Electronic Journal of Differential Equations, Vol. 2025 (2025), No. 77, pp. 1-19.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2025.77

ASYMPTOTIC STABILITY FOR THERMODIFFUSION TIMOSHENKO
SYSTEMS OF TYPE II1

JIALI QIN, JIANGHAO HAO

ABSTRACT. In this article, we study a Timoshenko model with thermal and mass diffusion
effects. Heat and mass exchange with the environment during thermodiffusion in Timoshenko
beam, where the heat conduction is given by Green and Naghdi, called thermoelasticity of type
III. We obtain the stability of the system using the perturbed energy method and the system
is exponentially stable when the wave speeds are equal. In the case of unequal wave speeds, we
demonstrate that the system lacks exponential stability, and it is polynomially stable. These
results indicate that the wave speed has a significant impact on the stability of the system, and
the transmission performance of the system is better when the wave speeds are equal.

1. INTRODUCTION

In this article, we study the thermodiffusion Timoshenko system
P1Ptt — k(@x + ¢)x =0, ('Tvt) € (O’ 1) X (0’ OO),
p2l/}tt - O“/}mr + k(‘Pz + l/}) - Tlgcc - TQPm = Oa (ZL‘,t) € (07 1) X (07 OO),

Byt + APy — 01035 — 02052 — T102es = 0,  (2,1) € (0,1) x (0, 00), (1.1)
7Pyt + dOy — 1 Pra — V2 Prot — 1200 = 0, (2,1) € (0,1) x (0,00),
with boundary conditions
¥2(0,t) = 0(0,t) = 6(0,t) = P(0,t) =0, ¢ € (0,00), (12)
P(Lt) = pa(1,t) = 02(1,1) = Po(1,t) =0, t € (0,00),
and initial conditions
¥(2,0) = vo(x), Yi(x,0) =u(z), w€(0,1),
o(x,0) = o(z), ¢e(z,0) =p1(z), =€ (0,1), 13
P(z,0) = Py(z), P(x,0) =Py (x), =€ (0,1),

9($70) = QO(x)a et(xvo) = 01(55), T e (07 1);

where ¢ denotes the transverse displacement of the beam and 1 is the rotation angle of the filament
of the beam, P is the chemical potential and 6 is the temperature difference, 71, v, ¢, d, r, «, p1,

po are physical positive constants. We assume that the symmetric matrix A = 2 ) s positive

definite, that is,
§:=cr—d*>0. (1.4)

We know that when the diffusion effect is added to the thermal effect, condition (|1.4]) is required
to stabilize the system.
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It is widely known that the Timoshenko model is a specific model for vibration of elastic beam,
arising from the coupling of shear force and bending moment within the system. Timoshenko [29]
introduced the classic Timoshenko system

PPt — K(@w + "/})a: = 0» (LL',t) € (07 1) X (07 OO)’
Ipwtt_waw_FK(@z_‘_w) :Ov (Z‘,t) € (071) x (0,00)

The earliest study on the stability of system (|1.5)) was conducted by Soufyane [28], who considered
adding a weak damping (1) to the second equation of system (|1.5)) and proved that the system
is exponentially stable if and only if the wave speeds are equal, that is,

K b

P I,

(1.5)

In addition, for the stability of system under different damping mechanisms, the readers can
also refer to the references [2] 20 8, [14] and their references for more information and opinions.

Thermoelastic damping is the source of material inherent damping, which is generated by the
coupling between elastic field and temperature field in the structure caused by deformation. One
of the thermoelastic dissipation is heat conduction through heat flux. There are different types
of heat flux. When the heat flux is defined by Fourier’s law, Rivera and Racke [25] studied the
thermoelastic Timoshenko system

PPt — K(Som + ¢)I =0, (xat) € (07 1) X (07 OO)’
Ipz/}tt - bwwm + K(‘Pz + w) + '7930 = 07 (.%‘,t) € (07 1) X (07 OO)’ (1'6)
p39t - /891393 + ’let = Oa (J?,t) € (07 1) X (Oa OO)

They proved that system (1.6]) is exponentially stable when the wave speeds are equal. When the
heat flux is defined by Cattaneo’s law, (1.6)3 can be replaced by the equations

Toqt +q+ 70, =0, 9t+qw+7wwt:0-

Santosa, et al. [26] studied the stability of Timoshenko system with Cattaneo’s law. They in-
troduced a new stability number xo, and got that the system is exponentially with xo = 0,
otherwise the system lacks exponential stability, and decays polynomially with rate tz. They
also proved that the decay rate is optimal. In addition, for type III heat dissipation, one can refer
to [27, 12 16, I7]. Dell’Oro and Pata [J] studied the stability for the heat dissipation of type
Gurtin-Pipkin. Readers interested in the stability of the thermoelastic Timoshenko system can
refer to [18, [7, 19, [1].

Thermodiffusion, known as the Soret effect, refers to the mass diffusion of components in a
mixture due to a temperature gradient. In solid materials, this phenomenon is less common than
in liquids or gases but can still occur under certain conditions, particularly in multicomponent
solids, alloys, or doped semiconductors.

High-tech research has revealed that diffusion is a common physical phenomenon occurring not
only in fluids but also distinctly in solids. In solids, thermal diffusion arises from the interaction
among strain, temperature, and mass diffusion fields, driving processes crucial to materials science
and engineering. For thermodiffusion coupling mechanisms (strain-temperature-concentration) in
solids and their engineering implementations, see Olesiak’s review [21] and the references therein.

