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STRONG SOLUTIONS TO DENSITY-DEPENDENT INCOMPRESSIBLE
SMECTIC-A LIQUID CRYSTAL EQUATIONS

XUE ZHANG, XIAOPENG ZHAO

ABSTRACT. In this article we study a density-dependent hydrodynamic system that models
smectic-A liquid crystal flow. We establish the existence and uniqueness of local strong solutions
provided that the initial density function has a positive lower bound.

1. INTRODUCTION

Smectic liquid crystal is a liquid crystalline phase, which possesses not only some degree of
orientational order like the nematic liquid crystal, but also some degree of positional order (layer
structure) [1l 4, [5, 10]. In [I3], the author proposed the following incompressible nonhomogeneous
smectic-A liquid crystals system which is related to the compressibility of fluids/layers and the
thermal effects

pe+ V- (pu) =0,
pluy +u-Vu) =V - (—pl + ¢ + ),
pr+u- Vo=V (EVp) - KA%p), |Vep|=1,
V-u=0,

(1.1)

where p, u, ¢, and p denote the density of the material, flow velocity, layer variable, and pressure,
respectively. The positive constant K which arises in the free energy, the constants p1 > 0, g > 0,
and ps > 0 are dissipative coefficients in the stress tensor, and A > 0 is elastic relaxation time.
Moreover, D = %(Vu + V7Tu) represent the symmetric part of the derivative of the velocity, ¢ is
the corresponding Lagrange multiplier, 7 = V¢ represents the molecule orientational direction.
The viscous stress tensor ¢ and the elastic stress tensor (Ericksen tensor) satisfy

0% = (AT DA)A @ 7 + pa D + ps (DA @ 7t + n @ D),

1.2

o= ¢iean+ KV(V-7)@i— K(V-i)Ve. (1.2)
It is worth pointing out that the constraint (1.1]))4 is the usual incompressibility constraint for
the fluid with the associated pressure p acting as a Lagrange multiplier, the constraint |Vp| = 1
translates the incompressibility of the layers with the Lagrange multiplier given by & [I3] [I1].
When consider the smectic-A phase, molecules prefer to lie perpendicular to the layers, which

implies that n = % = Ve [13].

Liu [9] introduced the term f(n) = VF(n) = Z(|n|> — 1)n, with the associated potential

function F(n) = 1z (|n|> — 1) denoting the Ginzburg-Landau potential to relax the constraint
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V| = 1, and studied the density dependent system
pe+ V- (pu) =0,
pluy +u-Vu) +Vp=V-59+V.5°

1 (1.3)
1 tu-Vo= A[V- (;(IWO\Q - 1)V<p) - KA%},
V-u=0,
where
6% = (AT DA)A @ 7 + paD + ps(Dii @ 7 + n @ D),
(1.4)

1
5¢=KV(V-n)@n—K(V-n)Vip— (5—2(|V<p|2 - l)n) @ n.

The author used a no-slip boundary condition for v and time-independent Dirichlet-Neumann
boundary conditions fore, derived the energy dissipative relation of the system, and proved the
existence of global weak solutions in both two and three dimensions by using a semi-Galerkin
procedure.

If the density p is assumed to be a positive constant, then one obtains the incompressible
homogeneous smectic-A liquid crystals equations

up+u-Vu+ Vp=V- [ (i DR @ i + paD + ps (DR @ i +n @ D)

+V - [KV(V ) @i - K(V- i)V - (g%(lvsol2 ~vi) @], (Ls)

prtu- Vo=V (éqwﬁ ~ V) - KA%].

Climent-Ezquerra and Guillén-Gonzélez [2] showed the uniqueness of weak/strong solutions, the
existence of global weak solutions, the existence of weak time-periodic solutions and the existence
of regular solutions for together with Dirichlet boundary conditions and the initial condition.
Segatti and Wu [11] considered the long-time behavior of the solutions for the system endowed
with periodic boundary conditions within the theory of infinite-dimensional dissipative dynamical
systems. Zhao and Zhou [I5] analyzed the local well-posedness, small initial data global well-
posedness and large time behavior of strong solutions for the Cauchy problem of equations (1.5)).
On the other hand, Climent-Ezquerra and Guillén-Gonzélez [3] assumed p; = ps = 0 in ,
obtained the simple Smectic-A liquid crystal system, proved the existence of global in-time weak
solutions and its convergence to equilibrium of the whole trajectory as time goes to infinity. For
the well-posedness and large time behavior of the Cauchy problem of simple Smectic-A liquid
crystal system, we refer the reader to Zhao and Zhou [I4].

In this article, we consider a simple version of . First, after calculations, ¢ in satisfies
2

1 1 Vol?
V-5t = =5V IV = )Ve|Ve — 5 V(Vpl — 1) + KAV - Kv(%).
Moreover, one assumes that py = ps = 0, then (1.3)s can be rewritten as
1
plug +u-Vu) — %Au +Vr = [KAQ@ — ;V (Ve =1)Vy) } Ve, (1.6)

where m = p + V(KWTW‘2 + 2= (|V¢|*> — 1)?). Combining (L.3), (L.4), and (L.6), we obtain the

system
pt + V- (pu) =0,

1
plus +u-Vu) — %Au +Vr = {KAQQD - €—2V (|Vp|? - 1)Vgp} Vo,
(1.7)
1
pr+u- Vo= AL@V (Vg2 = 1)Ve) - KA%y],

V-u=0,
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In this article, we consider the existence and uniqueness of local strong solutions for system (|1.7)
in T3 = [0, 1]3, thus complement it with the initial condition

(p,u, ©)|i=0 = (po, uo, o), in T?. (1.8)

For simplicity, we denote €2 := T? in the following. Next, we give the definition of the strong

solutions for system ([1.7)-(1.8)) in €:

Definition 1.1. Let ¢ € [2,00) and r € (3,6]. The time T' € (0,00) is a given positive time. If
the functions
p € L=, T; WH1(Q) N W?2"(Q) N H3(Q);

u € L>=(0,T; H*(Q)) N L*(0,T; H*(Q));
up € L=(0; T HY(Q)); Vi € L0, T; H(9);
Vg e L=(0,T; HS()), Vou € L*(0,T;L*())
fulfill the initial condition and satisfy system pointwise, a.e. in  x (0,7, then it is
called a strong solution to system —.

