger equation with combined power nonlinearities

—Au =M+ plu|T?u+ [ulPPu i RY, N >1,

/ |u|?dz = a?.
RN

As for other results of the Schrédinger equation, we refer readers to [4] [11], 25l 27] and the references
therein.

When considering the case a = 1, s # 1 and b = 0, i.e., for the fractional Schrédinger equations,
see [18] [29] and the references therein for results about the normalized solutions to the fractional
Schrodinger equations.

When b > 0 and s = 1, equation becomes the classic Kirchhoff model; this type of
problems has also been researched by many authors [, T4l 2T]. In fact, such model has relation
to the stationary solutions of equation

Ut — (a + b/RN |Vu|2dx) Au = f(z,u). (1.4)

This equation comes from the traditional D’Alembert wave equation which was given by Kirchhoff
[14] in 1876 in the process of studying the changes in the length of the string during vibrations,
where f(z,u) denotes a general nonlinear term. Additionally, it deserves attention that in [I]
equation models some physical systems, where u explains a process which is related to the
average of itself. A lot of papers about the Kirchhoff type equations emerged with the emergence
of this ground breaking article [21I]. For example, considering a Kirchhoff model, together with
a critical Trudinger-Moser nonlinearity f(z,u), a class of fractional Kirchhoff-type equation with
Trudinger-Moser nonlinearity was discussed by Xiang, Radulescu and Zhang [20]. Using appro-
priate assumptions on the potential function V' and some energy estimates techniques, Chen and
Huang [6] obtained the existence results of normalized solutions for a fractional Kirchhoff-type
equation

on the normalized manifold

(a + b/ \(—A)s/2u|2dx) (—=A)*u+ V(z)u = clulP~%u + pu in RY
RN

with doubly critical exponents (when considering the case N = 4s, the critical Sobolev exponent

2% = NQiVZs and the fractional Gagliardo-Nirenberg-Sobolev critical exponent 27 ¢ = %

equal, and 2 = 2388 — 1) In addition, in 2024, the existence of the normalized solutions to

the fractional Kirchhoff equation with subcritical nonlinearity

are

(a + b/ \(fA)S/2u|2dx)(fA)su = M+ plu)f%u + |ulP%u  in RY
RN

was studied in [§] in R® with s € (3/4,1) and p < 0.

If the constraint condition is considered on this basis, some universal methods do not take
effect. As a result, we need to establish extra claims to solve the technical obstacles. As is known
(such as in [13)]), has definite physical motivations. Consequently, it has sparked a wave of
research on the normalized solutions. More specifically, the practical application background of
operator (—A)?® includes the following aspects such as fractional quantum mechanics [I5], physics
and chemistry [19], conformal geometry and minimal surfaces [5], obstacle problems [23]. Caffarelli
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and Silvestre [2] adopted the extension method which converted this nonlocal problem (due to the
nonlocal feature of the operator (—A)* on RY (N > 1)) to a local one in higher dimensions. What
makes this amusing, of course, is that this method can go for nonlinear equations with a fractional
Laplacian, we refer readers to [7, 9] and the references therein.

About equation , there are usually two classes of treatments. On one hand, we can think
of it as a fixed frequency problem, in other words, we look for solutions v € H*(R3) by hunting
for critical points of the action functional M : H*(R3) — R:

a S b S 2
M) =5 [ I-ayTupde + 1(/}R (-2)/2uPd)

A 1
- 7/ lu|?d2 — H/ |u|?dx — 7/ |u|Pde,
2 Jps q Jgrs P Jrs

where A € R is a fixed frequency, readers can see [12], [I7] for more results.

On the other hand, we can also search for solutions to with a prescribed L? norm. In
this case, we see A € R as part of unknown quantity. As everyone knows, equation has roots
in the standing wave type solution ¥ (z,t) = e~ u(z), A € R to the time-dependent nonlinear
fractional equation defined by:

G = (arb [ a1 2uP) ayw = f(u, n B, (16)

(1.5)

where s € (0,1), i represents the imaginary unit, and v = ¥ (z,t): R? x [0, +00) — C. It is easy to
see that 1) solves if and only if the standing wave u(z) satisfies with f(u) = pud=2+uP=2,
After computations, we can see that solutions ¢ € C([0,T); H*(R?)) to has conservation of
mass along time, therefore this method is extremely significative from the physical perspective.

Now mention some publications that consider normalized solutions to ([1.1)). Li, Luo and Yang
[16] proved the existence and properties of solutions to with s = 1 under normalized constraint
fR3 |u|?’dx = ¢®> when a,b > 0 and p > 0, namely the focusing case. As far as we know, the
defocusing case of problem with the condition was mainly studied by Soave [24] with
b= 0. The situation b > 0, u < 0 and s = 1 was studied in [3]. The defocusing case of fractional
Kirchhoff equation was part of Ding’s result [8]. We further extended his results (see Theorem
and [2.10). In this paper, we take the case of b> 0, u < 0 and s € (0,1) into consideration.

Before presenting the main results of our paper, let us first recall that the fractional Sobolev
space H*(R3) can be defined as follows:

H*(R®) = {u € L*(R%): /RS [(=A)2u*dz < +o00}

with the norm

Jull? = [ (1(=8)"2uf? + fuP)da

|2
— d — "7 dady.
[ |(A)Pulde = // |x—y|3+2s @dy

HE(R?) = {u € H*(R®) : u(z) = u(|z), = € R*}.