Because of their widespread use in modern engineering structures, Timoshenko beams have
become a key research focus. Their stability, particularly under thermodiffusion effects, has at-
tracted significant scholarly attention. Aouadi et al. [3] considered the effect of mass diffusion
effect in a thermo-Timoshenko beam,

prowe — K(pz + 1)z =0,  (z,1) € (0,1) x (0,00),
P2t — Ay + K(py + ) — 110, — 2P =0, (x,t) € (0,1) x (0, 00),
Oy +dP + gz — 11t =0, (x,t) € (0,1) x (0,00),
dOy + 7Py +1e — Y2thte = 0, (z,t) € (0,1) x (0, 00),

(1.7)
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where ¢ is the heat flux, n is the mass diffusion flux. When heat and mass diffusion follow Fourier’s
law and Fick’s law respectively
q=—-K0,, n=—-hP, (1.8)
system (1.7) can be written as
P1Ptt — H((pr + ¢)x = 07 (llf,t) € (07 1) X (07 00)7
ptht - Oﬂbm: + H(QQI + 7/’) - 7191 - 'YQPI = 07 (l',t) € (07 1) X (07 OO),
Oy +dP; — KOy — 101, =0,  (2,t) € (0,1) x (0, 00),
d9t+rpt _thw _72wtw :Oa (l‘,t) € (Oa 1) X (0,00)
Aouadi et al. [3] proved the well-posedness and stability of system (|1.9)) with Dirichlet or Neumann
boundary conditions. Without assuming equal wave velocities, they proved that the system lacks
exponential stability under Neumann boundary conditions. By adding a linear frictional damping
to the first equation, the system with Dirichlet boundary can be exponentially stable. This result
was extended by Feng [11] to the same exponential stability results in the conditions of equal wave
velocities and dropping of the linear frictional damping. Djellali et al. [I0] considered the stability
of system (1.9) when the thermal and mass diffusion coupling was on the shear force, and proved
that the system is exponentially stable if and only if the wave speeds are equal, otherwise the
system is polynomial stable. Ramos et al. [24] studied the qualitative and numerical behavior of
(1.9) with Kelvin-Voigt damping.

The flaw of Fourier’s law lies in the physical paradox of infinite heat propagation speed, which
is a typical side effect of parabolic behavior. Cattaneo’s law eliminates this paradox, based on
which (1.8) can be written as

Toq¢ +q=—K0,, T +n=—hP,. (1.10)
By substituting (1.10) into (1.7), Aouadi et al. [4] studied the model
P1Ptt — K:(QOI + Tﬁ)L = 07 (x7t) € (07 1) X (07 00)7
p27ptt — Qzy + H(Sﬁz + 7!’) - 'Ylem - '72P£ =0, (l’,t) € (Oa 1) X (Oa OO),
c@t-l-dPt—i—qx _71¢tx = 0, (x,t) S (0,1) X (0,00),
T0q: +q+ K0, =0, (z,t) € (0,1) x (0, 00),
dO; + 7Py + 1y — 2ot =0,  (x,t) € (0,1) x (0,00
T +n+hPy =0, (v,t) € (0,1) x (0,00).
They proved the well-posedness of the system using semigroup theory. Then they introduced two
numbers xo and x1, the system is exponentially stable if and only if xo = 0 and x; = 0, otherwise
the system lacks exponential stability, and the semigroup associated with the system decays to
zero polynomially as t3.

Recently, Zhang [30] extended the research on thermodiffusion to the Type III model and

studied the system
PVt — (/\ + QM)U.LL + Vlalwt + 7292;% = 07 (.lf,t) S (Oa 1) X (Oa OO),
c@m — k@lm — 5101tm + Y1V + d@gtt = 0, (I’,t) S (0, 1) X (0, OO), (112)
n02tt - DeZmz - 520%1::6 + Y2 Utz + daltt = 07 (1'7 t) € (07 1) X (07 OO)

(1.9)

(1.11)

);

He used the semigroup method and the energy perturbation method to prove the global existence
and exponential stability of the system under Dirichlet boundary conditions. Aouadi et al. [6]
considered a thermoelastic diffusion problem of type III in one space dimension with boundary
constant delays and proved that the system is asymptotically stable by constructing an appropriate
Lyapunov functional. For similar results we can refer to [5] and its references.

Taking inspiration from the above literature, in this article we consider to extend the thermod-
iffusion of the Type III model to the Timoshenko system. According to the constitutive equation
of heat flux in type III theory, (1.8 can be written as

qt = _Ulew - U2exta e = _’YIPa: - ’YZPwt- (113)
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By substituting ((1.13)) into (1.7)), we can obtain the system (L.1]).

This paper’s core achievement is to construct a more universal thermodiffusion Timoshenko
model. It breaks through the limits of previous models, achieving theoretical expansion. Compared
with the classical Fourier and Cattaneo models, it has two key advantages: resolving Fourier’s
infinite speed paradox and overcoming Cattaneo’s single relaxation time limit. Expanding its
applicable boundaries helps accurately describe practical engineering heat conduction, providing
a reliable basis for applied research.

The outline of this article is follows. In Section 2, we give the well-posedness of the system
— by using the semigroup method. In section 3, we use the energy perturbation method
and multiplier technique to obtain that the system is exponentially stable when pﬁl = . By using
the Gearhart-Herbst-Priiss-Huang [13], 23, [15] theorem we show that the system — lacks
exponential stability. In Section 5, we obtain that the system is polynomially stable when m # %
by using the method of higher order energy. In Section 6, we give a summary of the content of
this paper.