The main results on the existence and uniqueness of local strong solutions are the following.

(1.9)

Theorem 1.2 (Existence). Let ¢ € [2,00) and v € (3,6] be fized constants. Assume that the
initial data (po,uo, o) satisfies the regqularity conditions

0<p<po€ WH(Q)NW>"(Q) NH?(Q),
V- uy=0, UOEIJS(Q>7 ¢0€H7(Q).

Then there exists a positive time T and a strong solution (p,u, ) for system (1.7)-(1.8) in Q x
(0,7).

Theorem 1.3 (Uniqueness). The strong solution established in Theorem s unique.

This article is organized as follows. In Section 2 we introduce some preliminary results; In
Section 3, we establish some useful a priori estimates; In Sections 4 and 5, we show the existence
and uniqueness of strong solutions.

2. PRELIMINARIES
We define
H' = {ww e Hk(Q),/ wdz = 0}.
Q

Note that the total mass of p(x,t) is conserved, i.e.

/ o(z, t)de = / podx =My, Vt>0.
Q Q

where My > 0 is a positive constant. For convenience, one assume that fQ wo(x,t)dx = 0, or else,
we can translate the unknown function

® =@ — M.
System (|1.7))-(1.8)) is reduced to
pt+V(pu):O, inQa

1
plup + - Vu) = L Au+ V= [KA%G = SV - (V6] - )V Ve,
. (2.1)
- . 1 . . .
Gr+u-Vo= A[V- (;Q(WW - 1)V<p> - KAQ@},
V-u=0,

with the initial condition

(p, 1, @)li=0 = (po, o, Po) = (po, uo, o — M). (2.2)
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Instead of problem (|1.7)-(L.8), we work on problem (2.1)-(2.2) and still denote ¢ and @g by ¢, ¢o,
etc.

In the proofs of lemmas and theorems, we frequently employ the following Gagliardo-Nirenberg
inequality.

Lemma 2.1 ([0]). Let uw € LI(Q2), V™u € L"(Q), 1 < q,r < oo. Then there exists a positive
constant C = C(n,m, j,a,q,r), such that

VIu||Lr < C||Vju||%/m—j,r|‘u||i;a’

where

——)+(1—-a)-, 1<p<oo, 0<j<m,

1 .
m lgagl.
n

q m
Next, we introduce the Kato-Ponce inequality which is of great importance in the proof of the
main result.

Lemma 2.2 ([7]). Let 1 < p < oo, s > 0. There exists a positive constant C' such that
IV (f9) = FV°gllLe < CUV Lo [V gllez + [V fllar llg]lLe2) (2:3)

and
IV (fDllee < CUSfllLe IVigllLree + IV fllLar gl Laz ), (2.4)

where p1,q1,p2, G2 € (1,00) satisfying % = pil + p% = q% + q%'

Also, we give the well-known Gronwall’s Lemma, which will be used later.

Lemma 2.3 (Gronwall Lemmal[I2]). Let g, h, y, and % be locally integrable functions on (tg,00)
such that

dl(/i—gt) < g(t)y(t) + h(t), Vt=>to,
then y(t) satisfies
y(t) < y(to)exp(/tt g(s)ds) + /tt h(s)exp(/jg(ﬂch)ds.

3. A PRIORI ESTIMATES

In this section, we establish a priori estimates for strong solutions (p, u, ) to — in
provided that the initial density function has a positive lower bound py > p > 0. Although these
estimates may have their own interests, we mainly apply them to the approximate solutions to
— that are constructed by the Galerkin method.

Throughout this paper, we denote by C generic constants that depend on ||ug|lgs, ||vollz7,
loollwi.anwzrnms and the pressure. We also use the obvious notation

k
I s menxe = D0 I,
=1

for Banach spaces X;, 1 < j < kand k € 7Z7F. The notation A < B means that A < CB for a
universal constant C' > 0.

Let (p,u,¢) be a strong solution of — in Q x (0,7] (or the approximate solutions
(P, u™, ™) of eqrefl—l— constructed by the Galerkin method). For 0 < ¢ < T, set

2(t) = sup (llpllwerowranms + fu()lae + lo@lar + fuda +ledne +1). @)
The main purpose of this section is to bound each term of ® in terms of some integrals of ®. In

Section 3 below, we will apply arguments of Gronwall’s type to prove that ® is locally bounded.
Now, we state the main theorem of this section.
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Theorem 3.1. If (p,u,p) is the unique strong solution stated in Definition to system (|L1.7)-
(L.8), then for anyt € (0,T), it holds that

t
d(t) < exp {C/ @S(S)ds]. (3.2)
0
The proof of Theorem is based on the following lemmas.

Lemma 3.2. If (p,u, ) is the unique strong solution stated in Deﬁm’tion to system ([L.7))-(L.8]),
then for any t € (0,T), it holds that

ol = llpollLr,  for € [1,00]. (3.3)

The proof of the above lemma can be found in [§, Theorem 2.1].

Lemma 3.3. If (p, u, ¢) is the unique strong solution stated in Definition[1.1]to system (L.7)-(L.8),
then for any t € (0,T), it holds that

K 1
lullZs + —lA@l7e + 5 1Vel® — 117,
p 2pe

(3.4)
2 [t 1 ) 5 |2
i - - - <C.
+p/0 /Q[A‘v(€2(|w| 1)Vy) — KA w‘ |az<c
Proof. By [9, Theorem 2.1], we obtain the basic energy identity
1
Il + KlAplEs + 551Vl - 113,
! 1 2 2 |?
+2/ / [A‘V(—Q(|V<p| . 1)V<p) ~ KA (p‘ }dx (3.5)
0 JQ €

1
= [IVpyuollzz + K|l Agoll7 + @\HV@OF — 117

Moreover, on the basis of the assumptions of Theorem [I.2 and the result of Lemma [3.2] we easily
obtain

0 < pllullz: < IVpulZs,
IVPguollze < llpollzes lluolZ:-
Hence, we obtain (3.4) and complete the proof. O

Lemma 3.4. If (p,u, ) is the unique strong solution stated in Deﬁm’tion to system ([L.7))-(L.8]),
then for any t € (0,T), it holds that

t
IV pllzo + 180l + [VApl 12 < exp (C / (s)ds), Vre (3,6, g€ 200,  (36)