In this paper, we denote by | - |, the usual norm in the LP(R?) space, ST = S. N H and u* the
symmetric decreasing rearrangement of the modulus of u € H*(R3). The functional E,, : S. — R
is regulated as

a s b s 2 1
B =5 [ 18y upes ([ ayrupan) <2 [ s 2 [ upaa,

where S, is the constraint space

where

Also we define

Se={ue H*R%): / lul?dz = ¢*}.
R3
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It is easy to check that E, € C*(R3,R). Thus, the weak solutions of (L.1) under the constraint
(1.2) can be obtained as critical points of the functional E,,.
We can easily prove that, if u € H*(R?) is a weak solution of (1.1]), then we have the Pohozaev
identity
Pu(u) = al(=2)"2uly + bl(=2)*2ul3 — ps gluld — 8splulh = 0,

3(p—2) _ 3(¢g—2)
where §,, = 557 , 0s,qg = 5q

the Pohozaev set

. Therefore, the critical points of F, is certainly contained in

{uES P,( —0}

(see lemma [2.3| for a proof).
By simple calculations, we can show that d5, € (0,1) (when 2 < p < 2%) and

8s 6
g <4< Pls,, H2<qg<24+—<p< ,
q0s,qg = POs,p; 1 q= +3 p 395

where 2 + 8—5 is the mass critical exponent for the Kirchhoff constrained minimization problem,
namely, 2+ is the threshold exponent for many dynamic problems, see [28] for more information.
In this artlcle, we will be concerned with ground state solutions, wihci are defined as follows.

Definition 1.1. We say that @ is a ground state of (1.1) on S, if it is a solution to (|1.1) having
minimal energy among all the solutions which belong to S.:

dE, s, (u) =0 and E,(u) = inf{E,(u) : dE, s, (u) =0, and u € S.}.
And the set of ground states will be denoted by Z .

To go over the obstacles about the convergence of the Palais Smale (hereinafter referred to as
PS) sequence of E,,, we build the sequence {u, }nen satisfying

P,(u,) =0,
when n — oo. Thanks to the normalized condition (|1.2)), we define the dilations
(wsu)(z) = > ?u(e?s), ae. inR3

which retain the L? norm, more precisely,

/ (w*u)de:/ u?dz,
R3 R3

and it is a continuous map from R x H*(R?) into H*(R?). Furthermore, we introduce the following
fiber map

ae2sw bedsw qds,qsw epés,psw

S S €
Ti(w) = By(w s u) = ——|(=28)"2ul; + |(=2)"2uly — g el
where 05, = 3(5;12) d dsp = 3(55_172). By using the functional J#, we cast a function into the

Pohozaev set. Soave [24] and Li, Luo and Yang [16] have also applied such idea.
The main results of this paper are organized as follows:

o If n<0,2<qg<p=2+ % = p, we prove that under the condition does not
have solution.

e [f2 < qg< 2+ 85 <p< ﬁ are given constants and p < 0 satisifies an additional
assumption, we prove that there exists A < 0 such that under the condition has
a solution. The solution is radially symmetric, and is a ground state on S..

e If2 < g <2+ & <p< 3_625 are given constants and p < 0 satisfies an additional
assumption, we also give a characterization to the set of ground states.

For overcoming some technical difficulties, the main proof of our results involves the techniques
used by Soave [24], Li, Luo and Yang [I6]. This paper is organized as follows. In section [2] we
give the notation and assumptions and we enunciate our main results. In section [3] we prove some
results concerning the subcritical case (namely, the main results in this paper).
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2. PRELIMINARIES AND MAIN RESULTS

Lemma 2.1 ([7]). Let s € (0,1) and p € [1,+00) be such that sp < N. Then, there exists a
positive constant Ss = Ss(N,p, s) such that, for any measurable and compactly supported function

u:RY = R, we have
u(y)[®
. —————=dxdy, 2.1
% M2N \x— |N+29 4 ( )
2N

where 25 = =5 18 the so-called fractional critical exponent. Moreover, (2.1)) becomes equality if

Sq|ul?

s

and only if 1 = K(i® + |z — x0|2)’N52‘ with KK € R\{0}, it > 0, 2o € RY fized constants, S is
the best Sobolev embedding constant.

It is known that if p € (2,2%), then there exists an optimal constant C(s,p) such that
1-84.p
lulp < C(s, )| (=A)* Zuly" " fuly ", (2:2)
holds for all u € H*(RY). (2.2) is called of the fractional Gagliardo-Nirenberg inequality.
Lemma 2.2 ([I8]). Let u € H*(RN), N > 2 satisfy the equation

(=A)"u = g(u),

then N9

— |(=A)*2u?dz = N G(u)dz,

2

RN RN
where G(u fo
Lemma 2.3. Let p,q € (2, N2iv25] and \,p € R. If u € H*(RYN) is a weak solution of the equation
in the N-dimensional space corresponding to equation (1.1), then it satisfies the PohoZaev identity
Py(u) := a|(=A)*Puly + b(=A)"?ul3 — nds gluld — 55 plulh = 0, (2.3)
2 —2

where §5,4 = (quq ) and 6, (21;;; ),

Proof. Set A=a+b [pn |(— A)*/?y|2dz. According to the lemma we have
1
(—A)°u = Z()\u + p|u] T 4 ufP ). (2.4)