2. WELL-POSEDNESS OF THE SYSTEM

In this section, we use the semigroup theory to give the existence and uniqueness of system

(1.1)-(1.3). Let ¢ = @4, w = 1. Then, the system (|1.1)-(|1.3) takes the form

p1¢tt_k(¢w+w)w 207 (l‘,t) S (071) X (0,00),
P2Wit — QWgy + k(¢:c + w) — 110z — 2Py = 0, (l‘,t) € (07 1) X (07 OO), 21
Cett + dPtt - Ulerm - 0291115 — MWyt = 07 (.T,t) S (O, 1) X (07 OO), ( . )
TPy + dby — V1 Pry — V2o Prat — rowge =0,  (z,t) € (0,1) x (0, 00),
with the boundary conditions
#(0,t) = w,(0,t) = 6(0,t) = P(0,t) =0, te€(0,00), 59
d(1,t) = w(l,t) = 0,(1,t) = P.(1,t) =0, te€(0,00), (2:2)
and the initial conditions
(b(l‘,O) = ¢0($)7 ¢t(x70) = ¢1(.’IZ‘), HAIS (07 1)a
UJ(Z‘70) :’Ujo(l‘)7 ’UJt(JL',O) :wl(x)a (S (031)7 2.3
P(r,0) = Po(z), Pi(a,0) = Pi(x), € (0,1), (23)
0(x,0) = Op(x), 6i(x,0)=0:(x), x€(0,1),

where

¢o(x) = p1(x),  wo(x) = ¢u(z), =€ (0,1),

k k
¢1($) = —P0ozx + 71#01" MRS (07 1)7
P1 P1

o k k r r
wl(x) = 7w0w7; - 71#0 — —Pox + *1901 + *QPOI, T € (0, 1)
P2 P2 P2 P2 P2
Next we construct an abstract Cauchy problem. Let

HN0,1) = {v:v e H(0,1) : v(0)

a

HE(0,1) = {v:ve HY0,1) : v(1)

b

0
0}.

We define the state space

H = HL0,1) x HL(0,1) x [H(0,1) n H:(0,1)]* x [L?(0,1)]",
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with the inner product
_ 1 1 1 1
U, Uy = pl/ S§d$+p2/ z?dqua/ wac@;daﬁLd/ wudr
0 0 0 0

1 1 1 1
+ c/ uudr + 7“/ wowdr + o / 0,0.dxr + v / P,P.dx (2.4)
0 0 0 0

1

N 1
+k [ (¢2+w)(¢g+w)de + d/ utodz,
0

S—

for U = (¢, w,0, P, s,2,u,@)7, U= (25, w, 0, ]5, 5,z,u,@)". From (L.4), we have ||U]|3, is nonneg-
ative.

We set the operator A : D(A) C H — H defined by

g 2 v w

p—lz [aWsy — k (Pr + w) + T1Uz + T270,)
[ralezz + To2Ugy — dﬁylpzr:v - d’wazz + (TTI - d’f’g) Zz]

[6’71P:m: + CYoWga — da—lezx - dU2uzz + (CTQ - drl) Zz]

S| =l =

with domain
D(A) = {U eH:we H20,1) N HE(0,1),6,0, P € H(0,1) N HL(0,1),
s€ HN0,1), z € H}0,1), u,w € H*(0,1) N H(0,1),
w0 (0) = 6,(1) = 0.(1) = P,(1) =0}

for U = (¢, w,0, P, s,z,u, @)’ € D(A).
Now, we set a vector function U = (¢, w, 0, P, ¢s, ws, 0y, P, )T, then the system (2.1)-(2.3) can
be written as the Cauchy problem

d

—U(t) = AU(1),

prif) (t) (2.5)
U(0) = Uo = (¢, wo, 00, Po, d1, w1, 01, P1)" .

The well-posedness result is stated as follows.

Theorem 2.1. For Uy € H, then there exists a unique solution U € C(R™,H) of problem (2.5).
Moreover, if Uy € D(A), then U € C(RT,D(A)) N C*(R*,H).

Proof. For U = (¢,w,0, P, s, z,u,@)’ € D(A), we have

1 1
= k/ (¢pr +w)zsdr + / [0wy — k (¢r + W) + 11Uz + To00,] 2dT
0 0
1 1
—|—a/ zwwxdw—&—k/ (82 + 2) (02 + w) dx
0 0
|
+ c/ 5 [ro10se + rosts, — dy1 Pry — dyow@ae + (rr1 — drg) 2z, udx
0

1
1
+7“/ 3 (71 Peo 4 CYo@Wey — do105p — Aoty + (cro — dry)z,] @ dx
0

1 1
—|—01/ uzGId:v—i—yl/ w, Py dx
0 0
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1
1
+ d/ 3 (71 Peo 4 cYo@Way — d0105p — doatyy + (cro — dry)z,| ude
0

1
1
+ d/ 3 (101020 + 102Uze — dy1 Prp — dyowas + (111 — dra) 2] w di.
0

Integrating by parts and using the boundary conditions, we obtain

1 1
(AU, Uy = —02/ uidx — 72/ widaj <0,
0 0
which gives us that A is dissipative.
Given F = (f1, fa, f3, fa, [5, f6, [7, fs) € H, we need to find a solution U for
(I- AU =F,

that is
Qb*s:fla wfz:f%

0—u=fs, P—w=f4,
p15 — k(¢z +w)e = p1fs,
P27 — QWay + k (¢y + W) — 11Uy — oy, = pafs,
ou — 101020 — T02Uzy + dy1 Pry + dyow@ae — (rr1 — dra) 2, = 0 f7,
0w — Y1 Py — ¢Y2Way + do10s0 + dogtig, — (cry — dry) 2, = 6 fs.

From ([2.8); to (2.8)4, we have

s=¢—f1,
z=w— fa,
u=0-—fs,
w=P— f4.

Combining and , we have
P16 — k(¢ +w)z = ha,
P2 — QWey + k (¢p +w) — 110, — 12 Py = ho,
06 — 1105y — 102045 + dy1 Pry + dyvo Py — (rr1 — dra) wy = hg
0P — cy1Pey — Y2 Pyy + do10ys + doaluy — (cra — dri) wy = ha,
in which
hi = p1(fs + f1),
he = p2fo + p2fo — 11 f30 — r2f1zs
hs = 0(f7 + fa) — 102 f3ee + dV2 faze — (171 — dr2) fou,
hy = 0(fs + fa) — cYafawe + doa faee — (cre — dry) for.