Proof. Applying the gradient operator V to (1.7))1, multiplying by q|Vp|9~2Vp, and integrating
over €2, we derive that

d
5 [1¥slrds < ¢ [ [9p01Vulde < [Vull= [V (3.7)
Q Q

Then, by Gronwall’s inequality and Sobolev’s inequality, it follows that
t
Vel <1900l e (C [ [Vullids)
0

t
< IV poll%, exp (c/ [Vl ds) (3.8)
0

< exp (C /Ot Q)(s)ds).
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Applying the Laplacian operator A to (1.7)1, multiplying by r|Ap|"~2Ap, and integrating the
result over {2, we obtain

i/ |Ap|"dx = —r/ |Ap|" "t Ap: A(u-V)pdx +/ |Ap|"V - uds
dt Jo Q Q

- 2r/ |Ap|"2Ap: V(u-V)Vpdr (3.9)
Q

< ClAullL- [Vl |Apl7 + ClIVul o | Ap] -
< O(IVullze + [[Aul L) [ AplL--

Using Gronwall’s inequality and Sobolev’s inequality, it follows that

t
2] e ([ (19l + 1A

1 < 1 Apol

er)ds)

t
< Cexp (C’/ ||Vu||szs) (3.10)
0

< exp (C /Ot <I>(s)d5>.

Applying the operator VA to (1.7));, multiplying by VAp, and integrating the result over ), we
obtain

%HVApII%z < C(|Vull = IV Apll 2 + [ Aullps [ Apl e [V Ap| 12
+ [V AU 2| Vpl| o< [V Ap 2
< O(IVullz= + | Aulls)[VAp|32 + ClIV AUl 2| Ap| K2V Ap]
< O(IVullz + | Aull s + [[VAul22) [VAp|32 + ClIVAul| 2| Ap] 3.

It then follows from Gronwall’s inequality, Sobolev’s inequality and Taylor’s expansion of e” that

(3.11)

t
IV80lE: < (19 +sup [AplEs | [V Au] o)

t
X exp (c/ (IVull e + |Au] s + |V Aull2)ds)
0 (3.12)

< Cexp (C/Ot [Vl ds)

< exp (C /Ot @(s)ds),

which complete the proof. O

Lemma 3.5. If (p,u, ) is the unique strong solution stated in Deﬁnition to system ([L.7))-(L.8]),
then for any t € (0,T), it holds that

t t
lellz> + IVellZ +/0 (1Ap(s)lz2 + [VA@(s)||72)ds < C/O @°(s)ds. (3.13)
Proof. Multiplying (1.7)3 by ¢, integrating over 2, one deduce that
1d A A
5191+ AKIAIE: + S190lk < 51Vl + [ [lVellplds.  (314)

We bound the first term on the right-hand side of (3.14) by

A A AK

SI9elE: = =3 [ oheds < ZF18GIE + Clol (315)
Also,

/QIUIIle\sOIdx <ullzsIVellzzlellze < Cllullmlellin < Cluld + lelE)- (3.16)
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Combining (3.14)-(3.16) gives

T 2 3 3

g1 1elze + AN AL < Cllull + llelfzn +1). (3.17)

Multiplying (1.7)3 by Ag, integrating over €2, and integrating by parts, we arrive at

LVl + AK[VAG: < \UIIV@IIAs@\der 5 |V<p|3 + Vo)) VAp|de
2dt

< C”“HLGHVSD”HHASO”L? + CIIVA@HL?(IIVsDIILs + Vel L2)
AK
< Cllullu Vel + Z-IVARIZ: + CIVelin + [Velze)

AK
< 2R IVAGIR + Vel + el + 1)
Simple calculations show that
d
S IVeli: +AK[VAQ|7: < CUIVelE + Ilulf: +1). (3.18)

Adding (3.17) and (3.18), and using Gronwall’s inequality, we obtain (3.13|) and complete the
proof. O

Lemma 3.6. If (p,u, ) is the unique strong solution stated in Deﬁnition to system ([L.7))-(L.8]),
then for any t € (0,T), it holds that

t
IVullZ: + IVAIIZ: + A%l +/0 (IVpuellZz +1IVA%|72 + | A%|[72) ds

t (3.19)
< C'/ 5 (s)ds.
0
Proof. Multiplying (1.7)2 by wu¢, and integrating by parts over 2, we arrive at
d
T %\VUP dz + / plugPdr = —/ (pu - Vu) u de + / KA?pVou, dx
Q

(3.20)

- —/ [(IVe]* = 1)V V] uy da — / Vru, dx
L+ L+ s+ I,

In the following, we estimate the three terms of the right-hand side of (3.20), one by one. The
main tools to bound those terms are Holder’s inequality and Sobolev’s embedding theorem. Note
that

L < / ollul| Ve
Q

< ClVpllz=llullzs [Vull s llv/puil 2
< ClVplle (lull e + IVl ) | Vull 22V ull 1 /ol 2 (3.21)

1/2
< ClpullaullZn + Clly/pull el 3 [ Aull ¥,

< Z(Ilﬁml@ +llAulZ2) + Cllullg + llullzn),
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and
L+ Is < C(|A%]| 12 Vol e oo + 180N 2 | Vpl| 2 e oo
+ | A@l| 2 IVl s e o)
1/2 1/2
< C|IA2%0| 2 |Vl 2 IV e 1 Va2 + ClAG] L2 [Vl 2 e a1

1/2 1/2
+ OVl 2 IVl | Al 2 el ars

1
< JIVullz: + CUA*IL: Vel IVl + 1 Ael el Vel b
+Vellz2 Vel allAplZ2)

(3.22)

1
< ZIIVUtH%a +C(1A%)72 + 1A¢l2: + [Vellf +1).
Moreover, (1.7)4 implies that

I, = / 7V ugde = 0. (3.23)
Q

Combining (3.20)-(3.23), we derive that

d/uzl 2 / 2
— | —=|Vul"dx+p ug|“dx
G | Gt [

1
< S(IVulze + 1AullZe) + CIA%IIL: + [Vellz: + AL + [Vulze + 1)

< C(IVuelge + llullte + el +1)-

(3.24)

Applying VA to both side of 3, multiplying by VA, integrating over €2, we deduce that
Ld
2dt
< /Q \V(u-Vso)HVA%\deFA/Q ‘vv- (éuwﬁ - 1)w)’|VA2<p|dx (3.25)
=: Iy + I5.