Let f(u) = & (Au+ plul92u+ [u|P~2u), then F(u) = & (3]ul® + Blul?+ 1%|u|p). According to the
assumption that u is a weak solution to the equation in the N-dimensional space corresponding
to equation ([L.1)) (in other words, multiplying the above equation by u and integrating), one has
that

/N A(=A)u - ude = (Auf2 + pluld + [ul?). (2.5)
The above equality implies Fhat
Al(=A)2uly = (Alul3 + pluld + [u]?). (2.6)
Multiplying by N%QS, it holds that

N N N
Al(=A)* Py = 3 a 2.
N o5 Al A uly = oAl + oaluli + (27)
By lemma [2.2] we have that
2N /A 1 1
)2 2:7(7 24 Brye g2 P), 28
[(=A)"2ul3 AN —29) g lulz + 7 ulg + lul (2.8)

Combining the above two equations, we obtain that

(1 B N]j2s)A|(_A)S/2u|§ - ’u(q(NQZYZS) B N]j23>‘u|g + (p(N2JX2s) - N]j%)‘uﬁ'

From the above equality, one deduces that
A|(7A)S/2u|§ = Ws,q

u|g + 537p|u|g.
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Thus, the fractional Pohozaev identity holds, namely,

al(=A)*Puly + b(=A)"2uly = pbs qlull + 8 plul?. O
For convenience, we decompose the set P, , into three disjoint sets as follows:
=P, UP) ,UP,,,
where
P = {u € Peyus 20| (=A)ul + 4b|(—=2)*?ul} — uq8? uld — ps; ,ulh > 0}
_{uepw,( )" (0) > 0},
= {u € Peu 20| (=A)*2uls + 4b|(=A)*ul5 — pq8? ,|uld — poZ ,|ulf < 0}
= {uEPC,“( ) (0) <0}
= {u € Peu, 20| (=A)*ul + 4b|(=A)*ul3 — g8}  |uld — poZ ,|ulf = 0}
7{u€77¢#,( ) (0)—0}
where

() (0) = (201 (~A)/2uf3 + 4b](~8)2ul} — ugd? ult — po? Jul} )
Next we state a lemma that is a type of minimax principle. But first, we state a related definition.
Definition 2.4. Let X be a topological space and B be a closed subset of X. We say that a class
F of compact subsets of X is a homotopy-stable family with extended boundary B if for any set
Ain F and any n € C([0,1] x X; X) satisfying n(t,z) = x for all (t,z) € ({0} x X) U ([0,1] x B),
we have that n({1} x A) isin F.
Lemma 2.5 ([10, Theorem 5.2]). Let ® be a C' functional on a complete connected C*-Finsler

manifold X and consider a homotopy-stable family F with an extended closed boundary B. Set
m=m(®, F) =inf gc p max,c 4 ®(x) and let F be a closed subset of X satisfying

(1) ANF\B # 0 for each A€ F.
(2) sup®(B) < m < inf®(F). Then, for any sequence of sets {An}n in F such that
lim, sup,, ® = m, there exists a sequence {x,}, in X\B such that

lim ®(x,) =m, lim ||[d®(z,)| =0,
n—oo n— oo
lim dist(z,, F) =0, lim dist(z,, A,)=0.
n—oo n—oo
Lemma 2.6 ([I8]). Let N > 2, then H:(RY) is compactly embedding into LP(RY) for p € (2,2}).
Lemma 2.7 ([I8]). Let s € (0 1) For cmy u € H*(RY), the followmg inequality holds

u(y))?
d dy < ~~ 7 7 dad
// |xf |N+25 = // |1_ |N+25 e

Next, we state the main results of this paper.

Theorem 2.8 (Subcritical case). Let N =3 and2<q<p=2+%=p. Ifb> %C(s,ﬁ)ﬁcﬁ_4
then there is no solution to problem (1.1)-(1.2) for any u < 0.

Now, we define the constant

L a Pés,p—2
%= (g cmpranm)

Theorem 2.9 (Subcritical case). Let N = 3 and 2 < q¢ < 2+ 3 < p < 25 = 35 be given
constants. If p < 0 satisfies
1 ds
(1= ) e+ BORCT " 4 u(F4 1) Cls, @)1t = 0 <0, (2.9)

S,p s,p
then E,, s, has a critical point u at a positive level m(c, p) = infuep, , E,(u) > 0 satisfying: u is

radially symmetric, it solves (1.1) for some A<0 anditisa ground state of (1.1) on S., where
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C(s,q) is an optimal constant such that the fractional Gagliardo-Nirenberg inequality holds (see
inequality (2.2) ).

The following theorem characterizes the ground states.

Theorem 2.10 (Subcritical case). Under the assumptions of Theorem |2.9, if v € Z., (see
Deﬁmtzonnfor the definition of Z., ), then el € Z, . for each 0 € R Moreover, if u is a
ground state, then the associated Lagrange multiplier \ is negative.

3. SUBCRITICAL CASE

In this part we prove Theorems and First we list some lemmas. Since some of
these lemmas appear in the references, we omit their proof here.

Lemma 3.1 (Jeanjean [13]). For u € S, and s € R, the map ¢ +— s ¢ from Ty, Se to TseuSe 18 a
linear isomorphism with inverse ¢ — (—s) 1, where T,S. = {¢p € Sc : [pn updz = 0}.