EJDE-2025/77

(2.6)

(2.9)

(2.10)

Multiplying 210): by ¢, [2:10)2 by @, @10)s by §0, @10)4 by 5P, @10)3 by §P and (2.10)s

by g&, and integrating over (0,1). By adding them up, we can obtain the variational formulation

B((¢,w, 0, P), (¢, @,0, P)) = L(¢, 0,0, P),

where the bilinear form

B:[H}(0,1) x H}(0,1) x H*(0,1) N Hy(0,1) x H*(0,1) N H;(0,1)] = R

is defined by
B((¢,w,0,P),($,@,0,P))

1 1 1 _
:pl/o ¢¢d$+p2/0 w@dm—i—k‘/o (¢r + w)(dz + W)dx

1 1 1 1
+a/ WeWy, dx + c/ 00dz + (o1 + 02) / 0.0, dx + d/ 0 Pdx
0 0 0 0

(2.11)
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1 1 1 1
+(71 +72) / P,P,dv + 7“/ PPdx + d/ Pldx + / 0, wdx
0 0 0 0

1 1 1
-7 / wly, dr — 7o / P,wdx + 1o / wP, dx,
0 0 0

L:[H}0,1) x H}(0,1) x H*(0,1) N H}(0,1) x H*(0,1) N H,(0,1)] = R
is linear form defined by
. I 1 e v d - ol d o~
L(¢p,w, 0, P) :/ h1¢dx+/ hzﬁd:ﬂ—kf/ h30dx+f/ thd:v—kf/ h4Pdm+f/ h40dzx.
0 0 4 Jo 0 Jo 0 Jo 0 Jo
It is easy to verify that B(-,-) and £(-) are continuous. Furthermore we have

B((¢,w,0, P), (¢, w,0, P))

1 1 1 1
= H*dx + pg/ w?dx + k/ (¢ +w)2dx + (71 + 72)/ PZdx
0 0 0 0

1 1 1 1 1
—I—a/ w2dx + c/ 0%dx + (o1 + 09) / 02 dx + 2d/ OPdx + r/ Pidx
0 0 0 0 0

> ||(¢,w,6, P)||3,;

thus we can derive B is coercive. By using the Lax-Milgram theorem, we infer that (2.11) has a
unique solution

and

¢ € HX0,1), we H(0,1), 6,PecH*0,1)nH0,1).
By substituting ¢, w, 8, P into 7 we obtain
s€ HX0,1), z€ HL0,1), wu,we H*(0,1)NHL0,1).
For each 6 € H2(0,1) N HL(0,1) and by taking
(5,@, P) =(0,0,0) € H}(0,1) x H}(0,1) x H2(0,1) N H}:(0,1),
we can rewrite as

1
/99dx—|—(01+02 / 90 da:+d/ Pﬁda:—rl/ w@ dx
0

(0’1 —+ 02)911 = cf + dP+ MWy —

(2.12)

that is J

C

—hs — —=hy. 2.13
PR R (2.13)

Moreover, ([2.12) is also true for any ¥ € C*([0,1]), 9(0) = 0 instead of § € H2(0,1) N H(0,1).
Using integration by parts and (2.13]) we have

0.(1)9(1) = 0.

Noting that ¢ is arbitrary, we can obtain 6,(1) = 0. Using the same method, we can obtain
P, (1) = 0. Next, by taking

(6,6, P) = (0,0,0) € H;(0,1) x H*(0,1) N H,(0,1) x H*(0,1) N H}(0,1), V& € H}(0,1),
we can rewrite ([2.11)) as

1 1 1 1 1
P2 / wwdz + k‘/ (¢r +w)wdzr — a/ WeWy, dx + 71 Owdxr — 7o / P,wdx
0 0 0 0 0

1
= / hQUf\}/dl‘,
0

that is

(2.14)

—QWgy = pow + k(dy +w) + 110, — 9Py — ho € L2(O, 1).
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Then we have w € H?(0,1).
On the other hand, for each £ € C1[0,1] with £(1) = 0, (2.12) is also true. Thus we obtain

P2 /1 wédx + k/l((bm + w)édx — a/1 Wy &dx + 11 /1 0.&dx — 1o /1 P.&dx = /1 ho&dzx.
Integrationg by parts, \Ozve have ’ i i i
aw,(0)£(0) =0, V& e o, 1].
Combining this with the arbitrariness of £, we can obtain w,(0) = 0; then
w € H?(0,1) N HE(0,1).
Using the same method, we can obtain
¢ € H?(0,1)N HX0,1), ¢,(0)=0.

Hence, there exists a unique U € D(A) such that (2.7) is satisfied, the operator I — A is surjective.
And obviously, D(A) is dense on H. Therefore, according to the Lumer-Philips theorem[22], we
can obtain the well-posedness result of the problem ({2.5]). O

3. EXPONENTIAL STABILITY FOR % = %

In this section, we assume that 5 = £2 holds, and use the energy perturbation method to prove
that the solution of the system is exponential stable. To do this, we need to give the following
estimations.

Lemma 3.1. Let (¢, w, 0, P) be the solution of system (2.1))-(2.3). Then the energy functional

1t
E(t) := 5/ (107 + pow? + aw? + k(¢y + w)? + cb? + rP? + 0102]dx
. - (3.1)
+ 5/ (1 P2 + 2d6, P;)dx,
0
satisfies
1 1
E'(t) = —0’2/ 02,dx — 72/ PZdx < 0. (3.2)
0 0
Proof. Multiplying the equations in system ([2.1)) by ¢y, we, 0, P;, respectively, and integrating over
(0,1), using integration by parts and the boundary conditions, we obtain (3.1)) and (3.2). O
Remark 3.2. Using (|1.4)), we have the estimate
2 2 1 d 2 d, o 4 s s
ch; + 2dP0; + rP; = 3 [c(@t + EPt) +r(P+ ;9t) + (c— 7)9,5 + (r— ?)Pt}
3.3
>1( —d—2)92+1( —d—z)P2 .
=T e T )
Then, we have
1t
Et) > /0 (0167 + 2w} + awg + k(e + w)* + e167] d
(3.4)