IVAQI[L: + AK|[ VA

By using Holder’s inequality, the Kato-Ponce inequality and Sobolev’e embedding theorem in 3D
bounded domain, the right-hand side of (3.25) can be bounded as

L4 < OV A2 2 (| Vul| 2 [ Vel o + ull o[ V2] 12)
< CHVAzSOHL?H“HHl||VQPHH2 (3.26)
AK
< 21V A%g| s + Cllullin Vel
and
I5 < CIVA2p 12 (IV2(Ve2V) | 12 + [VAg] 12)
< CIVA2|| 2 (IVe |26 VAR Lo + VAR 2)
< CIIVA%o| 1 (IVel 2 VAl + VA 12) (3.27)

AK
< MV A%l. + O+ IVl IV AplE: +18%]50).
It then follows from ([3.25)-(3.27) that
d
aIIVAwII%z +AK|[VA%p|7-

< CllullZn IV ell%z + C(L+ IVl ) (IVAQ[22 + |A2%0]22) (3.28)
< O(fullé + ol + 1)
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Applying A2 to both side of (1.7))3, multiplying by A2¢p, integrating over 2, we deduce that

S S IA%GE, + AR A%

< [ 18w Volatsldr e [ [V (L0vel 090 ) [ja%lar B2
Q Q
=: 16+I7.

The main tools to bound I and I; are also Hdlder’s inequality, the Kato-Ponce inequality and
Sobolev’e embedding theorem. Simple calculations show that

Is < ClIA%p| 2 ([|Au] 2 IV ol Lo + [lull = [V AR £2)
< CIA%@l L2 (| Aull L2 | Vel i + [lull a2 [ VAR £2)
(3.30)

IN

AK
1A%l L + CI AUl Vel + VAL llulFe)

IN

MK |
—I1A%lLe + CIVelhe + ulfe + 1),

and
I < CIA%|| 2 (IV3 (VP Vo)l 2 + | A%¢ 2)
< ClA%| 2 (IVell7 = [A%0] 2 + | A%l £2)

< CIA%0| 2 ([[Vol 3 | A2 12 + [|A20|| ;2
< A%l =(IVelg | A%l 2 + [[A%] 12) (3.31)

AK
< 1A% + CUIVelly: [A%lIZ: + [A%II7:)
AK
< M)A + 001+ [Vl
Summing (3.29)-(3.31]), we obtain
d
1A%l + AK[ A% 72 < O+ [[Veollfys + [lul2). (3.32)

Combining (3.24)), (3.28) and (3.32)), integrating over (0,t), one obtains (3.19) and completes the
proof. O

Lemma 3.7. If (p, u, ¢) is the unique strong solution stated in Definition[1.1]to system (L.7)-(L.8),
then for any t € (0,T), it holds that

t
Ha
luel32 + 90022 + IV A@3: + / (B Iudls + IV A 3: + [V oul?:) ds
(3.33)

t
< C’/ 3 (s)ds.
0

Proof. Differentiating (|1.7)2 with respect to ¢, multiplying the resulting by w;, integrating over €2,
we arrive at

1d

5 IVl + [Vl = [ fdivou)us +u- Va) = plas - Vo)) usdo
Q

+/Q [(ra2e - siv (IVe|? - 1)w)w} g dz (3.34)
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There are two terms on the right-hand side of (3.34]). We estimate them by using Holer’s inequality,
Kato-Ponce inequality and Sobolev embedding theorem in the following. For the term Ji, we have

3 =C [ (plullulled + plulVu ] + pluf*| Al
Q

+ pluf? [Vl V| + pluif2|Vul ) de

1/2
< C(llv/pudllce | Vel 2l ol + 1ol o lull o | VullFa el oo

+ ol lullZsllAull 2wl zo + ol o lull 2o | Vull 2o [ Ve 2
1/2
+ IVl | Vpuel 2 el o o] 1)
< CUVpuell L2 IVuel 2 l[ull g2 + ull g [Vull g2 [Vl g ffuel g
+ [l | Aull g2 el e+ ullF [Vl gl V]| 2
+ IVull g [[vpuell L2 el 1)
Ha
< %Hvut”i? + Cllvpu[Zz [ullFrz + Cllullgn [ Vullzn + lullzn [Vl g lluel| 22
+ Clivouel 2Vl o [l 2
Ha
< %HVUtHQLQ + O([luelzz + lull e +1).

(3.35)

Moreover, Jo can be bounded as

1 3
Jo = / (KA2<pthp + KAQQOV% + 6—2Agpt — €—2|V<p|2A<pt
Q
6
— Vo V(ptAap) uy dx
£
<c / IV Al Aglfueldz + C / VA [Vl [Vurldz + C / A%V lluldz  (3:36)

Q Q Q

e / Verl [Varlde + C / IVol2l A luslde + C / Vel Vel | A furlda
Q Q Q
=: Jo1 + Jog + Jag + Jog + Jo5 + Jog,

where

Jo1 < VA 2| Apl| s [|ut] e
< ClIVA@| 2 | Ap|l g |t || 1

M .
LIVl + CIVAG Il Aplin + CIVAG e Apl el 2 (357

IN

IN

I
iIIVUtlliz +C(IVA@ez2 + 1 A@l5 + lluelzs +1),
Jaz S ClIVA@ | 2 [Vl Lo [V 2
< CIIVA@| 2|Vl a2 |V 2

Ha .
o5 [Vuelliz + CIIVA@| . Ve (3.38)

IN

IN

Ha
o I Vullzz + CUIVA72 + [Vell2),
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Jas < C|| A% 121V el 13 [[ue o

< OlA%) L2 [Vl e [V el 35 e e

< COlIA%| o (| V A 15 + Vet | eV 155" (luell 2 + Ve 2)
< L IVudl: + ClA%GI3: IV AG IVl f2 + ClA%0] 3] Vil 3

- c||A2ga||Lz<||mwtu”4 + IVl Vel 35 e e
< SlIVulia + CUIVARIL + ||wt||m + 1A%l + fluelfs + 1),
Jaa < C| Vsl 2| Ve 2 <

a5 < C|| Al | VellZe el o

< CIVAGL Vel 21V el e e

—||VutHLz + C|| VAR 2| Vil 2| Vel 1

<55 L 1Vl + ClIV@ill3,

+C||VA<PtH1/2HVSDtHI/QHVSDHHlHUtHL?