Next, we will discuss the convergence of a class of special PS sequences satisfying appropriate
additional assumptions. The idea used in the proof was first introduced by Jeanjean [13]. Then
Soave [24] applied this idea to study the normalized solutions to the nonlinear Schrédinger equation
with mixed nonlinearities.

Lemma 3.2 (Compactness of PS sequences). Let 2 < g < 2 + 5 <p< 305 2 be given constants.
We suppose that {un}nen C Se is a PS sequence for E, g, at level ¢ # 0 and it holds

(i) Pu(un) =0 asn — oo.
(ii) <0 and (2.9) holds.

Then, going to a subsequence, u, — u strongly in H*(R3), and u € S, is a radial solution to (1.1)
for some A < 0.

Proof. In this lemma, we argue directly. Since P,(u,) — 0 as n — 0o, we have that
al(=2)"2un|5 + bl(=A)*Punly — p8s,qlunl§ = 6 plualh = o(1), (3.1)
as n — 0o. Therefore,

c+1>E,(uy)

b
/\ S/Qun|2dx+f / [(—A) 5/2u\dx —f/ |un|qdm—7/ |, [Pda

_a<§_ 1 ) (- )s/2un| dx—‘,—b(—p;&p)( R3|( )s/2u |2d$)

DIs p

7 q0s,q
— (1= l9d 1
q( pés,p) g || 7da + o(1)

(fA)S/zun|2dx+be ! )( R3|(7A)S/2un|2dx)2+o(l),

20(3 )
o 2 p(ssm p(ssm

as n — 00, where we used the fact that E,(u,) — ¢, the equivalent deformation of (3.1) and

f%(l — Zgi) > 0 (since p < 0,0 < ¢dsq < pdsp). From the above inequality and the fact
s,p
2

that |u,|3 = ¢, we deduce that {u,} is a bounded sequence in H*(R?). Besides, Hilbert space
H*(R3) is a reflexive Banach space. In the reflexive Banach space H®(R?), bounded sequence
{uy} has weakly convergent subsequence {u,} (for the sake of brevity, the subsequence of {u,,} is
still represented by {u,}). According to lemma HE(R3) < LP(R?) compactly for p € (2,27),
there exists u € H?(R3) such that

Eel
()

Up —win HE(R3), w, — uin LP(R?), wu,(z) — u(z) a.e. in R, (3.2)

as n — o0.
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Since {u,} is a bounded PS sequence of £, , by applying the Lagrange multipliers rule, we
conclude that there exists A, € R such that

a/ (—A)S/2un(_A)s/2¢dx+b|(—A)S/2un|§/ (—A)*uy (- A)* P ¢da
R3 R3

- /.L/ |un|q_2un¢dx _/ ‘un|p_2un¢dx - /\n/ uppdz (33)
R? R? R?
= o(1)[|]] a=,
for all ¢ € H*(R?). Letting ¢ = u,,, we have that
a|(—A)S/2un|§ + b|(_A)S/2un|£21 - ﬂl“n‘g - |Un|Z - )‘n|un|g = o()|Jun| g (3.4)
Therefore,
1 S S
An = =5 (al(=2)2un 3 + bl (=2)2unl} = plunlf = funls) +o(V)unll=. (35)

As {u,} is a bounded sequence in H*(R3) N LP(R3) N L4(R?), from the above equation we obtain
that {\,} is a bounded sequence. Thus, going if necessary to a subsequence, there exists A € R
such that

An = A (3.6)

as n — 0o. In the remaining of this proof, we prove that A < 0. From P, (u,) — 0 as n — 0o, we
obtain that

a|(—A)S/2un|§ + Z’|(_A)S/2un|42l = N5s,q|un|g + 637p|un|£ +o(1) < 53,p|un|z +o(1). (3.7)
Employing the fractional Gagliardo-Nirenberg inequality (2.2]), we derive that
a|(—A)s/2un|§ < a|(—A)S/2un‘§ + b|(_A)S/2un‘3
< s plunlh +0(1) (3.8)
< 80y Cls, P (= A)2un 57 [un 57 + o(1).

It is easy to obtain that uw # 0: assuming by contradiction that u = 0, then we obtain that
limy, o0 [Un|d = limy, oo |un [l = 0. Using that P, (u,) — 0 we deduce that Ej,(u,) — 0, while
this contradicts the assumption that E,(u,) — ¢ # 0. Thus we have u # 0. Since u,, € S. and
the weak lower semi-continuity of the norm, it follows that |u|z < ¢, then we have that

a
65,;00(87 p)Pcp(lfés,p

Co = ( ))7 < B, (3.9)

where B = lim,, o0 |(—A)®*/?uy,|5. That is to say, for n large enough, we obtain that
[(=A)*"2u, |y > C. (3.10)
Inserting (3.1) into (3.5)), we have that

An = c%[(l — 551,;)) (a + b|(—A)s/2un|§)|(—A)s/2un|§ + u(?:i — 1)|un|g] +o(1). (3.11)

According to the fractional Gagliardo-Nirenberg inequality (2.2]), we obtain that

s S, —0ds
|t < C(s,9) 7| (—A)* 2| 55 |30 000). (3.12)
By u, € S., we have that
[un|? < C(s,q)7|(—A)*/ 2u, |31 10000, (3.13)