1 1
+§/ [CQPtQ—i—alQi—}—%Pﬁ] dmZO,

0

42

2
Whereclzc—d?andczzc—T.

On the other hand, we have

1! 1/t
E(t) < 5 / P10 + 0w} + powf + k(e +w)* + (c+ d)6} + (r + d) Prda+5 / 01607 + 11 Pada.
0 0

So, we obtain

1 1
E(t) ~ 5/ P17 + aw? + powi + k(e +w)? + 07 + PP + 0102 + r Plda.
0
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Lemma 3.3. Let (¢, w, 8, P) be the solution of system (2.1)-(2.3). For any €1 > 0, the functional

1 1 T
Fi(t) = pz/ wtwd:v+p1/ w/ ¢1(y,t) dy du,
0 0 0
satisfies

1 1 1 1 1
1
Fl()<—%/ wgdx+c/ Qitderc/ Pgtdx+c(1+a)/ w,?d:c+51/ pidr.  (3.5)
0 0 0 0

0

Proof. By taking the derivative of Fj(t), and using integration by parts and the first and second
equations of (2.1]), we can obtain

Fi(t)

1 1 1 x 1 T
:pz/ wttwdz+p2/ wfdx+p1/ w/ ¢tt(y7t)dydx+p1/ wt/ ot(y,t) dy dzx
0 0 0 0 0 0

1 1 1 1
= —a/ widx +7r Ozt w dx + ro / Poowdxr + po / wtzdx
0 0 0 0

1 x
+p1/ wt/ b¢(y,t) dy dz.
0 0

Using Young’s inequality and Poincaré’s inequality, for any 1 > 0 we have the estimates

7“1/ Oppwdr < — / 2da:—|—c/ 92 dx,
7“2/ Papwdr < — /wdx—i—c/ P Az,
m/ w/ byt dydx<el/ ¢tdx+f/

Substituting the above estimates into (3.6)), we obtain (3.5)). O

(3.6)

Lemma 3.4. Let (¢, w, 0, P) be the solution of system (2.1)-(2.3). Then the functional

1
Fy(t) == —/72/ PP dx
0
satisfies
1 1 1
Fi(t) < —pl/ p7dz + c/ w2dx + 2k/ (¢ + w)*d. (3.7)
0 0 0

Proof. We take the derivative of F5(t), and using (2.1)); and integration by parts, we obtain

7,,)1/ $2dx — k /(¢x+w) pdz (3.8)

1
= —pl/ (ﬁda:—i—k:/ (¢>I+w)2da¢—kj/ (¢ +w) wdzx.
0 0 0
Using Young’s inequality and Poincaré’s inequality, for any €5 > 0, we obtain
1 1 1
k:/ (¢pr + w)wdzx < c/ wide + k/ (¢ +w)?dz. (3.9)
0 0 0

Combining (3.8) and (3.9)), we obtain (3.7]). O
Lemma 3.5. Let (¢, w, 0, P) be the solution of system (2.1)-(2.3)). The functional

pr [ p2 [
t) = —1/ drw,, dr + —2/ wi (¢, + w) dx
k Jo @ Jo
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satisfies

1
F3()<——/ (¢r +w) dz+p2/ dx—|—c/ 62,dx
0

+c/ dm—i— pj—— / Prwyrdx.
0

Proof. Differentiating F5(t) with respect to ¢, using integration by parts and (2.1)); and (2.1)2, we
arrive at

(3.10)

1 1 1
0 0 0

1 1
+E / ext(qsx + ’LU)dZ' + 2 / th(ﬁbx + w)dx
(6% 0 « 0

B[l 1
—*/ (0 + w)?da + '0—2/ wy(¢z + w)eda (3.11)
« Jo « Jo
kot 1 1
o Jo 0
1
+ 2 Pi(pr + w)dx + ﬂ - = / drwypdx.
a Jo k
Using Young’s inequality, we have
T1 1 k 9
7/ Ozt (po + w)dw < — / (o + w) da:+c/ 02,dz, (3.12)
a Jo %!
ry [ B[
= | Put(¢s +w)dz < —/ (¢pz +w)?dx + c/ P2 dx. (3.13)
a Jo da /o 0
Combining estimates (3.12) and (3.13) in (3.11f), we obtain (3.10)). O

Lemma 3.6. Let (¢, w,0, P) be the solution of system (2.1)-(2.3). For any e4 > 0, €5 > 0, the
functional

1 1 1 1
Fy(t) == p20/ wt/ 9t(y,t)dydrr+dpz/ wt/ Py(y,t) dy dx,
0 x 0 x

satisfies

1 1 1
F4(t)<—% t+54/ w dm+55/ (r +w)? dx—I—c 92dx

(3.14)

11
+c LI /9 dz +c(1 +— )/ Pgtdx.
g4 €5 €4 &7 Jo
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Proof. We take the derivative of Fy(t) with respect to ¢, use (2.1))5 and (2.1)3, and integration by
parts, thus we obtain

1 1 1 1
Fi(t):ca/ wm/ Qt(y,t)dyd:rfck/ (¢m+w)/ 0:(y,t) dy dz

1 1
—H"lc/ mt/ 0 (y,t dydx—&-mc/ th/ 0:(y,t) dy dx
1 1
—dPZ/ wt/ Ptt y7 )dydm+01p2/ U)t/ ezz y» )dydx
0