< Sl Vulta + Cllluill§ + VARG + [Veil§a + [Velfn + 1),
Jag < ouvmmuwnm||A¢||Le||ut||m < C|Vell 2l Vol 3o e 2o
< S2lIVailZa + CIVlE Vel + ClIVerl e 1Vl 3 el
< S2lIVail3a + CUIVARIS: + [Vellfs + [Veillfs + lludlfa + 1.

Summing (3.34)-(3.42)), it yields that

d Ha
ZIVeuliz + 5 IVulie < Cllhullze + [Vullze + [Aullz: + [VAulZ: + Vo2
+IVA@Z: + 18%0]%: + [VA@]Z +1).

11

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

Differentiating (1.7)3 with respect to ¢, multiplying the resulting by Aypy, integrating over 2, one

arrive that

1d
i%HV%H%? + AK||VAg|F2. = */Qut V- Apydr — /Qu~Vg0t Ay dr

A
+5 [ V- (@IVeP - 1)) g ds
Q
=:Js+Js+ Js.

(3.44)

There are three terms on the right-hand side of (3.44)). The main tools to bound them are Holer’s

inequality, Kato-Ponce inequality and Sobolev embedding theorem. Note that
J3 < Clluell Lo IVl s | Ay 2
1/2 1/2 1/2 1/2
< Clludl [Vl 271Vl IV 2 IV Al
< *(IIVutlliz +IVAp[72) + ClIVelZ: Vel i [V erll7
1/2 1/2
+ Clluell 2| Vol Vo | 1271V Ao

< g(llvwlliz VA7) + CUIVellin + lluellz> + [Veelg + 1),

(3.45)
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Ja < CllullLs[IVerl| s | At | 2

5/4 3/4
< Cllull Vol 2t Ve |

5/4 3/4 3/4
< Cllullm Vil 55 IV 125" + IV Ay |35

(3.46)
<71 VAp 2 + Cllu 8/5 Ve 2 +C Vo 2
= 6” t||1/2 || HHl H t”b2 ||u||H1|| t||1/2

IN

1
sIVAez: + Cllully + IVeize + 1),

Js < CIVA@| 2 (IVerllzz + IVl i Vel £2)
< ClIVA@lL2([IVerllze + IVella2 Vel 2)

1 3.47
< LIVAQE: + IVl (1 + Vel (340)

IN

1
sIVA@z: + CUIVAlL: + Vel + Vel +1).

Summing (3.44)-(3.47)), we find that

d 1
£IIV%II%2 +FAK VAL < SIVullZ: + Cllulln + [Vellz: + [Verlze + VAL +1)
< C(IIVuel|Ge + [lullf + [Vllge + [VerlZe +1).
(3.48)
Differentiating (1.7])s with respect to ¢, multiplying the resulting by Ay, integrating over €2, one
arrive at

AK d
T%HVA(PtH%Q + ||vg0tt|‘%2 = */ Ut - VCIO . A@ttdl' — / u - Vgot . A@ttdlﬂ
Q Q
A 3.49
+5 [ (V- @IVeP - 1)) Apudo (349
Q
=Js+ J7 + Js.

On the basis of the Kato-Ponce inequality, Holer’s inequality and Sobolev embedding theorem,
one obtains

Jo < ClIVeullL2 IV (u - Vo)l
< OVl 2 (IVurll 2 [Vl e + [[utll s [ Apll £s)
< CIVeull2(Vurl 2 Vel a2 + lludl [ l| Ael )

1 (3.50)
< 6||Vsott|\%2 + Cllue| 7 IVl 2
< éllthtl\% + OV e + luellz2 + [IVell32),
Jr < C[Veoull 2 IV (u- V)| 12
< |IVeull2(IVullz [Verl s + [lull Lo || At 22)
< CIVeullz(IVullm: [Vl + [ Vull g | A 12) (3.51)

1
< 5 IVeullze + ClIVullz Ve

IN

1
IVeuli: + C(IVullz +IVeelze + [VA@[72),
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Js < CVeulle> (IV? - (IVel* V)l L2 + IVA@|2)
< ClIVeulz (IVllZ< VAP L2 + [VellLs VAR ol Ve o + VAR 2)
< CIVeillLe (IVellZ VA 2 + IVl Vel ar + VAR 12) (3.52)
) .
< gllthtﬂiz +OIVel s (IVeilZe + [IVA@:72) + ClIVAg |72
1
< 6||V<Ptt||2L2 + C(IVellSs + IVAL32 + IVerl32 + 1).
Summing (3.49)-(3.52)), we deduce that
d
AK%HVA%‘%”QLQ—FHV@H”%P < C([Vullfrs +lluell G +IV el 2 IV Ap 32+ Vol 2 +1). (3.53)
Combining (3:43), (B.48) and (B53) gives

d
S IVPwliz +IVellz: + VAG[Z:) + [VuelZe + VAT + Vil

< Clulfyr + el + Ile + IVl %2 + VARG + 1) (3:54)
< Co%(2).
Integrating over (0,t), note that 0 < p < p, we obtain (3.33)) and complete the proof. O

Lemma 3.8. If (p, u, @) is the unique strong solution stated in Deﬁm'tion to system (|1.7)-(1.8]),
then for any t € (0,T), it holds that

|Au||7. < CO3(t). (3.55)
Proof. Multiplying equation (1.7)2 by Au and integrating over € yields that
%HAuH%g = /Q(put—l—pu~Vu) -Audr — A KA*oVpAudx

1
+ ;2/ V- [(|Ve]* = 1)V VeAu dx (3.56)
Q

=: L1 +L2—|—L3

Next, we estimate L1, Lo and L. The mail tools are also Holder’s inequality, Kato-Ponce inequal-
ity and Sobolev’e embedding theorem. We have

L < [ 1VallViulaulde + [ |oljullVulAulda
< Cll/punll | Aull 2 + Clull o [Vl o Au 2
< Cllpurlluz [ Aullzs + Cllull b (19l 2 + [ Aull2)/2] Aul| 2
< SlAula + Ol + [vpulis +1),