Further, by 1 — i < 0 (since 0 < 05, < 1), combining (3.9), (3.11) with (3.13]), we can deduce
that ’

1
c2

s s,q 1 —(0s,q 58, —
[(=2) 2§70 [ (1= 5 ) (@b CG o (52-1) s, @) 76100 | 0(1). (3.14)

s,p S,P

An <
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By (3.10) and (2.9)), we derive that
1 1 - s
M < 508 (1= 5= ) la+ 0™ 4 (554 = 1) (s, )71 50| 0(1).  (3.15)

S,p 65,?
Therefore, considering condition (2.9)), we obtain that

1 Ooa
An < 6—203 “eg + o(1), (3.16)
for n adequately large. Taking the limit of the above formula as n — oo, we have that
1 4.
A< 0—203 “eg < 0. (3.17)

Thus A < 0, and the claim is proved.
Finally, we prove that u,, — u strongly in H*(R?). By taking the limit of (3.3]), one has

a/ (—A)S/Qu(—A)S/qudx—i—bBQ/ (—A)S/Qu(—A)S/ngdx—u/Rs [ 2ugdz

R3 R3
—/ |u|P~2updr — /\/ ugdr = 0,
R3 R3
for all ¢ € H*(R?), that is, u satisfies
(a4 B?*b)(—A)*u = A+ plu)f%u + |ulP~u,
namely, u solves for some A\ < 0. Testing , with ¢ = u,, — u, we can see that

(a+32b)/ |(—A)5/2(un—u)|2dx7>\/ [t — u)?dz — 0,
R3 R3

(3.18)

as n — oo. Since A < 0, we deduce that {u,} converges strongly to u in H*(R3). O

Lemma 3.3. Let p <0, and 2 < ¢ < 2+ %S < p < 2% be given constants. Then 7’3’” =0 and
Pe,p. is a smooth manifold of codimension 2 in H*(R?).

Proof. Suppose by contradiction that this is not the case, namely we set 738 u? (0, then from the

definition of P?

e,us We can derive that there exists u € S such that

P,(u)=0 and (J*)(0)=0.

Therefore,
al(—2)*2ul3 + bl (—A)"Pul3 = pds,qluld + & plul?, (3.19)
2a|(—=A)*2ul3 + 4b|(—A)*2uly = ng8? Jul} + o3, lul}. (3.20)
Combining with , one has
(P3s.p = 2)al(=A)"2ul3 + (pds,p — DBI(—A)"2ul3 = s o (005 — asg)lulf <0, (3.21)
where pd; , >4 > qds by 2<q¢g< 2+ % <p<2%, 054 >0Dby g > 2. Then, it follows that
[(—=2)*?ul; = 0. (3.22)

Further, from (3.19), (3.21) and the fractional Gagliardo-Nirenberg inequality (2.2)), we obtain
that

lulg =0 and |ul, =0.
Thus, we deduce that u = 0, which is in contradiction with u € S.. So we obtain 772# =0. To

proof that P, is a smooth manifold of codimension 2 in H*(R3) is very similar to the one of [24]
lemma 5.2], therefore we omit it here. O

Since P? | = () by lemma [3.3] we observe that P, is a natural constraint in the following sense.
C,1 K

Lemma 3.4. Let u <0 and2<qg<2+ %S < p < 2% be given constants. If u € P, s a critical
point for E,p,_ ., then u is a critical point for E, s, .
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Proof. From lemma we see that P, is a smooth manifold of codimension 2 in H*(R?) and
’Pgﬂ =0. If u € P, is a critical point for E,|p., then by the Lagrange multipliers rule, one gets
that there exist A, v € R such that

(El(u),0) = X | ugdz — v(P,(u),$) =0

R3
for any ¢ € H*(R?), that is, u solves

[(1 —w)a+ (1—4v)b |(7A)S/2u\2dx} (—A)u
R3

(3.23)
= Au+ p(1 —vgds o) |u|9%u+ (1 — vpds ) |ulP2u in R®.
By lemma [2.2] we obtain that
_9 2
5 5 1 21/)(1/ (—A)/2y)2dp + 2= / (- 5/2u|2dx>
R3
(3.24)
3 3 0sq— 1 Os
—-A u%x—&—M/ uqu+(w97,p/ uPde =0 in R
2 Jgs q R3 p R3
Multiplying (3.23)) by u and integrating, then combining it with (3.24]), we obtain that
2
(1—2y)a/ |(—A)S/2u|2dx+(1—4y)b(/ |(—A)S/2u\2dx)
R B (3.25)

+ ps,4(vqds g — 1)/ widx + s p(vpds p — 1)/ uPdx = 0.
RS RS
By (3.25) and P,(u) = 0, we have that
v (2l(=2)"2ul3 + 4b|(~A)2ul} — pao?  |ulf — po? Jul2) =0,

which implies that v = 0 since u ¢ P? ,: from lemma we see that P, , is a smooth manifold
of codimension 2 in H*(R?) and P, = (), namely,

(20l(=2)"/2uf3 + 46](=2)*/2ul} — 182 ,ulf — ps2 ,Jul}) # 0. -

Lemma 3.5. For every u € Se, there ewists a unique t,, € R such that t, xu € P, . Moreover, t,
1s the unique critical point of J¥ and it is a strict mazimum point at the positive level. Moreover,
(i) Pep= Pou
(i) JY s strictly decreasing and concave on (t,,+00) and t, < 0 implies that P, (u) < 0.
(iii) The function u € S. + t,, is of class CL.
(iv) If P,(u) <0, then t, <O0.