1 1
+crzp2/ wt/ et (Y, T dydw+ﬁpz/ wt/ wet(y, ) dy dv
0

1 1
+da/ / Py(y,t dydw—dk/ (¢pr + w) Pt y,t) dy dx
0
tdn / / (5, ) dy da + drs / ” / Pu(y,t) dy dz (3.15)
0
+dﬁ2/ wt/ Py (y,t) dy dx
0 x
1 1 1 1
= —r1p2/ widz 4 ca | Opw, dm—kc/ (P —|—w)/ 0:(y,t) dy dx
0 0 0 z
1 1 1 1
+cr1/ Gfdercrg/ GtPtdzfalpg/ Hmwtdxfagpg/ 0, widr
0 0 0 0
1 1 1
+da/ Pw, dx—dk/ (@;—&—U})/ P(y,t)dy dx
0 0 x

1 1
+dry / 0, P;dx + dry / PZdz.
0 0

Using Young’s inequality and Poincaré’s inequality, we have

ca/ Oyw, do < — / de—i—f/ 02 dz,
1 1
da/o Pyw, dr < 54/ w§d$+*/ Py dz,

0 €4 Jo
—kc/ (¢ + w) th, dydx<§/ (¢n +w) dx_g_f/ 920{35
1 1

i [ (0o +w) [ Pdyde< T / (fe +w)do+ < / Pz,

r 0 €5 Jo
1 1 1
d C, d C,
(drl + crg)/ P.0,dx < %/ gitdx + %/ PmQtdxv

0 0

1
—0102/ Oy widr < 14[)2 w?dw—i—c/ 62 dz,

0 0

1 1
_02,02/ O iwidr < 152 fdx—kc/ Gitdx.
0 0 0
Based on the above estimates and equation (3.15)), we can derive (3.14)). O

Lemma 3.7. Let (¢, w, 8, P) be the solution of system (2.1)-(2.3). For any eg > 0, the functional

1 1 1 1
F5(t) := c/ 0t0dx+r1/ O0,wdx + ﬂ/ 9?6dx—|—d/ P,0dzx,
0 0 2 Jo 0



12 J. QIN, J. HAO EJDE-2025/77
satisfies
1 1 1 1 1
Fl(t) < —oy | 02dx+ 56/ widze +c(1+ —) / 02,dx + c/ P2dx. (3.16)
0 0 € Jo 0
Proof. Differentiating F(t), using (2.1)3 and integrating by parts, we obtain

1 1 1 1
FL(t) :C/o thdm—i—c/o 0tt9dx+r1/0 Gdex—i—rl/O 0, wdx

1 1 1
0 0 0

1 1 1 1
= -0 / Hidac + c/ 9t2dx + 7 / 0w dx + d/ P.0:dx.
0 0 0 0

Using Young’s inequality and Poincaré’s inequality, we have

1
1"1/ 0w dr < 56/ w?dx + —/ 62,dx, (3.18)
/ 9tPtdx < CC / 9

Combining , and (3.17] -, we obtain . O

Lemma 3.8. Let (¢, w, 0, P) be the solution of system (2.1)-(2.3). For any e7 > 0, the functional

Pjtd:c. (3.19)
0

1 1 1 1
Fo(t) ::r/ Ptho:Jrrg/ medqu%/ Pgdx+d/ 9, Pdz,
0 0 0 0

satisfies

1 1 1 1
1
Fi(t)< —fyl/ P2dx + 67/ w2dx + c(l + ) / PZdx + c/ 02,dz. (3.20)
0 0 g1/ Jo 0
Proof. Differentiating Fg(t), using (2.1)4 and integrating by parts, we obtain

1 1 1 1
Fi(t) = r/ PZdx + d/ Py Pdx + v / Pawdz +ro / Pow.dx
0 0 0 0

1 1 1
0 0 0

1 1 1 1
= —fyl/ Pf,da:—i—r/ Pfdm—i—rz/ thwdx—kd/ P.0:dx.
0 0 0 0

Using Young’s inequality and Poincaré’s inequality, we have
1 1 1
7"2/ Ppwdxr < 57/ w2de + — / Pﬁtd% (3.22)
57 0

d ﬂtPtda: <rC, / 92 dz. (3.23)

0
Combining , and -, we obtain . O
Now we define a Lyapunov functional £(t) by
L(t) .= NE(t) + N1 F1(t) + Fa(t) + F5(t) + NaFy(t) + N5 F5(t) + Fs(t),
where N;, i = 1,2,4,5 are positive constants to be chosen later.

Lemma 3.9. Assume 5+ = 22. Let (¢, w, 0, P) be the solution of system -. Then there
exists positive constant cy, co and A such that

aE(t) < L(t) <cE(t), t>0, (3.24)

L'(t) < =\E(t). (3.25)
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Proof. According to the definition of £(t), and using Young’s, Poincaré’s and Cauchy-Schwarz’s
inequalities and Remark we obtain

|L(t) — NE(t)| = [N Fi(t) + NoFy(t) + N3F5(t) + NyFy(t) + N5 F5(t) + Fs(1)|

1 1 1
<oy [ fwwido+ oV [ Jul( [ 160 0)ldy)ds
0 0 0

1 1 1
N:
+oa [ foonlds + 222 [Culo, +wldz+a [ opjds
0 o 0 0
1 1 1
+N4pgc/ |9t|(/ |wt(y,t)|dy)d:v+N401p2/ |0, w|dx
0 0 0
1 1 1
Nipad [ 1PN [ ity 0ldy)do+cos [ 101610 (3.26)
0 0 0
1 o9 1 1 1
+r1/ |9Iw\d:r+—/ 9§dx+d/ |0Pt|dac+r/ |P,P|dx
0 2 0 0 0
1 1 1
N.
+r2/ |wa|dx+ﬁ/ Pidx + 3p1/ |wa || o4 (y, t)|dx
0 2 0 k 0

1
<m [ 6 4wt bud 4 (a w0+ PP 024 P2 do
0

< cE(t),

where m and c are different positive constants. Thus we have

(N —c)E(t) < L(t) < (N +)E(t).