(3.57)

and
Ly + Ly < | dul e lIK A% — 5V - (Il ~ 1)Vl Vi1
< Ol 8l 2 [Vl (18%l1z2 + 19 - [(Vol? ~ 1)V z2)
< Ol = [Vl (18%] 2= + |1Alz= + IV - (V) Vi)
< Ol 2 [Vl (1% 2 + 18l = + [Vl A z2) (3.58)
< Ol [Vl 1A% ] = + 1A z2 + [Vl 1 A 2]
B4 Al + OVl 1A%l 22 + 18l 22 + [Vl A o]

IN

IN

Ha
S AUl + C(IVells +1).
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Combining (3.56), (3.57) and (3.58), we find that

1

fHAUHi—z < O(IVulzz +IVollgs + plluclze +1) < C23(2), (3.59)
this complete the proof. O

Lemma 3.9. If (p,u, ) is the unique strong solution stated in Deﬁnition to system ([L.7))-(L.8]),
then for any t € (0,T), it holds that

t t
VAl + [ Vurls + [ (1A% + [Auli)ds < ¢ [ @¥(s)ds. (3.60)
0 0
Proof. We remark that (1.7)» is equivalent to
1
plug +u-Vu) — %Au—i—Vﬂ' = —X(gpt—i—u-V(p) V. (3.61)

Applying VA to (3.61]), multiplying the resulting equation by VAu, integrating the resultant over
Q, one derives that

1d

2 dt

g/ |Ap||Vut||VAu|dx+/ |Vp||Aut||VAu|dx+/ A (pu - V)| | A2u]da
Q Q Q

VPV Aullfz + [|A%ul[7

(3.62)
1 1
+5 | 18Tt + 5 [ 1Al Vo Talliatude + | jullAplatuds
=K1+ Ky + K3+ K4+ K5 + Kg,
where we used that
/ utVAp - VAudr < / |Ap|(|Vue| |V Auldz + |ug||A%u|)d.
Q Q
In the following, using Holder’s inequality, Kato-Ponce inequality and Sobolev’e embedding theo-
rem, we estimate the sixth terms of the right-hand side of (3.62)) term by term. Note that
Ky < [[Vuel[ 2| Apl| s [V Aull o < [Vl 22 | Ap] s [V Au] a2

1
< SlIA%UllL: + ClIVu|Z2 [ ApllLs + ClIVuell 2| Apll s [V Al 2 (3.63)

< %HA%H%Z + C®4(t) + CD3(1),
Ky < Ol Aw| 2| Vpll o= VAU 2 < nl| Augl[F2 + Ol Vpll7 |V Aul 7
<l Auglf7. + CO4 (1),
K3 < O[|A%ul| 2 | A(pu - V)| 2
< ClIA%u| 2 (ol e | Aull Lo [V ull s + [loll oo Jull e |V Al 2
+1Apl s llullzs [Vl L2)

(3.64)

) (3.65)
< SlIA%ullZ: + Cllplrsllulzs

1
< S5 1A% + Cao(1),
K < Cl A% 12| AoV )

< CA%u] L2 (B¢l 2o IVl Lo + lellel| VAP 22)

1 3.66
< 1A%l + CIVel3n Al + CIVel IV Al (360

IN

1
A%l + coto),
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K5 < C||A%ul| 2| Al(u - V) V]| 2
< C)|A%ul 2 (| Aull 2|Vl Lo + Nulls VA Lo [V o)

1
< 1A%z + ClIVeli=lAuliz + Cllulf: Vel

IA

1
1A%l + coto),
K < ClIA%ul| o o A
1/2
< CIAullga a5 el + Vel =) 2| Apll e

1
< IA%llE: + el (el zz + [Vl L) [ ApllZs

A

1

< SlIA%ullZ: + Co(e).

Adding (3.62))-(3.68|) together gives

d

%nﬁvmniz + | A%u||7. < CP(¢).

15

(3.67)

(3.68)

(3.69)

Differentiating (|1.7)2 with respect to ¢, multiplying the resulting by —Auwu,, integrating over €2, one

arrive that
1d
2dt
< [ IVollullVuddo+ [ [ullVpllul|Auidz + [ ul[Vollul[Vul [ Au|da
Q Q Q

VP72 + || Au[72

+ / 1ol 4] [ V]| Atz + / 1ol V]| Az + / ot [V | A
Q Q Q
+ / | Vol [Vepe | Avsel ez + / Ve[V ool | Vel dax + / |o1e] | Aol [V |z
Q Q Q

+ / ||V ]2 A |z + / | Voot [Vl A e
Q Q
=: K7+ Kg+ K9+ K19+ K11 + K12 + K13 + K14 + K15 + K16 + K7,

where we used that

/tpttAuthadx S/ IVue|(IV il Vol + ] [Agl)der.
Q Q

(3.70)

In the following, we estimate the eleven terms on the right-hand side of (3.70]) one by one. The main
tools we use are Hdlder’s inequality, Kato-Ponce inequality and Sobolev’s embedding theorem.

Note that
K7 < |[Vue|l 2 Vpll s lluell s < ClIVui|Z:211Vplls < CO (1),

A

Ks < [[Aug| e [lwel s [ Vol o lulle < Cl|Aul|zz{lwel[ |V ol zollull
M4
Q*SIIAUtH%z + Clluclzn Vol lullfn < 6llAu7 + COO(),

Ko < [|Aug|| 2 [[ullzo lull = [[Vpll Lo [ Vul Lo

IN

< Auy|l 2 [|ul 21V ol o

|22
< %IIAUt\Iiz + CllullG: Vol 7
<

Salldullfs + 02%(1),
Ko < [[Au|[ 2 ||luel o [Vul s |lpllnee < | Aul| e lJwellz |Vl 1] pl] 222

Ha
< Sglldulze + Clludl [Vullf 1ol 5

< ogllAuls + Ca°(),

(3.71)
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K < | Aul| 22 [V 2 lpll e[|l o

< Al 2 [V || 2wl a2 | pll >

< SllAula + ClIVur 2o lullfe ol
< SllAu|. + C2°(),

Ko < [[Augl[ 2|0l s [ Ve s
< AU 2l Vel 2 | Voo |3 [V A |12
< Ejawl + CI9al LIV Al
<