Proof. For every u € S,, according to the definition of J¥(7), we obtain

lim J¢(7)=0" and lim JH(7)= —cc.

T——00 T—r400

Thus, J# has at least one global maximum point ¢,, at positive level. Besides, this is the one and
only critical point of J¥. For each u € S., we define

bt4s
4

Indeed, JH(7) = h(e™), then we obtain J'(7) = h'(e")e”. Thus, it is sufficient to study the
function h. The derivative of h can be written as h'(t) = t**~1n(t), where

0(t) = ast™ (=) 2uf3 + bs|(=A)*2uly — 8, stV ulh — sy gt @D uld,

tp‘gsyps tqfss q8

at® ()2l = 2 g B g
P P q

h(t) = = 1(=28)"2ul} +

and n satisfies

lim n(t) = +oo, lim n(t) =—oco, 7n'(t) <0, forallt>D0.

t—0+ t—~4o00
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From the above analysis for the function 7, we obtain it has a unique zero pomt tin (O +00). By
' (t) = t*~1p(t), it holds that the function % has a unique critical point ¢ and ¢, = Int. By

lim A(t) =07, and lim h(t) = —oo,

t—0+ t—+o00
we deduce that h(t) > 0

From the above arguments and sP,(t, * u) = (J¥)'(t,), we deduce that for each u € S, there
exists a unique ¢, € R such that P,(¢, * v) = 0, namely, t, xu € P ,. Let u € P.,, then we
obtain ¢, = 0 and as t, is a maximum point of J¥, we obtain that (J&)"(0) < 0. Since P, =0,
we conclude that (J#)"(0) < 0. Thus, P., = P+ From the calculus above, we can also deduce
that J¥ is strictly decreasing and concave on (t,,, +00).

Since (J&)'(t) < 0 if and only if ¢ > t,, we conclude that P,(u) = 1(J#)'(0) < 0 if and only if
t, <O0.

Item (iii) holds when applying the implicit function theorem to the function ®(1,u) = (J#)' (7).
We use that ®(t,,u) = (J&) (t,) = 0, that 9, ®(t,,u) = (J*)" (t,) <0, and the fact that it is not
possible to pass with continuity from ’Pc‘f u o P, (since 770 = (), therefore we obtain u > t, is
ClL. O
Lemma 3.6. It holds that

m(c,u) = inf E,(u) > 0.

Proof. Setting u € P, ,, by fractional Gagliardo-Nirenberg inequality and p < 0 we obtain that
al(=8)ul3 < S plull < 6., Clsp)| = A Puly™ uly 700, (3.26)

From the definition of P, ,, we obtain u € S., namely, |u|s = c. Therefore,

1
a =

inf [(—A)%/2 0. 3.97

(5 ctppansm) ™ = A P> (3.27)

For every u € P, ,, we obtain that
1 1 ! 1 1 X 7 qds
E,(u :(f——)a —A5/2u2+(7——>b —A5/2u4—7<1——’q ul|d
(1) = (5 = o5 )ala)Pulf + (= o Jol(=8)° 2uls = 2 (1= Z5 s
1 1
> (2 _A)S/2 2
> (3= 5 Jal=) 72l
Then pds , > 2 and (3.27) imply that
m(c, p) = inf E, (u) > 0.

c,p

|(=2)*2ulz >

O
Lemma 3.7. For2<q<2 + S <p<2%and p <0, there exists k > 0 small enough such that

0< supEH(u) <m(e,p) and w€ Ay = E,(u),P,(u) >0,
A,

where Ay, = {u € S, : |(=A)%/?u|3 < k}.

Proof. For u € A, with k small enough, thanks to the fractional Gagliardo-Nirenberg inequality
and the fact that pd, , > 4 (because of p > 2 + %), we have that

a s b s 1% 1
By (u) = gl(*A)WI% + ZI(*A)WIE1 - EIUIZ - ];wz

Y]

s 1 .
g|(7A)§u|g — 7O(S,p)pcp(1765,p)|(7A)§u‘12165,p > 0
p

and that

U
£
I

al(=A)Ful3 + b(=A)2uls — pdsqlul} — bsplul?
> a|(=A)2ul3 — C(s,p)? e 00 |(=A) Fuls™# 5, > 0,
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Then, if u € Ay, we have that sup 5, E,(u) > E,(u) > 0 and P,(u) > 0. Now, replacing k with
a smaller quantity, recalling that m(c, ) > 0 by lemma and applying fractional Gagliardo-
Nirenberg inequality, we conclude that

Bu(w) < SI-A)u + Sttt + Elogs, grenti =0 (- )fulfs < e, ).
Thus sup 5, £,(u) < m(c,p). O
Now, we define £, = {u € S, : E,(u) < c} and the minimax class
7= {y=(a, ) € C([0,1],R x 57) : 7(0) € (0, Ay) and (1) € (0, E}))},
where S = S. N H:. We define the minimax level as follows:

= inf E
o(c, ) inf max (T, ),

where
E#(’D u) = E,(txu) = J(T)
aeQST b€4ST

= S| (-a)2ul +

Proof of Theorem[2.8 Assume by contradiction that if there exists a solution w to (1.1)-(1.2),
then by the Pohozaev identity P,(u) = 0, we obtain that

eqés,qST eptss,psr
|(=A)*2ul3 — p . |ulg — ’ |ulp-

s s 4 p
al(=A)?ul3 + b(=A)*?ul3 = pés gluli + 5|U|§v

where ;5 = % when p = 2 + % = p. Since b > %C(s,ﬁ)ﬁcﬁ_‘l, by the fractional Gagliardo-
Nirenberg inequality, we have that

s s 4 p
al(=A)*"?ul3 + b(=A)*?ul; — IglU\%

> a|(=A)*Pufy + b|(=A)*ul; - %C(s,p)ﬁcﬁ’ﬂ(—ﬁ)s”ul% >0,
and hence we deduce that

0> pdyqlulf = al(=A)*ul} + bl(=A)*ul; —
which is a contradiction. ]

Proof of Theorem[2.9 Through simple analysis we can see that it is suffice to prove that there
exists a PS sequence such that conditions (i) and (ii) of lemma [3.2 hold. By

lim J¢(7)=0" and lim JK(7)= —o0,
T——00 T—+00

it follows that there exist 7 and 75 € R satisfying
JH(T) <k forall T <7 (k>0),
JE(T) <0 forall 7 > 7.
Next, we define 7, : [0,1] = R x S’ by
Yu(p) = (0, (L = )71 +p2) * ), (3.28)

which is a path in 7, therefore o(c, ) is a real number.
Now, we aim to prove the claim that for all v € 7, there exists 7, € (0, 1) such that
afry) x B(1y) € P, (3.29)
Actually, v(0) = (0,3(0)) € (0, Ax) and sP,(t *u) = (J/)'(t). According to lemma we obtain
P,(B(0)) = 1(J£)(0) > 0, further, by lemma we obtain ty.z(0) = tg() > 0.
In addition, by E,(8(1)) = E.(y(1)) < 0, we deduce that tu1)s) = tsay < 0. Indeed,
Jp(1)(T) > 0 for each 7 € (—o00,tg(1)], and Jg(1)(0) = E,(B(1)) <0, it is necessary that gy < 0.
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Furthermore, lemma [3.5| implies that the function v € S, + ¢, € R is continuous. Then there
exists 7, € (0,1) such that ts(-).s(r,) = 0. This amounts to a(7y) * B(7y) = ta(r,)=a(r,) * (a(7y) *

B(7y)) € Pey = P.,.- By (3.29), it follows that

max Ey, > E,(v(y)) = Eu(a(ry) * B(ry) > _inf B,
v([0,1]) PouNST

Then we obtain that
o(c,p) > inf E,. (3.30)
PeNST
Besides, taking u € P_, NS¢ and 1, the corresponding path defined in (3.28)), we derive that

Eﬂ(u) = Eu(ovu) = II(I{%)%])EM > o(c, p),

u

then we obtain that

inf E,>o(c,p). (3.31)
P,NST
Formulas (3.30) and (3.31)) imply that
inf E, =o(c,p). (3.32)
PeunSy
Next, we prove a claim that:
inf FE,=inf E,. .
Pownsy T P (3.93)

This is equivalent to verifying that infp, , F,, > infp, ~sr E,. Suppose by contradiction that
there exists u € P, \ S; with E,(u) < infp, sy E,. Then we set v := [u[*, the symmetric
decreasing rearrangement of the modulus of u, which belongs to S.. By lemma we obtain
E,(v) < Eu(u) and P,(v) < P,(u). From u € P, \ S, we have P,(u) = 0. If P,(v) = 0, we

immediately derive a contradiction, hence we assume that P,(v) < 0. In this case, from lemma
[3:5 we know that ¢, < 0. But then we obtain a contradiction in the following way

Eo(u) < Ey(ty *v)

25t bedstv
5 IR 0+ S (<) el — et ol

2
1 S S S S S
=5 [ Y b (- ) 0l — b et o
5P
1 L o 2,12 1 Lo ast 2,014 _ M 995 )
=a(= — ——)e | (=A) 22 4 b(= — —— et | (= A)Y 2plh — (1 — 1220505t ||
T i (S G s R R R R e
11 11 o, 4
a(z — A 22 +b(= — —A)2yfd — (1 — 2|
< al — g0l b~ ()l = B e
=FE,(u),

where we used that ¢, * v and u lie in P, ,. This proves that infp, ~sr E, = infp, , E,. By the
above claim, (3.33)), and lemma we obtain that

m(c, p) = o(c, p). (3.34)
We also obtain that
m(c,p) =o(c,u) > sup E, = sup Eﬂ. (3.35)
(AkUEQ)NSE ((0,A)U(0,EQ))N(RXSE)

The rest of the proof is the same as in Soave [24], existence of a second critical point of mountain
pass type for F,g_, thus we omit it here (namely, we use lemma [2.5|to obtain a PS sequence {u,, }
for E,|sr at level o(c, u) > 0 and dist(uy,, Pe,,) — 0, i.e., Py(un) — 0).