Let ¢4 = N —¢,co = N + ¢, we obtain (3.24)).
Taking the derivative of £(t) with respect to t, using (3.2)), (3.5), (3.7), (3.10), (3.14), (3.16])
and (3.20]), we have

Ll(t)§—|:O'2N—CN1—C(1+i+i)N4—C(1+ 5—0/92dx
Eq 355

[’ygN—ch—c(l—&———i— )N4—cN5—c / Pftdx
|: N1 - 64N4 — €6N5 — C:| / ﬁda?
2 0
k 1
[pl — 81N1 / (btdx % 3 — €5N4 — C]/ (¢1 — w)Qdm
0

7”101 ' 2
—[—==Ns—c(1 —|— )N1 —¢Ns| [ widx
0

— [o01 N5 — cN4]/ 02dx — oy / PZdz.
0 0
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Choosing €1 = 5, €4 = €5 = ., &6 = ~.» we have

1
L'(t) < = [02N — eNy — ¢Ny — eNj — ¢N5 — eNZ — ¢ / 62,dx
0

1 1
— [y2N — ¢Ny — ¢Ny — e¢Ni — c¢N5 — c]/ Pdx — [%Nl - c]/ widx
0 0

1 1
P1 2 k 2
_ A der — [N+ — . — d 3.27
5 | ote—[gaNi=d] [ (0 —wPde (3.2
2¢N? 1
[T1p1N4—cN1— | —CN3]/ w?daj
2 Pl 0

1 1
— [o1 N5 — cN4]/ 02dx — 01/ PZdz.
0 0

Taking N; large enough such that

@
—N;y —c>0,
g1 ¢
and taking N3 large enough such that
k
—N3—c>0.
20 ° ¢
For fixed N7 and N3, choosing N4 large enough so that
2cN?
T1p1N4—CN1— | —CN3>O.
2 P1

For fixed Ny, choosing N5 large enough so that
01N — cNy > 0.
For fixed N1, N3, N4 and N5, choosing N large enough so that
JQN—CNl—cN4—cNZ—cN5—cN§—c>0,
YoN — c¢Ny —cN4—cNf—cN5—c>O.

Thus we have

1
L'(t) < —c / (02, + P2, + wi + 67 + (¢g + w)* +wi + P} +67) da. (3.28)
0
Combining (3.28) and Remark we have L'(t) < —AE(t), where A = 1. O

Theorem 3.10. Assume 5t = 22, and let (¢, w, 0, P) be the solution of system (2.1)-(2.3). Then

there exist positive constants A1 and Aa such that the energy functional given by (3.1) satisfies

E(t) < hge™Mt, t>0. (3.29)
Proof. From and , we have
L'(t) < =AE(t) < —?L(t). (3.30)
2

By integrating both sides of , we obtain
L(t) < L(0)e /e2, (3.31)
Combing this and , we have
aB(t) < L(t) < L(0)e M2t < ey B(0)e™ /e,
Let A\ = —% and Ay = 2 E(0), we obtain (3-29). This completes the proof of Theorem 3.1. O
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4. LACK EXPONENTIAL STABILITY WHEN - # 22

To show that system (2.1)-(2.3) lacks exponential stability when £ # 22 we use the Gearhart-
Herbst-Priiss-Huang theorem.

Theorem 4.1 ([I3, 23, [15]). Let S(t) = et be a Cy-semigroup of contraction on Hilbert space
H. Then S(t) is exponentially stable if and only if

p(A) S {iX: A€ R} = iR
and

lim ||(Z>\ — A)_lllL(’H) < 0.

A—o0

Theorem 4.2. Assume 5t # 22, and let (¢, w, 0, P) be the solution of system (2.1)-(2.3)). Then
the semigroup associated with (2.1)-(2.3)) is not exponentially stable.

Proof. To show the system lacks exponential stability, we need to show that there is a real number
sequence {\,},en and vector function sequence {F},},en with

Fy= (Fus £ fos fas £ B i FDT €M,
with ||F,|l < 1 such that
1AL = A) T E) iy — o0,
where
iU, — AU, = F,, (4.1)

with Uy, = (¢p, wp, 0,4, Py, Sp, 24, Uy, @,,) is not bounded.
For the sake of convenience, we omit the subscript p of the components for U,, and F), in the
following of this section. Rewriting (4.1]) in terms of its components, we obtain

izp—s=f1, idw—z=f?
iN —u=f3 AP —w=f4
iAp1S — k(uy — kwy = p1 f°,

G (4.2)
IAP2Z — QWay + kg + kw — riuy — roww, = po f°,
INU — 701 0gy — TOYUzy + Y1 Pry + dyowee — (117 — drg)ze = 0 f7,
INwW — e Pry — ¢Y2@Way + do10, + dostiy, — (cro — dr)z, = 5f8.
Taking f! = f2 = f3 = f4 =0, system (4.2) can be rewritten as
*)‘2/71‘775 — ke — kwy = p1f5,
—N2pow — AWy + kw + kg — iAr10, — iAra Py = po O, (4.3)

—A260 — 101040 — IOy + dY1 Pry + iXdy2 Py — iX(rir — drg)w, = 6f7,
—A26P — cy1 Py — iACYo Pry + do10,y + iXd020,0 — iX(cry — dri)w, = 5 f5.

Because of the boundary conditions is given by (2.2]), we assume that

2 1 2 1
w:Aucoswx, ¢ =DB,s (M; ) ,
2 1 1
QZCHSinM% P:DMSIH( ,LL+ )7T
2 2
Next, we choose
1 2 1
f6:f7:f820, f5:7sin(:u’+ )7'('
P1 2



16 J. QIN, J. HAO EJDE-2025/77
Inserting w, ¢, 6, P and f*, (i = 5,6,7,8) into (4.3), we arrive at

¥ +,€(M)2}BM+ Gutbm,

2 2

Y (20 + 1)y 2 (2u+ D

[~ Xp+a(FST) + k| Au+ B,

2 +1 2% +1

i MW@ i A”w Dy =0, (4.4)
2+ 1

N,.C, — TyDy, + A (rry — dry) WAM =0,
2 +1

M,D,, — E,C, + i (cry — dry) WA# ~0,

where

N, ==\ + 1oy (WY + i)\r02<w>2,

Tu= Md%(@f +dy (W%)”)?