LallAw| e + C®' (1),
Kz < [ Aue]|z2llull o [Vl s [ Vepr o
|Aw | 2wl IVl Vel m

Ha
ogllAulzz + Cllullz Vel Vel

ININ

IN

b1 Aud 2 + C2%(1),

K < [[Voul 2 IVl Lo [ V|| 2
< ClIVeullr2 IVl a2 [V 2

1
< 519 0ullls + ClIVel: | Vurl?:

1
SVl + Cot)

el Lo | Al L3 | Ve || 2
ClIVeutll Lz | A g | V| 2

VARVA

[Veorllzs + CllAelin VuelZ:

IN

H
3
5 IVpulis + CB(0)
Kio < ol Vol ol v 2

< Cluallm Vool ]

IN

1
< gllAUtlliz + Clluel 3 IV ollzn

IN

1
gldud +ce (),
Kir < lull o Vel o [V ilze | Ava] 2
< Cllull 1Vl 1901l 2 1A 2

Ha
og 1 Aullze + Cllullzn [Vl Ve iz

IN

IN

B Veull?: + Co(t).
28
Summing, we obtain

d
S (IVPVAulL: + [[VeVudlia) + [A%ul7z + [[Au] 7 < C(@°(@) + [IVepullZe),

(3.72)
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Integrating (3.72)) over (0,t¢), we obtain

t
VPV Aullfz + [|v/pVul|72 +/O (1A u]|Z2 + | Au72)ds

. . (3.73)
< C’/ (@8(5) + ||V90tt|\2L2) ds < C/ 8 (s)ds.
0 0
Note that p > p, then by using (3.33)), we obtain (3.73)) and complete the proof. O

Lemma 3.10. If (p,u,p) is the unique strong solution stated in Definition to system (|L.7))-
(1.8), then for any t € (0,T), it holds that

t
IVA3p| L2 < C/ 8 (s)ds. (3.74)
0

Proof. Applying VA to (1.7))5, we easily obtain

VA% ¢l < [[VA@|2 + [VA(u- Vo)lzz + [AV - ([Ve|* Vi — Vi) 2
< IVA@lzz + llull L= [ A%¢]| 2 + VAU 22 [Vl L + [|A%l| 2 + | Vepl|7 [ A% 22
<VA@lze + lulla= 1A% @l L2 + IV Aull 22 [ Vel a2 + 1A% 0] L2 + [Vl Bl A% 12

t
< C’/ D8 (s)ds,
0
and complete the proof. O
Proof of Theorem[3.1] It follows from (3.4), (3.6), (3.13), (3.19)), (3-33), (3-70) and (3.74) that
t t
O(t) < C/ 8 (s)ds + exp {C/ @(s)ds} . (3.75)
0 0
Moreover, from the Taylor expansion
v _1q 2?2 28
we obtain that
t t
C’/ ®3(s)ds < exp {C’/ P (s)ds}. (3.76)
0 0
It is readily seen that the conclusion (3.2 follows from (3.75) and (3.76). O

4. PROOF OF THEOREM

In this section, we employ Galerkin’s method to obtain a sequence of approximate solutions to

system ([1.7)-(1.8), which will converge to a strong solution to (|1.7))-(L.8).

To implement Galerkin’s method, we take the function space to be X := H?(Q) N H}(Q2) and
its finite dimensional subspaces as

XM= Span{€17£27"' ,gm}) mZ 1’
where {€™} C X is an orthonormal base of H!(Q). Now, we outline Galerkin’s scheme into several
steps:

Step 1: mth approximate solutions. Fix 2 < ¢ < co and 3 < r < 6. For m > 1 and some
0 <T =T(m) < 400 to be determined below, we let

m

ug =y (uo, &)

k=1
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and look for the triple
p™ e C([0,T); Whenw2Tn H3),

(z,t) = zm:u )€ C([0,T]; H?), (4.1)

@™ € C(0, T H)
as solution of the problem
PV (o) =0,
(o (" + ™ - Vu™), &) + BV, V) + (VA &)
1
= ([KA%™ = SV (IVe"[2 = )V Vg™ &),

u™ - V™ = [ %(IVW’”I2 - l)Vwm) —KA%?"}
V-u™ =0,
(p’"mmwp’”)lt:o = (po,ug’, %)
The existence of a solution (p™,u™, ™) to over  x [0,7(m)] for some T(m) > 0 can be
obtained by the fixed point theorem. Since the process is standard, we only sketch the argument.

First, observe that for any given 0 < T' < oo and u™ € C([0,T]; H?), it is standard to show that
there exist

(1) a solution p™ € C([0,T); WhenW2" N H3) of (#.2); along with p™|;—¢ = po.
(2) 0 <t,, <T, depending on u™ and ||¢o| e, and ™ € C([0,t,], H(Q)).

It is well known that

(4.2)

p"(x,t) > p>0.

The coefficients u}'(t) can be determined by the following system of m first order ODEs: 1 < k <
m7

t

("6 = Gu(u (o), [ a()ds.t)i a?(0) = (un. ), (4.3)
i=1 0

where Gy, denotes the right-hand side of (4.2)s. Note that p™ is strictly positive, the determinant
of the m x m matrix (p"™&;,&k)1<i,k<m is positive. Therefore, (4.3) can be reduced to

iy = Fk(ulmﬂ blmvt)ﬂ Zl =up'’; u;cn(o) = (u07§k)> b?(O) =0, (4'4)
where Fj, is a regular function of u;" and b;*. Hence, on the basis of the standard existence theory
of ODEs, we conclude that there is a time T € (0, ¢,,] and a solution u}*(t) to (4.4), which in turn
implies the existence of solution p™, ., of (4.2)); and ( - 3 on the same tlme 1nterva1.