To verify that u is a ground state, we show that u achieves infp_, £, = m(c,u). From the
above proof, we know that o(c, ) = inf,ez max(; uyey(j0.1) EH(T, u) = E,(u) = infp_ nsr Ey,
hence we have to show that infp, , E, = infp_,nsr E,. By claim (3.33), this equality holds, hence
w is a ground state. Therefore, Theorem [2.9]is proved. O
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Proof of Theorem[2.10. We start by describing the structure of Z, ,, of ground states. If u € Z ,,
then u € P, and E,(u) = m(c, u) = infp_, E,. We claim that

W€ Zey = [ul € Zeu [(=0)*?Jull2 = |(=A)*?ulz. (3.36)

To prove the claim, we observe that £, (|u|) < E,(u) and P,(|u|) < P,(u) = 0. Then by lemma
there exists ¢}, < 0 with #),| * |u| € P, and by definition of ¢,|, one has

1 1 S S
e, 1) < Bp(ty *ul) = a5 -5 )01 (=8)/2]ul
s,p
b (1 _ ) edstiul| (= A)*/2|ul[4 - E(l _ %)eq&,qst\u\ Jul?
4 p(ss,p q pés,p a
< a,(l B 1 )€2St‘“‘ ‘(—A)Q/QU@ + b(l . 1 )645t|u| |(—A)S/2U;‘g
- 2 pés,p 4 p(ss,p
_H (1 _ %)eqﬁs,qsw Jul?
q Pdsp
1 1 1 1 p 905
< i _AS/Q 2 b(*— ) _AS/Q 4_7<1_ 74) q} kst|y
< [a(5 p&p)< )*uls b = o5 )N 2ulh = (1 e

— ek’st‘u‘Eu(u>
= ""im(c, ),

where k = min {2, qés)q}, and we used the fact that u, ), * |u| € P, and E,(u) =
tu| < 0, we deduce that necessarily ¢, = 0, that is P,(|u|) = 0, and since also P, (u)
that

m(c, ). By
=0, it holds

[ul € Peys [(=A)2Jull = |(=2)*2ulz and By (|u]) = m(c, p).

This proves claim (3.36]). After proving that |u| minimizes E,, on P, ,, we obtain that |u| is a non-
negative solution to ([L.1)) for some A € R, by lemma By regularity and the strong maximum
principle, it is a 2 positive solution. Using also that |(—A)*/2|ul|s = [(=A)%/?u|s, and u € Z.,
(then we obtain |u| € Z.,, namely, E,(lu|) = m(c, ), we will prove that e?|u| € Z,, for any
8 € R.
By the definition of E,(u) and that the modulus of € = 1 for any 6 € R, we obtain that
i0 a i0 b /2 ,i0 M o [
By(e”lul) = 51(=2)"2e®[ul[§ + 3 1(=2)"2e" ull; - E|e1 Jullg — 5|€1 |ul[}

a s b R Iz 1
= I8 2l F1-8) 2 ullf — Eult -l
= Eyu([ul)
=m(c, p).

In the remaining of this proof, we prove that if u € Z. ,,, then the associated Lagrange multiplier
A is negative. Recalling that u € P, ,,, then P,(u) = 0, and we have that

a|(—A)s/2u|§ + b|(_A)S/2u|121 = /Mss,q|u|g + 5s,p|“|g < dsp

ulp.
Then, by the fractional Gagliardo-Nirenberg inequality, we derive that
al(=8)*/2ul3 < al (—A)*"uf} + b|(—A)*/ul}
< dsp

u|g

ds,p —0s,p
< 6,5C (s, p)P (= A) 2ul o ufp 0.

Next, we prove the claim that u # 0. Since otherwise E,(u) = 0 = m(c, 1), in contradiction with
lemma [3.6] By the definition of P, we obtain |ul; = ¢, then we can deduce that

. 5/2 a pzis’lp—Z
a2 (5o i) (337
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Now, since u is a weak radial and positive solution to

(a+ b/ [(=A)2u2dz) (—A)*u = M+ plul?%u + [u|P 20 in RS, (3.38)
R3
By the Pohozaev identity, we infer that P,(u) =0, i.e.,
Osplull = al(=2)*2ul3 +b|(=2)*?ul3 — pdy q|ul}. (3.39)
Testing (3.38) with u and using (3.39), we obtain that
1 s 1 S 557
Al = a1 = 5= ) 1A/ 2uls + (1 = 57 )1-2)72uls + (524 = 1)l

where 1 — % < 0 since 0 < d,, < 1, while ,u(gs—"‘ — 1) > 0 since p < 0. Using again the fractional
Gagliardo-Nirenberg inequality and estimate ([3.37)), we infer that

1 ‘ 1 S
Auf < a1~ y)l(—A)Wu@ +b(1- T) I(=A) 2}

s,p P

Js, Ssa —8s.q
(22 1) 05,071~ 2l g5
5571’
1

< |(—A)s/2u|gés,q [a(l - 5—) |(_A)s/2u|§fq65,q + b(l B %) |(_A)5/2u|4217q557q

s,p s,p

+ ,u(gs—’q - 1)0(57 q)ch(lf‘sw)]

S,p

< (=) 22050 [a(1 B ﬂ) (68&0(8’@@%}7(176&?) ) ey

4—ads,q
1

2—-4%s,q
1

%) (5s,pc(s,p)pcp<1—6s,p> )"

+lul(1 - gi’q)C(Sa q)er 0]
$,P

+b(1-

It is not difficult to check that the right hand side is strictly negative when (2.9) holds, finally
implying that A < 0, as desired, hence the proof is complete. O
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