My, = =X*3+ ey (M)z + M%(M)Q’

E, = z'/\dag(wf +doy (M>2

2
Let \ = ,/%(W) Then from (4.4);, we obtain
2
A= —.
2p+ )7
Combining (4.4)s and (4.4)4, we obtain
72’)\W[(7‘r1 —dra)E, + (cry — dri)N,,]

D, = A
g MMNM - TMEM "

o — _iAW[(rm —dro)M,, + (cro — dr1)T,] 4
me M,N, -T,E, -

As p — oo, we have

(2,u42r 1)71')2,

[(rr1 — dre)Ey + (cra — dri)N,] — i) [er — d] 7“202(

M,N, -T,E, — —Ner — d2]’ygo’2(

Gt my?
2 b
[(rry — dro)M, + (cry — dTl)Tu] — A [CT o d2] 7“1’72(@) '

Then, we have
Cu—>—r—1, DH—>—T—2, 1 — 0.
02 Y2
Consequently,
1 1
o1 o1 2u+ 1)
Ol G [ 2ae= 3 [ (2T
0

2 Jo
2u+1 ! 21+ 1
ﬂ(cuM)Z (cos Mx)zdx
2 2 o 2

o ( Qu+1)m

4 2
From the above, it is easy to see that ||U|y — oo as p — oo, which is the desired conclusion.
This completes the proof. O

u+)m

C
11 COS 5

x)%da

C)? — o0, [ — 00.
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5. POLYNOMIAL STABILITY WHEN &L £ 22
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In this section, we construct a high order energy to show that system ([2.1])-(2.3]) is polynomial

stable, with decay rate t—1.

Theorem 5.1. Assume 5t # 22 and let (¢, w, 0, P) be the solution of system (2.1)-(2.3)). Then

there exists positive constant Az such that the energy functional given by (3.1) satisfies

A3
t b

Proof. Firstly, we define a second order energy functional

E(t) < vt > 0.

1 1
Es(t) = 5 /o [P1¢?t + p2wt2t + awit + k(¢ + w)? + CetQt + TPtQ + alﬁit]dx

1 1
+ 5/ [’Ylngt + 2d9ttPtt]dx,
0

so that

1 1
EL(t) = 702/0 Gittdx—'yg/o Pfttdx.

Since £ # 22 the last term in (3.11) can be handled as follows. From ({2.1)3, we obtain

1 1t
/ PiWaedr = o (cOst + APyt — 01030 — 02050¢) Prda
0 1 Jo

d 1
0 ™ ™

By Young’s inequality and Poincaré’s inequality, we have

(ﬂ - / ¢thtd$€ < (pkl p2) C;lt/l (%9m¢z + %qf)mezt)dm

1
+€7/ ((25? + (f)i) dr + Eﬁ / (egzctt + egzct + Pg?tt) dz,
0 7 Jo

where we use that
0% = (¢a — w0+ w)”* < 2 +w)* +20°.
Now we define the Lyapunov functional

F(t) := N(E(t) + Es(t)) + Ny ()1 () + NoIo(t) + NaIs(t) + Lu(t) + I5(t) + NeIs(t)

H(E) [ (oo o)

(N = Q)E(t) + NEs(t) < F(t) < (N + ) E(t) + NEs ().
Thus, we can infer that there exist positive constants m; and mso such that
mi(E(t) + E2(t) < F(t) < ma(E(t) + Ea(t)).
From (3.25) and (5.5)), we obtain

F’(t)g—cE(t)+s7/ (67 + ¢2) dx — | N—— / 62, dx

Obviously,

11
N——/Pﬁttdx —agN—ch—c(1+f+ )N4

€4 €3
—c(1—|—€6)N5———c /92dx

1 1 1 1
d
T / P / Pz — 2 / Orih dr — 22 / Opishy da
T1 0 T1 0 T1 0 T1 0

(5.1)

(5.3)



18 J. QIN, J. HAO EJDE-2025/77

Then we choose £7 small enough, take N large enough such that F(t) is positive and

1
02N+N—CN1—C<1+—+ >N4fc<1+ )N5—£fc>0
€4 &7

Thus depending on the above constants, we have
F'(t) < S E(1),

in which ¢ is some constant. Integrating over (0,t), we obtain

/tE(t)dt < X(r0) - Pty < Lr0) < ™2 (B(0) + B> (0)). (5.5)
o c c c

Since

with (5.5), we derive that

Furthermore we have

A
B(t) < 22,
where A3 = Z2(E(0) + E2(0)). Thus the proof of Theorem is complete. O

6. COUCLUSIONS

In this paper, we focus on the stability of a thermodiffusion Timoshenko system of type III.
By using the energy perturbation method, we successfully prove that there is a close dependence
between the stability of the system and the wave speed. Specifically, when the wave speed are
equal, the system is exponentially stable. However, when the wave speed are not equal, the system
only has polynomial stability. In addition, we also prove that the system does lack exponential
stability when the wave speed are not equal.

These results indicate that the wave speed has a significant impact on the stability of the
system, and the transmission performance of the system is better when the wave speeds are equal.
This finding has important implications for engineering applications, particularly in the design
of high-performance aerospace and microelectronic structures, where precise control of thermal
diffusion and stable system operation are critical.

It is worth mentioning that our results extend and improve the previous relevant research results.
At present, whether the decay rate of this polynomial has reached an optimal state remains an
open problem yet to be solved. Future research could focus on investigating system stability under
various boundary conditions. Additionally, the model could be extended to higher dimensions to
better represent the complexity and diversity of real-world engineering scenarios.
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