Step 2: A priori estimates. We also need to show that there exist 0 < Ty < 400 and C' > 0,

depending only on the initial data pg, up and ¢, but independent of the parameter m and the
size of the domain 2, such that for any m > 1, (p™,u™, ¢™) satisfies

t
™ (t) < exp [C/ (@™(s))® ds}, 0<t<Tp, (4.5)

0
where ®™(t) is defined by (3.1))) with (p, u, ) replaced by (p™,u™, ™). Since the argument to

obtain (4.5)) is similar to the proof of Theorem we omit it here.
Step 3: Convergence. By (4.5)), we obtain that for any m > 1,

| sup g 3 + 1™ v raawer + lu™ s + le™ 13 + llor I13s)
>t>4o

To (46)
+/0 (VU™ 5s + IV AQ™ [ Fa + [[uf [ F2 + [VAQP 72 + Vit I72)ds < C.
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On the basis of the estimate ), we can deduce that after taking subsequences, there exists
(p,u, @) such that
p™ = p weak® in L°°(0, To; W2 nW>"),
u™ — u weak™® in L°°(0, Ty; H?),
u™ — u weak in L2(0, Ty; HY),
ul™ — u;  weak*® in L°°(0, To; HY),
u™ = u;  weak in L?(0,T; H?),
Vo™ — Vo weak* in L>(0,T; H%),
O — @, weak* in L>(0,T; H?),
VAp™ — VAyp weak in L?(0,T; H?),
VAQ™ — VA, weak in L?(0,T; L?),
Vi — Vi weak in L2(0,T; L?).

By the lower semicontinuity, (4.6)) implies that for 0 < ¢ < Ty, (p,u, @) satisfies

sup ([uellFn + pllfyranwer + [ullzs + 1VellFe + letlls)
0<t<Tp

To (47)
+/0 (IVullfrs + IVANI s + uellFrz + VARl + [ Vepuell72)ds < C,

this completes the proof of existence of strong solutions.

5. PROOF OF THEOREM

This section is devoted to show the uniqueness of the local strong solutions obtained in the
above section.

Let (p;,ui, ;) (i = 1,2) be two strong solutions on Q x (0,7] of system (L.7))-(L.8)). Set
p=p1— P2, U=1uU — Uz, T=1m — T2 and ¢ = 1 — 2. Then we have

pr+ur-Vp+au-Vpy =0,
plﬂt—l—plul-Vﬁ—i—plﬂ-Vuz+ﬁuz~VuQ+ﬁu2t+Vﬁ+%Aﬂ

1
= KA*pVp; + KA 0oV — ;QV (IVe1’ V1 — V1) Vo

1
- gv (IVe1*Ve + (V801 + Vi3) - VEVps — V@) Vo,

@t +ur-Vo+u- Vs = —AKA%H V- (IVe1PVe + (V1 + Vi) - VoV + V@)
V-u=0,
(7. 9)lt=0 = 0.
(5.1)

Multiplying (5.1]))1 by 2p, integrating over 2 and using integration by parts, we obtain

d . _ __
ol < [ 9 oz
Q

< Cllpll L2 IV p2l| s [l o

g a (5.2)
< Cllpllz=lIVall

|z _ _
< gllvullia + Cllpl|7-
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Multiplying (5.1)))2 by @, integrating over 2 and using integration by parts, we deduce that
1d _ Ha _
5@”@”“%2 + 7||VU||%2
< [l Valilds + [ lpalaliVuslialds + [ [pllus]Vusllalda
Q Q Q
+ [ Iplluslalds + & [ 8% Vpalde + K [ 8% Velaldo
Q Q Q
1 i
+ 5 [ IV (9611 = Vo) Vi alda

1
+ = /Q |V - (IVe1PV@ + (Vo1 + Vo) - VeVis — Vo) | Vs ||alda

< pral e llvprllze lusllz [ Val 2 + lvpralz: [Vus| L~

_ _ _ _ 5.3
+ Nl e 1] 22 szl o [V o + 1171122 szt o ] (5:3)

1 _ _ _ _
+ ﬁHAQQOHL?Hv‘PlHL‘”||\/pluHL2 +1all oIVl 2 | A% 02 s

+llallzs [Vollze (1A s + Vel 2 | Api | Ls)
+ [l s [ Vel L= (Ve[| AP 2
T IVell L2 [Verlle [Apil e + [Ver + Vol o[ VR 2| Apa | 1o
quad + ||A(p1 + ©2) || Ls[[VEl L2 [IVep2llre + [V (o1 + @2)ll Lo |AG| 15 | Vep2l| £2)
M4 _ )\K _ —
< §IIVUII%2 + T(HVASOHZLz +[1A%¢]72)
+C(lplz: + Iverallze +11Vellze + [|AG)Z2).
Multiplying (5.1]))s by Ap, integrating over Q and using integration by parts, we deduce that
1d,__ _ _ _ 1 _ _
§%|‘V¢||2L2 + )\KHVASOHQL? < uallz= VRl 2l Adl Ls + %H\/plu”LQHVS@HI}HA‘P”LG
+IVerllZ IVl 22 [ VAR L2 + [Vl 2|V AG| 2

(5.4)
+ Vo1 + Vool V@[ L2 | V2| L [ VAS 12

AK _ _ _
< 2EIVAGIE: + CIVPI3: + I v/pral3).

Applying A to (5.1))s, multiplying by Ag, integrating over Q and using integration by parts, we
deduce that

1d _ _
5o IABIE + AK A%

_ _ 1 _ _
< Jlurll IVl 2| A% Bl 2 + ﬁ”\/ﬁluHBHvS@HL“ 1A%5]| 2

+ |A%3 )| 2 (IVe1]| 700 |1AGN 22 + Voot Lo | A1 L6 VR 1o (5.5)
+[[A(p1 + @)l 26 V@l Lo l|Apzll e + |V (01 + w2)llLee | V2| L[| AP 2
+ IV (1 + @2)llLs VP s Vpal s + [[A]|L2)

AK _ _ _ _
< T 1A%IE: + CUIVIlZ: + [AGIZ: + ([ VorallZe).
Summing, one find that
d . _ ~ _ _ _ _ _
E(llplliz +llveralz: + 1Velz: + 12¢l7:2) + [Valz: + [VAQ|Z: + [|A%5][7
< C(llplz: + Iverallze + IVllze + [|AGlI72).

(5.6)
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By (5.6)), Gronwall’s inequality and (po, to, $o) = 0, we arrive at

IAlZ2 + I vPrallie + [IVEIZe + 1AGII7

t
+ [ e I(Vals + VAR + |A%:)ds =0,
0

which implies that

(p,u, Vo, Ap) = 0. (5.8)

To see that ¢ = 0, we observe that after substituting (5.8)) from (5.1))s, we have

@t = Oa @Itzo = 07

this implies @ = 0. This completes the proof of uniqueness.
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